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WELL-BALANCED CENTRAL SCHEME FOR THE SYSTEM OF
MHD EQUATIONS WITH GRAVITATIONAL SOURCE TERM

FARAH KANBAR*, RONY TOUMA f AND CHRISTIAN KLINGENBERG*

Abstract. A well-balanced second order finite volume central scheme for the magnetohydro-
dynamic (MHD) equations with gravitational source term is developed in this paper. The scheme
is an unstaggered central scheme that evolves the numerical solution on a single grid and avoids
solving Riemann problems at the cell interfaces using ghost staggered cells. A subtraction technique
is used on the conservative variables with the support of a known steady state in order to manifest
the well-balanced property of the scheme. The divergence-free constraint of the magnetic field is
satisfied after applying the constrained transport method (CTM) for unstaggered central schemes at
the end of each time-step by correcting the components of the magnetic field. The robustness of the
proposed scheme is verified on a list of numerical test cases from the literature.

Key words. MHD equations, unstaggered central schemes, well-balanced schemes, steady
states, divergence-free constraint, constrained transport method.
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1. Introduction. Ideal Magnetohydrodynamics (MHD) equations model prob-
lems in physics and astrophysics. The MHD system is a combination of the Navier-
Stokes equations of fluid dynamics and the Maxwell equations of electromagnetism.
A gravitational source term is added to the ideal MHD equations in two space dimen-
sions in order to model more complicated problems arising in astrophysics and solar
physics such as modeling wave propagation in idealized stellar atmospheres [16, 3].
From electromagnetic theory, the magnetic field B must be solenoidal i.e. V-B =0
at all times. The divergence-free constraint on the magnetic field reflects the fact that
magnetic mono-poles have not been observed in nature. The induction equation for
updating the magnetic field imposes the divergence on the magnetic field. Hence, a
numerical scheme for the MHD equations should maintain the divergence-free prop-
erty of the discrete magnetic field at each time-step. Numerical schemes usually fail
to satisfy the divergence-free constraint and numerical instabilities and unphysical
oscillations may be observed [17]. Several methods were developed to overcome this
issue. The projection method, in which the magnetic field is projected into a zero
divergence field by solving an elliptic equation at each time step [4].

Another procedure is the Godunov-Powell procedure [14, 12, 7], where the Godunov-
Powell form of the system of the MHD equations is discretized instead of the original
system. The Godunov-Powell system has the divergence of the magnetic field as a
part of the source term. Hence, divergence errors are transported out of the domain
with the flow.

A third approach is the CTM [5, 15, 6]. The CTM was modified from its original
form to the case of staggered central schemes [1]. Tt was later extended to the case of
unstaggered central schemes [19]. Hence, a numerical scheme for the MHD equations
should maintain the divergence-free property of the discrete magnetic field at each
time-step. A finite volume second-order accurate unstaggered central scheme is used
to model the MHD equations with a gravitational source term. Finite volume central
schemes were first introduced in 1990 by Nessyahu and Tadmor (NT) [11]. The NT
scheme is based on evolving piecewise linear numerical solution on two staggered grids.
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2 F. KANBAR, R. TOUMA, AND C. KLINGENBERG

The most significant property of central schemes is that they avoid solving Riemann
problems arising at the cell interfaces. Our scheme is UC (unstaggered central) type
scheme that was first developed in [9, 18]. These schemes allow the evolution of the
numerical solution on a single grid instead of using two different grids. UC schemes
were first developed for hyperbolic systems of conservation laws and then extended to
hyperbolic systems of balance laws[23, 21, 22, 20]. The UC schemes introduced the
possibility of avoiding solving Riemann problems and switching between two grids.
The approach is achieved by the help of ghost staggered cells used implicitly to avoid
Riemann problems at the cell interfaces.

In the presence of a gravitational source term on the right hand side of the MHD
system, one has to consider a well-balanced technique that provides the numerical
scheme with the ability to preserve hydrostatic equilibrium. In this paper we extend
the reconstruction technique on the conservative variables, previously developed in
[2, 10] for the system of Euler equations, for the system of MHD equations. The idea
is to evolve the error function between the vector of conserved variables and a given
steady state, instead of evolving the vector of conserved variables. This error function
is defined as AU = U — U , where U is a given steady state. Knowing the steady
state (analytically or numerically) is a key ingredient for the implementation of the
proposed scheme.

The paper is divided into the following sections. The MHD model is presented in
section 2 and the finite volume scheme is described in section 3 followed by the CTM
in section 4. Numerical experiments are illustrated in section 5 and finally some
concluding remarks and future work are given in section 6.

