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Abstract

In 1990, based on central scheme, Nessyahu and Tadmor introduced a second-

order, high-resolution MUSCL scheme, (NT scheme), which was designed by ap-

proximating the average over Riemann fans which can avoid to solve Riemann

problems. After ten years, in 2000, Kurganov and Tadmor advanced a modi-

fied NT scheme: A narrower cell is considered when evaluating the average over

Riemann fans. It can avert to overestimate at the smooth region.

In this thesis, we propose a new MUSCL scheme for one and two dimensions by

combining the ideas of the KT scheme and the Deviation method (a well-balanced

finite volume method for hyperbolic balance laws), in which the difference between

exact solution and a given stationary solution is used.

We develop a semi-discrete scheme from our new fully-discrete scheme and

apply it to homogeneous scalar conservation laws to demonstrate it is almost

nonoscillatory in the sense of satisfying TVD property in 1D and maximum prin-

ciple in 2D for the difference constructed from the Deviation method.

We conclude the thesis by numerically applying our fully-discrete scheme to

Euler equations with gravitational source term in 1D and 2D and presenting the

results.

II



Zusammenfassung

Im Jahr 1990 führten Nessyahu und Tadmor auf der Grundlage des zentralen

Schemas ein hochauflösendes MUSCL-Schema zweiter Ordnung ein, das auf der

Annäherung an den Durchschnitt über Riemann-Fächer konzipiert wird, mit de-

nen wir keine Riemann-Probleme lösen müssen. Nach zehn Jahren, im Jahr

2000 entwickelten Kurganov und Tadmor ein modifiziertes NT-Schema: Bei der

Annäherung an den Durchschnitt über Riemann-Fächer wird eine schmalere Zelle

verwendet. Es kann eine Überschätzung im glatten Bereich verhindern.

In dieser Masterarbeit schlagen wir ein neues MUSCL-Schema für eine und

zwei Dimensionen vor, indem wir die Ideen des KT-Schemas und der Deviation-

smethode kombinieren, bei der die Differenz zwischen der exakten Lösung und

einer gegebenen stationären Lösung verwendet wird.

Und wir stellen ein semi-diskrete Schema aus unserem neuen voll- diskreten

Schema vor, und wenden es für die homogenen Skalarerhaltungssätze an, um

zu zeigen, dass es nahezu nicht oszillierend im Sinne der Erfüllung der TVD-

Eigenschaft in 1D und des Maximalprinzips in 2D für die aus der Abweichungsmeth-

ode konstruierte Differenz ist.

Wir schließen die Masterarbeit ab, indem wir unser voll-diskrete Schema auf

Euler-Gleichungen mit gravitativem Quellterm in 1D und 2D anwenden und die

Ergebnisse präsentieren.
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Chapter 1

Introduction

Consider the general balanced law

∂tq(x, t) +∇xf(q(x, t)) = S(q(x, t)), (1.1)

where q(x, t) = (q1(x, t), q2(x, t), ..., qN(x, t))T is an N-vector of conserved quanti-

ties in the d-spatial variables x = (x1, x2, ..., xd), and f(q) = (f 1, f 2, ..., fd) is a

nonlinear flux, and S(q) = (s1, s2, ..., sd) is a source term.

In this thesis, we are interested in the finite volume type method for solving the

1D and 2D Euler system with linear gravitational source term. In section 2.1.1

and 2.1.2, we introduce the derivations of Euler equations. And in section 2.1.3,

the content of the hydrostatic equilibrium is an important key when we apply the

Deviation method, which is described in section 2.2.2, to our new scheme.

Our scheme is inspired by Kurganov-Tadmor scheme (KT scheme) [3] and the

well-balanced Deviation method [14]. The main idea of the KT scheme is to

consider narrower control cells to approximate the averages over Riemann fans.

In this way, overestimating the averages over the smooth regions can be avoided.

The description of KT scheme is presented in section 2.2.1.

The Deviation method, as its name suggests, is a method considering the the

deviation between the desired solution q and the target solution q̃. We illustrate

this method and its well-balanced property in section 2.2.2.

We present a new scheme in section 3.1, which combines the idea of KT scheme

and Deviation method, and prove the well-balanced property holds in section 3.2.

In section 3.3, we construct the corresponding semi-discrete scheme and prove

1



CHAPTER 1. INTRODUCTION

this semi-discrete scheme satisfies TVD property when applying to the modified

homogeneous scalar conservation law.

Then we extend our scheme to two-dimension in section 4.1. To construct a

new 2-dimensional scheme, we follow the structure of [7] and the 2-dimensional

Deviation method in [4] and [15] . In [7] the authors developed a 2-dimensional

modified KT-type scheme extended from 1-dimensional KT scheme [3]. In sec-

tion 4.2, we introduce another structure of 2-dimensional KT-type scheme from [8]

and [9], and derive a corresponding 2-dimensional semi-discrete scheme. Next, in

section 4.3 we apply the new semi-discrete scheme to the modified homogeneous

scalar conservation law, and prove the conservation form of this semi-scheme sat-

isfies the maximum principle.

Finally, we apply our 1D and 2D schemes to four numerical tests and show the

results of the comparison between our numerical solutions and the exact solutions

(or compared solution from [4]) in chapter 5.

2



Chapter 2

Theoretical Basis

2.1 Mathematical Basics

2.1.1 Derivations of Euler Equations

The Euler equation is a particular important example of a hyperbolic system of

conservation laws. It presents the variation of mass , energy, and energy as time

or position changes.

In 1-dimension, the form of Euler system is as follows :

∂

∂t


ρ

ρu

E

+
∂

∂x


ρu

ρu2 + p

(E + p)u

 = 0. (2.1)

Here ρ, u, ρu, and p are used to denote the fluid’s density, velocity, momentum, and

pressure, respectively. E is the total energy. We will give more details regarding

energy E in the later section.

In 2-dimensions, the Euler equations take the form

∂

∂t


ρ

ρu

ρv

E

+
∂

∂x


ρu

ρu2 + p

ρuv

(E + p)u

+
∂

∂y


ρv

ρuv

ρv2 + p

(E + p)v

 = 0, (2.2)

where u and v denote the velocity in x− and y direction, respectively.

In N -dimensions, a Euler system is composed of m = N + 2 equations. The

3



2.1. MATHEMATICAL BASICS CHAPTER 2. THEORETICAL BASIS

derivations of these Euler equations will be illustrated later. The content in sec-

tion 2.1 refer to [1], [2], [13], [17], and [18].

Before discussing the derivations of Euler equations, we need to introduce

the so-called Reynolds transport theorem , which is also known as a three-

dimensional generalization of the Leibniz integral rule , and plays an

important role in the following derivations.

2.1.1.1 Reynolds transport theorem

The general form of the Reynolds transport theorem can be expressed as follows:

d

dt

∫
Ω(t)

ϕ(t, x) dx =

∫
Ω(t)

∂

∂t
ϕ(t, x) dx+

∫
∂Ω(t)

ϕ(t, x)v(t, x) · n(t, x) dsx, (2.3)

where n(t, x) is the outward-pointing unit normal vector, x is the fixed position,

Ω(t) is the time-dependent domain, ∂Ω(t) is the boundary of Ω, and v is the veloc-

ity vector. The function ϕ is a continuously differentiable function on Eulerian

coordinates (t, x).

This theorem can be visualized as: the change of the quantity in a time-

dependent domain with respect to the time is equal to the sum of the change

of the quantity itself over time and the flux across the boundary, which contains

outflow and inflow.

Furthermore, we apply the divergence theorem to the second term on the right-

hand-side of (2.3),∫
Ω(t)

∇ · (ϕ(t, x)v(t, x)) dx =

∫
∂Ω(t)

ϕ(t, x)v(t, x) · n(t, x) dsx, (2.4)

and the theorem is then rewritten as:

d

dt

∫
Ω(t)

ϕ(t, x) dx =

∫
Ω(t)

[
∂

∂t
ϕ(t, x) +∇ · (ϕ(t, x)v(t, x))

]
dx. (2.5)

A more thorough proof can be found in Chapter 5.4 of [1] and Chapter 7 of [2].

Remark. ϕ can be scalar-, vector- or tensor valued.

2.1.1.2 Conservation of Mass

The principle of mass conservation states that the domain Ω(t) contains the same

value of mass for all time t; in other words, the rate of the change of mass in

4



CHAPTER 2. THEORETICAL BASIS 2.1. MATHEMATICAL BASICS

domain Ω(t) is equal to zero:

d

dt

∫
Ω(t)

ρ(t, x) dx = 0. (2.6)

Applying the Reynolds transport theorem, it implies∫
Ω(t)

[
∂

∂t
ρ(t, x) +∇ · (ρ(t, x)v(t, x))

]
dx = 0. (2.7)

This equation holds for all Ω(t). Assuming ρ and v are sufficiently smooth, we

obtain from (2.7) that

∂tρ+∇ · (ρv) = 0, (2.8)

Eq.(2.8) is the differential form of the law of conservation of mass, which is also

known as the continuity equation .

Remark. In d- dimensions, velocity v is composed of velocity components

from d directions; i.e.,

v =
d∑
1

vi (2.9)

2.1.1.3 Conservation of Momentum

To derive the conservation of moment we recall the Newton’s second law of motion:

ma = F, or
d

dt
(mv) = F. (2.10)

Now we formulate (2.10) with the continuum mechanical variables: density ρ,

velocity v, outer unit normal n, body force per unit mass f , and surface traction

vector T (n), which is also called stress vector, as follows,

d

dt

∫
Ω(t)

ρ(t, x)v(t, x) dx =

∫
Ω(t)

ρ(t, x)f(t, x) dx+

∫
∂Ω(t)

T (n)(t, x) dsx. (2.11)

Applying Reynolds transport theorem (2.5) to the left-hand-side on (2.11), it

becomes ∫
Ω(t)

∂

∂t
(ρ(t, x)vi(t, x)) +∇ · (ρ(t, x)vi(t, x)v(t, x)) dx

=

∫
Ω(t)

ρ(t, x)fi(t, x) dx+

∫
∂Ω(t)

T
(n)
i (t, x) dsx.

(2.12)

According to the Cauchy’s stress theorem (see section 3.2.4 of [13]), the traction

vector T (n) can be expressed by the (Cauchy) stress tensor σ(t, x) and the

unit normal n,

T (n) = σ · n or T
(n)
i =

d∑
j=1

σijnj (2.13)

5



2.1. MATHEMATICAL BASICS CHAPTER 2. THEORETICAL BASIS

Then, with the help of the divergence theorem, we can rewrite the total surface

force as∫
∂Ω(t)

T (n)(t, x) dsx =

∫
∂Ω(t)

σ(t, x) · n(t, x) dsx =

∫
Ω(t)

∇ · σ(t, x) dx, (2.14)

Subsequently, (2.12) becomes∫
Ω(t)

[
∂

∂t
(ρ(t, x)vi(t, x)) +∇ · (ρ(t, x)vi(t, x)v(t, x))

]
dx

=

∫
Ω(t)

ρ(t, x)fi(t, x) dx+

∫
Ω(t)

(∇ · σ(t, x))i dx,

(2.15)

where

(∇ · σ(t, x))i =
d∑

k=1

∂xkσik(t, x). (2.16)

Moving all the terms on right-hand-side of (2.15) to left-hand-side, we obtain∫
Ω(t)

∂

∂t

(
ρ(t, x)vi(t, x)) +∇ · (ρ(t, x)vi(t, x)v(t, x)

)
−(∇ · σ(t, x))i − ρ(t, x)fi(t, x) dx = 0.

(2.17)

Eq. (2.17) implies the formula of conservation of momentum:

∂tρvi +∇ · (ρviv)− (∇ · σ)i = ρfi (2.18)

Remark. In inviscid fluid, the stress tensor σ takes on the form:

σij = −pδij, (2.19)

with pressure p > 0 and Kronecker delta δij.

2.1.1.4 Conservation of Energy

According to the work - energy principle, the change of the total energy of a

system is equivalent to the work done by the body force on the system and the

stress tensor on boundary. That is,

d

dt

∫
Ω(t)

E(t, x) dx =

∫
Ω(t)

ρ(t, x)f(t, x)v(t, x) dx+

∫
∂Ω(t)

σ(t, x)n(t, x) · v(t, x) dsx.

(2.20)

Similar to the previous derivations, we apply the Reynolds transport theorem (2.5)

on left-hand-side and the divergence theorem on the second term of right-hand-side

6
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of (2.20), then get∫
Ω(t)

∂

∂t
E(t, x) +∇ · (E(t, x)v(t, x)) dx

=

∫
Ω(t)

ρ(t, x)f(t, x)v(t, x) dx+

∫
Ω(t)

∇ · σ(t, x)v(t, x) dx.

(2.21)

Hence,∫
Ω(t)

∂

∂t
E(t, x) +∇ · (E(t, x)v(t, x)− σ(t, x)v(t, x))− ρ(t, x)f(t, x)v(t, x) dx = 0,

(2.22)

and it implies

∂tE +∇ · ((E − σ)v) = ρfv. (2.23)

We can also write it as

∂tE +∇ · ((E + p)v) = ρfv, (2.24)

for the case of inviscid fluid by substituting −p for σ.

Remark. The total Energy E includes the kinetic energy Ekin = 1
2
ρu2 and

internal energy ε = ρε, i.e., E = ε + Ekin. The variable ε is called specific

internal energy , meaning internal energy per mass, and is related to density and

pressure. The functional relation between the three thermodynamical quantities,

ε, ρ and p, is known as equation of states (EoS).

Now from conservation of mass, balance of momentum and balance of energy,

we obtain three partial differential equations (2.8), (2.18) and (2.24) respectively,

and the so-called Euler equation is comprised of these equations. Furthermore,

if there is no body force f acting on the system, i.e., setting f = 0 to (2.18) and

(2.24), then the equations become

∂tρ+∇ · (ρv) = 0

∂tρv +∇ · (ρv2 + p) = 0

∂tE +∇ · ((E + p)v) = 0,

(2.25)

which are called compressible Euler equations. Gathering the three quantities,

mass ρ, momentum ρv, and energy E into a vector, we can write the equations in

the form as (2.1) and (2.2) .

7



2.1. MATHEMATICAL BASICS CHAPTER 2. THEORETICAL BASIS

2.1.2 Euler Equations with Source Term

Considering the body force f , we rewrite the equations (2.8), (2.18) and (2.24) in

terms of 1-dimension as the vector form, then obtain

∂

∂t


ρ

ρu

E

+
∂

∂x


ρu

ρu2 + p

(E + p)u

 =


0

ρf

ρfu

 . (2.26)

Since the second and the third component of the vector on the right-hand-side

are sourced from the body force f , the right-hand-side is called source term .

There are some common body forces, for example, gravity, electric forces, magnetic

forces. In this thesis, we focus on the Euler equations with gravitational source

term.

For later discussion, we need to bring in some notations related to gravity.

One is the gravitational acceleration, which is usually denoted as g, and the other

related notation is the gravitational potential φ ∈ C1(R,R). The relation be-

tween the gravitational acceleration g and potential φ is

g = −∇φ, (2.27)

i.e., the gravitational g can be defined as the negative spatial derivative of a

corresponding gravitational potential.

2.1.3 Hydrostatic Equilibrium

In fluid mechanics, hydrostatic equilibrium states that the condition of a fluid

is stationary, that is to say, the fluid is at rest or the flow velocity maintains a

constant. According to the Newton’s law of motion, this condition occurs when

the sum of force acting on the system is equal to zero.

Therefore, to present this in mathematics form, we set velocity u(x, t) = 0 for

all x and t in the (2.26) with gravity, then the equations related to density ρ and

energy E reduce to zero:

∂tρ = 0

∂tE = 0,
(2.28)

8



CHAPTER 2. THEORETICAL BASIS 2.2. NUMERICAL METHODS

and the remaining equation becomes

∂xp = ρg. (2.29)

This equation (2.29) is called hydrostatic equation . By solving this equation

and together with the corresponding equation of state, we can find a hydrostatic

solution , which is usually expressed by ρ and p. Having a hydrostatic solution

is one important key to develop our main scheme in this thesis.

2.2 Numerical Methods

2.2.1 Kurganov-Tadmor Scheme

Kurganov and Tadmor introduced a modification of Nessyahu-Tadmor scheme

(NT scheme) [5] in 2000. The difference between these two scheme is that in

NT scheme, the fixed width control cell [xj, xj+1] is considered to approximate

the average over Riemann fans (see figure 2.1), while a narrower control cell is

adopted in KT scheme (see figure 2.2). The width of the control cell in KT

scheme is determined by the local wave speed. In this section, we follow the

steps in [3].

scheme.png

Figure 2.1: NT Scheme (Reference: Figure 2.3 in [5])
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scheme.png

Figure 2.2: KT Scheme (Reference: Figure 3.2 in [3])

To illustrate the KT scheme, firstly we give the definition of the local wave

speed an
j+ 1

2

at the cell boundary xj+ 1
2

by

an
j+ 1

2
= max

u∈C(u−
j+1

2

,u+
j+1

2

)
ρ

(
∂f

∂u
(u)

)
, (2.30)

where u−
j+ 1

2

:= unj + ∆x
2

(ux)
n
j and u+

j+ 1
2

:= unj+1 − ∆x
2

(ux)
n
j+1 are the corresponding

left and right intermediate values of un
j+ 1

2

with the slope (ux)
n
j , and C(u−

j+ 1
2

, u+
j+ 1

2

)

is a curve in phase space connecting u−
j+ 1

2

and u+
j+ 1

2

via the Riemann fan. Here,

ρ(∂f
∂u

(u)) means the eigenvalues of the flux jacobian ∂f(u)
∂u

.

In most practical applications, the local wave speed can be simply evaluated

by

an
j+ 1

2
:= max

{
ρ
(∂f
∂u

(u−
j+ 1

2

)
)
, ρ
(∂f
∂u

(u+
j+ 1

2

)
)}

. (2.31)

Then we consider the interval [xn
j+ 1

2
,l
, xn

j+ 1
2
,r

] with the definitions xn
j+ 1

2
,l

:=

xj+ 1
2
− an

j+ 1
2

∆t and xn
j+ 1

2
,r

:= xj+ 1
2

+ an
j+ 1

2

∆t. Note that the points xj+ 1
2
,l and

xj+ 1
2
,r split the staggered grid [xj, xj+1] into smooth region and nonsmooth region.

Hence, we should discuss their averages separately.

