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Building on work in [Yunguang Lu (1993). The global Hölder continuous solution of isentropic gas dynamics.
Proc. Roy. Soc. Edinburgh Sect., 123A, 231–238.] we consider the Cauchy problem for the isentropic equations
of gas dynamics in Eulerian coordinates. For a certain class of initial data we prove existence of Lipshitz-
continuous solution for a wide class of the pressure functions.
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1. INTRODUCTION

In this article we consider the existence of a global Lipshitz-continuous solution for the
isentropic equations of gas dynamics in Eulerian coordinates

!t þ ð!uÞx ¼ 0

ð!uÞt þ ð!u2 þ Pð!ÞÞx ¼ 0,

!

ð1:1Þ

with initial data

ð!ðx, 0Þ, uðx, 0ÞÞ ¼ ð!0ðxÞ, u0ðxÞÞ: ð1:2Þ

The global Hölder continuous solution of (1.1) in a non-strictly hyperbolic domain
(!¼ 0) was first studied in [4]. It is well-known in the study of global smooth solutions
for hyperbolic systems that tracking for the development or the formation of singula-
rities of solutions for these systems is quite helpful. This study was started by Lax [1]
in some strictly hyperbolic systems (See also [3]) and later was extended by Li [2] to
some linearly degenerate systems. All these articles used the method of the characteristic
lines to prove the existence of smooth solutions, which seems impossible to apply to
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non-strictly hyperbolic systems where characteristic lines coincide at some points or
lines. In [4], the second author introduced a variant of the viscosity argument
to study the global smooth solutions for the Cauchy problem (1.1), (1.2). To our
knowledge this is the only non-strictly hyperbolic system for which we can prove the
existence of global smooth solution directly in the non-strictly hyperbolic domain.
The main trick used in [4] is to add a small perturbation " to the system which is
different from the traditional method where the perturbation is added to the initial
data (See [5], for example). The new or perturbated system is still non-strictly hyper-
bolic on the vacuum line !¼ 0. Fortunately, the viscosity solutions of the perturbated
system have an a priori boundness estimates, in C1 space, which are independent of the
viscosity and the perturbation parameter ". Then these estimates are used to get the
convergence of the sequence of viscosity solutions and the existence of the global
solution for the Cauchy problem (1.1), (1.2).

In [5], a general technique different from [4] was also introduced to study some non-
strictly hyperbolic systems. This technique is based on the following two steps. The first
step is to add a small perturbation " to the intial data (not to the equations) such that
the system we consider is strictly hyperbolic in the domain of the perturbated initial
data, and then to get some necessary estimates in the same way as with strictly hyper-
bolic systems. The second step is to let the perturbation " vanish and then get a global
smooth solution in the given non-strictly hyperbolic domain of the original initial data.
Since the solution is smooth, from the mathematical point of view, the method intro-
duced in [5] is almost the same to that given in the strictly hyperbolic case.

In the article [4], the results are based on the following basic assumptions on a
function f:

ð !AAÞ f ð!Þ > 0, f 0ð!Þ % 0, 2f ð!Þ þ !f 0ð!Þ & 0,

Z 1

0
f ðsÞ ds ¼ þ1

for !& 0, where f(!) given by the relation Pð!Þ ¼
R !
0 s2f 2ðsÞ ds. For the special case of a

polytropic gas, Pð!Þ ¼ c!# ðc > 0, # & 1Þ, the assumption ð !AAÞ is satisfied only for
# 2 ½1, 3(.

