MIXTURE BGK MODEL NEAR A GLOBAL MAXWELLIAN
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ABSTRACT. In this paper, we establish the existence of the unique global-in-time classical
solutions to the multi-component BGK model suggested in [47] when the initial data is
a small perturbation of global equilibrium. For this, we carefully analyze the dissipative
nature of the linearized multi-component relaxation operator, and observe that the par-
tial dissipation from the intra-species and the inter-species linearized relaxation operators
are combined in a complementary manner to give rise to the desired dissipation estimate
of the model We also observe that the convergence rate of the distribution function in-
creases as the momentum-energy interchange rate between the different components of
the gas increases.

1. INTRODUCTION

In this paper, we study the existence and the asymptotic behavior of the BGK model for
multi-component gases suggested in [47]:

OiF1 +v -V, F1 = ni(Myy — Fi) +na(Miz — Fr),
(1.1) Oply +v - Vi Fy = nay(Mag — Fo) +ni(May — Fa),
Fi(x,v,0) = Fip(z,v), Fy(x,v,0) = Fyo(x,v).
The distribution function F;(z,v,t) denotes the number density of i-th species particle at

the phase point (z,v) € T? x R?® at time t € R* for i = 1,2. The intra-species Maxwell
distributions in the BGK operator M,; are defined as

2
n; lv — U]
M“' = —————3 exp —72 T,

om Lo m;
A/ AT

i

. (i=1,2).

Here m; (i = 1,2) denotes the mass of a molecule in the i-th component, which we assume
that m; > my throughout the paper without loss of generality. The number density n;, the
bulk velocity U;, and the temperature T; of the i-th particle are defined by

ni(x,t) = /RB Fi(x,v,t)dv,

1
Ui(z,t) = —/ Fi(z,v,t)vdv,
R3

n;

1
Tl(l‘,t) = 37 s Fi(x7v7t)milv - Ui|2dv'

Key words and phrases. Multi-component gases, BGK model for multi-component gas mixtures, Boltz-
mann equation for multi-component gas mixtures, nonlinear energy method, classical solutions, asymptotic
behavior.
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The inter-species Maxwellian distributions are defined by

ny v — Ujs)? > v — Uy [?
My = ——; exp <—|2|> o Ma=——ew <‘|2T| ,
\/%E my 2L ma
mi m2
where the inter-species bulk velocities Ujo, Us; and the inter-species temperatures Tio, To1
are defined by
Uip = 60U + (1 — §)U2,
m m
Uy = —(1—68)Uy + <1 - —a- 5)) Us,
mo m2
and

Tio =wlh + (1 — (JJ)TQ +’}/|UQ — U1‘2,
1 mi 2

Ty = (1 —w)Th + wTs + (3m1(1 — 5) (7712(6 -1+1 +(5> —’7) |U2 — Uil
Here, the free parameter 0 and w denote the momentum interchange rate and the temper-
ature interchange rate, respectively. In (1.1), n;(M;; — F;) (i = 1,2) are the intra-species
relaxation operators for i-th gas component, while n;(M;; — F;) (i # j) are the inter-
species relaxation operators between different components of the gas. We note that the
inter-species relaxation operators describe the interchange of the macroscopic momentum
and the temperature between two different species of gas. These relaxation operators satisfy
the following cancellation properties:

/ (M;; — Fy) (1,miv,mi|v\2) dv=0, =12

R3

/ (M2 — Fr)dv =0, / (Mo — Fy)dv =0,
R3 R3

/ nl(M12 — Fl)mlvdv + / n2(M21 — FQ)mQUdU =0,
R3 R3

/ nl(./\/l12 — Fl)ml\v|2dv +/ TLQ(M21 — Fg)m2|’U|2dU =0,
R3 R3

leading to the following conservation laws of the density, total momentum, and total energy:

d d
— Fi(x,v,t)dvde = — Fy(z,v,t)dvdr =0,
dt T3 xR3 t T3 xR3
d
(1.2) — / (Fi(z, v, t)myv + Fa(z,v,t)mov) dvdx = 0,
dt Jrsyps
d
— (Fy(z,v, t)my[v]* + Fa(z,v, t)ma|v|*) dvdz = 0.
dt T3 xR3

To ensure the positivity of all temperatures, the free parameters w, ¢, and - are restricted
to

my
{”im§6<1, 0<w<l,
ma2

and

0<»y<m1(1—5)[<1+m1>5+1—m1].
3 ma
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For more details, see [47].

The main goal of this paper is to establish the global-in-time classical solution of the
mixture BGK model when the initial data is close to global equilibrium. For this, we
consider the following global equilibrium for each particle distribution function:

3
vmi© _milel?
e T, pp(v) =mna

vV 27r3 V 27r3
We then define the perturbations fi (k = 1,2) by Fy, = uxr + /1 fr and rewrite the mixture
BGK model (1.1) in terms of fj as

Osf1 +v-Voft = L11(f1) + Li2(f1, f2) + Tia(f1) + T12(f1, f2),
Oufo +v - Vyfo = Loo(fo) + La1(f1, f2) + Taa(f2) + Ta1(f1, fo).

On the R.H.S, L1; and Lgs denote the linearized part of the intra-species relaxation opera-
tors:

3 2
/Mo _malvl
ez .

p1(v) = nio

(1.3)

Ly (fx) = nwo(Prfr — fx), (k=1,2),
where Py, is the L? projection onto the linear space spanned by

(Vi o/ [P R}

The linearized operators for inter-species interactions Lo and Lo; are given by

Lia(f1, f2) = nao(Pifi — f1)

+ nap {(1 —9) 224 (\/Z»;z\/ZU’z, e2i)rz — (f1, €1i>L%> 1
+ (1 — W) (\/Z»;z<f27 625>L% - <f1, 615>L72)> 615:|,

Loi(f1, f2) = n1o(Pafo — f2)

+ 110 {:;(1 —9) 2;4 <\/ %\/ %<f1»eli>L§ - <f2,€2i>Lg> €2
+(1-w) <\/ %<f17315>L3 - <f2,€25>Lg) 625},

for 0 < 6,w < 1 and {egi}1<i<s is an orthonormal basis spanned by {\/mu, v\/f, [v[* /1t }
for k = 1,2. Finally, I'11, I'sa, I'12, and I's; are nonlinear perturbations. For detailed
derivation of (1.3), see Sec. 2.

We introduce

L(f1, f2) = (Lua(f1) + La2(f1, f2), Laz(f2) + La1(f1, f2)),
and

L(f1, f2) = (T (f1) + Ti2(f1, f2), T22(f2) + Ta1(f1, f2)),
to rewrite (1.3) in the following succinct form:
(O +v-Vo)(f1, f2) = L(f1, f2) + T (f1, fo)-

To state our main result, we need to set up several notations.

e The constant C in the estimates will be defined generically.
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® (,)rz and (,-)zz =~ denote the standard L? inner product on R? and T2 x R3,

respectively.
iy = [ fa)de, Lghz, = [ olgla,v)doda.
R3 ’ T3 xRS
o ||-llz2 and || - || 2 denote the standard L? norms in R} and T3 x R3, respectively:

L2 = (/11@3 |f(v)2dv>2 ol = (/TsxRS |f(x,v)2dvdx> C

e We define an L? inner product between two vectors (fi, f2) and (g1, g2) as

(o). (araiz = [ F0dan(0) + fa(0)aa(o)do

/1

(ot oz, = [ i@ odan(e.0) + faeo)oata,o)dude

e The standard L? norm of a vector denotes

| (Fs0), g 0)) |z = ( / )P+ |g(v)|2du) g

1
2
o) ateo iz, = ([ 180 + e, o) v
T3 xR3
o We use the following notations for multi-indices differential operators:

o = [og, a1, 00,03], B =[B1, B2, Bs],
and

8[034 = 90PN 9%2 §%3 9P19P2 5P

Ty Tx2 T3 TV U2 TU3°

e We employ the following convention for simplicity.
05 (f1, f2) = (0§ f1,08 f2).
o We define the high-order energy norm En, n,(f1(t), f2(t)):

Eny.N, (f1(1), f2(t) = > 105 (f1(8), f20)) 122 -

|a|<N1, |[BISN2
Ni1+No=N

For notational simplicity, we use £(t) to denote En, n, (f1(t), f2(t)) when the depen-

dency on (N7, N3) is not relevant.
We are now ready to state our main result.
Theorem 1.1. Let N > 3. We set the macroscopic quantities of the initial data to the
same with that of the global equilibria:

1 1
/ Fio(z,v) myv dvdz :/ i (v) myv dvdz,
T3 xR3 mi|v? T3 xR3 mi|v|?

for k = 1,2. We define fro as Fxo = pr + /xfro- Then there exists € > 0 such that
if EnyN.(f10, f20) < €, then there exists a unique global-in-time classical solution of (1.1)
satisfying
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The two distribution functions are non-negative:

Fk(.f,’l},t) = Kk + \/,U‘kfk Z 0.

The conservation laws hold (1.2).
The distribution functions converge exponentially to the global equilibrium:

Eny N, (f1, f2) () < Ce ™ EN, Ny (f105 f20)-
In the case of No = 0, that is, if Eny0(f10, f20) < €, we have the following more
detailed convergence estimate:
Enyo(fi, fo)(t) < Cemmmin{=0.0=)¥ ey (f10, fao).
Let (f1, f2) and (f1, f2) be solutions corresponding to the initial data (fio, fa0) and
(f10, f20), respectively, then the system satisfies the following L* stability:

[(fr = fi, f2 = f)llz , < Cll(fio = fio, f20 — f20)llz2

z,v x,v

Remark 1.2. The convergence rate in the case of Ny = 0 shows that the higher interchange
rate (0 and w close to 0) gives the faster convergence rates.