Proceeding with the evolution to the next time step tn+1, the new cell-average

of the nonsmooth region is approximated with a reconstruction ũj(x, t
n) = unj +

10
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(ux)
n
j (x− xj) by

wn+1
j+ 1

2

:=
1

∆xn
j+ 1

2

∫ xn
j+1

2 ,r

xn
j+1

2 ,l

u(x, tn+1) dx

=
1

∆xn
j+ 1

2

∫ xn
j+1

2 ,r

xn
j+1

2 ,l

u(x, tn) dx

− 1

∆xn
j+ 1

2

∫ tn+1

tn
[f(u(xn

j+ 1
2
,r
, t))− f(u(xn

j+ 1
2
,l
, τ))] dt

=
unj + unj+1

2
+

∆x− an
j+ 1

2

∆t

4
((ux)

n
j − (ux)

n
j+1)

− 1

2an
j+ 1

2

∆t

∫ tn+1

tn
[f(u(xn

j+ 1
2
,r
, t))− f(u(xn

j+ 1
2
,l
, t))] dt

(2.32)

where ∆xn
j+ 1

2

:= xn
j+ 1

2
,r
− xn

j+ 1
2
,l

= 2an
j+ 1

2

∆t.

For the smooth region, the cell-average is evaluated by

wn+1
j :=

1

∆xnj

∫ xn
j+1

2 ,l

xn
j− 1

2 ,r

u(x, tn+1) dx

=
1

∆xnj

∫ xn
j+1

2 ,l

xn
j− 1

2 ,r

u(x, tn) dx− 1

∆xnj

∫ tn+1

tn
[f(u(xn

j+ 1
2
,l
, τ))− f(u(xn

j− 1
2
,r
, t))] dt

=unj +
∆t

2
(an
j− 1

2
− an

j+ 1
2
)(ux)

n
j

− 1

∆xnj

∫ tn+1

tn
[f(u(xn

j+ 1
2
,l
, t))− f(u(xn

j− 1
2
,r
, t))] dt

(2.33)

where ∆xnj := xn
j+ 1

2
,l
− xn

j− 1
2
,r

= ∆x−∆t(an
j− 1

2

+ an
j+ 1

2

).

Applying the midpoint rule to approximate the flux integral in (2.32) and (2.33),

we obtain the intermediate values

wn+1
j+ 1

2

=
unj + unj+1

2
+

∆x− an
j+ 1

2

∆t

4
((ux)

n
j − (ux)

n
j+1)

− 1

2an
j+ 1

2

[f(u
n+ 1

2

j+ 1
2
,r

)− f(u
n+ 1

2

j+ 1
2
,l
)],

wn+1
j = unj +

∆t

2
(an
j− 1

2
− an

j+ 1
2
)(ux)

n
j −

λ

1− λ(an
j− 1

2

+ an
j+ 1

2

)
[f(u

n+ 1
2

j+ 1
2
,l
)− f(u

n+ 1
2

j− 1
2
,r

)].

(2.34)

11
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The values of midpoints in (2.34) can be obtained from the Taylor expansion:

u
n+ 1

2

j+ 1
2
,l

:= un
j+ 1

2
,l
− ∆t

2
f(un

j+ 1
2
,l
)x, un

j+ 1
2
,l

:= unj + ∆x(ux)
n
j

(
1

2
− λan

j+ 1
2

)
,

u
n+ 1

2

j+ 1
2
,r

:= un
j+ 1

2
,r
− ∆t

2
f(un

j+ 1
2
,r

)x, u
n
j+ 1

2
,r

:= unj+1 −∆x(ux)
n
j+1

(
1

2
− λan

j+ 1
2

)
,

(2.35)

Now we have the intermediate cell-averages wn+1
j+ 1

2

and wn+1
j at time tn+1, the next

thing to do is to project back to the original uniform grid. That is to say, we have

to approximate the average over the unstaggered cell [xj− 1
2
, xj+ 1

2
]. To avoid the

oscillation, we need a reconstruction of wn+1
j+ 1

2

, denoted by W̃ n+1
j+ 1

2

. Note that since

the smooth part is smooth enough, we only need to reconstruct the nonsmooth

part.

The piecewise-linear reconstruction is in the terms of

W̃ n+1
j+ 1

2

:= wn+1
j+ 1

2

+ (ux)
n+1
j+ 1

2

(x− xj+ 1
2
) ∀x ∈ [xn

j+ 1
2
,l
, xn

j+ 1
2
,r

] (2.36)

Finally, the new average over uniform grid at time tn+1 is evaluated by

un+1
j =

1

∆x

∫ x
j+1

2

x
j− 1

2

W̃ (x, tn+1) dx

=λan
j− 1

2
wn+1
j− 1

2

+ [1− λ(an
j− 1

2
+ an

j+ 1
2
)]wn+1

j

+ λan
j+ 1

2
wn+1
j+ 1

2

+
∆x

2
[(λan

j− 1
2
)2(ux)

n+1
j− 1

2

− (λan
j+ 1

2
)2(ux)

n+1
j+ 1

2

]

(2.37)

2.2.2 Deviation Method

In this section we introduce a modified well-balanced finite volume method for

balance laws from [14] and [15]. The main ingredient in this method is the given

target solution. Instead of the original solution, the difference between the target

solution and the original solution is considered when approximating the averages

over cells.

Consider the 1-dimensional system of hyperbolic balance laws

∂tq(x, t) + ∂xf(q(x, t)) = s(q(x, t), x). (2.38)

Let q̃ be a continuous and sufficiently smooth solution (the target solution) of

(2.38), i.e.,

∂tq̃(x, t) + ∂xf(q̃(x, t)) = s(q̃(x, t), x). (2.39)

12
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Next, subtracting (2.39) from (2.38) results in

∂t∆q(x, t)+∂x

(
f(q̃(x, t) + ∆q(x, t))− f(q̃(x, t))

)
= s(q̃(x, t) + ∆q(x, t), x)− s(q̃(x, t), x),

(2.40)

where ∆q := q − q̃ is defined by the deviation between the desired solution q and

the target solution q̃.

Define the cell-average as

q̂i(t) :=
1

∆xi

∫
Ωi

q(x, t) dx. (2.41)

Averaging (2.40) in Ωi yields

d

dt
(∆q̂i(t)) = − 1

∆xi

[(
f((∆q + q̃)(xi+ 1

2
, t))− f(q̃(xi+ 1

2
, t))
)

−
(
f((∆q + q̃)(xi− 1

2
, t))− f(q̃(xi− 1

2
, t))
)]

+
1

∆xi

∫ x
i+1

2

x
i− 1

2

s((∆q + q̃)(x, t), x, t)− s(q̃(x, t), x, t) dx,

(2.42)

where ∆q̂i := q̂i − ˆ̃qi is the cell-averaged deviation.

Using the standard discretization techniques to (2.42) leads to the semi-discrete

scheme

d

dt
(∆Q̂i(t)) = − 1

∆xi

[
∆F

(
∆QL

i+ 1
2
(t),∆QR

i+ 1
2
(t), q̃(xi+ 1

2
)
)

−∆F
(

∆QL
i− 1

2
(t),∆QR

i− 1
2
(t), q̃(xi− 1

2
)
)]

+ ∆Si((∆Q)reci , q̃, t),

(2.43)

with

∆F (∆QL,∆QR, q̃) := F (∆QL + q̃,∆QR + q̃)− f(q̃), (2.44)

where ∆Qi is the approximation to the cell-averaged deviation ∆q̂i, and F is a

numerical flux function consistent with f , and the reconstructed function (∆Q)reci

are obtained from a m-th order accurate consistent conservative reconstruction.

The interface value ∆QL and ∆QR are computed from ∆Qrec
i . The discretization

of source term difference ∆S is defined as

∆Si((∆Q)reci , q̃, t) := Si(∆q + q̃, t)− Si(q̃, t), (2.45)

13
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where

Si(q, t) =
1

∆xi

∫ x
i+1

2

x
i− 1

2

s(q(x, t), x, t)dx+O(hm) (2.46)

is some m-th order accurate source term discretization.

Notice that the numerical result solved from the scheme (2.43) is just the

deviation solution ∆Q. In order to obtain the desired numerical solution q, we

need to add the target solution q̃ and the deviation ∆Q to transfer it back to q.

In the following, we demonstrate the well-Balanced property for this deviation

method (consult [15]).

Theorem 2.2.1 The semi-discrete scheme (2.43) maintains the zeros state, i.e.

the initial conditions ∆Qi(t = 0) = 0 for all i ∈ I lead to ∆Qi(t) = 0 for all times

t > 0.

Proof. Assume ∆Q̂i = 0 for all i ∈ I. Due to the consistency, the reconstruction

∆Qrec
i = 0 (2.47)

for all i ∈ I. And ∆QL
i+ 1

2

and ∆QR
i+ 1

2

are also equal to zero. Hence, the numer-

ical flux difference is equal to

∆F (∆QL
i+ 1

2
,∆QR

i+ 1
2
, q̃i+ 1

2
) = F (∆QL

i+ 1
2

+ q̃i+ 1
2
,∆QR

i+ 1
2

+ q̃i+ 1
2
)− f(q̃i+ 1

2
)

= F (q̃i+ 1
2
, q̃i+ 1

2
)− f(q̃i+ 1

2
)

(2.48)

Since F is a numerical flux consistent with f , it has a property that

F (q, q) = f(q). (2.49)

Therefore, (2.48) leads to

∆F (∆QL
i+ 1

2
,∆QR

i+ 1
2
, q̃i+ 1

2
) = f(q̃i+ 1

2
)− f(q̃i+ 1

2
) = 0 (2.50)

Next, we discuss the source term in the scheme (2.43).

Because of ∆Qi = 0 and by the definition (2.45), the source term

∆Si((∆Q)reci , q̃, t) = ∆Si(0, q̃, t) = Si(q̃, t)− Si(q̃, t) = 0, (2.51)

vanishes. Since both flux term and source term in scheme (2.43) are equivalent

to zeros,
d

dt
∆Q̂ = 0. (2.52)

14
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�

We say the semi-discrete scheme (2.43) is a well-balanced method when it

satisfies the following property: If the initial condition Q̂i(t = 0) is equal to the

target solution q̃i(t = 0), then the approximation solution Q̂i(t) is equal to the

target solution for all time t > 0.

Consider the definition of Q̂i,

Q̂i = ˆ̃
iq + ∆Q̂i, (2.53)

then the property follows directly from Theorem 2.2.1.

15
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Chapter 3

1D Scheme

Inspired by the Deviation method [14] and the KT scheme [3], we combine the

ideas of them and construct a new scheme. In section 3.1 we detail how we

construct this new fully-discrete scheme, and then prove it satisfies well-balanced

property in section 3.2.

3.1 Description

To construct the new scheme, we firstly follow the steps in [4] to construct the

modified balanced law which is similar to the description of Deviation method in

section 2.2.2, and then apply the framework of KT scheme in section 2.2.1.

Consider the 1D balance lawqt + f(q)x = S(q, x), x ∈ Ω ⊂ R, t > 0

q(x, 0) = q0(x).
(3.1)

Let q̃ be a given hydrostatic solution of (3.1). In other word, it satisfies

f(q̃)x = S(q̃, x). (3.2)

Next, subtracting (3.2) from (3.1) yields

qt + f(q)x − f(q̃)x = S(q, x)− S(q̃, x). (3.3)

Define the deviation ∆q = q − q̃. Applying q = ∆q + q̃ to (3.3) leads to

(∆q + q̃)t + [f(∆q + q̃)− f(q̃)]x = S(∆q + q̃, x)− S(q̃, x) (3.4)

17
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Since q̃ is the stationary solution; i.e., ∂q
∂t

= 0, it implies

(∆q)t + [f(∆q + q̃)− f(q̃)]x = S(∆q + q̃, x)− S(q̃, x) (3.5)

If the source term S(q, x) in (3.1) is a linear functional in terms of the conserved

variables, then

S(∆q + q̃, x)− S(q̃, x) = S(∆q, x) (3.6)

holds and (3.5) can be rewritten as

(∆q)t + [f(∆q + q̃)− f(q̃)]x = S(∆q, x). (3.7)

Lemma 3.1.1 Consider the balanced law (3.1) and a given hydrostatic solution

q̃. The deviation quantity ∆q satisfied the modified balanced law (3.7) maintains

the same local speed at interface as the original one in (3.1).

Proof. Define

F (∆q) = f(∆q + q̃)− f(q̃). (3.8)

We rewrite (3.7) as

(∆q)t + F (∆q)x = S(∆q, x). (3.9)

Consider the flux jacobian of (3.9), ∂F (∆q)
∂∆q

. According to the definition of ∆q,

∂∆q

∂q
=

∂

∂q
(q − q̃) = 1. (3.10)

Thus, the following equality

∂F (∆q)

∂q
=
∂F (∆q)

∂∆q

∂∆q

∂q
=
∂F (∆q)

∂∆q
(3.11)

holds. By the definition of F (∆q) in (3.8) ,

∂F (∆q)

∂q
=

∂

∂q

(
f(∆q + q̃)− f(q̃)

)
=

∂

∂q
f(∆q + q̃) =

∂f(q)

∂q
. (3.12)

holds. Hence, we obtain
∂F (∆q)

∂∆q
=
∂f(q)

∂q
. (3.13)

Since the local speeds at interface are determined by the eigenvalues of the flux

jacobian, (3.13) shows that the local speeds maintain the same in (3.1). �

Now we proceed to apply the idea of KT scheme to the modified balanced

law (3.7). We show this process in three steps: Reconstruction, Evolution, and

Projection.

18
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3.1.1 Reconstruction

To avoid the oscillation, a piecewise-linear reconstruction is needed when evalu-

ating the average of ∆q(x, tn) over the cells Cj = [xj− 1
2
, xj+ 1

2
], and it is defined

by

Qj(x, t
n) = (∆q)nj + ((∆q)x)

n
j (x− xj), (3.14)

where ((∆q)x)
n
j is the numerical spatial derivative.

The so-called MC−θ limiter is a common choice to compute the numerical deriva-

tives on (3.14) , and it is defined as follows,

((∆q)x)
n
j = minmod

[
θ

(∆q)nj+1 − (∆q)nj
∆x

,
(∆q)nj+1 − (∆q)nj−1

2∆x
, θ

(∆q)nj − (∆q)nj−1

∆x

]
,

(3.15)

with 1 ≤ θ ≤ 2, while the minmod function is defined as

minmod(a, b, c) :=

sign(a) min{|a|, |b|, |c|}, if sign(a) = sign(b) = sign(c)

0, otherwise.

(3.16)

This MC − θ will be adopted for the numerical tests in chapter 5.

3.1.2 Evolution

Next, we evolve the equation to the next time step tn+1 = t+∆t and approximate

the averages over the cells. Looking at the figure 2.2 again, the uniform cell is

divided into unsmooth and smooth regions by the interpolations xn
j− 1

2
,r

and xn
j+ 1

2
,l
,

which are defined in the same way as section 2.2.1 by that

xn
j+ 1

2
,l

:= xj+ 1
2
− an

j+ 1
2
∆t and xn

j+ 1
2
,r

:= xj+ 1
2

+ an
j+ 1

2
∆t (3.17)

with the wave speed an
j+ 1

2

defined in (2.30). For this reason, we consider two

cases: in the first case, we discuss the average over the unsmooth interval Un
j+ 1

2

=

[xn
j+ 1

2
,l
, xn

j+ 1
2
,r

]; in the second case, we discuss the average over the smooth interval

Mn
j = [xn

j− 1
2
,r
, xn

j+ 1
2
,l
].

Case 1. Unsmooth region.

We firstly integrate (3.7) over Un
j+ 1

2

× [tn, tn+1],∫ tn+1

tn

∫
Un
j+1

2

(∆q)t+[f(∆q+ q̃)−f(q̃)]x dxdt =

∫ tn+1

tn

∫
Un
j+1

2

S(∆q, x) dxdt. (3.18)
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Applying the Green’s theorem to the left-hand-side of (3.18) leads to∮
∂(UT )n

j+1
2

{[f(∆q + q̃)− f(q̃)] dt−∆q dx} =

∫ tn+1

tn

∫ xn
j+1

2 ,r

xn
j+1

2 ,l

S(∆q, x) dxdt.

(3.19)

where (UT )n
j+ 1

2

= Un
j+ 1

2

× [tn, tn+1].

The (3.19) is then computed as follows,∫ xn
j+1

2 ,r

xn
j+1

2 ,l

{[
f(∆q(x, tn) + q̃(x, tn))− f(q̃(x, tn))

]
dt−∆q(x, tn) dx

}

+

∫ tn+1

tn

{[
f(∆q(xn

j+ 1
2
,r
, t) + q̃(xn

j+ 1
2
,r
, t))− f(q̃(xn

j+ 1
2
,r
, t))
]
dt

−∆q(xn
j+ 1

2
,r
, t) dx

}
+

∫ xn
j+1

2 ,l

xn
j+1

2 ,r

{[
f(∆q(x, tn+1) + q̃(x, tn+1))− f(q̃(x, tn+1))

]
dt

−∆q(x, tn+1) dx

}
+

∫ tn

tn+1

{[
f(∆q(xn

j+ 1
2
,l
, t) + q̃(xn

j+ 1
2
,l
, t))− f(q̃(xn

j+ 1
2
,l
, t))
]
dt

−∆q(xn
j+ 1

2
,l
, t) dx

}
=

∫ xn
j+1

2 ,r

xn
j+1

2 ,l

{[
f(∆q(x, tn) + q̃(x, tn))− f(q̃(x, tn))

]
dt−∆q(x, tn) dx

}

+

∫ tn+1

tn

{[
f(∆q(xn

j+ 1
2
,r
, t) + q̃(xn

j+ 1
2
,r
, t))− f(q̃(xn

j+ 1
2
,r
, t))
]
dt

−∆q(xj+ 1
2
,r, t) dx

}
−
∫ xn

j+1
2 ,r

xn
j+1

2 ,l

{[
f(∆q(x, tn+1) + q̃(x, tn+1))− f(q̃(x, tn+1))

]
dt

−∆q(x, tn+1) dx

}
−
∫ tn+1

tn

{[
f(∆q(xn

j+ 1
2
,l
, t) + q̃(xn

j+ 1
2
,l
, t))− f(q̃(xn

j+ 1
2
,l
, t))
]
dt

−∆q(xn
j+ 1

2
,l
, t) dx

}
= −

∫ xn
j+1

2 ,r

xn
j+1

2 ,l

∆q(x, tn) dx

+

∫ tn+1

tn

[
f(∆q(xn

j+ 1
2
,r
, t) + q̃(xn

j+ 1
2
,r
, t))− f(q̃(xn

j+ 1
2
,r
, t))
]
dt

20



CHAPTER 3. 1D SCHEME 3.1. DESCRIPTION

+

∫ xn
j+1

2 ,r

xn
j+1

2 ,l

∆q(x, tn+1) dx

−
∫ tn+1

tn

[
f(∆q(xn

j+ 1
2
,l
, t) + q̃(xn

j+ 1
2
,l
, t))− f(q̃(xn

j+ 1
2
,l
, t))
]
dt

=

∫ tn+1

tn

∫ xn
j+1

2 ,r

xn
j+1

2 ,l

S(∆q, x) dxdt. (3.20)

Consider the last equality on (3.20). Leaving
∫ xnj+1

2 ,r

xn
j+1

2 ,l

∆q(x, tn+1) dx on the left-

hand-side and moving other terms to the right-hand-side, the equation is refor-

mulated as∫ xn
j+1

2 ,r

xn
j+1

2 ,l

∆q(x, tn+1)dx

=

∫ xn
j+1

2 ,r

xn
j+1

2 ,l

∆q(x, tn)dx

−
∫ tn+1

tn

[f(∆q(xn
j+ 1

2
,r
, t) + q̃(xn

j+ 1
2
,r
, t))− f(q̃(xn

j+ 1
2
,r
, t))]dt

+

∫ tn+1

tn

[f(∆q(xn
j+ 1

2
,l
, t) + q̃(xn

j+ 1
2
,l
, t))− f(q̃(xn

j+ 1
2
,l
, t))]dt

+

∫ tn+1

tn

∫ xn
j+1

2 ,r

xn
j+1

2 ,l

S(∆q, x) dxdt.

