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Abstract

In this paper, we study the global existence of weak solutions for the
Cauchy problem of the nonlinear hyperbolic system of three equations (1.1)
with bounded initial data (1.2). When we fix the third variable s, the sys-
tem about the variables p and u is the classical isentropic gas dynamics in
Eulerian coordinates with the pressure function P(p,s) = e®e », which ,
in general, does not form a bounded invariant region. We introduce a vari-
ant of the viscosity argument, and construct the approximate solutions of
(1.1) and (1.2) by adding the artificial viscosity to the Riemann invariants
system ((2.1)). When the amplitude of the first two Riemann invariants
(w1(z,0),wa(x,0)) of system (1.1) is small, (w;(x,0), wz(x,0) are nonde-
creasing and the third Riemann invariant s(x,0) is of the bounded total
variation, we obtained the necessary estimates and the pointwise conver-
gence of the viscosity solutions by the compensated compactness theory.
This is an extension of the results in [1].

Key Words: Global weak solutions; viscosity method; compensated compactness
Mathematics Subject Classification 2010: 35115, 35A01, 62H12.

*the corresponding author: ylu2005Qustc.edu.cn



1 Introduction

In this paper, we study the global solutions of the nonlinearly conservation system

of three equations
pre+ (pu)z =0

(pu)e + (pu® + P(p, ). =0 (1.1)

((ps)e + (pus). =0
with bounded initial data

(P u, 8)|e=0 = (po(x), uo(), 50(x)), po(z) =0, so(x) =0, (1.2)

where P(p, s) is fixed as ee v,
Substituting the first equation in (1.1) into the second and the third, we

have, for the smooth solution, the following equivelent system about the variables
(p,uss),
Pt + upy + puy =0
1 s—1 1 s—1
ut+p73€ ppz+uu:c+;€ 78, =0 (13)

S; +us, = 0.

Let the matrix dF'(U) be

U p 0
dP(U) = | Le 7 u Let (1.4)
0 0 wu
Then three eigenvalues of (1.1) are
A1 —u—;eée_;p, Ao —u+;ege_21p A3 =u (1.5)

with corresponding three Riemann invariants
s L s _ 1
wy =u—2e2e 2, wy=u-+2e2e %, ws=Ss. (1.6)

Based on the following condition (H), the existence of global smooth solution for
the Cauchy problem (1.3) and (1.2) was first studied in [1]:
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(H): po(z),uo(x), so(x) are bounded in C*(R), and there exists a positive
constant M such that

0 < L (up(z) — 26507@)6729;(“”)) < M,
0 < L (up(x) + 26507(1)6_2”01(”)) < M, (1.7)
o < M.

However, there is a gap in the proof in [1] because the same estimates, like

(1.7), on the solution (p(x,t),u(x,t),s(x,t)), do not ensure the boundedness of

(o, 1), ulx, 1), 5(2,1)).

In this paper, we shall repair this gap by assuming that the amplitude of the
first two Riemann invariants (ws(z,0), wa(x,0)) of system (1.1) is suitable small
(see the condition (1.9) below), and weaken the condition (H).

Mainly we have the following result.

Theorem 1 Let (po,uo(x), so(x)) be bounded, py > 0,50 > 0. wy(x,0),ws(x,0)

are nondecreasing, and there exist constants cgy, c1,co, M such that
1 <wi(x,0) <cp, ¢y < we(x,0) < ey, / |s2(x,0)|dx < M, (1.8)
R
where
O<co—c <4 (19)

and

so(z) 1 sg(z) 1

wi(z,0) = up(z) —2e 2 e 20® | wy(x,0) =up(z) +2e 2 e 0@ . (1.10)

Then the Cauchy problem (1.1) and (1.2) has a generalized bounded solution
(p(x,t),u(x,t),s(x,t)) satisfying that the first and the second Riemann invariants

wi(z,t), we(x,t) are nondecreasing and [g |s,(z,t)|dx < M.

It is worthwhile to point out that a similar result on nonlinear system of three
equations was obtained in [2], where the authors studied the global weak solution

for the following system

pe+ (pu)e =0
(pu)e + (pu* + P(p, s))s = 0 (1.11)

((ps)e + (pus)e = (52



where P(p,s) = e0~Dsp7,

This paper is organized as follows: In Section 2, we introduce a variant of
the viscosity argument, and construct the approximated solutions of the Cauchy
problem (1.1) and (1.2) by using the solutions of the parabolic system (2.1) with
the initial data (2.2). Under the conditions in Theorem 1, we can easily obtain
the necessary boundedness estimates (2.8), (2.9) and (2.10) on the approximated
solutions (w$’ (z,t), ws® (z,t), w5®(x,t)), where the bound M (8,T) in (2.9) could
tend to infinity as o goes to zero or T goes to infinity. In Section 3, based
on the estimates (2.9) and (2.10) , we obtained the pointwise convergence of
the viscosity solutions (p*0(x,t),us?(x,t),s%(x,t)) by using the compensated
compactness theory [3, 4, 5, 6, 7, 8, 9].