The most important step is the identification of the dissipation mechanism of the lin-
earized multi-component relaxation operator. To investigate the dissipative property of L,
we decompose the linearized inter-species relaxation operator L;; (i # j) further into the
mass interaction part L}j and the momentum-energy interaction part L?j:

Liy(f1) = noo(Pifi — f1)s Ly (f2) = nio(Pafa — fo),

Li5(f1, f2) = nao [(1 —9) Z (\/ %z\/ %<f27@2i>L3 - <f1,61i>/;3) €1
2<i<4

+(1-w) <\/ "0 fo, e5) 2 — <f17615>L3> 615],
n20
L3 (f1, f2) = mo [nmll(l -8 > (\/ nQO\/WTQULGML% - <f27€2i>L%) €2i
2 252y \V o\ m

+(1-w) (\/ %<f13615>L% - <f27625>L%> 625],

so that Lis = L1y + L%, and Loy = L3, + L3;. We first derive from an explicit computation
that the intra-species operator L;; and the mass interaction part of the inter-species operator
Li, and L}, give rise to the following partial dissipative estimate:

(L1 + L%z)fhfl)Lgm + (L2 + La1)f2, fa)rz
= —(n10 + n20)||(I — P1,1 — P2)(f1,f2)||2L§’v'

We note that the dissipation estimate above is too weak in that it involves 10-dimensional
degeneracy, which is 4-dimensional bigger than the 6-dimensional conservation laws in (1.2).
It is the additional dissipation from the momentum-energy interaction parts L3,, L3, of the
inter-species operators Lis and Loy that make up for the deficiency:

(LY fo)zz, + (L1, fo)rz, < —min{(1=6), (1~ w)} (10 + o)
< (1P Po) (s 2132, = IPCRs £l )

and

(1.4)

(1.5)
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where P is an orthonormal L? x L? projection on the space spanned by the following 6-
dimensional basis

{(Vi1,0), (0, v/112), (myv/pin, movy/piz), ((malof® = 3) /i, (malvl* — 3)y/ji2) }-

Then partial dissipation estimates (1.4) and (1.5) complement each other to give rise to the
following multi-component dissipation estimate for L:

(L(f1, f2), (f1, f2)) 22, < —(na0 + nzo)(max{&w}H(I = P11 = P)(f1, )2,

+min{(1-6),(1—w)}|(I - P)(f, f2)||2Lgm>'

The dissipation estimate (1.6), together with further analysis on the degeneracy part
through the standard micro-macro decomposition, provides the following full coercivity de-
pending on the interchange rates:

(L(0°(f1, £2)), 0% (f1, f2)) L2, < —nmin{(1 — ) W)} Yo 0% (i flZe

lal<N

(1.6)

Due to the presence of the momentum interchange rate 6 and the energy interchange rate w
between different components in the dissipation estimate, we see that the larger interchange
rate (when ¢ and w are close to zero) leads to the stronger dissipation, and therefore, the
faster convergence to the global equilibrium:

S 071 (0). fa0) [ < e mmA=RO=DE ST 50 £,(0), £2(0))3; -

la]<N la| <N

1.1. Literature review. We start with a review of the mathematical results of the mono-
species BGK model. Perthame established the first result on global weak solutions for a
general initial data in [52]. In [53], the authors considered weighted-L> bounds to obtain
the uniqueness. Desvillettes considered the convergence to equilibrium in a weak sense
[26]. Ukai proved the existence of the stationary solution on a finite interval with inflow
boundary condition in [67]. In [75], the L> work in [52] is generalized to an weighted L?
space. Classical solutions near-global equilibrium is constructed in [7] using the spectral
analysis of Ukai [66], and by using the nonlinear energy method of Yan Guo [38,39, 40]
n [71]. The nonlinear energy method is then employed further to study several types
of BGK models [5,6,44, 71,73, 74]. Saint-Raymond considered the hydrodynamic limits
of the BGK model in [58,59]. For the numerical study of the BGK model, we refer to
[8,14,14,22,23,24, 25, 48,56, 57].

Various BGK models to describe the dynamics of multi-component gases are proposed in
the literature. Examples include the model of Gross and Krook [37], the model of Hamel [43],
the model of Greene [35], the model of Garzo, Santos and Brey [33], the model of Sofonea
and Sekerka [60], the model by Andries, Aoki and Perthame [1], the model of Brull, Pavan
and Schneider [17], the model of Klingenberg, Pirner and Puppo [47], the model of Haack,
Hauck, Murillo [42], the model of Bobylev, Bisi, Groppi, Spiga [13]. The BGK model for
gas mixtures has also been extended to the ES-BGK model, polyatomic molecules, chemical
reactions, or the quantum case; See for example [4, 11,12, 36, 46, 48, 55, 62, 72]. For the
applications of the mixture BGK models, we refer to [8,9, 14,27,28, 31, 54, 56]. For the
existence of the BGK model of gas mixtures, the mild solution was established in [45].
In [49], by constructing an entropy functional, the authors can prove exponential relaxation
to equilibrium with explicit rates. The strategy is based on the entropy and spectral methods
adapting Lyapunovs direct method.
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A review of the multi-species Boltzmann equation is in order. In [39], the author estab-
lished the global existence for the mixture of a charged particle described by the Vlasov-
Maxwell-Boltzmann equation. The mild solution and uniform L' stability are obtained
in [41]. A mass diffusion problem of the mixture and the cross-species resonance is studied
for a one-dimension case in [61] based on the work in [50]. In [16], the author constructed the
global-in-time mild solution near-global equilibrium for the mixture Boltzmann equation.
The VlasovPoissonBoltzmann equation was considered in [30] about large time asymptotic
profiles when the different-species gases tend to two distinct global Maxwellians. In [32],
the existence and uniqueness are constructed in spatially homogeneous settings when an
initial data has upper and lower bounds for some polynomial moments. The authors in [15]
obtained some energy estimates.

For physical or engineering references on the studies on multi-component gases at the
kinetic level, we refer [2,3,51,60,61,63,64,65,68,70]. Some general reviews of the Boltzmann
and the BGK model can be found in [10,18,19, 20,21, 29, 34, 69].

This paper is organized as follows: In Sec. 2, we linearized the system (1.1) to obtain
(1.3). In Sec. 3, we derive the dissipation estimate of the linearized relaxation operator. The
local-in-time classical solution is constructed in Sec 4. In Section 5, The full coercivity of L is
recovered when the energy norm is sufficiently small. Lastly, we establish the global-in-time
classical solution in Sec 6.

2. LINEARIZATION OF THE MIXTURE BGK MODEL

2.1. Linearization of the mixture Maxwellian. In this part, we linearize the inter-
species Maxwellian M1, and Ms;. We first define the macroscopic projection on L% and
state the linearization result of the mono-species local Maxwellian M.

Definition 2.1. We define the macroscopic projection operator Py in L2 for k = 1,2:

1 m
P.f = 7/ I/ bk dv/py + 7k/ Jov/prdv - v/
Nnko Jr3 Nnko JRr3
1
b [ Fmalol? = 3)VRmdume o - 3)
ko JRr3

We denote 5-dimensional basis as (i = 2,3,4)

1 m vl?
(2.1) el = T ks eki = q/nikzviflx//lk; exs = lj'— V-

The 5-dimensional basis set {e1;}i=1,... .5 and {e2; };=1.... 5 construct an orthonormal basis
in L2, respectively. So, we can write

Pif= Y (fien)izeni, and Pof = > (f,ea)rzem.

1<i<5 1<i<5

Lemma 2.2. [71] The mono-species BGK Mazwellian My, is linearized as follows:

Mk (Fr) = i + V1P fe + Ve Trr(fre, fr),

where the nonlinear term Tk (fr, fx) is given by

Crr(frr fu) =

5 (16, Ukg, Tho, v — Ura, Urg)
My (0)(1 — 6)do
> "

1Sis R;;(nko, Tho)

X (frseri)rz (frrerj) L2,
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for k=1,2. The function P;j(x1,--- ,x5) denotes a generic polynomial depending on (x1,-- - , xs5)
and R;;(z,y) denotes a generic monomial R;j(x,y) = x™y"™, where n,m € NU {0}.

Proof. The linearization of the mono-species BGK Maxwellian My, is in [71] for the case
ngo = 1 and my, = 1. For a general ngy and my, the linearization of My is a special case
of the linearization of Mjs and Moy with the choice 6 = w = 1 (See (2.10) and (2.11),
respectively). a

Proposition 2.1. The multi-species BGK Mazwellians Mys and Msy are linearized as
follows:

Muo(F) =+ Pifiy/in + (1-6) Y (\/ %U%(h,@mh% - <f1,e1i>Lg) et/

2<i<4

+(1—-w) (1/ %(fm@%ﬁg - <f1,€15>Lg) eis/i1 + /i l12(f1, f2),

and
- mg [Tr20 T2 R R
M1 (F) = p2 + Pafoy/p2 + p— (1-9) 2224 ( o \ s (fi,e1i)r2 <f27621>L,U> e2iv/H2

+(1-w) <1 / %Ul,emﬁg - <f2,€25>L3> e2s/Hz + /12la1(f1, f2)-

We give the precise definition of the nonlinear terms I'yo and T'ay in Section 2.2

Proof. We first define a transition of the macroscopic fields:
(2.2) nge = Ony, + (1 — 9>n;€07 nroUre = 0N Uk, Gre = 0Gy,
where
3nk Ty + mung|Ugl? — 3ny
= NG ;
for k = 1,2. We also denote multi-species macroscopic fields as
Ui2g = 0U1g + (1 — 6)Us,

m m
Usip = 71<1 — (5)U19 + (1 — 71(1 — 5)) Usg,
mo ma

Gk

(2.3) - g
T199 = wThg + (1 — w)Tag + v|Uz0 — Unel*,

1 m
To19 = (1 — UJ)Tw + wlsy + <3m1(1 — 5) (771;(5 — 1) + 14+ 5) — 'y) |U29 — U19|2.