(3.21)

Define ∆xn
j+ 1

2

= xn
j+ 1

2
,r
−xn

j+ 1
2
,l

= 2an
j+ 1

2

∆t, and denote f(∆q(xn
j+ 1

2
,r
, t)+q̃(xn

j+ 1
2
,r
, t))

by f((∆q + q̃)(xn
j+ 1

2
,r
, t)). In order to get the average over the the interval Un

j+ 1
2

,

denoted as wn+1
j+ 1

2

, we divide the size ∆xn
j+ 1

2

into (3.21)

wn+1
j+ 1

2

:=
1

∆xn
j+ 1

2

∫ xn
j+1

2 ,r

xn
j+1

2 ,l

∆q(x, tn+1)dx

=
1

∆xn
j+ 1

2

∫ xn
j+1

2 ,r

xn
j+1

2 ,l

∆q(x, tn)dx

− 1

∆xn
j+ 1

2

∫ tn+1

tn

[f((∆q + q̃)(xn
j+ 1

2
,r
, t))− f(q̃(xn

j+ 1
2
,r
, t))]

+
1

∆xn
j+ 1

2

∫ tn+1

tn

[f((∆q + q̃)(xn
j+ 1

2
,l
, t))− f(q̃(xn

j+ 1
2
,l
, t))]dt

+
1

∆xn
j+ 1

2

∫ tn+1

tn

∫ xn
j+1

2 ,r

xn
j+1

2 ,l

S(∆q, x) dxdt

=
1

∆xn
j+ 1

2

∫ xn
j+1

2 ,r

xn
j+1

2 ,l

∆q(x, tn)dx+ FU + SU

 ,

(3.22)
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where

FU =−
∫ tn+1

tn

[f((∆q + q̃)(xn
j+ 1

2
,r
, t))− f(q̃(xn

j+ 1
2
,r
, t))]dt

+

∫ tn+1

tn

[f(∆q + q̃)(xn
j+ 1

2
,l
, t))− f(q̃(xn

j+ 1
2
,l
, t))]dt,

(3.23)

and

SU =

∫ tn+1

tn

∫ xn
j+1

2 ,r

xn
j+1

2 ,l

S(∆q, x) dxdt (3.24)

Now we consider the first term on the last line of (3.22). According to the mid-

point rule and the conservation property of the reconstruction Q , we have the

following approximations∫ xj+1

xj

∆q(x, tn)dx := ∆x∆q(xj+ 1
2
, tn), (3.25)

∫ xj+1

xj

∆q(x, tn)dx =

∫ xj+1

xj

Q(x, tn)dx := ∆xQj(xj+ 1
2
, tn). (3.26)

Then we obtain

1

∆xn
j+ 1

2

∫ xn
j+1

2 ,r

xn
j+1

2 ,l

∆q(x, tn)dx

=
1

∆xn
j+ 1

2

[∫ xn
j+1

2

xn
j+1

2 ,l

∆q(x, tn)dx+

∫ xn
j+1

2 ,r

xn
j+1

2

∆q(x, tn)dx

]

=
1

∆xn
j+ 1

2

[
∆xn

j+ 1
2

2
Qj(x

n
j+ 1

2
,lm
, tn) +

∆xn
j+ 1

2

2
Qj+1(xn

j+ 1
2
,rm
, tn)

]

=
1

∆xn
j+ 1

2

[
∆xn

j+ 1
2

2

(
(∆q)nj + (xn

j+ 1
2
,lm
− xj)((∆q)x)nj )

+ (∆q)nj+1 + (xn
j+ 1

2
,rm
− xj+1)((∆q)x)

n
j+1)

)]

=
1

∆xn
j+ 1

2

[
∆xn

j+ 1
2

2

(
(∆q)nj + (

∆x

2
−

∆xn
j+ 1

2

4
)((∆q)x)

n
j )

+ (∆q)nj+1 − (
∆x

2
−

∆xn
j+ 1

2

4
)((∆q)x)

n
j+1)

)]

=
(∆q)nj + (∆q)nj+1

2
+

∆x−
∆xn

j+1
2

2

4

[
((∆q)x)

n
j − ((∆q)x)

n
j+1

]
, (3.27)

where xn
j+ 1

2
,lm

denote the midpoint between xn
j+ 1

2
,l

and xn
j+ 1

2

, and xn
j+ 1

2
,rm

denote

the midpoint between xn
j+ 1

2

and xn
j+ 1

2
,r

.
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Next, we consider the flux function FU . Applying the midpoint rule to FU ,

we get

FU = ∆t
[
−f((∆q)

n+ 1
2

j+ 1
2
,r

+ q̃j+ 1
2
,r) + f((q̃)j+ 1

2
,r)

+f((∆q)
n+ 1

2

j+ 1
2
,l

+ q̃j+ 1
2
,l)− f((q̃)j+ 1

2
,l)
]
.

(3.28)

The midpoint values (∆q)
n+ 1

2

j+ 1
2
,l

and (∆q)
n+ 1

2

j+ 1
2
,r

can be approximated by the Taylor

expansion:

(∆q)
n+ 1

2

j+ 1
2
,l

:= (∆q)n
j+ 1

2
,l

+
∆t

2
((∆q)t)

n
j+ 1

2
,l

= (∆q)n
j+ 1

2
,l

+
∆t

2

[
−
[
(f(∆q + q̃)− f(q̃))x

]
(xn
j+1

2 ,l
,tn)

+ S((∆q)j+ 1
2
,l, t

n)

]
,

(3.29)

(∆q)
n+ 1

2

j+ 1
2
,r

:= (∆q)n
j+ 1

2
,r

+
∆t

2
((∆q)t)

n
j+ 1

2
,r

= (∆q)n
j+ 1

2
,r

+
∆t

2

[
−
[
(f(∆q + q̃)− f(q̃))x

]
(xn
j+1

2 ,r
,tn)

+ S((∆q)j+ 1
2
,r, t

n)

]
,

(3.30)

and

(∆q)n
j+ 1

2
,l

:= (∆q)nj + ∆x((∆q)x)
n
j

[
1

2
− λan

j+ 1
2

]
,

(∆q)n
j+ 1

2
,r

:= (∆q)nj+1 −∆x((∆q)x)
n
j+1

[
1

2
− λan

j+ 1
2

]
,

(3.31)

with the mesh ratio λ = ∆t
∆x

.

The last approximation of the source term SU is simply obtained by using the

midpoint rule on time and the trapezoidal rule on space,

SU := ∆t

∫ xn
j+1

2 ,r

xn
j+1

2 ,l

S(∆qn+ 1
2 , x)dx := ∆t∆xn

j+ 1
2

Sn+ 1
2

j+ 1
2
,l

+ S
n+ 1

2

j+ 1
2
,r

2

 . (3.32)

Equipped with the average at tn (3.27), the approximation of the flux term (3.28),

and the source term (3.32), the intermediate average over the interval Un
j+ 1

2

is
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equal to

wn+1
j+ 1

2

=
(∆q)nj + (∆q)nj+1

2
+

∆x−
∆xn

j+1
2

2

4

[
((∆q)x)

n
j − ((∆q)x)

n
j+1

]
+

∆t

∆xn
j+ 1

2

[
− f((∆q)

n+ 1
2

j+ 1
2
,r

+ q̃j+ 1
2
,r) + f((q̃)j+ 1

2
,r)

+ f((∆q)
n+ 1

2

j+ 1
2
,l

+ q̃j+ 1
2
,l)− f((q̃)j+ 1

2
,l)
]

+ ∆t

[
S
n+ 1

2

j+ 1
2
,l

+ S
n+ 1

2

j+ 1
2
,r

2

]
.

(3.33)

Case 2. Smooth region.

We consider the interval Mn
j . In a similar way, integrating (3.7) over Mn

j ×

[tn, tn+1], we obtain∮
∂Mn

j

{[f(∆q + q̃)− f(q̃)] dt−∆q dx} =

∫ tn+1

tn

∫ xn
j+1

2 ,l

xn
j− 1

2 ,r

S(∆q, x) dxdt, (3.34)

Define ∆xnj = xn
j+ 1

2
,l
−xn

j− 1
2
,r

= ∆x−∆t(an
j− 1

2

− an
j+ 1

2

). Then using the same cal-

culation steps as in case 1, the average over Mn
j denoted as wn+1

j is approximated

by

wn+1
j :=

1

∆xnj

∫ xn
j+1

2 ,l

xn
j− 1

2 ,r

∆q(x, tn+1)dx

=
1

∆xnj

∫ xn
j+1

2 ,l

xn
j− 1

2 ,r

∆q(x, tn)dx+ FM + SM


=

1

∆xnj

[
∆xnjQj(x

n
j,m, t

n) + FM + SM
]

=
[
(∆q)nj + (xnj,m − xj)((∆q)x)nj

]
+

1

∆xnj
[FM + SM ]

= (∆q)nj +
∆xn

j− 1
2

−∆xn
j+ 1

2

4
((∆q)x)

n
j +

1

∆xnj
[FM + SM ] ,

(3.35)

where xnj,m denotes the midpoint between xn
j− 1

2
,r

and xn
j+ 1

2
,l

, and

FM =−
∫ tn+1

tn

[f((∆q + q̃)(xn
j+ 1

2
,l
, t))− f(q̃(xn

j+ 1
2
,l
, t))] dt

+

∫ tn+1

tn

[f(∆q + q̃)(xn
j− 1

2
,r
, t))− f(q̃(xn

j− 1
2
,r
, t))] dt,

(3.36)

and

SM =

∫ tn+1

tn

∫ xn
j+1

2 ,l

xn
j− 1

2 ,r

S(∆q, x) dxdt. (3.37)
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Likewise, the approximation of the flux term FM and the source term SM are ob-

tained with the help of the Taylor expansion, the midpoint rule and the trapezoidal

rule. Hence,

FM = ∆t
[
−f((∆q)

n+ 1
2

j+ 1
2
,l

+ q̃i+ 1
2
,l) + f(q̃j+ 1

2
,l)

+f((∆q)
n+ 1

2

j− 1
2
,r

+ q̃j− 1
2
,r)− f(q̃j− 1

2
,r)
] (3.38)

and

SM := ∆t

∫ x
j+1

2 ,l

x
j− 1

2 ,r

S(∆qn+ 1
2 , x)dx := ∆t∆xnj

Sn+ 1
2

j− 1
2
,r

+ S
n+ 1

2

j+ 1
2
,l

2

 (3.39)

Equipped with (3.35), (3.38) and (3.39), the intermediate average over the interval

Mn
j is equal to

wn+1
j = (∆q)nj +

∆xn
j− 1

2

−∆xn
j+ 1

2

4
((∆q)x)

n
j

+
∆t

∆xnj

[
− f((∆q)

n+ 1
2

j+ 1
2
,l

+ q̃i+ 1
2
,l) + f(q̃j+ 1

2
,l)

+ f((∆q)
n+ 1

2

j− 1
2
,r

+ q̃j− 1
2
,r)− f(q̃j− 1

2
,r)

]

+ ∆t

Sn+ 1
2

j− 1
2
,r

+ S
n+ 1

2

j+ 1
2
,l

2

 .
(3.40)

3.1.3 Projection

Finally, the last procedure is to predict back to the average over the original uni-

form cell [xj− 1
2
, xj+ 1

2
]. Due to the same reason that we want to avoid oscillations,

an appropriate piecewise reconstruction is needed for the unsmooth region, and it

takes the form that

W̃j+ 1
2
(x, tn+1) := wn+1

j+ 1
2

+ (x− xj+ 1
2
)(wx)

n+1
j+ 1

2

, ∀x ∈ [xn
j+ 1

2
,l
, xn

j+ 1
2
,r

], (3.41)

where the slope wx is given by

(wx)
n+1
j+ 1

2

= minmod(θ
wn+1
j+ 1

2

− wn+1
j

xj+ 1
2
− xnj,m

,
wn+1
j+1 − wn+1

j

xnj+1,m − xnj,m
, θ
wn+1
j+1 − wn+1

j+ 1
2

xnj+1,m − xj+ 1
2

), 1 ≤ θ ≤ 2.

(3.42)
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Consequently, the average over [xj− 1
2
, xj+ 1

2
] at time tn+1 denoted as (∆q)n+1

j is

obtained after a simple computation,

(∆q)n+1
j :=

1

∆x

∫ x
j+1

2

x
j− 1

2

w dx

=
1

∆x

∫ xn
j− 1

2 ,r

x
j− 1

2

wn+1
j− 1

2

+

∫ xn
j+1

2 ,l

xn
j− 1

2 ,r

wnj +

∫ x
j+1

2

xn
j+1

2 ,l

wn+1
j+ 1

2

 dx

=
1

∆x

∫ xn
j− 1

2 ,r

x
j− 1

2

W̃ n+1
j− 1

2

+

∫ xn
j+1

2 ,l

xn
j− 1

2 ,r

wnj +

∫ x
j+1

2

xn
j+1

2 ,l

W̃ n+1
j+ 1

2

 dx

=
1

∆x

[
∆xn

j− 1
2

2

(
wn+1
j− 1

2

+ (xn
j− 1

2
,rm
− xj− 1

2
)(wx)

n+1
j− 1

2

)
+

(
∆x−

∆xn
j− 1

2

+ ∆xn
j+ 1

2

2

)
wn+1
j

+
∆xn

j+ 1
2

2

(
wn+1
j+ 1

2

+ (xn
j+ 1

2
,lm
− xj+ 1

2
)(wx)

n+1
j+ 1

2

)]

=
1

∆x

[
∆xn

j− 1
2

2

(
wn+1
j− 1

2

+
∆xn

j− 1
2

4
(wx)

n+1
j− 1

2

)

+

(
∆x−

∆xn
j− 1

2

+ ∆xn
j+ 1

2

2

)
wn+1
j

+
∆xn

j+ 1
2

2

(
wn+1
j+ 1

2

−
∆xn

j+ 1
2

4
(wx)

n+1
j+ 1

2

)]

=
1

∆x

[
an
j− 1

2
∆t

(
wn+1
j− 1

2

+
an
j− 1

2

∆t

2
(wx)

n+1
j− 1

2

)
+
(

∆x− (an
j− 1

2
+ an

j+ 1
2
)∆t
)
wn+1
j

+an
j+ 1

2
∆t

(
wn+1
j+ 1

2

−
an
j+ 1

2

∆t

2
(wx)

n+1
j+ 1

2

)]
.

(3.43)

To get the desired numerical solution q, we just need to add the given stationary

solution q̃,

qn+1
j = (∆q)n+1

j + q̃j. (3.44)

3.2 Well-Balanced Property

In this section we demonstrate that the new scheme presented in the previous

section satisfies the well-balanced property, which means the numerical solution
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qj, ∀j, maintain stationary, i.e.,

qj(t = 0) = q̃j(t = 0) ⇒ qj(t) = q̃j(t), ∀t. (3.45)

By the definition of the deviation ∆q, the initial condition q0
j = q̃0

j implies (∆q)0
j =

0. Subsequently, both (∆q)0
j+ 1

2
,r

and (∆q)0
j+ 1

2
,l

in (3.31) are equal to zero. This

leads to that (∆q)
0+ 1

2

j+ 1
2
,r

= 0 and (∆q)
0+ 1

2

j+ 1
2
,l

= 0. Then the flux approximations in

(3.28) and (3.38) show that

F 0
U = ∆t

[
−f(q̃j+ 1

2
,r) + f(q̃j+ 1

2
,r) + f(q̃j+ 1

2
,l)− f(q̃j+ 1

2
,l)
]

= 0, (3.46)

F 0
M = ∆t

[
−f(q̃j+ 1

2
,l) + f(q̃j+ 1

2
,l) + f(q̃j− 1

2
,r)− f(q̃j− 1

2
,r)
]

= 0, (3.47)

and the estimated value of the source term S0
U and S0

M also vanish. Hence, the

intermediate averages in (3.33) and (3.40) reduce to

∆w0+1
j+ 1

2

= 0. (3.48)

∆w0+1
j = 0. (3.49)

Then the deviation (∆q)j(t = 1) is equivalent to zero. Since (∆q)1
j = 0, we repeat

the above derivations and obtain (∆q)2
j = 0. Once again, (∆q)3

j = 0 is then

proved. Consequently, it means that, for all time steps, the approximation (∆q)j

is equal to zero.

Since (∆q)j(t) = 0,∀t, it implies

qj(t) = (∆q)j(t) + q̃(t) = q̃(t), ∀t. (3.50)

Thus, we conclude that the numerical solution qj(t) remains stationary and prove

that our scheme satisfies the well-balance property.

3.3 TVD Property

In this section, we construct a semi-discrete scheme from the fully-discrete scheme

(3.43) without the source term, and then prove the TVD property of the semi-

discrete scheme applied to the homogeneous scalar conservation laws.