In this article, we study the Lipshitz-continuous solution of the Cauchy problem
(1.1), (1.2) in a more general case, where Pð!Þ satisfies

ðAÞ f ð!Þ > 0, f 0ð!Þ & 0 or f 0ð!Þ % 0, 2f ð!Þ þ !f 0ð!Þ & 0,

Z 1

0
f ðsÞds ¼ þ1

for ! & 0.
For the polytropic gas, the assumption (A) includes the exponent #>3.
Following the method introduced in [4], we consider the perturbated system of (1.1)

!t þ ð!uÞx ¼ 0

ð!uÞt þ ð!u2 þ P1ð!ÞÞx ¼ 0,

(

ð1:3Þ

where P1ð!Þ ¼
R !
0 s2f 2

1ðsÞ ds, f1ð!Þ ¼ f ð!þ 2"Þ and " > 0 is the perturbation parameter.
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Then f1ð!Þ satisfies

ðA1Þ f1ð!Þ > 0, f 0
1ð!Þ & 0 or f 0

1ð!Þ % 0, 2f1ð!Þ þ !f 0
1ð!Þ & 0,

Z 1

0
f1ðsÞ ds ¼ þ1

for ! & )".
Two eigenvalues of (1.3) are

$1 ¼ u) !f1ð!Þ, $2 ¼ uþ !f1ð!Þ, ð1:4Þ

which coincide when !¼ 0 and so in which (1.3) is non-strictly hyperbolic; two
Riemann invariants of (1.3) are

z ¼ u)
Z !

0
f1ðsÞ ds, w ¼ uþ

Z !

0
f1ðsÞ ds: ð1:5Þ

In discussing the smooth solution we consider the viscosity solutions for the following
Cauchy problem

wt þ $2wx ¼ %wxx

zt þ $1zx ¼ %zxx

!

ð1:6Þ

with initial data

ðwðx, 0Þ, zðx, 0ÞÞ ¼ ðw0ðxÞ, z0ðxÞÞ, ð1:7Þ

where

z0ðxÞ ¼ u0ðxÞ )
Z !0ðxÞ

0
f ðsÞ ds, w0ðxÞ ¼ u0ðxÞ þ

Z !0ðxÞ

0
f ðsÞ ds ð1:8Þ

and u0(x), !0(x) are given by (1.2). Then the existence of the Lipshitz-continuous
solution of the Cauchy problem (1.1), (1.2) is reduced to obtain the necessary C1

estimates of (w%, z%) of the Cauchy problem (1.6), (1.7). These estimates are given in
Section 2 and the existence theorem of the Lipshitz-continuous solution of (1.1), (1.2)
is given in Section 3.

2. VISCOSITY SOLUTIONS

In this section we consider the existence of the global solutions (w, z) of the Cauchy
problem (1.6), (1.7) and the necessary boundness estimates indepedent of % and ".

We differentiate (1.6) with respect to x and let wx¼ r, zx¼ s; then

rt þ $2rx þ ð$2wrþ $2zsÞr ¼ %rxx,

st þ $1sx þ ð$1wrþ $1zsÞs ¼ %sxx:

(

ð2:1Þ
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A simple calculation and the assumption (A1) yield

uw ¼ 1

2
, !w ¼ 1

2f1ð!Þ
, uz ¼

1

2
, !z ¼ ) 1

2f1ð!Þ
ð2:2Þ

and

$1w ¼ $2z ¼ )!f 0
1ð!Þ

2f1ð!Þ
, $1z ¼ $2w ¼ 2f1ð!Þ þ !f 0

1ð!Þ
2f1ð!Þ

: ð2:3Þ

Similarly to the article [4], the existence of the global solutions (w%, z% ) of the Cauchy
problem (1.6), (1.7) can be obtained based on the a priori estimates given in the follow-
ing Lemma 1.