Then we consider the multi-species BGK Maxwellians M1 and Ms, which depend on 8:

— Usop|? — Us1g|?
Miz(0) = Lgexp *% , Mai(0) = &3@(? *% :
97 Liza 2 on Ta1e 272
mi m2

The definition of ngg, Ukg, Tke gives
(nko, Uro, Tho) lo=1 = (i, Ur, Tk),  and  (ngg, Uko, Tro) lo=0 = (710,0,1),

so we have

Mia(1) = Mz, Mi2(0) = pua,
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and
Mai(1) = Ma1, Mo (0) = po,

where we used U9 = U9 = 0 and Thog = To10 = 1. We apply the Taylor expansion to
Mu(g) and M21(9)2

1
Mia(1) = p1 + M,(0) + [ M75(0)(1 — 6)db,
0
and

Mgl(l) = U2 + Mél(O) + Mgl(o)(]- — 9)d9
0

By the chain rule, we compute the linear term M;;(0):

(24) M,(0) = (d(nw,n19U197G1;,9n297n29U29,G29)>T

<3(n19, n19U1e, G1g, n20, n20U20, Gog

) —1
Vin n M (6 ,
8(n197U197T197n29,U29,T29) ( (n16,U16,T16,m26,U20,T20) ZJ( )) i—o

for (i,7) = (1,2) or (2,1). Although M5 does not depend on ns, we use the above form for
the convenience of the calculation. In this proposition, we focus on the linear term M/, (0)
and MY, (0). The exact form of the nonlinear terms will be presented in Section 2.2. The
remaining proof proceeds by stating some auxiliary lemmas below. O

Lemma 2.3. [71] Let us define

_ 3nT +mn|U|? - 3n

G
V6
Then we have
1 0 0 0 0
U, n 0 0 0
_ 9(n,nU, G) _ Us 0 n 0 0
d(n,U,T) Us 0 0 no 0 |
3T+m|U|>=3  2nU;m  2nUym  2nUsm  3n
V6 V6 V6 V6 NG
and
1 0 0 0 0
—1 _& % O O O
g1 _ (U, G\ 7% 0 1 0 0
o(n,U,T) Us 0 0 * 0
mUP=3T43 _2mU; _2mUs _2mUs \ﬁ;
3n 3 n 3 n 3 n 3n

Proof. In the case of m; = 1, it is proved in [71], and by the same explicit calculation, we
can extend the result for general m;. We omit it. ]
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2.1.1. Linearization of Mia. We first consider the calculation of M/5(0) in (2.4).

Lemma 2.4. We have

6/\/(12( ) 1 OM2(0)
= — U1, 2) ——— =9 )
(1) 16 |y nlo/il (2) o oy mivpy
8M12( ) - m1|v|2 -3 8/\/112(0) B _
(3) v P (4) sy = (1= 48)mivp,
3/\/(12(9) o . m1|’l)‘2 -3
(5)4—53554*920——(1 W) H1.

Proof. For readability, we ignore the dependence on 6.
(1) By an explicit computation, we have
oM 1
- 2 Lo
n1 ny
(2) Note that both Ujo and Ti2 depend on U;. So that, the chain rule gives
OMyz  OUp OMya = 0112 OMy2

oU,  0U, 0Uhy = 0U, 0Tia
v 12M12—27(U2—U1)(

31 my|v — Uyal?
4 1] 12')/\/11

=
m 2Ty 9T,

12

(3) An explicit calculation gives

8M12 6T12 8M12 3 1 m1|v — U12‘2
= =W | == T M.
T 0Ty, OTw 2 s oT?,
(4) Similar to case (2), both Uy2 and T2 depend on Us.
OMiz _ OUrz OM; i T OMa2

U, ~— OUy OUys  OUs 9Tyo
= (1—5)m1 12M12+2’Y(U2—U1) <—2—|—

v —

12
(5) By an explicit computation, we have

6./\/112 8T12 8/\/112 31 m1|v — U12|2
= =(1— _— .
o~ on, 0T, L% ( M

Substituting

(2.5) (n16, Uro, Tag, Uzg, T2o)| o, = (n10, Uro, Tho, Uzo, Tao) = (n10,0,1,0,1),
and

(2.6) Ui20lo=0 = U216l9=0 = 0, T1260lo=0 = T210l0=0 = 1,

on the above computations, we get the desired result.
|

Now we proceed with the proof of Proposition 2.1 for Mi2(F'). By the definition of the
transition of the macroscopic fields (2.2) and the definition of the basis (2. 1) we have

d(nge, nreoUks, Gro) km
. o! = ([ sevmmas, [ geovimao, [ 52 man)
= ((frrert)r2, (frr ex)r2, <fkaek3>L§7<fka€k4>L§7<fka€k5>Lg)7
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for k = 1,2. For notational brevity, we define

O(nko, nkoUsko, Gro)

J =
v O(nko, Uo, Tro)

Then applying Lemma 2.3 gives

and

(2.8) (3(n197n10U19,Gw,nw,nzeUzo,Gze))_l
0(n1g, Uie, Thg, n2s, Uzg, Tog)

:[lelg_o 0 ]
0=0 0 J2«9 ’9:0

where we used

Ji 0 J 0
2.9 = 1 .
(2:9) |: 0 Jo ] [ 0 J2_1 }
We substitute (2.7), (2.8) and Lemma 2.4 into (2.4) to obtain
omyv
/12(0)170 Fiv/prdo + — #1/ fiv/pidv
m1|v|2—3 \/5 / m1|v| \ﬁdv
nlo R3
1
IR

m1|v|2—3 \/5 / ma|v|? — 3
1—w ————/u2dv.
+( 3 n2g Jrs J2 \/6 H2av

Using the definition of the basis in (2.1), we simplify it as follows:

(2.10) 12(0) = (fi,en)rzenny/pa + 90 Z (f1,eri)rzeriv/pn + w(f1, e15) Lz €15/

2<i<4

n
(1- \/ 10\/ Z (f2,e2i) r2e1iv/pm + (1 —W)\/ ©(far €25) L2 €15 /101
2 9<i<a 120

Adding and subtracting the following term

(1-9) Z (fi,eri)r2eriv/pn + (1 —w)(f1, e1s) L2 e15y/01,

2<i<4

12(0) = Pifiy/pa+ (1= 9) Z (\/ %\/ %(f%emﬁg - <f17€1i>L%) €liv M1
2<i<4
+(1-w) (\/ il (f2,€25) 12 — (f1,e15)L > €15/ 1t
n20

This completes the proof for the linearization of M.

gives
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2.1.2. Linearization of Ma1. Now we consider the calculation of Mo; in (2.4).

Lemma 2.5. We have

OMaig 1 OMa1e ( my )
1 = — o, 2 =(1——(1-9) ) mavpus,
(1) e |pey et (2) oo oy m2( ) | mavpe
OMos1g m2|’U\2 -3 OMos1g mi
3 —w— 4 =—(1-9¢
(3) e oo w D) K2, UL oo m2( Jmavpa,
OMaig malv|? — 3
5 =1-w)———
©) G| (-
Proof. (1) By an explicit computation, we have
oM 1
2 2 _ 1o
no No

(2) Note that Uy and T5; depend on Us. The chain rule gives
OMa1  OUaz OMay " 011 OMoy
00Uy - 0Uy 00Uy oUy 019 '

So we differentiate

OUz1 OMoy oom v—Upy

=(1 1-9
8U2 8U21 ( mg( ))m2 T21 M217
and
8T21 8./\/121 1 mi
=2z 1-9)—(6—-1 144 —
8U2 8T21 <3m1( ) (mg( )+ + ) ’Y)
31 m2|v — U21|2
X (UQ U]) ( §T721+W Mgl.
(3) We have

OMazr  OTo OMa 31 malv— U1 |? M
Ty, — 0T, 0Ty ( 2Ty, 272, ) 2t
(4) Since both Us; and Ty depend on Uy,
OMa1  OUz OMo . 0151 OMa

U, ~ 9U, AUy — OU, 9Ty '

we compute

OUz1 OMar  my v— U
90, o m—2(1—6)m2 T Moy,
and
8T21 8./\/[21 1 mi
= 2(-m@a-0 (G -1)+1+5) -
6U1 8T21 (3m1( )(mg( )+ + > 7)
31 malv — Uz |?
X (U2 — Ul) <2T21 2T221 MQl.
(5) We have

8M21 8T21 8M21 3 1 m2|v — U21|2
o1y o1y 0715

Similar to Lemma 2.4, substituting (2.5) and (2.6) on the above calculations gives desired

results. ]
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Substituting (2.7), (2.8), and Lemma 2.5 into (2.4) yields

21(0) = / ﬁvﬁdv+< (15>mﬂwz/'ﬁuym

20
7mef3 VE / mw}
v adv
7120 R3

m—(l— Moo
+ =2 /flv./uldv

7ng|v|2 -3 \/5 / m1|v|
1- 1d
(L= w) =[5 . M =3 .

Using the notation of the basis in (2.1), it is equal to

51(0) = (f2, e21) L2 €21/ 102
+ (1 - M- 5)) D (fareai) p2€aiv/ia +w(f2, €25) 12 €25/11a
ma

2<i<4

(2.11) m
— (-9 \/ 20\/ Z (fi,e1:) L2621/ 2
Loci<a
n
+(1—W)\/T%<f1a€15>L5625\/u2-
10

Adding and subtracting the following term

M1-9) Z (f2,€2i) L2€2iv/Hi2 + (1 — w)(f2, €25) L2 €25/ 112,

m
2 2<i<4

gives

M (0) = Paf2i/1iz

+ 7(1 - (\/ nzo” fl,eu 2 — (f2,e2i)r > €2/ 2
2<2<4 1o
+(1-w) (HZ?Z(fhﬁ&ﬁﬁ% — (fa, €25) L: ) e25+/12-

This completes the proof for the linearization of Moyj.