Inspired by [3], in order to construct a semi-discrete scheme, we firstly compute

the value of
(∆q)n+1

j −(∆q)nj
∆t

, and then let ∆t→ 0, i.e.,

d

dt
(∆q)j(t) = lim

∆t→0

(∆q)n+1
j − (∆q)nj

∆t
. (3.51)
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Substituting the result in (3.43) for (∆q)n+1
j , and setting O(λ) to denote the

collection of all terms being proportional to λ yields

(∆q)n+1
j − (∆q)nj

∆t
=

=
an
j− 1

2

∆x
wn+1
j− 1

2

+

(
1

∆t
−
an
j− 1

2

+ an
j+ 1

2

∆x

)
wn+1
j +

an
j+ 1

2

∆x
wn+1
j+ 1

2

− 1

∆t
(∆q)nj +O(λ)

=
an
j− 1

2

∆x

[
(∆q)nj−1 + (∆q)nj

2
+

∆x− an
j− 1

2

∆t

4

(
((∆q)x)

n
j−1 − ((∆q)x)

n
j

)
− ∆t

2an
j− 1

2

∆t

[
f(q

n+ 1
2

j− 1
2
,r

+ q̃j− 1
2
,r)− f(q̃j− 1

2
,r)− f(q

n+ 1
2

j− 1
2
,l

+ q̃j− 1
2
,l) + f((q̃)j− 1

2
,l)
] ]

+

(
1

∆t
−
an
j− 1

2

+ an
j+ 1

2

∆x

)
×[

(∆q)nj +
an
j− 1

2

∆t− an
j+ 1

2

∆t

2
((∆q)x)

n
j

− ∆t

∆x−∆t(an
j− 1

2

+ an
j+ 1

2

)

[
f(q

n+ 1
2

j+ 1
2
,l

+ q̃j+ 1
2
,l)− f(q̃j+ 1

2
,l)

− f(q
n+ 1

2

j− 1
2
,r

+ q̃j− 1
2
,r) + f(q̃j− 1

2
,r)

]]

+
an
j+ 1

2

∆x

[
(∆q)nj + (∆q)nj+1

2
+

∆x− an
j+ 1

2

∆t

4

(
((∆q)x)

n
j − ((∆q)x)

n
j+1

)
− ∆t

2an
j+ 1

2

∆t

[
f(q

n+ 1
2

j+ 1
2
,r

+ q̃j+ 1
2
,r)− f(q̃j+ 1

2
,r)− f(q

n+ 1
2

j+ 1
2
,l

+ q̃j+ 1
2
,l) + f(q̃j+ 1

2
,l)
] ]

− 1

∆t
(∆q)nj +O(λ)

=
an
j− 1

2

2∆x
((∆q)nj−1 + (∆q)nj ) +

an
j− 1

2

4

(
((∆q)x)

n
j−1 − ((∆q)x)

n
j

)
−

(an
j− 1

2

)2

4
λ
(
((∆q)x)

n
j−1 − ((∆q)x)

n
j

)
− 1

2∆x

[
f(q

n+ 1
2

j− 1
2
,r

+ q̃j− 1
2
,r)− f(q̃j− 1

2
,r)− f(q

n+ 1
2

j− 1
2
,l

+ q̃j− 1
2
,l) + f(q̃j− 1

2
,l)

]

+
1

∆t
(∆q)nj −

an
j− 1

2

+ an
j+ 1

2

∆x
(∆q)nj +

an
j− 1

2

− an
j+ 1

2

2
((∆q)x)

n
j

−
(an
j− 1

2

)2 − (an
j+ 1

2

)2

2
λ(∆qx)

n
j

− 1

∆x

[
f(q

n+ 1
2

j+ 1
2
,l

+ q̃j+ 1
2
,l)− f(q̃j+ 1

2
,l)− f(q

n+ 1
2

j− 1
2
,r

+ q̃j− 1
2
,r) + f(q̃j− 1

2
,r)

]

+
an
i+ 1

2

2∆x
((∆q)nj + (∆q)nj+1) +

an
j+ 1

2

4

(
((∆q)x)

n
j − ((∆q)x)

n
j+1

)
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−
(an
j+ 1

2

)2

4
λ
(
((∆q)x)

n
j − ((∆q)x)

n
j+1

)
− 1

2∆x

[
f(q

n+ 1
2

j+ 1
2
,r

+ q̃j+ 1
2
,r)− f(q̃j+ 1

2
,r)− f(q

n+ 1
2

j+ 1
2
,l

+ q̃j+ 1
2
,l) + f(q̃j+ 1

2
,l)
]

− 1

∆t
(∆q)nj +O(λ)

= − 1

2∆x

[
f(q

n+ 1
2

j+ 1
2
,r

+ q̃j+ 1
2
,r)− f(q̃j+ 1

2
,r) + f(q

n+ 1
2

j+ 1
2
,l

+ q̃j+ 1
2
,l)− f(q̃j+ 1

2
,l)

−f(q
n+ 1

2

j− 1
2
,r

+ q̃j− 1
2
,r) + f(q̃j− 1

2
,r)− f(q

n+ 1
2

j− 1
2
,l

+ q̃j− 1
2
,l) + f(q̃j− 1

2
,l)
]

+
an
j+ 1

2

2∆x

[
((∆q)nj+1 −

∆x

2
((∆q)x)

n
j+1)− ((∆q)nj +

∆x

2
((∆q)x)

n
j )

]
−
an
j− 1

2

2∆x

[
((∆q)nj −

∆x

2
((∆q)x)

n
j )− ((∆q)nj−1 +

∆x

2
((∆q)x)

n
j−1)

]
+O(λ)

(3.52)

By the definition of the midpoint values in (3.29), (3.30) and (3.31), we have

(∆q)
n+ 1

2

j+ 1
2
,r

= (∆q)nj+1 −∆x((∆q)x)
n
j+1(

1

2
− λan

j+ 1
2
)− ∆t

2
[f((∆q)n

j+ 1
2
,r

+ q̃j+ 1
2
,r)− f(q̃j+ 1

2
,r)]

(∆q)
n+ 1

2

j+ 1
2
,l

= (∆q)nj + ∆x((∆q)x)
n
j (

1

2
− λan

j+ 1
2
)− ∆t

2
[f((∆q)n

j+ 1
2
,l

+ q̃j+ 1
2
,l)− f(q̃j+ 1

2
,l)].

(3.53)

Applying the Taylor expansion to q̃j+ 1
2
,r and q̃j+ 1

2
,l, we obtain

q̃j+ 1
2
,r := q̃j+ 1

2
+ an

j+ 1
2
∆t(q̃x)j+ 1

2
, and q̃j+ 1

2
,l := q̃j+ 1

2
− an

j+ 1
2
∆t(q̃x)j+ 1

2
. (3.54)

As ∆t→ 0, the midvalues approach

(∆q)
n+ 1

2

j+ 1
2
,r
→ (∆q)j+1(t)− ∆x

2
((∆q)x)

n
j+1 =: (∆q)+

j+ 1
2

(t),

(∆q)
n+ 1

2

j+ 1
2
,l
→ (∆q)j(t) +

∆x

2
((∆q)x)

n
j =: (∆q)−

j+ 1
2

(t),

q̃j+ 1
2
,r → q̃j+ 1

2
,

q̃j+ 1
2
,l → q̃j+ 1

2
.

(3.55)
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Hence, letting ∆t→ 0 in (3.52), the semi-discrete scheme takes form as

d

dt
(∆q)j(t) = lim

∆t→0

(∆q)n+1
j − (∆q)nj

∆t

= − 1

2∆x

[(
f((∆q)−

j+ 1
2

(t) + q̃j+ 1
2
(t))− f(q̃j+ 1

2
(t))

+ f((∆q)+
j+ 1

2

(t) + q̃j+ 1
2
(t))− f(q̃j+ 1

2
(t))
)

−
(
f((∆q)−

j− 1
2

(t) + q̃j− 1
2
(t))− f(q̃j− 1

2
(t))

+ f((∆q)+
j− 1

2

(t) + q̃j− 1
2
(t))− f(q̃j− 1

2
(t))
)]

+
1

2∆x

[
an
j+ 1

2
((∆q)+

j+ 1
2

(t)− (∆q)−
j+ 1

2

(t))

− an
j− 1

2
((∆q)+

j− 1
2

(t)− (∆q)−
j− 1

2

(t))

]
(3.56)

Then we reformulate (3.56) as the conservation form

d

dt
(∆q)j(t) = −

Hj+ 1
2
(t)−Hj− 1

2
(t)

∆x
, (3.57)

with the numerical flux

Hj+ 1
2
(t) :=

1

2

[
F ((∆q)−

j+ 1
2

)(t) + F ((∆q)+
j+ 1

2

)(t)
]
−
aj+ 1

2
(t)

2

(
(∆q)+

j+ 1
2

(t)− (∆q)−
j+ 1

2

(t)
)
,

(3.58)

where

F ((∆q)∓
j+ 1

2

) := f((∆q)∓
j+ 1

2

+ q̃j+ 1
2
)− f(q̃j+ 1

2
). (3.59)

To prove the semi-discrete scheme satisfies the TVD property, we introduce

the following lemma 3.3.1 from [6]. The proof of this lemma can be found in the

example 2.4 in [6].

Lemma 3.3.1 (consult example 2.4 in[6]) Consider the class of generalized

MUSCL scheme,
d

dt
uj(t) = − 1

∆x

[
hj+ 1

2
− hj− 1

2

]
, (3.60)

with the E-flux hj+ 1
2
,

hj+ 1
2

= hE
(
uj +

∆x

2
(ux)j, uj+1 −

∆x

2
(ux)j+1

)
. (3.61)
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The scheme (3.60) is TVD if∣∣∣∣ ∆x(ux)j−1

∆uj −∆uj−1

∣∣∣∣ ≤ 2,

∣∣∣∣ ∆x(ux)j+1

∆uj+1 −∆uj

∣∣∣∣ ≤ 2. (3.62)

Theorem 3.3.2 (TVD of semi-discrete scheme, consult Thm 4.1 of [3])

Consider the semi-discrete scheme (3.57) and assume that the numerical spatial

derivatives (∆qx)j(t) are chosen as (3.15). Then the scheme satisfies the TVD

property.

Proof. The scheme (3.57) can be viewed as a general MUSCL scheme with the

Rusanov type E-flux,

Hj+ 1
2

= HRus
(

(∆q)+
j+ 1

2

(t), (∆q)−
j+ 1

2

(t)
)
. (3.63)

With the choice of derivatives (3.15) and the definition of minmod function (3.16),

we have

|((∆q)x)j−1| ≤
∣∣∣∣θ (∆q)j − (∆q)j−1

∆x

∣∣∣∣ ,
|((∆q)x)j+1| ≤

∣∣∣∣θ (∆q)j+1 − (∆q)j
∆x

∣∣∣∣ . (3.64)

The inequalities (3.64) imply that∣∣∣∣ ∆x((∆q)x)j−1

(∆q)j − (∆q)j−1

∣∣∣∣ ≤ |θ| ≤ 2,∣∣∣∣ ∆x((∆q)x)j+1

(∆q)j+1 − (∆q)j

∣∣∣∣ ≤ |θ| ≤ 2,

(3.65)

which satisfy the condition (3.62) in lemma 3.3.1. Hence, the TVD property

holds. �

Notice that in the above theorem 3.3.2, we only prove the TVD property for the

deviation ∆q. To conclude the TVD property holds for the solution q(= ∆q+ q̃)

need extraordinary steps.
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Chapter 4

2D Scheme

4.1 Description

In the previous chapter we showed a new scheme by using the combination of

the Deviation method 2.2.2 and the KT scheme 2.2.1. In this section we use the

same idea to construct a 2-dimensional scheme. Similarly, we firstly refer to [4]

to derive a modified 2-dimensional well-balanced law with the Deviation method,

and then follow the 2-dimensional KT-type scheme in [7] to construct a new 2-

dimensional fully-discrete scheme. The KT-type scheme in [7] consider the more

specific wave speeds to define the regions over Riemann fans.

Consider the 2-dimensional balance lawsqt + f(q)x + g(q)y = S(q, x, y), (x, y) ∈ Ω ⊂ R2, t > 0

q(x, y, 0) = q0(x, y),
(4.1)

where f(q) and g(q) are the fluxes in x- and y- directions ans S is the source term.

Assume q̃ is a given stationary solution of (4.1) Then it satisfies

f(q̃)x + g(q̃)y = S(q̃, x, y). (4.2)

Define the deviation ∆q = q − q̃. Applying q = ∆q + q̃ to (4.1), we obtain

(∆q + q̃)t + f(∆q + q̃)x + g(∆q + q̃)y = S(∆q + q̃). (4.3)

Since q̃ is a stationary solution, (4.3) reduces to

∆qt + f(∆q + q̃)x + g(∆q + q̃)y = S(∆q + q̃). (4.4)
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Then we subtract (4.2) from (4.4), and assume that the source term S(∆q+ q̃)

in (4.1) is a linear functional in terms of the conserved variables, we obtain

(∆q)t + [f(∆q − q̃)− f(q̃)]x + [g(∆q + q̃)− g(q̃)]y = S(∆q + q̃, x, y)− S(q̃, x, y)

= S(∆q, x, y).

(4.5)

Now we can apply the idea of KT scheme. Referring to the introduction in [7],

we also separate our derivation into three steps: Reconstruction, Evolution, and

Projection.

4.1.1 Reconstruction

Consider the control cell Cj,k = [xj− 1
2
, xj+ 1

2
]× [yk− 1

2
, yk+ 1

2
] for all j, k. We define

a piecewise-linear reconstruction Q,

Qj,k(x, y, t
n) = (∆q)nj,k + (x− xj)((∆q)x)nj,k + (y − yk)((∆q)y)nj,k, ∀(x, y) ∈ Ci,j

(4.6)

where (∆q)x and (∆q)y are the x- and y derivatives of ∆q .

We adopt the (MC − θ) limiter to evaluate the values of the slopes (∆q)x and

(∆q)y. The (MC − θ) limiter is defined as

((∆q)x)
n
j,k = minmod

(
θ∆+

x (∆q)nj,k, ∆0
x(∆q)

n
j,k, θ∆

−
x (∆q)nj,k

)
,

((∆q)y)
n
j,k = minmod

(
θ∆+

y (∆q)nj,k, ∆0
y(∆q)

n
j,k, θ∆

−
y (∆q)nj,k

)
, 1 ≤ θ ≤ 2

(4.7)

where ∆±x , ∆0
x, ∆±y , and ∆0

y are the standard divided difference operators:

∆+
x (·)j,k :=

(·)j+1,k − (·)j,k
∆x

,∆0
x(·)j,k :=

(·)j+1,k − (·)j−1,k

2∆x
,∆−x (·)j,k :=

(·)j,k − (·)j−1,k

∆x
,

∆+
y (·)j,k :=

(·)j,k+1 − (·)j,k
∆y

,∆0
y(·)j,k :=

(·)j,k+1 − (·)j,k−1

2∆y
,∆−y (·)j,k :=

(·)j,k − (·)j,k−1

∆y
.

(4.8)

4.1.2 Evolution

In this step, the wave speed, which is the most important material of the KT

scheme, is used to define the regions of the subdomains when we consider the new

cell-averages. The local wave speed denoted by a±
j+ 1

2
,k

and b±
j,k+ 1

2

in x- and y-
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direction, respectively, are determined by the eigenvalues of flux jacobian:

a+
j+ 1

2
,k

:= max

{
λN

(
∂

∂q
f(q+

j+ 1
2
,k

)

)
, λN

(
∂

∂q
f(q−

j+ 1
2
,k

)

)
, ε

}
,

a−
j+ 1

2
,k

:= min

{
λ1

(
∂

∂q
f(q+

j+ 1
2
,k

)

)
, λ1

(
∂

∂q
f(q−

j+ 1
2
,k

)

)
, −ε

}
,

b+
j,k+ 1

2

:= max

{
λN

(
∂

∂q
g(q+

j,k+ 1
2

)

)
, λN

(
∂

∂q
g(q−

j,k+ 1
2

)

)
, ε

}
,

b−
j,k+ 1

2

:= min

{
λ1

(
∂

∂q
g(q+

j,k+ 1
2

)

)
, λ1

(
∂

∂q
g(q−

j,k+ 1
2

)

)
, −ε

}
,

(4.9)

where λ1 < λ2 < · · · < λN are the N eigenvalues of the corresponding Jacobians,

and ε is a small positive number and

q−
j+ 1

2
,k

:= qnj,k +
∆x

2
(qx)

n
j,k, q+

j+ 1
2
,k

:= qnj+1,k −
∆x

2
(qx)

n
j+1,k,

q−
j,k+ 1

2

:= qnj,k +
∆y

2
(qy)

n
j,k, q+

j,k+ 1
2

:= qnj,k+1 −
∆y

2
(qy)

n
j,k+1.

(4.10)

Remark. In the definition of wave speed in (4.9), the small positive number ε is

used to avoid the corresponding quadrilateral subdomain degenerate to triangle

when the wave speed a or b is equal to zero.

In a similar way to the 1-dimensional scheme, with the wave speed we split

the control domain Cj,k into the unsmooth side subdomain Dj,k+ 1
2
, Dj+ 1

2
,k and

the corner subdomain Dj+ 1
2
,k+ 1

2
, and the smooth central subdomain Dj,k. This

set-up is shown in figure 4.1.

set-up.jpeg

Figure 4.1: 2D set-up (Reference: Figure 1 in [7])
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The vertices zj± 1
4
,k± 1

4
of these subdomains are computed by

zj+ 1
4
,k+ 1

4
:= (xj+ 1

2
+ ∆tn min(a−

j+ 1
2
,k
, a−

j+ 1
2
,k+1

), yk+ 1
2

+ ∆tn min(b−
j,k+ 1

2

, b−
j+1,k+ 1

2

)),

zj− 1
4
,k+ 1

4
:= (xj− 1

2
+ ∆tn max(a+

j− 1
2
,k
, a+

j− 1
2
,k+1

), yk+ 1
2

+ ∆tn min(b−
j,k+ 1

2

, b−
j−1,k+ 1

2

)),

zj− 1
4
,k− 1

4
:= (xj− 1

2
+ ∆tn max(a+

j− 1
2
,k
, a+

j− 1
2
,k−1

), yk− 1
2

+ ∆tn max(b+
j,k− 1

2

, b+
j−1,k− 1

2

)),

zj+ 1
4
,k− 1

4
:= (xj+ 1

2
+ ∆tn min(a−

j+ 1
2
,k
, a−

j+ 1
2
,k−1

), yk− 1
2

+ ∆tn max(b+
j,k− 1

2

, b+
j+1,k− 1

2

)).