LEMMA 1 Let f1(!) satisfy (A1) and let w0(x), z0(x) be bounded in C1 space and satisfy

c1 % z0ðxÞ % c2, c2 % w0ðxÞ % c3, 0 % z0xðxÞ % M, 0 % w0xðxÞ % M: ð2:4Þ

Moreover, suppose that (w(x, t), z(x, t)) is a smooth solution of (1.6), (1.7) defined in a
strip ð)1,1Þ * ½0,T ( with 0 < T < 1. Then

c1 % zðx, tÞ % c2, c2 % wðx, tÞ % c3, ð2:5Þ

and

0 % zxðx, tÞ % M, 0 % wxðx, tÞ % M: ð2:6Þ

Proof The estimates in (2.5) are analogous to these of the linear case. The estimates
zxðx, tÞ & 0 and wxðx, tÞ & 0, the estimates zx % M, wx % M in (2.6) for the case of
f 0
1ð!Þ % 0 are proved in [4], Lemma 2.2. Here we only prove the upper bound estimates

in (2.6) for the case of f 0
1ð!Þ & 0.

We rewrite (2.1) by

rt þ $2rx þ ð$2wrÞrþ ð$2zrÞs ¼ %rxx,

st þ $1sx þ ð$1wsÞrþ ð$1zsÞs ¼ %sxx:

(

ð2:7Þ

Make a transformation

r ¼ !rrþM þNðx2 þ cLetÞ
L2

, s ¼ !ssþM þNðx2 þ cLetÞ
L2

, ð2:8Þ

where L, c,N are positive constants and N is the upper bound of r, s on R* ½0,T (
(N can be obtained by the local existence). The function !rr, !ss, as are easily seen, satisfy
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the equations

!rrt þ $2 !rrx þ ð$2wrþ $2zrÞ M þNðx2 þ cLetÞ
L2

" #

þðcLet þ 2$2x) 2%ÞN
L2

þ ð$2wrÞ!rrþ ð$2zrÞ!ss ¼ %!rrxx,

!sst þ $1 !ssx þ ð$1wsþ $1zsÞ M þNðx2 þ cLetÞ
L2

" #

þðcLet þ 2$1x) 2%ÞN
L2

þ ð$1wsÞ!rrþ ð$1zsÞ!ss ¼ %!ssxx

8

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

:

ð2:9Þ

resulting from (2.7). Moreover

!rrðx, 0Þ ¼ rðx, 0Þ )M )Nðx2 þ cLÞ
L2

< 0,

!ssðx, 0Þ ¼ sðx, 0Þ )M )Nðx2 þ cLÞ
L2

< 0,

ð2:10Þ

!rrðþL, tÞ < 0, !rrð)L, tÞ < 0, !ssðþL, tÞ < 0, !ssð)L, tÞ < 0: ð2:11Þ

From (2.9)–(2.11), we have

!rrðx, tÞ < 0, !ssðx, tÞ < 0, on ð)L,LÞ * ð0,TÞ: ð2:12Þ

If (2.12) is violated at a point ðx, tÞ 2 ð)L,LÞ * ð0,TÞ, let !tt be the least upper bound of
values of t at which !rr < 0 (or !ss < 0); then by the continuity we see that !rr ¼ 0, !ss % 0
at some points ð !xx, !tt Þ 2 ð)L,LÞ* ð0,T Þ. So

!rrt & 0, !rrx ¼ 0, %!rrxx & 0, at ð !xx, !ttÞ: ð2:13Þ

Since r & 0, then we have from (2.3),

$2zr!ss & 0, ð$2w þ $2zÞr ¼ r & 0:

If we choose sufficiently large constant c (which may depend on " in the case of
f1ð!Þ % 0) such that

cLet þ 2$2x) 2% > 0 on ð)L,LÞ * ð0,TÞ, ð2:14Þ

the first equation in (2.9) gives a conclusion contradicting (2.13). So (2.12) is proved.
Therefore, for any point ðx0, t0Þ 2 ð)L,LÞ * ð0,TÞ,

rðx0, t0Þ < M þNðx20 þ cLet0Þ
L2

, sðx0, t0Þ < M þNðx20 þ cLet0Þ
L2

, ð2:15Þ

which gives the desired estimates rx % M, sx % M if we let L go to infinity. So Lemma 1
is proved.
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Based on the a priori estimates in Lemma 1 and the existence of the local solution
given in Lemma 2.1 of [4], we have the following global existence result:

THEOREM 2 Let f1ð!Þ satisfy the assumption ðA1Þ and let ðz0ðxÞ, w0ðxÞÞ 2 C1 satisfy

c1 % z0ðxÞ % c2, c2 % w0ðxÞ % c3, 0 % w0x % M, 0 % z0x % M;

then the Cauchy problem (1.6), (1.7) has a unique global smooth solution satisfying
(2.5), (2.6).