2.2. Linearization of the mixture BGK model. In this part, we linearize the mixture
BGK model (1.1). Applying the linearization of the BGK Maxwellian Lemma 2.2 and
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Proposition 2.1, we substitute F; = p1 + /u1 f1 on (1.1); and divide it by ,/u1 to have

1
Oufi+v-Vofs = mi(Pufi — fo + 271 /0 1(0)(1 — 0)do)

1

nalPifi = it <= [ M0 - )

+n2 {(1 —9) Z (\/ %;2\/ %<f2762i>L% - <f17€1i>L%> €1
2<i<4

+(1-w) <\/ %20”27625&3 - <f1,615>L5) 615}

Splitting ng by ng = (ng — nko) + Nko,

(2.12) Nk = Nk — Nko + Nko = / fev/pedv +ngo = /nko(fr, €x1) L2 + nko,
R3
we can have the following linearized equation:

(2.13) Oufr +v-Vafi = Lii(f1) + Liza(f1, f2) + T (f1) + Ti2(f1, f2)s

where L11(f1) = n1o(Pifi — f1). The linear term L;, is decomposed as Lip = Li, + L3,
with Li, = nao(P1f1 — f1). And L2, denotes the linear term describing the interchange of
momentum and temperature of each species as follows:

Li5(f1, fa) = nao {(1 -8 Y (\/ @\/ L T <f1,€1i>Lg> e
2<i<4 M20 ¥ M2
+(1-w) <\/g<f27625>L% - (f1,615>Lg) 615}

The nonlinear terms I';; and I'12 denote

(2.14)

1 1
Tii(f1) = (n1 —no)(Pifi — fr) + nl—/ MY(0)(1 - 6)db,

Tia(f1, f2) = (n2 — na2o)(Pif1 — f1) +Tl27/ — 0)do

+ (n2 — na20) [(1 - <\/ 7110“ f23622 — (f1,ewi)rz ) €1i
2<i<4 20
+(1-w) <\/ o (f2,€25)02 — <f1,€15>Lg> 615}
n20



MIXTURE BGK MODEL NEAR A GLOBAL MAXWELLIAN 15

Similarly, we substitute F5 = pg 4+ (/piaf2 on (1.1)2 and divide it by ,/us to have

Oefo+v-Vaifo —n2(P2f2—f2+7/ — 0)do)

o (Pofo— fot —— / MU (0)(1 - 0)d6)

+’Il1|: 1 - ( 77‘20 f1>elz L2 — f2;e2z> ) 21
2<z<4 v V
+(1-w) (\/To<f1,615>Lg - <f27625>L%> 625],
n10

which yields
(2.15) Ouf2 +v - Vafay = Lao(f2) + L3, (f1, f2) + Taz(f2) + Ta1(f1, f2),

where Loo(f2) = noo(Pafz — f2). The linear term Lo also decomposed as Loy = L, +
L3, with LY, = nio(Pafs — f2). And L3, denotes the interchange of the momentum and
temperature between other species.

L3, (f1, f2) = n1o [ml (1- (1/ n20\/7 fiseri)rz — (f2, €)1 ) %
2<7,<4 1o
+(1—-w) ( <f1,€15>L (f2,€25) 12 > 625]
\ nio

The nonlinear terms I'95 and I's; denote

Taa(f2) = (ng — noo)(Pafa — f2) + n2

/M — 0)do,

L (0)(1 — 60)do

Lo1(f1, f2) = (n1 — nao)(Pafo — f2) +m1 \ﬁ

+(n1n10){ (1-9¢ (UZ?ZU (fi,e1i)r2 — (f2,e2i) 2 >6m‘
2<¢<4
+(1-w) <\/Z>j2<f1,€15>Lg - <f27625>L%> 625]~

Overall, we can write the linearized mixture BGK model (1.1) as

Oifr +v-Vefi = Lia(f1) + Li2(f1, f2) + T (f1) +Ti2(f1, f2),
(2.16) Ocfo +v - Vafo= Loa(fo) + La1(f1, f2) + D22(f2) + Ta1(f1, f2),
fl(I,U,O):flo(l‘,’U), fQ(xvvaO):fQO(zvv)'
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where f19 = (Fio — p1)/+/p1, and fog = (Foo — p2)/y/it2. The linearized mixture BGK
model (2.16) satisfies the following conservation laws.

Vi fi(z, v, t)dvdx = Vi fa(x, v, t)dvde = 0,
T3 xR3 T3 xR3
(2.17) / (Vi1 fi(x, v, t)miv + /2 fo(z, v, t)mav) dudz = 0,
T3 xR3

/3 5 (Vi fi(z, v, t)yma|v]? + iz fo (2, v, t)ma|v|*) dvdz = 0.
T3 XIR¢

3. DISSIPATIVE PROPERTY OF THE LINEARIZED RELAXATION OPERATOR

In this part, we investigate the dissipative property of the linearized multi-component
relaxation operator. For simplicity of the notation, we denote the linear operator and the
nonlinear perturbation as the vector forms:

Ly = Ly (f1) + Li2(f1, f2),
Ly = Las(f2) + Lo1(f1, f2),

and

Iy =Tu(fi) + Tie(fa, f2),
Iy =Ta92(f2) + Ta1(f1, f2),

then we can write (2.13) and (2.15) as
(3.1) (8¢ + v - Va)(f1, f2) = L(f1, f2) + T(f1, fa),

where L(f1, f2) = (L1,L2) and T'(f1, f2) = (I'1,T2). We also define the following 6-
dimensional orthonormal basis:

1 1
E = Vi, 0 Ey, = 0,4/
1 \/TTO( M1, )a 2 m( ) ,u/2)a
1
Ei: i—2V ) i—2V ) ':3a475a
\/m(mlv 24/ 11, T2V —2 /’L2) (’L )
1
Fg=—ou—u ((mv* -3 L (malv]® =3 .
Y T TOT ((malo]* = 3)y/u1, (ma|v]? — 3)\/iz)
We also denote E; = (E}, E?) for i = 1,--- ,6. The macroscopic projection operator for

mixture can be written as

P(fi,f2) = Y {(f1, f2), Bi) 12 B

1<i<6
The following is the main result of this section.

Proposition 3.1. We have the following dissipation property for the linear operator L:

(L(f1, f2), (f1; f2)) ez, < —(n1o + n2o)(max{5aw}||(1 =PI = P)(fi, f)ll72

Fmin {1 - 8). (L)} [~ P)(fi. )l )-
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Proof. By an explicit computation, we have
(3.2)
(L(fr, f2), (frs f2 )z, = (Lufrs fu)ez, + (Lafos f2) 2

—(n10 + n20)[[(1 - P1,I Pz)(f17f2)||L3,, (L3, Az, + (Lay, fo) iz -

We decompose the proof in the following 4-steps.
(Step 1:) We consider the dissipation from the momentum and temperature interchange
part of the inter-species linearized relaxation operator. We claim that

(Lls, fi) ez + (L31, fo)iz <0,
and the equality holds if and only if

/ flv\ﬁdv_— / fovy/Hzdv,

n1o
and

€ fl(m1|v|2 —3)Vmdv = L / f2(ma|v]? — 3)\/padv.

n1g
e Proof of the claim: By the definition of L2, in (2.14), we have

(L3y, fi)r2 = (1— <\/me/ (f2,€2i)p2 — (f1,€14)L ) (f1,e1i)£2m20
2<1<4 20
+ (1 - w) (q/nlo<f2;625>L% —(fi,e1s5)L ) (f1,€15)L2n20
20

=1+ L.
Similarly,

<L%1af2>L3 = (1 — (\/T%\/i f17elz f2,€21> ) <f2ae2z>L2n10
2<z<4 o
+ %(1 —CU) <m<f17615>L% - <f2,€25> ) <f27€25>L2n10

By an explicit computation, we have

2
n1o
I + I3 = —(1 = 6)ngo (1/ 1/ <f27621>L2 - <f1731i>L%)
2;24 Ni2g Y M2

(3.3)
1 1 2
= (1~ Symymgna | / foor/fizdo — / Jroy/firdy) <0,
n20 Jr3 nio Jrs
and
(3.4)

2
I+ 1y =—(1—w)ng (1/ Zzz (f2,€25)12 — <f1,€15>L3>

=—<1—w>’“0”20(n20/ fatmalol? = 3)iiado = —— [ fimfof —3>rdv)2

<0.
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which proves the claim of this step.
(Step 2:) To estimate the gap of the macroscopic projection (Pi, Py) with P, we compute
the following term:

(P, P2)(f1, f2) — P(f17f2)||2L§,v'

We note that the element of (Py, Py)(f1, f2) can be written as the linear combination of the
following 10-dimensional basis:

{(V1, 0), (0, /paz), (v/11, 0), (0, v3/paz), (Jvf* /1, 0) , (0, [vf* /iz) }
so that (P, Po)P = P. Therefore,

1P PO, f2) = PO )3 = [P P) (s £o)l3 . — 1P (R £l

Since we have

2 2
/ Pkkodv:l( /. fk\/mdv) +m’“( / fkvm.dv)
Rf_’)

([ o 3>rdv) |

67%0

and

1 2 1 2
[pttae= 2 ([ gvimao) + 2 ([ poyim)