2  Viscosity Solutions

In this section we construct the approximated solutions of the Cauchy problem

(1.1) and (1.2) by using the following parabolic systems
Wit + MWy = EWigy
Wy + AaWay = EWagy (2.1)
Ws + AWy = EWsgy
with initial data
(w1 (x,0), wy(x,0), ws(z,0)) = (wig(z) * G° — 8§, wa () * G° 48, s(x) * G°), (2.2)

where ¢, § are small positive constants, G° is a mollifier. and (p, u(x), so(z)) are

given by (1.2). Thus w;(x,0),7 = 1,2, 3 are smooth functions, and satisfy
cg—0 <wi(z,0) <cpg—0, co+9 <wy(x,0) <ca+9, 0<ws(x,0)<cs (2.3)

0 < wip(x,0) < M(5), 0<wy(r,0) < M(©O), |ws(x,0)]<M() (2.4)

and
/ (s (2, 0)|dz < M, (2.5)
R

where M is a positive constant being independent of 6 and M (¢) is a constant,

which could tend to infinity as ¢ tends to zero.
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First, following the standard theory of semilinear parabolic systems, the local
existence result of the Cauchy problem (2.1), (2.2) can be easily obtained by
applying the contraction mapping principle to an integral representation for a

solution.

Lemma 2 Let w;(z,0),i = 1,2,3 be bounded in C* space and satisfy (2.3) and
(2.4). Then for any fitede > 0,9 > 0, the Cauchy problem (2.1) and (2.2) always
has a local smooth solution w’ (x,t) € C®(R x (0,7)) for a small time T, which

depends only on the L™ norm of the initial data w;(x,0),i = 1,2,3, and satisfies

30 ) ) 30
o -5 < wi(z,t) < co — 30 @tg s wy’(z,t) < e + 5 w5 (2,1)| < 2¢s,
(2.6)

and
Wi (z,t)] < 2M(3), |wsy (z,¢)] < 2M (), |wsy (z,t)] < 2M(3). (2.7)

Second, by using the maximum principle given in [10], we have the following a

priori estimates on the solutions of the Cauchy problem (2.1) and (2.2)

Lemma 3 Let w;(x,0),i = 1,2,3 be bounded in C' space and satisfy (2.3) and
(2.4). Moreover, suppose that (w’ (z,t), w5’ (z,t), ws®(x,t)) is a smooth solution
of (2.1), (2.2) defined in a strip (—oo,00) x [0,T] with 0 <T < oo. Then

=6 < wi(2,t) < cg—0, co+0 < wi’(x,t) < ca+6, 0<wi(x,t) <es, (2.8)

0 <wil(z,t) < M(S,T), 0<wsl(x,t)<M@G,T), |wsl(z,t)]<M(@G) (2.9)

and
/ Wiy (z, t)|de < M, (2.10)
R

where the bound M (0, T) could go to infinity as & goes to zero or T goes to infinity.

Proof of Lemma 3. The estimates in (2.8) can be obtained by using the
maximum principle to (2.1), (2.2) and the condition (2.3) directly.
We differentiate (2.1) with respect to x and let w;, = ¢;,7 = 1,2, 3; then we

have the following parabolic system
3
Git + Nitiz + (D Niw; 0)) i = i, 1 =1,2,3. (2.11)
j=1

b}



The nonnegativity wi?(z,t) > 0,w5’(x,t) > 0 in (2.9) can be obtained by us-
ing the maximum principle to the first and second equations in (2.11) and the
condition wi,(z,0) > 0, wa,(x,0) > 0 in (2.4).

Since A3 = u, w3 = s, the third equation in (2.11) is

(b?)t + U(ng + U:Jc¢3 = 5¢3m:‘ (212)

Since u, = ¢1 + ¢ > 0, by using the maximum principle to (2.12) and the con-
dition |ws, (2, 0)| < M(8) in (2.4), we can easily prove the estimate w5’ (z,t)] <
M (6) in (2.9).

To prove the left estimates in (2.9), we first calculate \y,,,i = 1,2,j = 1,2,3.