To get the Lipshitz-continuous solution of the Cauchy problem (1.1), (1.2), we are
going to give the estimates of wt and zt.

Let X ¼ wt, and Y ¼ zt; then

X jt¼0 ¼ wtjt¼0 ¼ ð%wxx ) $2wxÞjt¼0,

Y jt¼0 ¼ ztjt¼0 ¼ ð%zxx ) $1zxÞjt¼0:

(

ð2:16Þ

If the conditions in (2.5), (2.6) are satisfied, we can use a mollifier to smooth
ðz0ðxÞ,w0ðxÞÞ such that the obtained functions ðz&0ðxÞ, w&

0ðxÞÞ 2 C2 satisfy

c1 % z&0ðxÞ % c2, c2 % w&
0ðxÞ % c3, 0 % w&

0x % M, 0 % z&0x % M;

j&z&0xxj % M1; j&w&
0xxj % M1,

where M1 is a constant independing of &. We omit this process and directly assume that
Xjt¼0 and Yjt¼0 are bounded.

Differentiating (1.6) with respect to t, we have

Xt þ $2Xx þ ð$2wrÞX þ ð$2zrÞY ¼ %Xxx,

Yt þ $1Yx þ ð$1wsÞX þ ð$1zsÞY ¼ %Yxx:

(

ð2:17Þ

With the same proof of Lemma 1, we have

LEMMA 3. Let all the conditions in Theorem 2 be satisfied. Moreover ðw0ðxÞ, z0ðxÞÞ 2 C2

and jX0ðxÞj % M2, jY0ðxÞj % M2; then

jXðx, tÞj % M2, jYðx, tÞj % M2: ð2:18Þ

3. LIPSHITZ-CONTINUOUS SOLUTION

In this section we apply the estimates obtained in the last section to give the Lipshitz-
continuous solution of the Cauchy problem (1.1), (1.2).

The following estimates for ð!, uÞ can be obtained from the representations of w, z
and the estimates in (2.5), (2.6) and (2.18).
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LEMMA 4 If the conditions of Lemma 3 are satisfied, then for the case of f 0
1ð!Þ & 0,

we have

juðx, tÞj % M, 0 % !ðx, tÞ % M; ð3:1Þ

juxðx, tÞj % M,

Z !

0
f1ðsÞ ds

" #

x

$

$

$

$

$

$

$

$

% M; ð3:2Þ

jutðx, tÞj % M,

Z !

0
f1ðsÞ ds

" #

t

$

$

$

$

$

$

$

$

% M ð3:3Þ

and for the case of f 0
1ð!Þ % 0, we have

juðx, tÞj % M, 0 % !ðx, tÞ % M; ð3:4Þ

juxðx, tÞj % M, j!xðx, tÞj % M; ð3:5Þ

jutðx, tÞj % M, j!tðx, tÞj % M, ð3:6Þ

where M is a constant independent of % and ".

In the case of f 0
1ð!Þ & 0, we construct a sequence of the approximate solutions

ð!%, ", u%, "Þ such that ð
R !%, "

0 f1ðsÞ ds, u%, "Þ are uniformly bounded in W1,1 for 0 <
T < 1, which by the embedding theorem has a subsequence on any bounded regions
G of R* Rþ, converging uniformly to a pair of Hölder-continuous functions
ð!ðx, tÞ, uðx, tÞÞ such that ð

R !
0 f ðsÞ ds, uÞ are bounded in W1,1ðR* RþÞ:

In the case of f 0
1ð!Þ % 0, the above limits ð!ðx, tÞ, uðx, tÞÞ are Lipshitz-continuous from

the estimates (3.4)–(3.6). Finally, we have our Main Theorem.