2
1
( . flmlm/,ulah)—|—/rg fgmng/,ugdv>
IR IR

mi1nig + Manog
1 2 2 2

_— -3 d -3 d

T ( [, fmalo =3)vimav+ [ smalol? ~3)yim ) :

which follows directly from explicit computations, we can write
I(PLfr Pafo)lliz | = IP(fr, fo)ll2e | =TTy + 112,

@
where
1
minio

1
(35) - m ((/RS flmlv\/[TldU + /RS fgmgv\/;ngv) )

1 MaN2g miniog
= flmlv\/ 1dv — | —— f2m2v,/ dv
minio + Manzo minio MaN2g

11, = (/ Fu(ma o2 — 3)rdv> = (/ Falmalof? 3)rdv>

2
I ( - flmlv\//Tldv> + p— (/ fgmgv\ﬁdv)

6%10

2
2 2
_67110—1—6ngo<</ Flmalvl —3de+/ f(mov| —3)\ﬁdv)>

2
1 n20/ 9 nl()/ 9 }
= — my|v|* —3 dv — | — malv|® — 3 dv
o 2 [ st =3y — [0 [ el - 3y
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(Step 3:) In this step, we compare (L2, fi)r>

x,v

< 217f2>L2 » with ||(P13P2>(f17f2) -
P(f1,f2)ll3. computed in (Step 1) and (Step 2), respectively. We claim that
(L3, Az, + (L3y, fo)ra, < —min {(1 = 6), (1 — w)} (1o + nao)

3.7
&0 (PP 1N~ IP( £ )

which is equivalent to

1 1

) < - —_—
(38) (77,10+Tl20)([]1+[]2)_ max{l_(s,l_w

} (11 + I3) + (12 + 14)],

where I; (i = 1,2,3,4) are defined in Step 1, and II; (i = 1,2) are defined in (3.5) and (3.6).
We first compare Iy with I + I;. Multiplying (n1g 4+ ngo) on (3.6) yields

2
1 n n
<n10+nzo)112=6[,/2° / fr(mafof? = 3)/lindv — | |2 / fa(malvf?* = 3)y/jizdv|
n10 JRrs n20 JRr3

which is equal to — (1> + I) by (3.4):

1
(3.9) (nlo + Tlgo)]]g = 7ﬁ(12 + 14).

Secondly, we compare 17 with I; 4+ I3. We multiply (n19 + nag) on (3.5):

ni1g + Noo mMaTog minio
n1o + nog)ll; = [ 1mv/pdv — / fomav/1b dv]
(m10 20) 111 minig + mangg |\ minig Jps ! \ manag

1
[ hele f1m1v\/ 1dv — mmm/ fzmzv\/mdv]
R3

Tome minio mMan2g

where we used the assumption my > msy. From (3.3), we compute

2
1 1
—ma(I1 + I3) = (1 — §)mimanionag (/ fovy/padv — 7/ fl'U\/Mld'U)
20 JRr3 n10 Jrs
which means that

1
(3.10) (n1g + noo)I; < 71?(5(‘[1 + Is).

Combining the estimates (3.9) and (3.10) yields the desired estimate (3.8).
(Step 4:) Finally, we go back to the estimate (3.2). Applying (3.7) on (3.2) yields

(L(f1, f2), (f1, f2)) ez, < (n1o + n20) (||(P1;P2)(f17f2)\|%;v - ||(f1»f2)||%gm>
—min {(1 = 8), (1~ @)} (mo +n20) (I (P P2) (. )~ IPUA )2 )
So that,
(L(f1, f2), (f1, f2)) Lz,

n10 + n2o

< —[I(f1, )22 | +max{d,w}|(Pr, P2)(f1, f2) 22
+min{(1 = 9), (1 = w)}IP(f1, f2)ll72 -
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Finally, by splitting 1 = max{d,w}+min {(1 — §), (1 — w)} on the coefficient of ||( f1, f2)||%,
we conclude that

(L(f1, f2), (f1; f2)) ez, < —(n1o + n20)<max{5, SHU =PI = Po)(f follzg,
min {1 - 8). (L)} [~ P)(Fi. )l )-

Lemma 3.1. The kernel of the linear operator L satisfies

KerL = span{(\//Th 0), (0, \//72)7
(v, mav /1), (malof? — )T, (malof? — 8)y7E)).

Proof. We prove the following equivalence condition.

(L(f1, f2), (f1, f2))ez, =0 & L(f1,f2) =0

(«=) This is trivial.

(=) By Proposition 3.1, (L(f1, f2), (f1, f2))rz , = 0 implies (f1, f2) = P(f1, f2). Now it is

enough to show that L(P(f1, f2)) = 0. By direct computation,

L(P(f1, f2)) = (n1o + n20) ((P1, P2)(P(f1, f2)) — P(f1, f2))
+ (L35 (Pf) + L3, (Pf)).

The first term is equal to 0 since (P, P2)P = P. From (Step 1) of Proposition 3.1, we can
observe that A; = Ay = 0 implies L}, = L3, = 0 where

nm [ v —— [ oy
Ay = — f1(m1|v| —3)y/p1dv — n—QO/]RS fa(ma|v]? — 3)\/pzdv.

n1o0

Thus we want to prove that A1 = Ay = 0 when (f1, f2) = P(f1, f2) = 221 <p<6((f1: f2), Ek) 2 By
From the orthogonality of the basis E,i with v; /01,

Ay

nlo/]Rs Z ((f1,f2), Ex) 2 ER] v \ﬁalv——/]Rs Z ((f1, f2), B} 12 ER] viy/padv

n
1<k<6 20 1<k<6

1
= ((f1, f2), Bit2)r2 </ 1+gvm/ 1dv — — i2+2vi./,u2dv> ,
R3 R3

n10 N20
for i = 1,2,3. By definition of E;, 2, we have

((f1, f2), Eig2) 12 (1
n10

A =
Vminig + Mango

1
mlv?uldv - — mgvfugdv) =0.
3 20 Jrs
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Similarly, we compute

Afi/RS Y. [ £2), Bi)ra By (o] = 3)/prdv

n
10 1<k<6

/R3 Z [{(f1, f2), k)12 ER] (malv]® — 3)\/padv

1<k<6

b

20

((f1, f2), E6) 2 ( 1 / ) ) 1 / ) , )
= my|v|® =3 dv — — molvl® — 3 dv
6n1g9 + 6n19 \ 110 Rs( 1ol ) oo ]R3( 2[v] ) 12

:O7

where we used
/ (milv]? — 3)*pidv = / (m2|o|* — 6m;|v|* + 9)pidv = 6n0.
R3 R3

Thus, L3,(Pf) = L3,(Pf) = 0. Therefore, we conclude that L(P(f1,f2)) = 0 and the
kernel of L is spanned by the basis of P. This completes the proof. |

Remark 3.2. Note that in the extreme cases § = 1 or w = 1, we have
efori=1land0<w<1

KerL = span{(y/11,0), (0, /12), (vy/11,0), (0, vy/112)
((malv]® = 3)y/i1, (mav|* = 3)\/2) }-
efor0<f<landw=1
KerL = Span{(\//Tl’ O)v (07 \//-72)7 (ml'U\/,lTl, mgv\/[72)7
(Jol* Vi, 0) . (0, [o]*v/i2) }-
e Ford=w=1
KerL = span{(y/11,0), (0, /12), (vy/11,0), (0, vy/112)
(ERVZRUN (AU

However, since § = 1 or w = 1 corresponds respectively to the cases where no interchange
of momentum or temperature occurs. We exclude the cases in the paper sequel.

4. LOCAL EXISTENCE

In this section, we prove the local-in-time existence of the mixture BGK model. We start
with estimates of the macroscopic fields.

4.1. Estimate of the macroscopic fields.

Lemma 4.1. For sufficiently small E(t), there exists a positive constant C' > 0, such that
(1) ko (2, 1) — nxo| < CVE(),
(2) o (x, )] < CVE),
(3) Tijo(x,t) — 1] < CVE(),

fork=1,2 and (i,7) = (1,2) or (2,1).
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Proof. We recall the estimates for the mono-species macroscopic fields in [71]:

[ngo(z,t) — nkol,  |Ure(z,t)],  |Tho(z,t) — 1] < Cv/E(F).

Therefore, from the definition of Uyag, Ua1g, T12¢, and Th1p in (2.3), we have
|Ur26| < 8|Urs| + (1 = 6)|Uzg| < CE(D),
m m
ol < 220 = 6) ol + (1= 221 =) ) 10| < OV
mo ma

|Ti20] = w|Tig| + (1 — w)|Tag| + 7|Uag — Urg|* < C/ER) + CE(1),

and
(arol = (1~ )Tial + Tl + (ma(1 = 8) (L6 = 1)+ 145) =) Uz — Vol
< CVE() + CE(),
for sufficiently small £(t). (|

Lemma 4.2. For |a| > 1 and sufficiently small E(t), there exists a positive constant Co, > 0,
such that

(1) [0%nko(z,t)| < Call0” frllrz,
(2) [0°Uijo(,t)] < Ca Z 10 frllz,

P
(3) [0°Tijo(z, 1) < Ca D 0% fillez +Ca D 0% (f1. f)lZ2,
jor <o sl <o

fork=1,2 and (i,5) = (1,2) or (2,1).
Proof. We recall (2.3) and use the following estimates from [71]:
(4.1) |0%nko (2, 1), [0°Uko(x,1)], [0°Tko (2, )] < Co Y 0™ frllrz. (k=1,2),
loa|<|ex|
to get
|0°Unag| < 610°Urg| + (1= 0)|0°Usg| < Co D> 0 (f1, fo)ll1z2,

[ar <]l
m m
Vol < (1= 00Ul + (1= 221 =) 0Vl < Co X 0% (1)l
e " x| <lal
and
|3QT129‘ = w|6“T19| + (1 — w)|8aT29| + 73Q|U29 — U19|27
1% Ty10] = (1 — w)|0%Tro| + |0 Tao
my

+ <:1))m1(1 —9) <(6 -1 +1+ 6) - 7) 0%|Uzg — Uno|*.

ma
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Then by Young’s inequality and using (4.1)2, we have
0%|Usg — Uro|> = > 20 (Uzg — Usg) - 0°*(Uzg — Unp)

a1tas=a

<Co Y, 0% (fr, )7z,

la|<|ef

which gives desired result. |

4.2. Estimate of the nonlinear term. We now consider the estimates of nonlinear per-
turbation I.

Lemma 4.3. There exist non-negative integer \, v, &, and general polynomial Py, satisfying

Pim(n16, 26, Urg, Uae, Tho, Tog,v — Usjg)

(V011200 M (0) i = M;;(0)

) ’ A § JATS
”wngeTije

where Py (1, ,&n) = Zk akxl e mﬁ and the indices ki, -+ , k, are non-negative inte-

ger, ij =12 07“2']—21 and 1 <[,m <10.