By simple calculations, we have from the Riemann invariants given in (1.6)

1 o p> == QL -0

Uwy = 5, Puy = —5€26%, Sy, =Y,
_ 1 P —

Uwy = 55 Puwy = 5€2 €20, Swy = 07 (213)
— — _ 2

Ugyy = Oa Pws = 07 Swg = —pP

and so
s
/\1w1 - Aluuwl + )\lppwl + )\lsswl = ﬁ7 )\lwz =1- 417)a )\11113 - _ieie 2,
s
/\2w1 =1- ﬁ7 )‘211)2 - 4ip’ )\2w3 - ieie 2.,
(2.14)
Then the first and second equations in (2.11) are
s
G1e+ M1z + (5,01 + (1= )2)d1 — 5e7€ 2 P3¢1 = ¢,
(2.15)
s
P2t + Aotz + (1 = 1)1 + 1-¢2)¢2 + 5,€7€ % d3¢2 = £iz.
By using the nonnegativity of ¢, ¢2, we have from (2.15) that
s A
P11+ M1 + (ﬁ% - jlp)¢2)¢1 - ﬁei@ 2 Q301 < €14z,
(2.16)
s
P2t + Aagar + (—ﬁ% + ﬁqﬁz)@ + ieie 2 Q302 < EQ1uz-
Let the bound of \ie%(fﬁgbg\ be M;(6), and
¢ = XMt gy = YO, (2.17)
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Then we have from (2.16) that

Xp + MXy + EMOUX — V)X + (My(0) — Sefe % 93)X < eXo,

(2.18)
Y, + AYe + £eMOUY — X)Y + (Mi(8) + Sefe 2 ¢5)Y < eV
By using the nonnegativity of X,Y again, we have from (2.18) that
Xe+ X, + peMON(X V)X < eX,
(2.19)
Yi+ AV, + peONY - X)Y <Y,
From the conditions in (2.4), we have
X(2,0) < M(3), Y(x,0) < M(5). (2.20)

Repeating the proof of Lemma 2.4 in [10], where A = 0 in our case, we can obtain

by using the maximum principle to (2.19), (2.20) that
X(z,t) < M(6), Y(x,t) < M) for0<t<T, (2.21)
and so
P = XM < M(5)eMOT g, = VMOt < Mp(5)e?hOT (2.22)

Finally using the same technique to estimate (2.8) in [11], we can prove (2.10)
from (2.5), and so complete the proof of Lemma 3.
From the estimates (2.8) and (2.9), we have the following estimates about the

functions (p°,us°, s%°). First, from (2.8), we have

) £,0
co+c w4 wsy co+c
<yt =2 2 <22 0<s0 <o (2.23)

and

s w6,6 £,0
4e’7 e 2t = 2 L >
or
P70 > c(6) > 0 (2.24)

for a suitable constant ¢(d), which could go to zero as § goes to zero. Moreover,
Ss,é 1
deze 2°° <co+d—(c1—90)=co—c1+20
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or

¢ T < 62201+g<c4<1,
which implies
P < — L (2.25)
2Incy
Second, from (2.9), we have
0<us® < M(6,T), |p3°| < M(8,T), |s3°]<M(©). (2.26)

Based on the a priori estimates given in (2.8) and (2.9) on the local solution,
and the positive lower bound (2.24), we may extend the local time 7 in Lemma 2
step by step to arbitrary large time 7T and obtain the following global existence
of solution for the Cauchy problem (2.1) and (2.2).

Theorem 4 Let w;(x,0),i = 1,2,3 be bounded in C' space and satisfy (2.3)-
(2.5), then the Cauchy problem (2.1) and (2.2) has a unique global smooth solution
satisfying (2.8)-(2.10).

3 Proof of Theorem 1.

In this section, we shall prove Theorem 1. First, based on the BV estimate (2.10)

£,0

on the sequence of functions s%° , we have the following lemmas

5 S
Lemma 5 For any constant ¢, ¢;+5s5° and s;° +c, are compact in H,}(Rx R*).

Proof of Lemma 5. Since ¢;+s5° are bounded in L} (Rx RT) from (2.10), hence

loc
compact in W, * for a € (1,2) by the Sobolev embedding theorem. Noticing
that ¢; + s5° are bounded in W~ we get the proof by Murat’s theorem [12]
that ¢, + 55 are compact in H, (R x RY).
From the third equation in (2.1), we have that

5
8§70 4 ey = —u0550 + 550 (3.1)

T

where u®9s5° are bounded in L}, (R x R*) from (2.10) and (2.23). If we choose

€,0
xrxr

last estimate in (2.26). Thus ¢; + s5° are compact in H,,} (R x RT). The proof

£ to go zero more fast than §, then es5? are compact in H,,} (R x R*) from the

of Lemma 5 is completed.