(4.11)

D.jpeg

Figure 4.2: General quadrilateral D with normal η. (Reference: Figure 2 in [7])

Now we evolve the system from tn to tn+1 by integrating the modified balance

law (4.5) over the subdomains Dj,k−, Dj+ 1
2
,k−, Dj,k+ 1

2
−, and Dj+ 1

2
,k+ 1

2
× [tn, tn+1].

Considering a general quadrilateral D as shown in figure 4.2, , the integration over

D × [tn, tn+1] is as follows,

∫ tn+1

tn

∫∫
D

(∆q(x, y, t))t + [f(∆q + q̃)− f(q̃)]x + [g(∆q + q̃)− g(q̃)]y dxdydt

=

∫ tn+1

tn

∫∫
D

S(∆q, x, y) dxdydt.

(4.12)
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It implies∫∫
D

∆q(x, y, tn+1) dxdy −
∫∫

D

∆q(x, y, tn) dxdy

+

∫ tn+1

tn

∫∫
D

[f(∆q + q̃)− f(q̃)]x + [g(∆q + q̃)− g(q̃)]y dxdydt

=

∫ tn+1

tn

∫∫
D

S(∆q, x, y) dxdydt.

(4.13)

Moving the second and third integration on the left-hand-side of (4.13) to the

right-hand-side, and dividing the area |D| into (4.13), we obtain

1

|D|

∫∫
D

∆q(x, y, tn+1) dxdy

=
1

|D|

∫∫
D

∆q(x, y, tn) dxdy

− 1

|D|

∫ tn+1

tn

∫∫
D

[f(∆q + q̃)− f(q̃)]x + [g(∆q + q̃)− g(q̃)]y dxdydt

+
1

|D|

∫ tn+1

tn

∫∫
D

S(∆q, x, y) dxdydt.

(4.14)

The left-hand-side of (4.14) is the new cell-average over D at tn+1, which is denoted

by wn+1
D in the following. Due to the conservation property of the reconstruction

Q, we have the relation

(∆q)nD :=
1

|D|

∫∫
D

∆q(x, y, tn) dxdy =
1

|D|

∫∫
D

Q(x, y, tn) dxdy, (4.15)

where (∆q)nD defines the cell-average over D at tn. Applying the divergence the-

orem to the flux integration, we rewrite the (4.14) in the form of

wn+1
D =(∆q)nD

− 1

|D|

∫ tn+1

tn

∮
∂D

ηx[f(∆q + q̃)− f(q̃)] + ηy[g(∆q + q̃)− g(q̃)] dxdydt

+
1

|D|

∫ tn+1

tn

∫∫
D

S(∆q, x, y) dxdydt

(4.16)

Next, we discuss the approximations of (∆q)nD, the flux integral, and the source

integral on the right-hand-side of (4.16) separately.

For the following discussion, we use the notations CI
j,k, I ∈ {NW,N,NE,W,C,E,
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SW,S, SE}, to denote the nine subdomains inside the red frame of figure 4.1.

The definition of CI
j,k are

CNW
j,k := Cj,k ∩Dj− 1

2
,k+ 1

2
, CN

j,k := Cj,k ∩Dj,k+ 1
2
, CNE

j,k := Cj,k ∩Dj+ 1
2
,k+ 1

2
,

CW
j,k := Cj,k ∩Dj− 1

2
,k, CC

j,k := Dj,k, CE
j,k := Cj,k ∩Dj+ 1

2
,k,

CSW
j,k := Cj,k ∩Dj− 1

2
,k− 1

2
, CS

j,k := Cj,k ∩Dj,k− 1
2
, CSE

j,k := Cj,k ∩Dj+ 1
2
,k− 1

2
,

(4.17)

and their center of mass are denoted by zIj,k := (xIj,k, y
I
j,k). Figure 4.3 outlines

these nine subdomains with their center of mass. The detailed computation of

the coordinates of the center of mass can be found in Appendix A of [7].

with D.jpeg

Figure 4.3: Nine subdomains of the original control cell Cj,k and their center of

mass. (Reference: figure 3 in [7])

We first discuss the estimate of the cell-average (∆q)nD. Due to the equality (4.15),

we obtain,

(∆q)nDj,k =
1

|Dj,k|

∫∫
Dj,k

Q(x, y, tn)dxdy

= Q(zCj,k, t
n)

= ∆qnj,k + (zC,xj,k − xj)(∆qx)
n
j,k + (zC,yj,k − yk)(∆qy)

n
j,k,

(∆q)nD
j+1

2 ,k
=

1

|Dj+ 1
2
,k|

∫∫
D
j+1

2 ,k

Q(x, y, tn)dxdy
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=
1

|Dj+ 1
2
,k|

[∫∫
CEj,k

Q(x, y, tn)dxdy +

∫∫
CWj+1,k

Q(x, y, tn)dxdy

]
=

1

|Dj+ 1
2
,k|
[
|CE

j,k|Q(zEj,k, t
n) + |CW

j+1,k|Q(zWj+1,k, t
n)
]

=
1

|Dj+ 1
2
,k|

[
|CE

j,k|
(

∆qnj,k + (zE,xj,k − xj)(∆qx)
n
j,k + (zE,yj,k − yk)(∆qy)

n
j,k

)
+ |CW

j+1,k|
(

∆qnj+1,k + (zW,xj+1,k − xj+1)(∆qx)
n
j+1,k

+ (zW,yj+1,k − yk)(∆qy)
n
j+1,k

)]
(∆q)nD

j,k+1
2

=
1

|Dj,k+ 1
2
|

∫∫
D
j,k+1

2

Q(x, y, tn)dxdy

=
1

|Dj,k+ 1
2
|

[∫∫
CNj,k

Q(x, y, tn)dxdy +

∫∫
CSj,k+1

Q(x, y, tn)dxdy

]
=

1

|Dj,k+ 1
2
|
[
|CN

j,k|Q(zNj,k, t
n) + |CS

j,k+1|Q(zSj,k+1, t
n)
]

=
1

|Dj,k+ 1
2
|

[
|CN

j,k|
(

∆qnj,k + (zN,xj,k − xj)(∆qx)
n
j,k + (zN,yj,k − yk)(∆qy)

n
j,k

)
+ |CS

j,k+1|
(

∆qnj,k+1 + (zS,xj,k+1 − xj)(∆qx)
n
j,k+1

+ (zS,yj,k+1 − yk+1)(∆qy)
n
j,k+1

)]
(∆q)nD

j+1
2 ,k+

1
2

=
1

|Dj+ 1
2
,k+ 1

2
|

∫∫
D
j+1

2 ,k+
1
2

Q(x, y, tn)dxdy

=
1

|Dj+ 1
2
,k+ 1

2
|

[∫∫
CNEj,k

Q(x, y, tn)dxdy +

∫∫
CNWj+1,k

Q(x, y, tn)dxdy

+

∫∫
CSEj,k+1

Q(x, y, tn)dxdy +

∫∫ SW

j+1,k+1

Q(x, y, tn)dxdy

]
=

1

|Dj+ 1
2
,k+ 1

2
|
[
|CNE

j,k |Q(zNEj,k , t
n) + |CNW

j+1,k|Q(zNWj+1,k, t
n)

+|CSE
j,k+1|Q(zSEj,k+1, t

n) + |CSW
j+1,k+1|Q(zSWj+1,k+1, t

n)
]

=
1

|Dj+ 1
2
,k+ 1

2
|
×[

|CNE
j,k |

(
∆qnj,k + (zNE,xj,k − xj)(∆qx)nj,k + (zNE,yj,k − yk)(∆qy)nj,k

)
+ |CNW

j+1,k|
(

∆qnj+1,k + (zNW,xj+1,k − xj+1)(∆qx)
n
j+1,k

+ (zNW,yj+1,k − yk)(∆qy)
n
j+1,k

)
+ |CSE

j,k+1|
(

∆qnj,k+1 + (zSE,xj,k+1 − xj)(∆qx)
n
j,k+1
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+ (zSE,yj,k+1 − yk+1)(∆qy)
n
j,k+1

)
+ |CSW

j+1,k+1|
(

∆qnj+1,k+1 + (zSW,xj+1,k+1 − xj+1)(∆qx)
n
j+1,k+1

+ (zSW,yj+1,k+1 − yk+1)(∆qy)
n
j+1,k+1

)]
(4.18)

Next, we evaluate the flux integral on (4.16). We need to integrate the fluxes

along the four edges of D, and in order to present formula for these, we separate

them into two cases. As shown in figure 4.4, in case 1, we consider the flux

integral over the right and left edges, and on the other hand, we consider the flux

integral over top and bottom edges in case 2.

Figure 4.4: A general quadrilateral with normal η split into two cases.

Case 1.

For the nodes zα,β− 1
4

and zα,β+ 1
4
, where α = j + 1

4
or j − 1

4
and β = k or k+ 1

2
, we

define the flux across these two nodes by

Hα,β :=
1

∆t

∫ tn+1

tn

∫ z
α,β+1

4

z
α,β− 1

4

[
ηxα,β (f(∆q + q̃)− f(q̃))

+ ηyα,β (g(∆q + q̃)− g(q̃))
]
dsdt

(4.19)

Applying the midpoint rule in time and the trapezoidal rule in space to (4.19), we
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obtain

Hα,β =

∫ z
α,β+1

4

z
α,β− 1

4

[
ηxα,β

(
f(∆qn+ 1

2 + q̃)− f(q̃)
)

+ ηyα,β

(
g(∆qn+ 1

2 + q̃)− g(q̃)
)]
ds

=
|zα,β+ 1

4
− zα,β− 1

4
|

2

{
ηxα,β

[
f(∆q

n+ 1
2

α,β− 1
4

+ q̃α,β− 1
4
)− f(q̃α,β− 1

4
)

+f(∆q
n+ 1

2

α,β+ 1
4

+ q̃α,β+ 1
4
)− f(q̃α,β+ 1

4
)
]

+ ηyα,β

[
g(∆q

n+ 1
2

α,β− 1
4

+ q̃α,β− 1
4
)− g(q̃α,β− 1

4
)

+g(∆q
n+ 1

2

α,β+ 1
4

+ q̃α,β+ 1
4
)− g(q̃α,β+ 1

4
)
]}

(4.20)

where the unit normal vectors ηα,β are

ηα,k =
(yα,k+ 1

4
− yα,k− 1

4
, xα,k+ 1

4
− xα,k− 1

4
)

|zα,β+ 1
4
− zα,β− 1

4
|

and ηα,k+ 1
2

= (1, 0). (4.21)

Case 2.

For the nodes zα− 1
4
,β and zα+ 1

4
,β, where α = j or j + 1

2
and β = k+ 1

4
or k− 1

4
, we

define the flux across these two nodes by

Hα,β :=
1

∆t

∫ tn+1

tn

∫ z
α+1

4 ,β

z
α− 1

4 ,β

[
ηxα,β (f(∆q + q̃)− f(q̃))

+ ηyα,β (g(∆q + q̃)− g(q̃))
]
dsdt

(4.22)

Likewise, applying the midpoint rule in time and the trapezoidal rule in space to

(4.22) results in

Hα,β =

∫ z
α+1

4 ,β

z
α− 1

4 ,β

[
ηxα,β

(
f(∆qn+ 1

2 + q̃)− f(q̃)
)

+ ηyα,β

(
g(∆qn+ 1

2 + q̃)− g(q̃)
)]
ds

=
|zα+ 1

4
,β − zα− 1

4
,β|

2

{
ηxα,β

[
f(∆q

n+ 1
2

α− 1
4
,β

+ q̃α− 1
4
,β)− f(q̃α− 1

4
,β)

+f(∆q
n+ 1

2

α+ 1
4
,β

+ q̃α+ 1
4
,β)− f(q̃α+ 1

4
,β)
]

+ ηyα,β

[
g(∆q

n+ 1
2

α− 1
4
,β

+ q̃α− 1
4
,β)− g(q̃α− 1

4
,β)

+g(∆q
n+ 1

2

α+ 1
4
,β

+ q̃α+ 1
4
,β)− g(q̃α+ 1

4
,β)
]}

(4.23)

where the unit normal vectors ηα,β are

ηj,β =
(yj− 1

4
,β − yj+ 1

4
,β, xj+ 1

4
,β − xj− 1

4
,β)

|zα+ 1
4
,β − zα− 1

4
,β|

and ηj+ 1
2
,β = (0, 1). (4.24)
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To obtain the solution at the points zj± 1
4
,k± 1

4
,we apply the Taylor expansion twice

(once in time and once in space), and then get the second-order approximation

∆q
n+ 1

2

j± 1
4
,k± 1

4

:= ∆qn
j± 1

4
,k± 1

4
+

∆t

2
((∆q)t)

n
j± 1

4
,k± 1

4

= ∆qn
j± 1

4
,k± 1

4
−∆t

2

[
[(f(∆q + q̃)− f(q̃))x]

n
j± 1

4
,k± 1

4

+ [(g(∆q + q̃)− g(q̃))y]
n
j± 1

4
,k± 1

4

]
+

∆t

2
S(∆q)n

j± 1
4
,k± 1

4

:= ∆qn
j± 1

4
,k± 1

4
−∆t

2

[
[(f(∆q + q̃)− f(q̃))x]

n
j,k + [(g(∆q + q̃)− g(q̃))y]

n
j,k

]
+

∆t

2
S(∆q)n

j± 1
4
,k± 1

4
,

(4.25)

where the values of ∆qn
j± 1

4
,k± 1

4

are estimated by the Taylor expansion:

∆qn
j± 1

4
,k± 1

4
:= ∆qnj,k + (xj± 1

4
,k± 1

4
− xj)(∆qx)nj,k + (yj± 1

4
,k± 1

4
− yk)(∆qy)nj,k, (4.26)

and the slopes (F (∆q)x)
n
j,k := ((f(∆q+ q̃)−f(q̃))x)

n
j,k and (G(∆q)y)

n
j,k := ((g(∆q+

q̃)− g(q̃))y)
n
j,k are obtained by using the (MC − θ) limiter:

(F (∆q)x)
n
j,k = minmod

(
θ∆+

x

(
F (∆qnj,k)

)
, ∆0

x

(
F (∆qnj,k)

)
, θ∆−x

(
F (∆qnj,k)

))
,

(G(∆q)y)
n
j,k = minmod

(
θ∆+

y

(
G(∆qnj,k)

)
, ∆0

y

(
G(∆qnj,k)

)
, θ∆−y

(
G(∆qnj,k)

))
,

θ ∈ [1, 2]

(4.27)

Equipped with (4.20), (4.21), (4.23) and (4.24), the flux integral on (4.16) results

in

1

|Dα,β|

∫ tn+1

tn

∮
∂Dα,β

ηx[f(∆q+q̃)− f(q̃)] + ηy[g(∆q + q̃)− g(q̃)]dxdydt

=
∆tn

|Dα,β|

[
Hα+ 1

4
,β −Hα− 1

4
,β +Hα,β+ 1

4
−Hα,β− 1

4

]
(4.28)

Finally we consider the last integral on (4.16). To evaluate the average of the

source term, we use the midpoint rule and the value at center of mass ∆q(zIj,k, t)
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to define the approximation of the source term:

1

|Dj,k|

∫ tn+1

tn

∫∫
Dj,k

S(∆q(x, y, t))dxdydt

:=
∆t

|Dj,k|

∫∫
Dj,k

S(∆q(x, y, tn+ 1
2 ))dxdy

=
∆t

|Dj,k|
|Dj,k|S(∆q(zCj,k, t

n+ 1
2 ))

=: ∆tSDj,k(∆q)

(4.29)

1

|Dj+ 1
2
,k|

∫ tn+1

tn

∫∫
D
j+1

2 ,k

S(∆q(x, y, t))dxdydt

:=
∆t

|Dj+ 1
2
,k|

∫∫
D
j+1

2 ,k

S(∆q(x, y, tn+ 1
2 ))dxdy

=
∆t

|Dj+ 1
2
,k|

[∫∫
CEj,k

S(∆q(x, y, tn+ 1
2 ))dxdy +

∫∫
CWj+1,k

S(∆q(x, y, tn+ 1
2 ))dxdy

]
=

∆t

|Dj+ 1
2
,k|

[
|CE

j,k|S(∆q(zEj,k, t
n+ 1

2 )) + |CW
j+1,k|S(∆q(zWj+1,k, t

n+ 1
2 ))
]

=: ∆tSD
j+1

2 ,k
(∆q)

(4.30)

1

|Dj,k+ 1
2
|

∫ tn+1

tn

∫∫
D
j,k+1

2

S(∆q(x, y, t))dxdydt

:=
∆t

|Dj,k+ 1
2
|

∫∫
D
j,k+1

2

S(∆q(x, y, tn+ 1
2 ))dxdy

=
∆t

|Dj,k+ 1
2
|

[∫∫
CNj,k

S(∆q(x, y, tn+ 1
2 ))dxdy +

∫∫
CSj,k+1

S(∆q(x, y, tn+ 1
2 ))dxdy

]
=

∆t

|Dj,k+ 1
2
|

[
|CN

j,k|S(∆q(zNj,k, t
n+ 1

2 )) + |CS
j,k+1|S(∆q(zSj,k+1, t

n+ 1
2 ))
]

=: ∆tSD
j,k+1

2

(∆q)

(4.31)
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1

|Dj+ 1
2
,k+ 1

2
|

∫ tn+1

tn

∫∫
D
j+1

2 ,k+
1
2

S(∆q(x, y, t))dxdydt

:=
∆t

|Dj+ 1
2
,k+ 1

2
|

∫∫
D
j+1

2 ,k+
1
2

S(∆q(x, y, tn+ 1
2 ))dxdy

=
∆t

|Dj+ 1
2
,k+ 1

2
|
[

∫∫
CNEj,k

S(∆q(x, y, tn+ 1
2 ))dxdy +

∫∫
CNWj+1,k

S(∆q(x, y, tn+ 1
2 ))dxdy

+

∫∫
CSEj,k+1

S(∆q(x, y, tn+ 1
2 ))dxdy +

∫∫
CSWj+1,k+1

S(∆q(x, y, tn+ 1
2 ))dxdy]

=
∆t

|Dj+ 1
2
,k+ 1

2

[|CNE
j,k |S(∆q(zNEj,k , t

n+ 1
2 )) + |CNW

j+1,k|S(∆q(zNWj+1,k, t
n+ 1

2 ))

+ |CSE
j,k+1|S(∆q(zSEj,k+1, t

n+ 1
2 )) + |CSW

j+1,k+1|S(∆q(zSWj+1,k+1, t
n+ 1

2 ))]

=: ∆tSD
j+1

2 ,k+
1
2

(∆q)

(4.32)

Similar to the approximation (4.25), the value of ∆q(zIj,k, t
n+ 1

2 ) is given by the

Taylor expansion,

∆q
n+ 1

2

zIj,k
:= ∆qnzIj,k

+
∆t

2
(∆qt)

n
zIj,k

= ∆qnzIj,k
−∆t

2

[
[(f(∆q + q̃)− f(q̃))x]

n
zIj,k

+ [(g(∆q + q̃)− g(q̃))y]
n
zIj,k

]
+

∆t

2
S(∆q)nzIj,k

:= ∆qnzIj,k
−∆t

2

[
[(f(∆q + q̃)− f(q̃))x]

n
j,k + [(g(∆q + q̃)− g(q̃))y]

n
j,k

]
+

∆t

2
S(∆q)nzIj,k

(4.33)

To summarize this evolution step, we substitute the results of the cell-average

(∆q)nD (4.18), the flux integral (4.28), and the source integral (4.29)-(4.32) for

(4.16),

wn+1
Dα,β

= ∆qnDα,β −
∆tn

|Dα,β|

[
Hα+ 1

4
,β −Hα− 1

4
,β +Hα,β+ 1

4
− Hα,β− 1

4

]
+ ∆tSDα,β(∆q),

(4.34)

where α = j or j ± 1
2

and β = k or k ± 1
2
.