Proof. The estimates of M12(0) and Maz; () are similar. We only consider the former case.
We compute

0(n19,n19U16, G169, 120, n20U26, G26) -
\V4 0) =
(a0, 120) Mi2(0) ( 0(n19, U1g, T19, 129, Uzg, T2g)

X v(n167U167T19,n29’U295T29)M12(9)'
Then, as in (2.9), we have
Jg 0
V(Hw’Hze)Mu(o) = 0 J2_91 X v(meﬂm,Tw,nza,Uzs}Tze)Ml?(a)
_ [ J@iv(nw,Ule,Tw)Mlz(@) ] _
J29 v(nzeyUzeyTze)Mu(e)

Applying the same process once more time, we get

% M) = [ 70 0
(H16,H26) 12(0) = 0 J2—91
Jv Mi2(0)
X Vin N 10 (n16,U16,T16)7 V112 :| ’
(m10.U1o,Tro,m20,U20.120) |: J20 V(n29 U29,T29)M12(9)
where the second line on the R.H.S. is equal to
V(n187U16 Tig) (Jle v("le U197T19)M12(‘9)) v("lG»Ul%TlG) (JQ:Oiv(nze,Uze,Tze)MIQ(G)) } )
v(n297U29,T29) (Jw v(n19,U197T19 Ml?(e)) v(nzs,U297T29) (J20 v(nszzs,Tze)MlQ(a))
Thus we get

T T2
V(Hle’Hze)Mm(e) = |: T T59 :| ’

where

z] = Jz@ v(ms, Usio,Ti0) (‘]ﬁlv(nje,UJm M12( ))
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for 4,5 = 1,2. Each T;; is a 5 x 5 matrix. For simplicity, we only consider the (1,1) and
(1,2) components of V(QHN H29)M12(0). We can treat other components similarly. Recall

that the first row of Ji,' is (1,0,0,0,0), so that
9 OMn(6) 0
{V%H197H29)M12(9)}11 = 12( ) o (

Onig Onig  Onig
Now we consider the (1,2) component of V%HM’H%)MH (#) which is inner product of the first
row of J;,;' which is (1,0,0,0,0), and the second column ofV(nmUle,Tw){Jfglv(nw,U197T19)M12(9)}.
Thus, we only need (1,2) component of V..., 10,7161 8J 18"V (n1e,016.719) Mi12(0) }:
{V%ng,Hze)Mm(e)}m = [V(nle,Ule,Tw){J;le(nle,Ule,Tle)Mm(e)}] 12

(4.2) 5 )
= 8719 [J191V(n1e,U19,T19)M12(9)]2_

1/\412(6)) ~0.

Nie

The second component of [erlv(nw’Uw,Tw)Mlg (9)] is equal to the inner product of the
second row of Ji,' and V(,,, 17 700)Mi2(0):

_ U 1
[Jlelv(nw7U19,T19)M12(0)]2 - <19 —,0,0, 0> ) v(n197U197T19)M12(9)
_ UigOMa(0) | 1 OMis(6)

b
nip N1
nig  Onig nig OUre

Substituting this into (4.2) gives

0 Ui19 OM2(0 1 OMy2(6
(Vs 120 M2 () 112 = (_ 10 OMia(6) | 1 M >)

Onig nig  Onig nig OUig
_ Ui OMi2(0)  Uiig 9*M2(0) 1 OMp(0) | 1 9*M2(0)
n%e 877,19 nie 8n§9 T’L%e é)Ulw nie (971195U119.
Then, from Lemma 2.4 (1) and (2), we have
Ui1g
(Vg1 Ma2(0) }12 = w3, Mi2(0)
1 'U—U120 < 3 1 m1|v—U129|2>>
+— (0m1——— — 29U — U —= + Mi2(6).
n1g ( Y T (V2o 19) 2 T2 2TE, 12(0)
We observe that (1,2) component of V%ng,HM)MH(e) is expressed in the form presented
in this lemma. U

We are now ready to estimate the nonlinear terms. The intra-species part is established
in [71]:

Lemma 4.4. [71] For sufficiently small £(t), we have the following inequality for k = 1,2.
O8Thr(fi) )2 <C > 10™ fell 2 10°2 il

o] +|az <]

L2 L2 glng-

So we focus on the inter-species part.

Lemma 4.5. Let N > 3 and |a| + || < N. For sufficiently small E(t), we have
03T, 9 2 <C Y 0™ (frs f)ll 21952 (f1, f2)ll ez gz,

[ |+ ez [<|e]

for (i,7) = (1,2) or (2,1).
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Proof. We only consider the I'15 since the estimate of I'y; is similar. Therefore, we focus on
the estimates of the nonlinear terms Iy and I's;. For convenience, we divide I'5 into three
parts:

2 =T124 +T12B +T120,

where

L4 = (n2 —noo)(PLf1 — f1),

1 1
Iop = 712\//71/0 M5(0)(1 — 6)do,

Nio /My
[ioc = (n2 — n2o) {(1 —9) 2;4 (\/ njow E(fz&mﬁg - <f1,€1i>Lg> €1i
+(1-w) (\/g(fzae%ﬁg - <f17615>Lg> 615]-

We first write I'1op5 in a concise form before we delve into the estimate. For this, compute
applying the chain rule twice on M;;:
MU (0)
- i dn91 dMij + d(’rLgerl) d./\/lij + dG(-)l dMij
o do do dngl do d(nglUgl) do dGel
dngg d./\/lij + d(nggng) dMij dGeg d./\/lij
do dn92 df d(negUgg) df dG02

= (n1 — n10,n1U1, G1,n2 — nag, n2Us, Go) {V2 G29)Mij(9)}

(n16,m10U16,G16,m20,m20 U206,

x (n1 —nio,n1U1, G1,n2 — nag, n2Us, Ga).
Therefore, if we define
(4.3) Hy = (ng,n U, Gi), and Hyg = (nro, nroUro, Gro)s

we can rewrite I'1op as
N2

VH1
1
X A {V?H197H29)Mij(9)} (1 — 9)d9(H1 — H107H2 — HQ()).

I = (Hy — Hio, Hy — Haz)"

Now we estimate each part of I'(5.
e Estimate of I'j54: We take a derivative 85 on I'194:

05T 124 = Z Ca, 0% (n2 — n20)05* (P1f1 — f1).

a1tas=a

From (2.12), we have
(4.4) 0%(n2 —n20) < Cl0 fa| 2.

For an estimate of the macroscopic projection P fi, since dgei; has an exponential decay,
we get

105 PrfillLz = 105 P10% fillz < Cpll0” fillLz-
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Thus we have

(4.5) (05 (Pifi = f1),9)22 < C (0% fu
Combining (4.4) and (4.5), we obtain

O3 a9 <C >0 0% flliz (10 fullza + 1952 fillzz ) gl ez
loa|+|ea|+]BISN

L2 + 10§ f1lle2) llgll 2z

e Estimate of I'15c: We take a derivative 8% on ['io0:

95T 120 = Z Co 0% (N2 — n20)

a1tas=«

[nio  [my
x (1 -6 — [ —{0™ fa,e0;) 12 — (0% f1,e15) 12 | Oze1s
[< >2§Zz:'§4< n2o m2< friexdiy = (0% N1, ex >L”> o
110 / na Qs
+(1-w) (\/ P~ (0% fa, €25) 12 — (0 f17€15>L5> 55615]-

Since each ej; and es; has exponential decay for ¢ = 1,--- ,5, we can have
(4.6) (0% fr eni)rz < Cl0%fillLz, (9% f2,e2i)r2 < Cl0% fallL2,
and

(4.7) (Operisg)rz < Cllgllz  (Opeair g)rz < Cllgllzs.

Thus by using (4.4), (4.6), and (4.7), we get

(05T 120, 9)12 < C Z 109 fall L2 |0% (f1, fo)ll L2 [l Lz

[ar]+]az]|<|al
e Estimate of I';55: Taking Bg‘ on I'1op gives

05T1 = Y Ca,0ny0* (Hy — Hyo, Hy — Ha)"
S ai=a

! 1
X /0 95* {\/u—lv%Hw,ng)Mm(e)} (1 —0)d0o* (Hy — Hio, Ho — Hap).

By the definition of Hy, in (4.3), applying (2.7) yields

O%(Hy — Hyo) = 0°(ni, — ngo, Uk, Gi) = ((0% frrert)r2, -+ 5 (0% frsers)r2)
for k =1,2. Thus we have
(4.9) 0% (Hy — Hro)| < Cl10° fi| 2-

(4.8)

For notational simplicity, we set

1
1
Alm:/ 80‘2{V2 Mu@} 1—0)df.
55 i Mz (1-6)
Then by Lemma 4.3, we can write it as
(4.10) 4, _/1 g2l L Pim (110,120, Urg, Uz, T10, Tag, v — Ui2p)
. m =
o 7 \vm ”%9”59111529

M12(¢9)} (1 6)de.