THEOREM 5 (Main Theorem) Let f ð!Þ satisfy the assumption (A), and let ðw0ðxÞ, z0ðxÞÞ
defined by (1.8) satisfy c1 % z0ðxÞ % c2, c2 % w0ðxÞ % c3, 0 % z0xðxÞ % M, 0 % w0xðxÞ %
M. Then the Cauchy problem (1.1), (1.2) has a global Lipshitz-continuous solution
ð!, uÞ when f 0ð!Þ % 0; and a Hölder-continuous solution ð!, uÞ when f 0ð!Þ & 0 such that
ð
R !
0 f ðsÞ ds, uÞ are Lipshitz-continuous. Moreover, ð!, uÞ satisfies the estimates given in

(3.1)–(3.3) or (3.4)–(3.6).

Proof The case of f 0ð!Þ % 0 is similar to the proof of [4]. For the case of f 0ð!Þ & 0, we
consider the matrix

A ¼
w! wm

z! zm

0

@

1

A

)1

¼

1

2f1
) 1

2f1
1

2
!þ u

f1

" #

1

2
!) u

f1

" #

0

B

B

@

1

C

C

A

,

where m ¼ !u, and multiply it by the two sides in (1.6), then (1.4) can be rewritten as
follows:

!t þ ð!uÞx ¼ %

2f1
ðwxx ) zxxÞ

ð!uÞt þ ð!u2 þ Pð!ÞÞx ¼ %!

2
ðwxx þ zxxÞ þ

%u

2f1
ðwxx ) zxxÞ:

8

>

<

>

:

ð3:7Þ
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For any test function ' 2 C1
0ðR* RþÞ, we have from (3.7) that

Z 1

0

Z

R
!'t þ !u'xdxdtþ

Z

t¼0
!0' dx

¼ %

Z 1

0

Z

R

1

2f1
'x )

f 0
1!x
2f 2

1

'

" #

ðwx ) zxÞ dx dt, ð3:8Þ

and

Z 1

0

Z

R
!u't þ ð!u2 þ Pð!ÞÞ'xdxdtþ

Z

t¼0
!0u0' dx

¼ %

Z 1

0

Z

R

1

2
ð!x'þ !'xÞðwx þ zxÞ

þ u

2f1
'x þ

ux
2f1

') uf 0
1!x

2f 2
1

'

" #

ðwx ) zxÞ dx dt:

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

ð3:9Þ

Since

1

2f1ð!Þ
% 1

2f ð!þ 2"Þ %
1

2f ð2"Þ,

f 0
1!x
2f 2

1

$

$

$

$

$

$

$

$

% f 0
1

2f 3
1

Z !

0
f1ðsÞ ds

" #

x

$

$

$

$

$

$

$

$

% M1

2f 3ð2"Þ
,

and

j!xj ¼
jð
R !
0 f1ðsÞ dsÞxj

f1
% M1

f ð2"Þ
,

and choosing % to be smaller than " such that %=f ð2"Þ and %=f 3ð2"Þ go to zero as %, " go
to zero, then using the estimates (2.6), (3.4) and (3.5), we obtain immediately by letting
%, " vanish in (3.8) and (3.9),

Z 1

0

Z

R
!'t þ !u'x dx dtþ

Z

t¼0
!0' dx ¼ 0,

Z 1

0

Z

R
!u't þ ð!u2 þ Pð!ÞÞ'x dx dtþ

Z

t¼0
!0u0' dx ¼ 0

8

>

>

<

>

>

:

ð3:10Þ

for all ' 2 C1
0ðR* RþÞ. Thus Theorem 5 is proved.
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