4.1.3 Projection

At this final procedure, we project the intermediate solutions wn+1
D in (4.34) back

onto the original uniform cell Cj,k. In order to smooth the solution in this step,
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we need to define a piecewise-linear reconstruction W̃ n+1(x, y). Then we can

integrate it over the original cell Cj,k to obtain the new cell-average at tn+1,

(∆q)n+1
j,k =

1

∆x∆y

∫∫
Cj,k

W̃ n+1(x, y) dxdy. (4.35)

We discuss the reconstruction W̃ n+1 over smooth and unsmooth domains sepa-

rately. Firstly, considering the central smooth subdomain Dj,k, since Dj,k ⊂ Cj,k,

the intermediate solution wn+1
Dj,k

is smooth enough and does not need a reconstruc-

tion. Thus,

W̃ n+1(x, y) = wn+1
Dj,k

for (x, y) ∈ Dj,k. (4.36)

Next, we consider the unsmooth subdomains Dα,β with (α, β) = (j + 1
2
, k),

(j + 1
2
, k + 1

2
), or (j, k + 1

2
), and define the reconstruction of Dα,β by

W̃ n+1
Dα,β

= wn+1
Dα,β

+ (x− zn,xDα,β)(wx)
n+1
Dα,β

+ (y − zn,yDα,β)(wy)
n+1
Dα,β

(4.37)

where znDα,β denote the center of the mass of domain Dα,β, and the spatial deriva-

tives are determined by

(wx)
n+1
Dα,β

= minmod(θ
wn+1
Dα,β
− wn+1

D
α− 1

2 ,β

zn,xDα,β − z
n,x
D
α− 1

2 ,β

,
wn+1
D
α+1

2 ,β
− wn+1

D
α− 1

2 ,β

zn,xD
α+1

2 ,β
− zn,xD

α− 1
2 ,β

, θ
wn+1
D
α+1

2 ,β
− wn+1

Dα,β

zn,xD
α+1

2 ,β
− zn,xDα,β

)

(wy)
n+1
Dα,β

= minmod(θ
wn+1
Dα,β
− wn+1

D
α,β− 1

2

zn,yDα,β − z
n,y
D
α,β− 1

2

,
wn+1
D
α,β+1

2

− wn+1
D
α,β− 1

2

zn,yD
α,β+1

2

− zn,yD
α,β− 1

2

, θ
wn+1
D
α,β+1

2

− wn+1
Dα,β

zn,yD
α,β+1

2

− zn,yDα,β
),

1 ≤ θ ≤ 2.

(4.38)

Finally, with the above reconstruction W̃ n+1(x, y), we can complete the approx-

imation of integral on the right-hand-side of (4.35) and obtain our new cell-average

at tn+1,

(∆q)n+1
j,k =

1

∆x∆y

[
|Dj,k|wn+1

Dj,k
+ |CE

j,k|W n+1
j+ 1

2
,k

+ |CNE
j,k |W n+1

j+ 1
2
,k+ 1

2

+|CN
j,k|W n+1

j,k+ 1
2

+ |CNW
j,k |W n+1

j− 1
2
,k+ 1

2

+ |CW
j,k|W n+1

j− 1
2
,k

+|CSW
j,k |W n+1

j− 1
2
,k− 1

2

+ |CS
j,k|W n+1

j,k− 1
2

+ |CSE
j,k |W n+1

j+ 1
2
,k− 1

2

]
.

(4.39)

In order to get the desired solution qn+1
j,k , we add the hydrostatic solution q̃j,k and

the computational solution (∆q)n+1
j,k ,

qn+1
j,k = (∆q)n+1

j,k + q̃j,k. (4.40)
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4.2 2D Semi-discrete scheme

In this section, we construct a 2D semi-discrete scheme from another KT-type

fully-discrete scheme. In section 4.1, we split the control cell to nine subdomains

to consider the values at the interfaces, and the nodes of the subdomains are de-

cided by the wave speed a±
j+ 1

2
,k

and b±
j,k+ 1

2

in the x- and y direction. Likewise, the

wave speed are again used to decide the ranges of the subdomains in this section;

nevertheless, compared to section 4.1, the rectangle subdomains are considered

in the following scheme. The reason that we choose the rectangle subdomains

instead of the trapezoid is that the area of the rectangle is easier to be formalized

and it helps us for computation.

In order to construct the semi-discrete scheme, we firstly build the fully-discrete

scheme. We follow the three-step structure as before: Reconstruction, Evolution,

Projection. In this section, we refer to [8], [9] and [16].

Reconstruction

In this step, we use the same piecewise linear interpolant in (4.6) , and the same

approximations of the derivatives at x- and y direction in (4.7)-(4.8).

Evolution

Here, we adopt the same approximation in (4.10) to compute the reconstructed

values at the interfaces,

q−
j+ 1

2
,k

:= qnj,k +
∆x

2
(qx)

n
j,k, q+

j+ 1
2
,k

:= qnj+1,k −
∆x

2
(qx)

n
j+1,k,

q−
j,k+ 1

2

:= qnj,k +
∆y

2
(qy)

n
j,k, q+

j,k+ 1
2

:= qnj,k+1 −
∆y

2
(qy)

n
j,k+1,

(4.41)

and the similar definition of the wave speeds used in (4.9),

a+
j+ 1

2
,k

:= max

{
λN

(
∂

∂q
f(q+

j+ 1
2
,k

)

)
, λN

(
∂

∂q
f(q−

j+ 1
2
,k

)

)
, 0

}
,

a−
j+ 1

2
,k

:= min

{
λ1

(
∂

∂q
f(q+

j+ 1
2
,k

)

)
, λ1

(
∂

∂q
f(q−

j+ 1
2
,k

)

)
, 0

}
,

b+
j,k+ 1

2

:= max

{
λN

(
∂

∂q
g(q+

j,k+ 1
2

)

)
, λN

(
∂

∂q
g(q−

j,k+ 1
2

)

)
, 0

}
,

b−
j,k+ 1

2

:= min

{
λ1

(
∂

∂q
g(q+

j,k+ 1
2

)

)
, λ1

(
∂

∂q
g(q−

j,k+ 1
2

)

)
, 0

}
.

(4.42)

As we mentioned earlier, to estimate the values over the Riemann fans, we split

the control cell to nine nonuniform rectangle subdomains, outlined in figure 4.5.
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subdomain.png

Figure 4.5: 2D set-up (Reference: Figure 3.2 in [9])

The ranges of the subdomains are defined by

Dj+ 1
2
,k := [xj+ 1

2
+ a−

j+ 1
2
,k

∆t,xj+ 1
2

+ a+
j+ 1

2
,k

∆t]

× [yk− 1
2

+B+
j+ 1

2
,k− 1

2

∆t, yk+ 1
2

+B−
j+ 1

2
,k+ 1

2

∆t],

Dj,k+ 1
2

:= [xj− 1
2

+ A+
j− 1

2
,k+ 1

2

∆t,xj+ 1
2

+ A−
j+ 1

2
,k+ 1

2

∆t]

× [yk+ 1
2

+ b−
j,k+ 1

2

∆t, yk+ 1
2

+ b+
j,k+ 1

2

∆t],

Dj+ 1
2
,k+ 1

2
:= [xj+ 1

2
+ A−

j+ 1
2
,k+ 1

2

∆t,xj+ 1
2

+ A+
j+ 1

2
,k+ 1

2

∆t]

× [yk+ 1
2

+B−
j+ 1

2
,k+ 1

2

∆t, yk+ 1
2

+B+
j+ 1

2
,k+ 1

2

∆t],

Dj,k := [xj− 1
2
, xj+ 1

2
]× [yk− 1

2
, yk+ 1

2
] \
⋃
±

[Dj,k± 1
2
∪Dj± 1

2
,k ∪Dj± 1

2
,k± 1

2
],

(4.43)

where

A+
j+ 1

2
,k+ 1

2

:= max
{
a+
j+ 1

2
,k
, a+

j+ 1
2
,k+1

}
, B+

j+ 1
2
,k+ 1

2

:= max
{
b+
j,k+ 1

2

, b+
j+1,k+ 1

2

}
,

A−
j+ 1

2
,k+ 1

2

:= max
{
a−
j+ 1

2
,k
, a−

j+ 1
2
,k+1

}
, B−

j+ 1
2
,k+ 1

2

:= max
{
b−
j,k+ 1

2

, b−
j+1,k+ 1

2

}
.

(4.44)

Next, applying (4.14) to subdomain Dj+ 1
2
,k−, Dj,k+ 1

2
−, Dj+ 1

2
,k+ 1

2
− and Dj,k ×
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[tn, tn+1] to compute the interpolation at time tn+1, it yields

wn+1
j+ 1

2
,k

=
1

|Dj+ 1
2
,k|

∫
D
j+1

2 ,k

Q(x, y, tn) dxdy

−
∫ tn+1

tn

∫ y
k+1

2
+B−

j+1
2 ,k+

1
2

∆t

y
k− 1

2
+B+

j+1
2 ,k−

1
2

∆t

[f(∆q + q̃)− f(q̃)]
x
j+1

2
+a+

j+1
2 ,k

∆t

x=x
j+1

2
+a−

j+1
2 ,k

∆t
dydt

−
∫ tn+1

tn

∫ x
j+1

2
+a+

j+1
2 ,k

∆t

x
j+1

2
+a−

j+1
2 ,k

∆t

[g(∆q + q̃)− g(q̃)]
y
j+1

2
+B−

j+1
2 ,k+

1
2

∆t

y=y
k− 1

2
+B+

j+1
2 ,k+

1
2

∆t
dxdt

+

∫ tn+1

tn

∫∫
D
j+1

2 ,k

S(∆q) dxdydt

 ,
(4.45)

wn+1
j,k+ 1

2

=
1

|Dj,k+ 1
2
|

∫
D
j,k+1

2

Q(x, y, tn) dxdy

−
∫ tn+1

tn

∫ y
k+1

2
+b+

j,k+1
2

∆t

y
k+1

2
+b−

j,k+1
2

∆t

[f(∆q + q̃)− f(q̃)]
x
j+1

2
+A−

j+1
2 ,k+

1
2

∆t

x=x
j− 1

2
+A+

j− 1
2 ,k+

1
2

∆t
dydt

−
∫ tn+1

tn

∫ x
j+1

2
+A−

j+1
2 ,k+

1
2

∆t

x
j− 1

2
+A+

j− 1
2 ,k+

1
2

∆t

[g(∆q + q̃)− g(q̃)]
y
k+1

2
+b+

j,k+1
2

∆t

y=
k+1

2
+b−

j,k+1
2

∆t
dxdt

+

∫ tn+1

tn

∫∫
D
j,k+1

2

S(∆q) dxdydt

 ,
(4.46)

wn+1
j+ 1

2
,k+ 1

2

=
1

|Dj+ 1
2
,k+ 1

2
|

∫
D
j+1

2 ,k+
1
2

Q(x, y, tn) dxdy

−
∫ tn+1

tn

∫∫
D
j+1

2 ,k+
1
2

[f(∆q + q̃)− f(q̃)]x dxdydt

−
∫ tn+1

tn

∫∫
D
j+1

2 ,k+
1
2

[g(∆q + q̃)− g(q̃)]y dxdydt

+

∫ tn+1

tn

∫∫
D
j+1

2 ,k+
1
2

S(∆q) dxdydt

 ,

(4.47)
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wn+1
j,k =

1

|Dj,k|

[∫
Dj,k

Q(x, y, tn) dxdy

−
∫ tn+1

tn

∫∫
Dj,k

[f(∆q + q̃)− f(q̃)]x dxdydt

−
∫ tn+1

tn

∫∫
Dj,k

[g(∆q + q̃)− g(q̃)]y dxdydt

+

∫ tn+1

tn

∫∫
Dj,k

S(∆q) dxdydt

]
.

(4.48)

Projection

Finally, we project the intermediate cell-average back onto the uniform cell Cj,k =

[xj− 1
2
, xj+ 1

2
]× [yk− 1

2
, yk+ 1

2
]. Then we obtain

(∆q)n+1
j,k =

1

∆x∆y

[∫∫
C
E(W )
j,k

W̃ n+1
j± 1

2
,k

(x, y)dxdy +

∫∫
C
N(S)
j,k

W̃ n+1
j,k± 1

2

(x, y)dxdy

+

∫∫
C
NE(NW )(SW )(SE)
j,k

W̃ n+1
j± 1

2
,k± 1

2

(x, y)dxdy +

∫∫
Dj,k

wn+1
j,k (x, y)dxdy

]
(4.49)

where subdomains CI
j,k, I = {E,W,N, S,NE,NW,SW,SE} are defined in (4.17).

Here the reconstruction W̃ n+1(x, y) is defined similarly to the (4.37) that

W̃ n+1
j+ 1

2
,k

= wn+1
j+ 1

2
,k

+ (x− xn+1
j+ 1

2
,k

)(wx)
n+1
j+ 1

2
,k

+ (y − xn+1
j+ 1

2
,k

)(wy)
n+1
j+ 1

2
,k
, (4.50)

where

xn+1
j+ 1

2
,k

:= xj+ 1
2

+
a−
j+ 1

2
,k

+ a+
j+ 1

2
,k

2
∆t,

yn+1
j+ 1

2
,k

:= yk +
B+
j+ 1

2
,k− 1

2

+B−
j+ 1

2
,k+ 1

2

2
∆t,

(4.51)

are the coordinates of the center of Dj+ 1
2
,k, and (wx)

n+1
j+ 1

2
,k

and (wy)
n+1
j+ 1

2
,k

are the

x- and y derivatives. The reconstruction W̃ n+1
j,k+ 1

2

and W̃ n+1
j+ 1

2
,k+ 1

2

are defined in the

similar way. Due to that wn+1
j,k is smooth enough, we have W̃ n+1

j,k = wn+1
j,k .

Next, we proceed to the construction of semi-discrete scheme.

Semi-discrete scheme
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With the definition of (4.49), to obtain the semi-discrete scheme we compute that

d(∆q)j,k(t)

dt
= lim

∆t→0

∆qn+1
j,k −∆qnj,k

∆t

= lim
∆t→0

1

∆t

[
1

∆x∆y

(∫∫
C
E(W )
j,k

W̃ n+1
j± 1

2
,k

(x, y)dxdy

+

∫∫
C
N(S)
j,k

W̃ n+1
j,k± 1

2

(x, y)dxdy +

∫∫
C
NE(NW )(SE)(SW )
j,k

W̃ n+1
j± 1

2
,k± 1

2

(x, y)dxdy

+

∫∫
Dj,k

wn+1
j,k (x, y)dxdy

)
−∆qn

]
(4.52)

Due to the conservation property, the last integral on the right-hand-side of (4.52)

has the relation that ∫∫
Dj,k

wn+1
j,k (x, y)dxdy = |Dj,k|wn+1

j,k . (4.53)

For S = (j ± 1
2
, k), (j, k ± 1

2
), (j ± 1

2
, k ± 1

2
), according to the approximation of

W̃ n+1
S (x, y) in (4.50) and assuming the spatial derivatives are bounded indepen-

dently of ∆t, the relation between W̃ n+1
S and wn+1

S is that

W̃ n+1
S (x, y) = wn+1

S +O(∆t) (4.54)

Since the areas of the domain C
E(W )
j,k , C

N(S)
j,k , and C

NE(NW )(SE)(SW )
j,k are evaluated

by

|CE(W )
j,k | = ∆t∆y(∓a∓

j± 1
2
,k

) +O((∆t)2),

|CN(S)
j,k | = ∆t∆x(∓b∓

j,k± 1
2

) +O((∆t)2),

|CNE(NW )(SE)(SW )
j,k | = O((∆t)2),

(4.55)

the relation between W̃ n+1
S and wn+1

S can be written as∫∫
C
E(W )
j,k

W̃j± 1
2
,kdxdy = |CE(W )

j,k |wn+1
j± 1

2
,k

+O((∆t)2),∫∫
C
N(S)
j,k

W̃j,k± 1
2
dxdy = |CN(S)

j,k |w
n+1
j,k± 1

2

+O((∆t)2),∫∫
C
NE(NW )(SE)(SW )
j,k

W̃ n+1
j± 1

2
,k± 1

2

dxdy = O((∆t)2).

(4.56)
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As ∆t→ 0, the values at the corner vanish, because the area are proportional to

(∆t)2. Thus, (4.52) reduces to

d(∆q)j,k(t)

dt
= lim

∆t→0

1

∆t

[
1

∆x∆y

(
|CE(W )

j,k |wn+1
j± 1

2
,k

+ |CN(S)
j,k |w

n+1
j,k± 1

2

+ |Dj,k|wn+1
j,k

)
−∆qnj,k

]
(4.57)

Applying the areas of C
E(W )
j,k and C

N(S)
j,k to the first and the second term on the

right-hand-side of (4.57) respectively, we obtain that

lim
∆t→0

|CE(W )
j,k |

∆t∆x∆y
wn+1
j± 1

2
,k

= −
a∓
j± 1

2
,k

∆x
lim

∆t→0
wn+1
j± 1

2
,k
,

lim
∆t→0

|CN(S)
j,k |

∆t∆x∆y
wn+1
j,k± 1

2

= −
b∓
j,k± 1

2

∆y
lim

∆t→0
wn+1
j,k± 1

2

.