MIXTURE BGK MODEL NEAR A GLOBAL MAXWELLIAN 27

By the product rule, we have

50 {le(nw,nze, Uio,Usg, Thg, To6,v — Ui2g) }
B 3
ni\9”50T120

=Co Y {le(aalnw, 9% ngg, 0% Urg, 0%+ Uszg, 0" T19, 0% 129, 05" (v — U120))
S ai=a
1
X O ——— }
n7gN59 129
If |o;| < N — 2, then by Sobolev embedding H? CC L* and Lemma 4.2, we have
0%k (2, 8)] 4+ [0“Uko (x, )| + 0% Tio (x, 1) < Cll0% ficllLz < VE(®).

Since N > 3, there is at most one «; that exceeds N — 2. Thus, for sufficiently small £(¢),
we have

50 {le(nw,nze, Ui6,Usg, Thg, To6,v — Ui2g)
B A €
nygN5TT2g

} < CVEM)0° £l 12 Pum (v).

Substituting it in (4.10) yields

Aim < CVE(L)[[0°f]

v—Ul?  my|v]?
12 P (v)0F exp (— 120 + i )

9 Ti20 4
my

Similarly, the derivative of the exponential part can be bounded as follows:

—-U 2 2
05 exp (— [v 120) + o] )

9T120 4

ma

9T120 4

mi

v—"Uigl?  mi|v|?
< OVEM)0° f| 2 Pim (v) exp <_' 120° | afo] )

By Lemma 4.1 (3), a sufficiently small £(¢) guarantees Ti29 < 3/2, so that

2m|v — Uqogl? mi|vl?
(A )2z < C || Py exp (= 2malo = Traol® | malv Ty )y )
3 2 )|l
4.11 m1lv — 4U- 2
) < |peyes (=100 o o) | ol
L2

< Cllgllzz,

where we used ¢2™11U1201” < C for sufficiently small E(t). Substituting (4.9) and (4.11) on
(4.8) gives the desired result. O

4.3. Local existence. In this part, we prove the existence of a local-in-time classical solu-
tion of the mixture BGK model (1.1).

Theorem 4.6. Let Fig = p1 + /i1fio > 0 and Foy = po + /Hafoo > 0. There exists
T, > 0 and My > 0 such that if £(0) < %, then there exists a unique local-in-time solution
(F1, Fy) of (1.1) such that

(1) The distribution functions Fy(z,v,t) and Fy(z,v,t) are non-negative.
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(2) The high-order energy E(t) is uniformly bounded:

sup E(t) < M.
0<t<T,

(3) The high-order energy is continuous in t € [0,Ty).
(4) The conservation laws (2.17) hold for all t € [0,T}.).

Proof. We define an iteration of the mixture BGK model (1.1) as follows:
OFIH v VPP = g (F]) (Mg (FT) — FT)
+na(F3) (Mo (F', ') — Fi'™),
WFF T 40 Vo PPt = ng(FR)(Mag(F3) — F3)
+ 1 (FT) (Mo (FT, F3) — F3',

and F'M(2,v,0) = Fig(z,v) and Fy ™ (z,v,0) = Fyo(x,v) for all n > 0. We start the
iteration with FY(z,v,t) = Fio(z,v) and FY(z,v,t) = Fy(x,v).

We split F{* = pu1 +/p1f1*, and F3 = o + /2 f3 for all n € N and use the linearization
of the Maxwellian given in Proposition 2.1 and Lemma 2.2 to get

HfIH + v VT = (1o +n20) (P — A1) + L (1 £5) + T (1) + Tia(F7, 2,
O fyt! + v Vo f3 ™ = (n10 +n20)(Pafy — f571) + L3, (f1 f3) + Doa(f3) + Tar (f1 f3).

Then the local existence can be constructed by the standard argument as in [39]. The key
ingredient is the uniform control of the high-order energy norm in each iteration step. So
we only prove the following auxiliary lemma below. (Il

Lemma 4.7. Let £(0) < % Then there exists T > 0 and My > 0 such that E(f"(t)) < My

for allm >0 and t € [0, T%].
Proof. We take 03 on each side of (2.13) and (2.15):
OFOST ™ + - V05 fi + Zag+ T = (n1o + n2o) (s PLO* [T — 95 f1)

+ 0§ L3, (f1 f3) + 05T (fT) + 05T 1 (1, ),

and
aga fn+1+7) v a@fn+1+zaa,k 2n+1 (n1o+n20)(3ﬁpzao‘ n ag 2n+1)

+O§L3, (fT. f3) + 05T (f3) + 05 Tan (1. 1),

where k1 = (1,0,0), k2 = (0,1,0), ks = (0,0,1), and ky = (0,1,0,0), ks = (0,0,1,0),
ks =(0,0,0,1). We then take the inner product with 9§ HARE

w

S G I+ (o + o) [0 72, = - > O 08 7 ) o

(4.12) + (0P T 05 f1 ez, @3 sz(fl 305 1 ) ee,

+ (08T (1), 08 F1 Y 12, + (05 Taa (ST, £3), 05 [T )z
=L+ L+ L+ I+ 15
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Applying the Holder inequality on I, we have
3

L= (5 R 05 i ez, < Z 105 i e 108 £ 12z,

i=1
< Z 105 F1 22 -
la]+[BI<N
Since Jgeq; and Jgeg; have exponential decay,
108 P10 1|12, < Cpll0* 1|12,

Thus Young’s inequality implies
= (05 P0° [ 05 7 ) 12, < Callo® 3 + CIOS A+ s

To estimate I3, we take 9F on L3

95 L1y (f1, f2) = nao [(1 - <U nw\/ 5'af2,€21 yrz — (0% f1,e1)r ) Be1i
2<i<4 n20

+ (1 -w) ( 10 —(0%f2,e25)12 — (0% f1,e15)L )33615],

n20
and apply the Holder inequality:

I = (3L (f7, f3). 03 f1 ) e < C / (10 £ Lz + CIO° Fllzz) 195 7 2 de
< C10°(F e 105 £+ s

Since I, and I5 are similar, we only consider I5. Applying Lemma 4.5, we have

Is = (05T 12(f1, 1), 85fn+1>L§, <C Z / 0° (15 f3') |l L2

lea [+]ez|<|al

X (0% (15 f5) s

Without loss of generality, we assume that |a;| < |az|. Then the Sobolev embedding
H? cc L™ implies

Is = (03T (f 13,05 f1 ) 1z

2
<C( 3 ||a"1<f1,f2>||LH) 105 7+ .

le|<al

||Lgdx.

Combining the estimate from I; to I5, and taking Zla\+lﬁl<N on (4.12), we have

1 n n
5 Z %”aﬁf +1|‘L§m+(n10+n20) Z 105 f1 +1||La2m

(4.13) 2 ol +8I<N lal+8]<N
< CEMt) + CEM(E) + C\/EM(H)\/ETL(E) + CEM (1) /EMT1(2).

Similarly,

1 d o fo (03 n
9 Z @”aﬁszHQL;U + Z (n10 + n20)1105 f3 H”QL%U
(4.14) lal+HIBISN lal+1BI<N

< OE™M(t) + CE™TL(t) + C\/EM(t)\/ENTL(t) + CE™ (1) \/EMFL(2).



30 GI-CHAN BAE, CHRISTIAN KLINGENBERG, MARLIES PIRNER, AND SEOK-BAE YUN

Combining (4.13) and (4.14) yields
1d

5 dtsnﬂ( )+ (n1g 4 n20)EMTH(E) < CE™(t) + CE™ ()

+ C\/EMD)EFL(R) + CE™()/EFL(2).

We integrate in time to get
5n+1(t) S gn+1(0)

+ / t (cgn(s) + O (s) + C/EM(L)/EMTL(L) + CE™(t) 5n+1(t)) ds.
0

We now apply an induction argument. We have £°(0) < % from the assumption. Assume
we have

(4.15)

sup E"(t) < My, E™TH0) < My/2.
0<t<T,

Then, from (4.15), we see that

My
sup E"THt) < — + OT My + CT,. sup E"TL(1)
0<t<T. 0<t< T,

+ CTyu\/ M, sup EMH(t) + CT My | sup Eti(t
\/ 0<t<T, \/ o<t<T.

By using Young’s inequality, we have

M,
(1-3CT,) sup EMY(t) < =2 4+ 20T, My + CT,MZ.
0<t<T, 2
Therefore, for sufficiently small T, and My > 0, we can derive

sup ") < M.
0<t<T.

This completes the proof. ([l
5. COERCIVITY ESTIMATE

We write the macroscopic part P(f1, f2) of the distribution function (f1, f2) as
P(f17f2) = Ch(.l?,t) (\//’Tl’ 0) + az(l‘,t) (07 \/:u2) + b(.]?,t) " v (ml\/ulva\//-T?)
+ ez, )uf? (may/pr, me /i)

where

1
ar(w,t) = 7/ Jrv/hedv

Nko
m (/ fl m1|v| —3 rd’U"-/ f2 m2|v| —3)\/ d’U)
1

b(z,t) = ———— </R3 fimavy/urdo + /]RS fgmgv\//ngv) ,

minio + Mangg

o) = oo ([ AmloP = 3)imas + [ falmalol - 3o ).

for k = 1,2. We substitute
(f1. f2) = (L = P)(f1, f2) + P(f1, f2),

6110 + 6n2g
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into (3.1) to get
{0¢+v -V }P(f1, fa) = {0 +v-Vo — L} — P)(f1, f2)

+ (C11(f1) + Tia(f1, f2), Ta2(f2) + Ta1(f1, f2))-
We write L.H.S. of (5.2) in the following form:

(5.2)

{ (Orar + v - Vgar) (v/111,0) + (Oraz + v - Vzaz) (0, /p2)

+ - Ob(may/pr, ma/iz) + Y vivi(0a,by + On,bi) (ma /i, man/jiz)

1<i<j<3

+ Z (0, bi + Orc)vd (M1, mav/iiz) + [v]*v - Vpc(ma /i, m2\//72)},
1<i<3

as a linear expansion with respect to the following 17 basis:

{(Vi1,0), (0, /p2), v(y/h1, 0), v(0, v/ 12),
vivj (ma /i, may/pz), vlol? (may/ir, maiz) 3.