Second, we prove the pointwise convergence of 5.
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Lemma 6 There erists a subsequence (still labelled) s*° such that when & goes

to zero more fast than 0,
s(x,t) = s(x,t), a.e. on Q, (3.2)
where s(x,t) is a bounded function, and Q@ C R X R" is any bounded open set.

Proof of Lemma 6. Using the results in Lemma 5, we may apply the div-curl

lemma to the pairs of functions
(c,59), (s7°,¢) (3.3)

to obtain
g80 . ¢80 — (599)2, (3.4)

where 559 denotes the weak-star limit of s5°, which gives us the pointwise con-
vergence of 559, Thus Lemma 6 is proved.

We are going to complete the proof of Theorem 1 by proving the pointwise
convergence of p*° and u®?.

Let the matrix A be

Wip Wim Wis _p% - p2€%e % % _eie—ﬁ
A= | wy woy wys | = —m p%eéefﬁ 1 s |- (3.5)
W3p  W3m W3s 0 0 1
By simple calculations, the inversion of A is
ap b ¢ —%e%e_ﬁ %2656_710 —p?
Al =1 ay by & | = 21— me_%eﬁ) 21+ me_geflﬁ') —pm | - (3.6)
az by c3 0 0 1
We multiply (2.1) by A~! to get
Pt (pu)s Pz Wiz
(pu)e |+ | (pu+ P(p,s))e | =€ (por | —€(A7a| wa |- (3.7)
St USg Sz W3y



Now we fix s as a constant, and consider the following system about the variables

P, U
pie+ (pu)e =0,
(3.8)
(pu)e + (pu? + P(p, s)). = 0.
A pair of smooth functions (n(p, u, s), ¢(p, u, s)) is called a pair of entropy-entropy
flux of system (3.8) if (n(p,u, s), ¢(p,u, s)) satisfies the additional system

u p
qJQ’LL = 77777u : 39
(@m0 =) | 3.9
)
or equivalently

P,(p,s
Gp = utp + 2 )nu, Qu = PTp + Uiy (3.10)

Eliminating the ¢ from (3.10), we have

P,(p,s

Moo = p(p2 ) (3.11)

For any smooth pair of entropy-entropy flux (n(p,w,s),q(p,u,s)), we multiply
(159> ), T (0 ), 15 0, 4, 8)) t0 (3.7), where m = pu, t0 obtain

1e(pyt, 8) + (P, 1, 8) + (=as(p, u, 8) + 1 Pi(p, 8) +m5u)se = R, (3.12)
where
Pxx Wiz
R = 5( Ny Nm Ns ) ( (p)ew | — (A D | wo ) (3.13)
Syx W3y

By using the estimate (2.10), we have that (—gs(p, u, s) + 7m Ps(p, s) + nsu)s, is
uniformly bounded in L'(R x R*), and hence compact in W, for o € (1,2)
by the Sobolev embedding theorem. If we choose € to go zero much fast than 9,
by using the estimates in (2.26), we have that R is compact in H;, (R x RT),

Therefore, we have the following Lemma:

Lemma 7 For any fized s, let (n(p,u, s),q(p,u,s)) be an arbitrary pair of smooth
entropy-entropy flux of system (3.8). Then

n(0% (e, 1), 0% (2,1), 57, 1)) + (o ), w0, ), 550, 1)), (3.14)
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are compact in H;,}(Rx RY), where (p°°(z,t),u’(x,t), s (x,t)) are determinat-
ed by the Riemann invariants (wy, wq.ws), which are the solution of the Cauchy
problem (2.1) and (2.2).

Thus for fixed s, for smooth entropy-entropy flux pairs (n;(p,w, s), ¢;(p,u, s)),i =
1,2, of system (3.8), the following measure equations or the communicate relations

are satisfied
< Viz,t), 7]1('7 8)q2('7 8) - 7]2('7 S)Ql('? S) >

=< V(m,t)anl('78) >< V(x,t)>q2<'7s> > —< y(:v,t)a”?('78) >< V(:v,t)an('as) >,
(3.15)

where v, is the family of positive probability measures with respect to the
viscosity solutions (p=°, us?, s9) of the Cauchy problem (2.1) and (2.2).

Therefore by using the framework from the compensated compactness theory,
given in [3, 4, 5], we may deduce that Young measures given in (3.15) are Dirac
measures, and the pointwise convergence of p*° and u*°. Theorem 1 is proved.
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