2. The model. The system of MHD equations with gravitational source term
in two space dimensions is given by:

2.1) U; + F(U), + G(U), = S(U), (2,y) € QCR? t>0.
. U(Jf,y70) :UO($7y)7
where
P puL
UL pui + iy
pUs puruz + o
pU3 puruz + I3
E » F(U) Euy + uillyy +upllis +uzllyzs |7
By 0
B2 A2
Bs —A3
pU2 0
pPuU2U1 + H21 0
pus + Ty —pdy
pugus + Ilag 0
G(U) = .S(U) =
(U) Eus + u1lla; + uollog + ugllag (U) —pU2dy
—A3 0
0 0
A 0

Here p is the fluid density, pu is the momentum with u = (uy, us, u3), p is the pressure,
B = (B, Bs, Bs) is the magnetic field, and E is the kinetic and internal energy of
the fluid given by the following equation E = % + 1plul? + 3|B|? with ~ the ratio
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Fig. 1: The cells of the main grid C;; (blue cell) and of the staggered grid

Di—%u’—% (green cell).

of specific heats. ¢ = ¢(z,y), with ¢, = 0 and ¢, = g, is the gravitational potential
and it is a given function. The conservation of the total energy (internal, kinetic
and magnetic) has the gravitational potential energy as a source term. A = u x B,
1111, 155 and II33 are the diagonal elements of the total pressure tensor and Il;s, 1113
and Il»3 are the off-diagonal tensor are given by the following formulas:

Il = p+ 5(B?+ Bf — B?) and Il;; = —3B;B;, for i,j,k = 1,2,3.

To determine the time-step using the CFL condition, we present the eigenvalues of
the flux jacobian in the z-direction,

A1 = uq —cy, Ao =u1 —by, A3 = up —cs, Ay = U1, A5 = uq, A\g = uy +¢s, A7 = ug + by,
Ag = u1 + ¢y. The eigenvalues of the flux jacobian in the y-direction are analogously
defined.

Here,

2.2 cr = 1 a2 + b2 + 1/ (a2 + b2)? — 4a2b? ),
f 2 1

and

1
(2.3) cs = \/2 <a2 +b% — \/(a2 +b2)* — 4a2b%),

are respectively the fast and slow wave speeds with a =, /% is the sound speed and

b= /b?+ b3+ b3 with b; = 5%71' € {1,2,3}. For additional reading on the hyperbolic

analysis of the system, readers are refered to [8, 13].

3. The unstaggered two-dimensional finite volume central scheme. We
consider a Cartesian decomposition of the computational domain €2 where the control
cells are the rectangles C;; = [mi_%,xi+%} X [yj_%,yj+%} centered at the nodes
(2i,y;). We define the dual staggered cells D; 1 ;1 = [z, @it1] X [y;,;+1] centered
at (z;y1,y;41). Here, z; 1 = z;+ 5% and Yyl =y;+ %, where Az =z, 1 —x; 1
and Ay = Yjrl Vi1 The visualization of the 2D grids is given in figure 1. Before
proceeding with the derivation of the 2D numerical method, and for convenience, we
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introduce the average value notations:

_ _ PijtPij+1 — _ Pijtpivy — _ Pig+y TP
Pij+y == o Pty = o P T 2

_ Pivdj T Pi-1,
P = " o5 [[p]]i,j+% = Pij+1 — Pig
[[p“i-&-%,j = Pit+1,5 = Pi,gs [[P]]i,(j) = Pig+l — Pij—1> [[p]](i),j = Pitl — Pi-1j

We assume that U is a given stationary solution of system (2.1) and we define AU =
U — U. We substitute U = AU + U in the balance law (2.1), we obtain:

(3.1) (AU), + F(AU + U), + G(AU + U), = S(AU + U, z,y).

On the other hand, since U is a stationary solution, then balance law in (2.1) reduces
to

(3.2) F(U), +G(0), = S(U, z,y).
Subtracting equation (3.2) from equation (3.1), we obtain

(3.3) (AU), + [F(AU + U) — F(U)], + [G(AU + U) — ¢(U)),
= S(AU + ﬂ,x,y) — S(ﬁ,m,y).

Using the fact that the source term S(U,x,y) in (2.1) is linear in terms of the con-
served variables, then equation (3.3) reduces to

(34) (AU), +[F(AU+U) - F(U)], + [G(AU + U) - G(U)], = S(AU, z,y).

The proposed numerical scheme consists of evolving the balance law (3.4) instead of
evolving the balance law in system (2.1).

The numerical solution U will be then obtained using the formula U = AU + U.
The numerical scheme that we shall use to evolve AU(x,y,t) follows a classical finite
volume approach; it evolves a piecewise linear function L£; ;(z,y,t) defined on the
control cells C; ; and used to approximate the analytic solution AU(x,y,t) of system
(2.1). Without any loss of generality we can assume that AU}’ ; is known at time ¢"
and we define £; ;(z,y,t") on the cells C; ; as follows.