(4.58)

Then using the approximations of wn+1
j+ 1

2
,k

and wn+1
j,k+ 1

2

in (4.45) and (4.46) to sub-

stitute the values in (4.58) results in

lim
∆t→0

|CE(W )
j,k |

∆t∆x∆y
wn+1
j± 1

2
,k

=− 1

(a+
j± 1

2
,k
− a−

j± 1
2
,k

)∆x
×

[
a−
j± 1

2
,k
a+
j± 1

2
,k

(∆q)
W (E)
j±1,k − (a∓

j± 1
2
,k

)2(∆q)
E(W )
j,k

]
+

a∓
j± 1

2
,k

(a+
j± 1

2
,k
− a−

j± 1
2
,k

)∆x

[
F ((∆q)

W (E)
j±1,k )− F ((∆q)

E(W )
j,k )

]
,

lim
∆t→0

|CN(S)
j,k |

∆t∆x∆y
wn+1
j,k± 1

2

=− 1

(b+
j,k± 1

2

− b−
j,k± 1

2

)∆y
×

[
b−
j,k± 1

2

b+
j,k± 1

2

(∆q)
S(N)
j,k±1 − (b∓

j,k± 1
2

)2(∆q)
N(S)
j,k

]
+

b∓
j,k± 1

2

(b+
j,k± 1

2

− b−
j,k± 1

2

)∆y

[
G((∆q)

S(N)
j,k±1)−G((∆q)

N(S)
j,k )

]
,

(4.59)

where

F ((∆q)Wj+1,k) = f((∆q)Wj+1,k + q̃j+ 1
2
,k)− f(q̃j+ 1

2
,k),

F ((∆q)Ej,k) = f((∆q)Ej,k + q̃j+ 1
2
,k)− f(q̃j+ 1

2
,k),

G((∆q)Sj,k+1) = g((∆q)Sj,k+1 + q̃j,k+ 1
2
)− g(q̃j,k+ 1

2
),

G((∆q)Nj,k) = g((∆q)Nj,k + q̃j,k+ 1
2
)− g(q̃j,k+ 1

2
),

(4.60)
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and

F ((∆q)Ej−1,k) = f((∆q)Ej−1,k + q̃j− 1
2
,k)− f(q̃j− 1

2
,k),

F ((∆q)Wj,k) = f((∆q)Wj,k + q̃j− 1
2
,k)− f(q̃j− 1

2
,k),

G((∆q)Nj,k−1) = g((∆q)Nj,k−1 + q̃j,k− 1
2
)− g(q̃j,k− 1

2
),

G((∆q)Sj,k) = g((∆q)Sj,k + q̃j,k− 1
2
)− g(q̃j,k− 1

2
).

(4.61)

Here, the notation (∆q)I with I = {E,W,N, S} is defined similarly to (4.41) by

(∆q)Ej,k := (∆q)nj,k +
∆x

2
((∆q)x)

n
j,k, (∆q)Wj,k := (∆q)nj,k −

∆x

2
((∆q)x)

n
j,k,

(∆q)Nj,k := (∆q)nj,k +
∆y

2
((∆q)y)

n
j,k, (∆q)Sj,k := (∆q)nj,k −

∆y

2
((∆q)y)

n
j,k,

(4.62)

with the MC − θ limiter

((∆q)x)
n
j,k

:= minmod

(
θ

(∆q)nj,k − (∆q)nj−1,k

∆x
,
(∆q)nj+1,k − (∆q)nj−1,k

2∆x
, θ

(∆q)nj+1,k − (∆q)nj,k
∆x

)
,

((∆q)x)
n
j,k

:= minmod

(
θ

(∆q)nj,k − (∆q)nj,k−1

∆y
,
(∆q)nj,k+1 − (∆q)nj,k−1

2∆y
, θ

(∆q)nj,k+1 − (∆q)nj,k
∆y

)
,

(4.63)

and 1 ≤ θ ≤ 2. The detailed computation of (4.59) is similar to the derivation

in section 3.3 of [8].

Next, we consider the rest terms on the right-hand-side of (4.57). The sub-

domain Dj,k can be regarded as a rectangle when ∆t→ 0, up to small corners of

a negligible size O((∆t)2). Applying (4.48) to the rest terms yields that

lim
∆t→0

1

∆t

[
1

∆x∆y
|Dj,k|wn+1

j,k −∆qnj,k

]
=[

a−
j+ 1

2
,k

∆x
(∆q)Ej,k +

b−
j,k+ 1

2

∆y
(∆q)Nj,k −

a+
j− 1

2
,k

∆x
(∆q)Wj,k −

b+
j,k− 1

2

∆y
(∆q)Sj,k

]
− 1

∆x

[
F ((∆q)Ej,k)− F ((∆q)Wj,k)

]
− 1

∆y

[
G((∆q)Nj,k)−G((∆q)Sj,k)

]
+ S((∆q)j,k)]

(4.64)

Finally, combining (4.59) and (4.64), the semi-discrete scheme takes form of

d

dt
(∆q)j,k(t) = −

Hx
j+ 1

2
,k

(t)−Hx
j− 1

2
,k

(t)

∆x
−
Hy

j,k+ 1
2

(t)−Hy

j,k− 1
2

(t)

∆y
+ S((∆q)j,k(t))

(4.65)
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with the numerical fluxes

Hx
j+ 1

2
,k

=
a+
j+ 1

2
,k
F ((∆q)Ej,k)− a−j+ 1

2
,k
F ((∆q)Wj+1,k)

a+
j+ 1

2
,k
− a−

j+ 1
2
,k

+
a+
j+ 1

2
,k
a−
j+ 1

2
,k

a+
j+ 1

2
,k
− a−

j+ 1
2
,k

[
(∆q)Wj+1,k − (∆q)Ej,k

]
,

Hy

j,k+ 1
2

=
b+
j,k+ 1

2

G((∆q)Nj,k)− b−j,k+ 1
2

G((∆q)Sj,k+1)

b+
j,k+ 1

2

− b−
j,k+ 1

2

+
b+
j,k+ 1

2

b−
j,k+ 1

2

b+
j,k+ 1

2

− b−
j,k+ 1

2

[
(∆q)Sj,k+1 − (∆q)Nj,k

]
.

(4.66)

4.3 Maximum Principle

In this section, we discuss the maximum principle of the 2D semi-discrete scheme

(4.65) applied to homogeneous scalar conservation laws,

d

dt
(∆q)j,k(t) = −

Hx
j+ 1

2
,k

(t)−Hx
j− 1

2
,k

(t)

∆x
−
Hy

j,k+ 1
2

(t)−Hy

j,k− 1
2

(t)

∆y
, (4.67)

with the numerical fluxes (4.66). For the following theorem we refer to [3], [9]

and [11].

Theorem 4.3.1 (Maximum principle) Consider the modified scalar conserva-

tion law

(∆q)t + [f(∆q + q̃)− f(q̃)]x + [g(∆q + q̃)− g(q̃)]y = 0. (4.68)

and the forward Euler time discretization of the 2-dimensional scheme (4.67)

(∆q)n+1
j,k = (∆q)nj,k −

∆tn

∆x

[
Hx
j+ 1

2
,k

(t)−Hx
j− 1

2
,k

(t)
]
− ∆tn

∆x

[
Hy

j,k+ 1
2

(t)−Hy

j,k− 1
2

(t)
]

(4.69)

with the numerical fluxes (4.66) and the minmod limiter (4.63).

Assume the following CFL condition holds:

max

(
∆tn

∆x
max

∆q
|F ′(∆q)| , ∆tn

∆y
max

∆q
|G′(∆q)|

)
≤ 1

8
, (4.70)

then the fully-discrete scheme (4.69) satisfies the maximum principle

max
j,k
{(∆q)n+1

j,k } ≤ max
j,k
{(∆q)nj,k}. (4.71)
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Proof. We begin with the explicit form of (4.69),

(∆q)n+1
j,k = (∆q)nj,k −

λn

(a+
j+ 1

2
,k
− a−

j+ 1
2
,k

)

[
a+
j+ 1

2
,k
F ((∆q)Ej,k)− a−j+ 1

2
,k
F ((∆q)Wj+1,k)

]
+

λn

(a+
j− 1

2
,k
− a−

j− 1
2
,k

)

[
a+
j− 1

2
,k
F ((∆q)Ej−1,k)− a−j− 1

2
,k
F ((∆q)Wj,k)

]

−
λn(a+

j+ 1
2
,k
a−
j+ 1

2
,k

)

a+
j+ 1

2
,k
− a−

j+ 1
2
,k

[
(∆q)Wj+1,k − (∆q)Ej,k

]
+
λn(a+

j− 1
2
,k
a−
j− 1

2
,k

)

a+
j− 1

2
,k
− a−

j− 1
2
,k

[
(∆q)Wj,k − (∆q)Ej−1,k

]
− µn

(b+
j,k+ 1

2

− b−
j,k+ 1

2

)

[
b+
j,k+ 1

2

G((∆q)Nj,k)− b−j,k+ 1
2

G((∆q)Sj,k+1)
]

+
µn

(b+
j,k− 1

2

− b−
j,k− 1

2

)

[
b+
j,k− 1

2

G((∆q)Nj,k−1)− b−
j,k− 1

2

G((∆q)Sj,k)
]

−
µn(b+

j,k+ 1
2

b−
j,k+ 1

2

)

b+
j,k+ 1

2

− b−
j,k+ 1

2

[
(∆q)Sj,k+1 − (∆q)Nj,k

]
+
µn(b+

j,k− 1
2

b−
j,k− 1

2

)

b+
j,k− 1

2

− b−
j,k− 1

2

[
(∆q)Sj,k − (∆q)Nj,k−1

]
.

(4.72)

All the terms on the right-hand of (4.72) are taken at the time step tn. By the

definition (4.62), we have the equality

(∆q)nj,k =
(∆q)Ej,k + (∆q)Wj,k + (∆q)Nj,k + (∆q)Sj,k

4
. (4.73)

Then we substitute (4.73) for (∆q)nj,k and adjust the other terms in (4.72),

(∆q)n+1
j,k =

(∆q)Ej,k + (∆q)Wj,k + (∆q)Nj,k + (∆q)Sj,k
4

+ λn

[
a−
j+ 1

2
,k

a+
j+ 1

2
,k
− a−

j+ 1
2
,k

[
F ((∆q)Wj+1,k)− F ((∆q)Ej,k)

]
− F ((∆q)Ej,k)

]

− λn
[

a+
j− 1

2
,k

a+
j− 1

2
,k
− a−

j− 1
2
,k

[
F ((∆q)Wj,k)− F ((∆q)Ej−1,k)

]
− F ((∆q)Wj,k)

]

− λn
(a+
j+ 1

2
,k
a−
j+ 1

2
,k

)

a+
j+ 1

2
,k
− a−

j+ 1
2
,k

[
(∆q)Wj+1,k − (∆q)Ej,k

]

+ λn
(a+
j− 1

2
,k
a−
j− 1

2
,k

)

a+
j− 1

2
,k
− a−

j− 1
2
,k

[
(∆q)Wj,k − (∆q)Ej−1,k

]
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+ µn

[
b−
j,k+ 1

2

b+
j,k+ 1

2

− b−
j,k+ 1

2

[
G((∆q)Sj,k+1)−G((∆q)Nj,k)

]
−G((∆q)Nj,k)

]

− µn
[

b+
j,k− 1

2

b+
j,k− 1

2

− b−
j,k− 1

2

[
G((∆q)Sj,k) +G((∆q)Nj,k−1)

]
−G((∆q)Sj,k)

]

− µn
(b+
j,k+ 1

2

b−
j,k+ 1

2

)

b+
j,k+ 1

2

− b−
j,k+ 1

2

[
(∆q)Sj,k+1 − (∆q)Nj,k

]

+ µn
(b+
j,k− 1

2

b−
j,k− 1

2

)

b+
j,k− 1

2

− b−
j,k− 1

2

[
(∆q)Sj,k − (∆q)Nj,k−1

]
. (4.74)

To simplify notations, we use the abbreviations used in [3]

∆x
j+ 1

2
,k

(∆q) := (∆q)Wj+1,k(t
n)− (∆q)Ej,k(t

n),

∆x
j,kF := F ((∆q)Ej,k)− F ((∆q)Wj,k)

∆x
j,kG := G((∆q)Nj,k)−G((∆q)Sj,k).

(4.75)

Then we rewrite the (4.74) as

(∆q)n+1
j,k =

(∆q)Ej,k + (∆q)Wj,k + (∆q)Nj,k + (∆q)Sj,k
4

+ λn

[
a−
j+ 1

2
,k

a+
j+ 1

2
,k
− a−

j+ 1
2
,k

∆x
j+ 1

2
,k
F

∆x
j+ 1

2
,k

(∆q)

[
(∆q)Wj+1,k − (∆q)Ej,k

]
−

∆x
j,kF

∆x
j,k(∆q)

[
(∆q)Ej,k − (∆q)Wj,k

]
−

a+
j− 1

2
,k

a+
j− 1

2
,k
− a−

j− 1
2
,k

∆x
j− 1

2
,k
F

∆x
j− 1

2
,k

(∆q)

[
(∆q)Wj,k − (∆q)Ej−1,k

]]

− λn
(a+
j+ 1

2
,k
a−
j+ 1

2
,k

)

a+
j+ 1

2
,k
− a−

j+ 1
2
,k

[
(∆q)Wj+1,k − (∆q)Ej,k

]

+ λn
(a+
j− 1

2
,k
a−
j− 1

2
,k

)

a+
j− 1

2
,k
− a−

j− 1
2
,k

[
(∆q)Wj,k − (∆q)Ej−1,k

]

+ µn

[
b−
j,k+ 1

2

b+
j,k+ 1

2

− b−
j,k+ 1

2

∆y

j,k+ 1
2

G

∆y

j,k+ 1
2

(∆q)

[
(∆q)Sj,k+1 − (∆q)Nj,k

]
−

∆y
j,kG

∆y
j,k(∆q)

[
(∆q)Nj,k − (∆q)Sj,k

]
−

b+
j,k− 1

2

b+
j,k− 1

2

− b−
j,k− 1

2

∆y

j,k− 1
2

G

∆y

j,k− 1
2

(∆q)

[
(∆q)Sj,k − (∆q)Nj,k−1

]]

− µn
(b+
j,k+ 1

2

b−
j,k+ 1

2

)

b+
j,k+ 1

2

− b−
j,k+ 1

2

[
(∆q)Sj,k+1 − (∆q)Nj,k

]
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+ µn
(b+
j,k− 1

2

b−
j,k− 1

2

)

b+
j,k− 1

2

− b−
j,k− 1

2

[
(∆q)Sj,k − (∆q)Nj,k−1

]
(4.76)

Collecting the coefficients of (∆q)Wj+1,k, (∆q)
E(W )
j,k , (∆q)Ej−1,k, and (∆q)Sj,k+1, (∆q)

N(S)
j,k ,

(∆q)Nj,k−1,

(∆q)n+1
j,k =λn

(
a−
j+ 1

2
,k

a+
j+ 1

2
,k
− a−

j+ 1
2
,k

∆x
j+ 1

2
,k
F

∆x
j+ 1

2
,k

(∆q)
−

a+
j+ 1

2
,k
a−
j+ 1

2
,k

a+
j+ 1

2
,k
− a−

j+ 1
2
,k

)
(∆q)Wj+1,k

+

[
1

4
− λn

(
a−
j+ 1

2
,k

a+
j+ 1

2
,k
− a−

j+ 1
2
,k

∆x
j+ 1

2
,k
F

∆x
j+ 1

2
,k

(∆q)
+

∆x
j,kF

∆x
j,k(∆q)

−
a+
j+ 1

2
,k
a−
j+ 1

2
,k

a+
j+ 1

2
,k
− a−

j+ 1
2
,k

)]
(∆q)Ej,k

+

[
1

4
+ λn

(
∆x
j,kF

∆x
j,k(∆q)

−
a+
j− 1

2
,k

a+
j− 1

2
,k
− a−

j− 1
2
,k

∆x
j− 1

2
,k
F

∆x
j− 1

2
,k

(∆q)

+
a+
j− 1

2
,k
a−
j− 1

2
,k

a+
j− 1

2
,k
− a−

j− 1
2
,k

)]
(∆q)Wj,k

+ λn

(
a+
j− 1

2
,k

a+
j− 1

2
,k
− a−

j− 1
2
,k

∆x
j− 1

2
,k
F

∆x
j− 1

2
,k

(∆q)
−

a+
j− 1

2
,k
a−
j− 1

2
,k

a+
j− 1

2
,k
− a−

j− 1
2
,k

)
(∆q)Ej−1,k

+ µn

(
b−
j,k+ 1

2

b+
j,k+ 1

2

− b−
j,k+ 1

2

∆y

j,k+ 1
2

G

∆y

j,k+ 1
2

(∆q)
−

b+
j,k+ 1

2

b−
j,k+ 1

2

b+
j,k+ 1

2

− b−
j,k+ 1

2

)
(∆q)Sj,k+1

+

[
1

4
− µn

(
b−
j,k+ 1

2

b+
j,k+ 1

2

− b−
j,k+ 1

2

∆y

j,k+ 1
2

G

∆y

j,k+ 1
2

(∆q)
+

∆y
j,kG

∆y
j,k(∆q)

−
b+
j,k+ 1

2

b−
j,k+ 1

2

b+
j,k+ 1

2

− b−
j,k+ 1

2

)]
(∆q)Nj,k

+

[
1

4
+ µn

(
∆y
j,kG

∆y
j,k(∆q)

−
b+
j,k− 1

2

b+
j,k− 1

2

− b−
j,k− 1

2

∆y

j,k− 1
2

G

∆y

j,k− 1
2

(∆q)

+
b+
j,k− 1

2

b−
j,k− 1

2

b+
j,k− 1

2

− b−
j,k− 1

2

)]
(∆q)Sj,k

+ µn

(
b+
j,k− 1

2

b+
j,k− 1

2

− b−
j,k− 1

2

∆y

j,k− 1
2

G

∆y

j,k− 1
2

(∆q)
−

b+
j,k− 1

2

b−
j,k− 1

2

b+
j,k− 1

2

− b−
j,k− 1

2

)
(∆q)Nj,k−1.