Therefore, comparing both sides of (5.2), we obtain the following system:

(5.3)

Orar = la1 + ha,
Oraz = la2 + haz,
Oz;a1 +m10ib; = ly1i + hpi,
Ox, a2 + madib; = lp2; + hp2i,
02,05 + 0p,;b; = lopi + hovs, (i 7 J)
Oz, bi + 0rc = lpei + Npeis
Oz;¢ = lei + hei,
where (la1, a2, lb1i, lb2is lbbiy lbcis lei), and (Ra1, Raz, Pb1i, Pb2i, Pbbis Rici, Pei) are the coefficients
corresponding to the expansion of [ and h:
I(f1, f2) = —{0 +v-Vy — LY(I — P)(f1, f2),
h(f1, f2) = (T11(f1) + Ti2(f1, f2), T22(f2) + Ta1(f1, f2)),

with respect to (5.3). For brevity, we denote

3
I=1la1+1la2+ > (i + loi + lobi + loei + Les)
i=1
i 3
h=har + haz + Y (hori + hozi + hibi + hoei + hei) -
i=1

Lemma 5.1. We have
/ ar(z,t)dz :/ as(z,t)de = | bz, t)dx :/ c(z, t)dx = 0.
T3 T3 T3 T3

Proof. This follows from the conservation laws (2.17) and the definition of a1, as, b, and ¢
in (5.1). O
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Lemma 5.2. [39] Let 0 < |a| < N with N > 3, then we have

10%aillez + [0%asllez + 10%Bce + 0%l < 30 (10°Tlea +10%h] 2 )

la|<N-1

Proof. The proof can be found in [39, page 620, Proof of Theorem 3]. We omit it. O

Lemma 5.3. For sufficiently small energy norm E(t), we have

1) > Moz, <C Y0 MU =P (1, )2z,

la] <N -1 la]<N
SN0z, <CVM D 10%(f1, fo)lee -
o] <N la]<N

Proof. (1) The proof can be found in [39, page 616, Lemma 7]. We omit it.
(2) Let us define {e}}17; be the orthonormal basis corresponding to the basis (5.3). Then
we can write

17 17
e; =Y Cijej,  hlfi,fo) =Y (he])r2e],
j=1 i=1
so that
Z Ciani<ha €?>L37
1<i,j<17
forn=1,---,17. For the estimate of h, we compute

e

for k =0,1,2,3. For sufficiently small £(¢), by Lemma 4.4, we have

<c

2
Ly lar|+laz|<|al

H / O (S, fo)eid | / 0°Ty (1) (Jo* /i) o H / 9 Tas(f1, fo) ([o]* /D) do

H [Tt 2ol Vi

1% il L2102 i 2

H /aarmm(fm)|v|’€\/mdv

L2

Similarly, we have from Lemma 4.5

H [ttt v <c Y

2
Le ot [+laz| <a|

0% (f1s fn) 122102 (f1s fim) I 22

)

L2

for I # m. Without loss of generality, we assume that |a1] < |ag| and apply the Sobolev
embedding H? CC L™ to obtain

S Rl ¢S sup 0% (Fu f)le S0 0% (Fr £ e

la|<N |cn|<\a2|gﬂe“r laz|<N

<Cve Z 10%(f1, f2)ll 22, ,

la|<N

which gives desired result. ]

9
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We are now ready to derive the full coercivity estimate. By Lemma 5.2, we have

S0P LR, < D (I0%@ls + 10aal3: + 10°bI3: + 0%l )

|| <N la|<N

< > (Il + 19°RIE: ) -

lal<N-1

We then apply Lemma 5.3 to get
Z ||3aP(f1,f2)||%;v

|| <N

<C Y T =P (fr. f)l7a, +OVM Y 0% (f1, )72 -

|| <N || <N

Adding Z (I — P)0“(f1, f2)||32 on each side, we obtain
la| <N
C+1

67 2 T
Z 10% (1, f2)llZz , < Vil

lo|<N

> I = PYE (fr )

lo|<N

Combining it with the estimate in Proposition 3.1, we derive the following full coercivity
estimate

(5.4)  (LO°(fi f2),0°(fu )2, < —nmin{(1—6),(1-w)} 3 [0°(fi, fo)l32 .

la|<N

when £(t) is sufficiently small.

6. GLOBAL EXISTENCE

In this section, we extend the local-in-time solution to the global one by establishing a
uniform energy estimate. Let (f1, f2) be the classical local-in-time solution constructed in
Theorem 4.6. We take 9* on (2.13) and take inner product with *f; in L? , to have

1d

6.1) 510 filliz | = (0" Lua(f1), 0 fi)ra , + (0% Laa(fr, f2), 0% Fi)rz

z,v

+ (0% f1,0%(T11 + Ti2))rz -
Similarly, we get from (2.15) that

1d
(6.2) ia”aafz\\%gm = <3aL22(f2),5'af2>Lgyu + <5QL21(f17f2)a3af2>Lgyu

+ (0% f2,0%(Ta2 + Ta1))rz -

Combining (6.1) and (6.2) yields

1d
> 50 flle < (LO(fr, f2), 0% (Fr, f2))z,
k=12

+(0%f1,0%(T1n + Ti2))rz | + (0% f2,0%(Ta2 + Ta1))rz -
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Then the first term of the R.H.S is controlled by the full coercivity estimate (5.4), and the
nonlinear terms on the second line are estimated by Lemma 4.4 and Lemma 4.5:

1d
5 5 (5ot hlis +nmin{ -0 - 10 Al )
|| <N k=1,2
< CofEmo® 32 10°(h £l

lal<N

For My satisfying Theorem 4.6 and (5.4), we define

M, 2 : 1_(52’ 1— 2
M= 70,77 mln{( )2 ( w) } ’ T = sup {t | En,0(t) <2M} > 0.
2 4C5 teR+ 7

We restrict our initial data to satisfy the following energy bound:
Eny0(0) < M < 2M,.

Once we define

)= 3 S 10l

la|<N k=1,2

then y(t) satisfies

y'(t) + 2nmin {(1 - 0), (1 — w)} y(t) < 2Co\/En, 0(t)y(t)
< nmin{(1 —96), (1 —w)}y().
Thus we obtain
y(t) < emmmin{(1=0),(=)}y () < 4(0) < M < 2M,

and which is possible only when T = co. Note that this also gives

S 10° (10, o) Bz, < e D0 ST or (11(0), L(O) B,

la|<N lo| <N

Now we consider the general case of f having momentum derivatives. Taking 0§ on (2.13)
and (2.15) and applying an inner product with 95 f1 and 0 f2, respectively, we have

3
%%Hagﬁnigw + (n1o + mo)”agflnigw = - 2<8§3’f§f1,8§f1>qv
(63 + (10 + noo)(@s PrO* 1,05 f1) 12, + (05 Lia(f1, f2), 05 Fi) 12
+ (95 (T11(f1) +F1z(f1,fz))78§‘f1>Lg)v,
and
Ld oo, 2 ap |12 & a+k; a
5%”8,6.]62”ng + (n10 +n20)[105 f2llZ2 | = — Z@gjkjfz,@gfzhgm
=1

(6.4) i
+ (n1o + n20) (920" f2,05 f2) 12, + (05 L3 (f1, f2),05 f2)rz

+ (05 (T22(f2) + T21(f1, f2)), 05 f2) L2 -

x,v
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Combining (6.3) and (6.4), and applying the Holder inequality and Young’s inequality, we
can obtain

5 (GaIO8 AL+ (ot nan 29105 il )

k=1,2

1 o (7 o 2
<o Y Zna T, + o D0 0% fulEs, + CER, (),

k=1,2 i=1 k=1,2

for some positive constant e satisfying (nig +n20)/2 > € > 0. We sum this over |f| = m+1
and multiply both sides with en,,:

€Ny d
Z Z ( 9 dt”aﬂfk”m o+ €Nm (10 + Moo — 2e)||[“)ﬁfk||L2 )

|B|l=m+1 | k=1,2

m o C m (o3
S LTS DD ML TATANES SNTATITRNCE WG

|Bl=m+1 k=1,2 i=1 k=1,2

Combining the previous cases |5] < m, the R.H.S of the inequality can be bounded by the
energy €, g with |8] <m and €y, 0. Thus, we can conclude from induction that

S S (Con T+l ) < Ciuir €4, 0

|a|+|B|<N k=1,2
[Bl<m+1
Applying the same continuity argument as to when 8 = 0, we can construct the global-in-
time classical solution. We mention that when |8] = 0, the parameter 79 depends on 1 — ¢
and 1 —w, and Cy = 1/2. But when |8| > 1, both C,,+1 and 7,,+1 depend on the parameter
m. That is why we cannot extract a decay rate depending explicitly on the parameter ¢
and w when the velocity derivatives are involved. For the uniqueness of the solution and L?
stability, we can follow the standard arguments in [38,39,40,71]. This completes the proof.
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