(4.77)

Next, we discuss the coefficients. Due to the lemma 3.1.1 and the fact that a±
j+ 1

2
,k

is the maximal speed on its direction, which is determined from the flux derivatives,
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(consult the definition (4.42)), we obtain the following inequalities:

a+
j+ 1

2
,k
≥ 0 and |

∆x
j+ 1

2
,k
F

∆x
j+ 1

2
,k

(∆q)
| ≤ a+

j+ 1
2
,k
,

a−
j+ 1

2
,k
≤ 0, and |

∆x
j+ 1

2
,k
F

∆x
j+ 1

2
,k

(∆q)
| ≤ −a−

j+ 1
2
,k
.

(4.78)

Hence, the rearranged coefficients of (∆q)Wj+1,k and (∆q)Ej−1,k are non-negative,

λn
(−a−

j+ 1
2
,k

)

a+
j+ 1

2
,k
− a−

j+ 1
2
,k︸ ︷︷ ︸

≥0

[
a+
j+ 1

2
,k
−

∆x
j+ 1

2
,k
F

∆x
j+ 1

2
,k

(∆q)

]
︸ ︷︷ ︸

≥0

≥ 0

λn
a+
j− 1

2
,k

a+
j− 1

2
,k
− a−

j− 1
2
,k︸ ︷︷ ︸

≥0

[
∆x
j− 1

2
,k
F

∆x
j− 1

2
,k

(∆q)
− a−

j− 1
2
,k

]
︸ ︷︷ ︸

≥0

≥ 0.

(4.79)

The coefficients of (∆q)Ej,k and (∆q)Wj,k are also non-negative due to the CFL as-

sumption (4.70). By the assumption (4.70), we have

λna+
j+ 1

2
,k
≤ 1

8
and − 1

8
≤ λna−

j+ 1
2
,k
. (4.80)

The above inequalities imply

λna+
j+ 1

2
,k
− λna−

j+ 1
2
,k
≤ 1

4

⇒ 4 ≤ 1

λna+
j+ 1

2
,k
− λna−

j+ 1
2
,k

⇒ − 1

2
≤

λna−
j+ 1

2
,k

λna+
j+ 1

2
,k
− λna−

j+ 1
2
,k

⇒
−λna−

j+ 1
2
,k

λna+
j+ 1

2
,k
− λna−

j+ 1
2
,k

≤ 1

2

(4.81)

Hence, the coefficient of (∆q)Ej,k is non-negative because of

1

4
+

(−a−
j+ 1

2
,k

)

a+
j+ 1

2
,k
− a−

j+ 1
2
,k︸ ︷︷ ︸

≤ 1
2

(
λn

∆x
j+ 1

2
,k
F

∆x
j+ 1

2
,k

(∆q)︸ ︷︷ ︸
≥− 1

8

−λna+
j+ 1

2
,k︸ ︷︷ ︸

≥− 1
8

)
−λn

∆x
j,kF

∆x
j,k(∆q)︸ ︷︷ ︸
≥− 1

8

≥ 0.
(4.82)

By the same way, the coefficient of (∆q)Wj,k can be proved to be non-negative, and

the other four coefficients as well. Since all the coefficients are non-negative and
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the sum of the coefficients are equal to 1, the combination on the right-hand-side

of (4.77) is a convex combination. Hence,

(∆q)n+1
j,k ≤ max

(
(∆q)Wj+1,k, (∆q)

E(W )
j,k , (∆q)Ej−1,k, (∆q)

S
j,k+1, (∆q)

N(S)
j,k , (∆q)Nj,k−1

)
.

Because of the definition of the intermediate values (∆q)E,W,S,N and the choice

of the derivative in (4.62), these intermediate values satisfy the local maximum

principle, (consult Theorem 1 of [11]),

max
(

(∆q)Wj+1,k, (∆q)
E(W )
j,k , (∆q)Ej−1,k, (∆q)

S
j,k+1, (∆q)

N(S)
j,k ,(∆q)Nj,k−1

)
≤ max

j,k
((∆q)nj,k).

Then the maximum principle: maxj,k(∆q)
n+1
j,k ≤ maxj,k(∆q)

n
j,k holds. �

With the help of Corollary 5.1 and Corollary 5.2 in [3], we can prove the

semi-discrete (4.67) satisfies maximum principle.

Notice that, since the maximum function is nonlinear, we can not prove the

maximum principle also holds for q(= ∆q + q̃) directly from the above theorem.

It needs some extraordinary approaches.
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Chapter 5

Numerical Results

In this chapter, we present the results of a number of numerical experiments in

the Euler system with gravitational source term by employing our designed well-

balanced schemes. In all the tests, the parameter of the (MC−θ) limiter is set as

θ = 1.5. With the help of the CFL condition, the computation of the time-step

is defined by

∆t = CFL · ∆x

max(|λk|)
, and

∆t = CFL ·min{ ∆x

max
j,k

(a+
j+ 1

2
,k
,−a−

j+ 1
2
,k

)
,

∆y

max
j,k

(b+
j,k+ 1

2

,−b−
j,k+ 1

2

)
}

(5.1)

for one-dimensional examples in section 5.1 and two-dimensional examples in sec-

tion 5.2, respectively. Here, λk denote the eigenvalues of the flux jacobian ∂f(q)
∂q

and the CFL number is taken to be 0.485 in 1D experiments and 0.45 in 2D

experiments.

In section 5.1.2, 5.1.4, 5.2.2 and section 5.2.4, we compare our solutions with

the solutions from [4]. The scheme described in [4] is the combination of the NT

scheme and the Deviation method.

5.1 1D Model

In this section, we test our one-dimensional scheme derived in section 3.1 and

consider the 1D Euler system with gravitational source term as follows,qt + f(q)x = S(q, x), x ∈ Ω ⊂ R, t > 0

q(x, 0) = q0(x),
(5.2)
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where

q =


ρ

ρu

E

 , f(q) =


ρu

ρu2 + p

(E + p)u

 , S(u) =


0

−ρφx
−ρuφx

 . (5.3)

The given function φ = φ(x) is the gravitational field and the ration of specific

heats γ is suggested to be 1.4 for an ideal gas.

5.1.1 Isothermal Equilibrium

(a) Density (b) Momentum

(c) Energy (d) Pressure

Figure 5.1: Results of 1D isothermal equilibrium

In the first experiment, we consider the steady isothermal state with a linear

gravitational field φx = g = 1 (see [10]). The isothermal equilibrium state is
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given by

ρ(x) = ρ0exp(−ρ0g

p0

x),

u(x) = 0,

p(x) = p0exp(−ρ0g

p0

x).

(5.4)

We set ρ0 = 1 and p0 = 1. The chosen stationary solution q̃ is the isothermal

equilibrium state. The solution is computed on the 200 grid points of the interval

[0, 1] with outflow boundary condition until the final time t = 0.25 and compared

with the exact solution. The figure 5.1 depicts the results of the density, momen-

tum, energy, and pressure.

5.1.2 Isothermal Equilibrium with Perturbation

The second experiment is related to the first one. We add a small perturbation

to the initial pressure, which is given by

p(x) = p0exp(−ρ0g

p0

x) + ηexp(−100
ρ0g

p0

(x− 0.5)2), (5.5)

with η = 0.001. The figure 5.2 shows the comparison of the initial perturbation

at t = 0, final perturbation at t = 0.25 on 200 grid points from our scheme, and

the final perturbation at t = 0.25 on 200 grid points from the compared solution

in [4].

Figure 5.2: Initial perturbation at t=0 compared to the perturbation at the final

time t=0.25 and the perturbation from compared solution.
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We use L1-norm to compute the loss of the density, pressure and the energy,

and report the losses and the convergence rates in table 5.1. Here, we set the

solution obtained from our scheme on 25600 grid points as the reference solution.

N ρ L1-error rate p L1-error rate E L1-error rate

200 3.3030E-06 - 4.4358E-06 - 1.1091E-05 -

400 1.4317E-06 1.21 1.9702E-06 1.17 4.9260E-0.6 1.17

800 5.2586E-07 1.44 7.3033E-07 1.43 1.8260E-06 1.43

1600 8.4609E-08 2.64 1.1739E-07 2.64 2.9351E-07 2.64

Table 5.1: 1D isothermal equilibrium with perturbation: L1-errors and conver-

gence rates.

5.1.3 Moving Equilibrium

In this experiment, we are interested in preserving the following moving equilib-

rium state with a nonlinear gravitational field φ(x) = exp(−exp(x)+γ(exp(−γx))),

ρ(x) = ρ0exp(−ρ0g

p0

x),

u(x) = exp(x),

p(x) = exp(−ρ0g

p0

x)γ.

(5.6)

with ρ0 = 1 and p0 = 1. And we set the initial condition by

ρ(x) = exp(−x),

u(x) = exp(x),

p(x) = exp(−γx).

(5.7)

The detailed introduction of the initial condition can be found in [12]. The sta-

tionary solution used here is the equilibrium state itself and the chosen boundary

condition is same as the one in the first experiment.

We compute the solution in the interval [0, 1] on 200 grid points until the final

time t = 10 and compare it to the exact solution. The obtained result is shown

in figure 5.3.
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(a) Density (b) Velocity

(c) Energy (d) Pressure

Figure 5.3: Results of 1D moving equilibrium.

5.1.4 The Shock Tube Problem

In this example, we consider the shock tube problem with the definition from

[10], and compare with the solution from [4]. The initial state of the shock tube

problem is given by

ρ(x) =

1, if x ≤ 0.5,

0.125, otherwise,

u(x) = 0,

p(x) =

1, if x ≤ 0.5,

0.1, otherwise.

(5.8)

and the gravitational field is defined with φx = g = 1. The stationary solution q̃

considered in this case is the isothermal equilibrium.

We use the computational interval [0, 1] with the reflecting boundary condition

and compute the solution on 100, 200, 400 grid points until the final time t = 0.2.
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The compared solution is obtained from [4] and computed on 400 grid points. In

figure 5.4, we show the the results of the density and zoom in on the shocks. In

figure 5.5, we show the results of velocity, energy and pressure.

(a) Density (b) Zoom in on the first block

(c) Zoom in on the second block (d) Zoom in on the third block

Figure 5.4: Results of 1D shock tube problem.
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(a) Velocity

(b) Energy (c) Pressure

Figure 5.5: Results of 1D shock tube problem: velocity, energy and pressure.

5.2 2D Model

In this section, we test our 2-dimensional scheme derived in section 4.1 and con-

sider the 2D Euler system with the gravitational source term as follows,

qt + f(q)x + g(q)y = S(q, x), x ∈ Ω ⊂ R, t > 0

q(x, y, 0) = q0(x, y),
(5.9)

where

q =


ρ

ρu1

ρu2

E

 , f(q) =


ρu1

ρu2
1 + p

ρu1u2

(E + p)u1

 , g(q) =


ρu2

ρu1u2

ρu2
2 + p

(E + p)u2

 ,
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and

S(u) =


0

−ρφx
−ρφy

−ρu1φx − ρu2φy

 .

The given function φ = φ(x, y) is the gravitational field and the ration of specific

heats γ is suggested to be 1.4 for an ideal gas. The following tests are extended

from the the 1D experiments , thus we adopt the same stationary solutions q̃ for

the corresponding experiments. For the boundary conditions, we also use the

same settings as in 1D.

5.2.1 Isothermal Equilibrium

The 2D isothermal equilibrium state is given by

ρ(x, y) = ρ0 exp(−ρ0

p0

(φxx+ φyy)),

u1(x, y) = 0,

u2(x, y) = 0,

p(x, y) = p0 exp(−ρ0

p0

(φxx+ φyy)).

(5.10)

Here, we set ρ0 = 1.21 and p0 = 1. The linear gravitational potential is given by

φx = 1 and φy = 1. The solution is computed on the 200× 200 grid points of the

interval [0, 1]2 until the final time t = 0.25 and presented in figure 5.6.

(a) Density (b) Energy

Figure 5.6: Results of 2D isothermal equilibrium
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5.2.2 Isothermal Equilibrium with Perturbation

Similar to the 1D case, this example is extended from the previous experiment

that we add a small perturbation along x− or y axis to the initial pressure. For

the case along x axis, the initial state is set as

ρ(x, y) = exp(−x),

u1(x, y) = 0,

u2(x, y) = 0,

p(x, y) = exp(−x) + η exp(−100(x− 0.5)2).

(5.11)

For the case along y axis, the initial data is defined similarly. The figure 5.7

shows the perturbation along x- and y axis respectively on 200× 200 grid points

at the initial time t = 0 and the final time t = 0.25. The comparison of cross

section of perturbation between the initial time and the final time is presented in

figure 5.8.

(a) Initially along x (b) at t=0.25 along x

(c) Initially along y (d) at t=0.25 along y

Figure 5.7: Results of 2D unidirectional equilibrium perturbation.
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(a) along x-axis (b) along y-axis

Figure 5.8: Results of 2D unidirectional equilibrium perturbation:Initial pertur-

bation at t=0 and the later perturbation at the final time t=0.25.

5.2.3 Moving Equilibrium

The initial state of this experiment is defined by

ρ(x, y) = ρ0 exp(−ρ0g

p0

(x+ y)),

u1(x, y) = exp(x+ y),

u2(x, y) = exp(x+ y),

p(x, y) = exp(−ρ0g

p0

(x+ y))γ.

(5.12)

with ρ0 = 1, p0 = 1, and g = 1. The considered nonlinear gravitational potential

is φ(x, y) = exp(x+ y)(− exp(x+ y) + γ(exp(−γ(x+ y)))).

We consider the experiments along x- and y axis separately as the previous one.

We compute the solution on 60× 10 grid points along x axis and on 10× 60 grid

points along y axis until the final time t = 0.25. The figure 5.9 shows the results

of cross section along x− and along y axis compared to the exact solution.
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(a) along x-axis (b) along y-axis

Figure 5.9: Results of 2D moving equilibrium at the final time t=0.25 compared

to the exact solution.

5.2.4 Shock Tube Problem

In a similar way with 1D case, the initial data of the shock tube problem along x

axis is given by

ρ(x, y) =

1, if x ≤ 0.5,

0.125, otherwise,

u1(x, y) = 0 = u2(x, y),

p(x, y) =

1, if x ≤ 0.5,

0.1, otherwise.

(5.13)

In figures 5.10 and 5.11, we show the solutions on 400×10 and 800×10 grid points

until the final time t = 0.2, and the compared solution on 800×10 grid points from

[4]. In figure 5.12, we compare the solution of the density on 200×10 grid points

obtained from the scheme with the reconstruction (4.37) at the projection step to

the solution on 200 × 10 grid points without reconstruction, i.e., we consider the

reconstruction on nonsmooth subdomains as

W̃ n+1
Dα,β

= wn+1
Dα,β

, (x, y) ∈ Dα,β,

where Dα,β = {Dj+ 1
2
,k, Dj+ 1

2
,k+ 1

2
, Dj,k+ 1

2
}.
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(a) Density

(b) Zoom in on the first block (c) Zoom in on the second block

(d) Zoom in on the third block (e) Zoom in on the third block

Figure 5.10: Results of 2D shock tube problem along x: density and zoom in on

the shock.
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(a) velocity (b) Zoom in on the block in the figure (a)

(c) Energy (d) Pressure

Figure 5.11: Results of 2D shock tube problem along x: velocity, zoom in on the

figure of velocity, energy and pressure.

(a) Density

Figure 5.12: Results of 2D shock tube problem along x: the solution without

reconstruction and the solution with reconstruction.
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Chapter 6

Conclusion and Outlook

In this thesis, we presented a brief introduction of the Euler equations and two

numerical schemes: the central KT scheme and the Deviation Method. Based

on these two schemes, we constructed a new second-order well-balanced scheme

for one and two dimensions. Then we developed a semi-discrete scheme from the

fully-discrete scheme. The semi-discrete scheme is potentially nonoscillatory in

the sense of satisfying the TVD property in one-dimensional modified balance laws

(3.7) and the maximum principle in two-dimensional modified balance laws (4.5).

Since the total variation and maximum function are not linear functions, we can

not guarantee the scheme remains nonoscillatory after the last step in which we

add the computational solution ∆q and the stationary solution q̃ to obtain the

desired solution q.

The last point in the thesis is the numerical results of our new fully-discrete

scheme applied to Euler equations with gravitational source term. The solutions

obtained from our scheme look almost perfect, although in the shock tube problem

there are some oscillations at the shocks when the number of grid points is not

large enough. According to the last figure 5.12 in chapter 5, if we can find a more

suitable reconstruction for the projection step, then it might be able to get better

results without oscillation. In [16], the authors provided a different suggestion

for the reconstruction at projection step, and it would be worth an attempt for

further studies.

Besides, according to [3], this type of semi-discrete scheme has more advan-

tages when applied to the convection-diffusion equations, in comparison with fully-
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discrete NT scheme. Applying our semi-discrete scheme to convection-diffusion

equations might be a worthwhile challenge in the future.
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Appendix

Algorithm

Algorithm 1 The main structure of the fully-discrete scheme in section 4.1

Input: number of grid points; final time; initial data; hydrostatic solution q̃

Output: solution q

1: define size of original computation cell ∆x,∆y

2: compute difference ∆q between initial data and hydrostatic solution

3: add ghost cells to grids of ∆q and q̃

4: determine wave speeds (Algorithm 2)

5: determine size of next time step ∆t

6: set t = ∆t

7: while t < final time do

8: compute vertices of subdomains (See eq.(4.11) )

9: compute center of mass (See Appendix A in [7])

10: compute area of subdomains (See Appendix A in [7])

11: compute minmod-limiter of Reconstruction (See Reconstruction step 4.1.1)

12: compute intermediate values in Evolution step (Algorithm 3)

13: compute the new cell average from intermediate values (See Projection step

4.1.3)

14: determine wave speed for next time step (Algorithm 2)

15: compute size of next time step ∆t

16: set t = t+ ∆t

17: add ghost cells to grids of new average

18: end while
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19: compute solution q by ∆q + q̃

Algorithm 2 Determine wave speeds.

1: compute the MC-θ limiter of q

2: compute values near interface (See eq.(4.10))

3: find the corresponding eigenvalues of above values

4: compare those eigenvalues to determine wave speeds

Algorithm 3 Evolution step 4.1.2.

1: compute average at tn (See eq.(4.18))

2: compute numerical fluxes (See eq.(4.20), (4.23))

3: compute the average of source term (See eq.(4.29)-(4.31))
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