" 0 (AU (AU
Lij(x,y,t") :AUi,j+(x_xi)Tx +(y_yj)Ty’ V(z,y) € Cij,

AU™TY AU™YY
where (AU;;) and (AU;7)
Ax Ay

ang (z,y;,t")| o=z, and %%(xi,y,t”)b:yj, respectively, at the point (z;,y;,t"). In

are limited numerical gradients approximating

order to approximate the spatial numerical derivatives, the (MC-6) limiter is consid-
ered which is defined as

n n
Au}, , — Auj

(3.5)  (Au?)’ = minmod [0 (Au}' — Au} ), . =1 g (AuZ,, — Au?)

where 6 is a parameter such that 1 < § < 2, while the minmod function is defined as:

sign(a)min{|al, |b|, [c|}, if sign(a) = sign(b) = sign(c)

minmod(a, b, c) = {0 Otherwise

This manuscript is for review purposes only.
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WELL-BALANCED SCHEME FOR MHD 5

The (MC-0) limiter (3.5) is used to compute the quantities (AU}"")" and (AU}’
in order to avoid spurious oscillations. Next, we integrate the balance law (3.4) over

the rectangular box R;’+%’j+% = DH%’J-JF% x [t7, ¢
(3.6) / / / (AU), + [F(AU + U) - F(U)], + [G(AU + U) — G(U)],dR
Ri+%,j+%
= /// S(AU, z,y)dR.
R. 1 .,1

i+5.0+5

We use the fact that AU is approximated using piecewise linear interpolants similar
to L;; on the cells C; ;; following the derivation of the unstaggered central schemes
in [18], equation (3.6) is rewritten as:

1 - N
n+1 _ n _ _ |
(3.7) AUH%J+% - AUH—%J-&-% AzAy ///R+1 L [F(AU +U) — F(U)],

5 . 1
+ [G(AU + U) — G(U)],dR + /// S(AU, z,y)dR.
(€] )OOt o [, A0

For the flux integrals, we apply the divergence theorem that converts the volume
integral into a surface integral. Equation (3.7) becomes then:

(3.8)
T
n+1 _ n ~ ~
AU G = AUG L s — AzAy /tn /azz [F(AU 4+ U) — F(U)] - npdAdt
oy
1
- AU + U) — G(U)] - n,dAdt
wovi] /aRJG( +0) - G(O)] -,
s 1/
+ S(AU, z,y)dR,
AxAy Riitiiy
where Ry = (@i, it1] X [Yi, Yi+1], and n = (ng,n,) is the outward pointing unit

normal at each point on the boundary R, (the boundary of R,,), see figure 2. The
integral of the source term is being approximated using the midpoint quadrature rule
both in time and space:

(3.9)
_ n+g n+3 n+z n+3
S(AU)AR = AzAyALS(AULT? AUTTE AUTTE AUTTE ),
Ri+%,j+%
with
n4 n+43 n43 nt3
S(AUZ-J- 2, AUiJrlfj, AUi’jfl, AUi+12,j+1) =
S(AU" %) 4 S(AU™ 2 ) + S(AU™ ) + S(AU" 2
(AU, ;?) + S(AU,; %) + S(AU, ;7)) + S(AU, 1 %41)
4

This manuscript is for review purposes only.



6 F. KANBAR, R. TOUMA, AND C. KLINGENBERG

n=(0,1)
(ffi,yj+1) ($i+1’yj+1)
n=(-1,0) —— ——n=(1,0)
(i, y5) (Tit1,v5)
n=(0,-1)

Fig. 2: The boundary OR, and the outward pointing unit normal vector n = (ng, ny)
on each side of the boundary.

157 The forward projection step in equation (3.8) consists of projecting the solution at
158  time t"™ onto the staggered grid. It is performed using linear interpolations in two
159 space dimensions in addition to Taylor expansions in space; we obtain:

160
1 —n ——n
161 (3.10) AU, 1 = f(AUHA G T AU 540)
162 ~ 16 ([[AUn x“w% J +[[AU™]] 4 ,;+1)
1
55 - E([[AUmy]]i,jJr% +[AU™]]i11,542)-

165 Here, AU™" and AU™Y are the spatial partial derivatives of AU" that are approxi-
166 mated using the (MC-6) limiter (3.5).

167 Finally, the evolution step (3.8) at time ¢"*! on the staggered nodes can be written
168 as,

169

170 (3.11) AUM ., =AUY

i+5,0+% i+5.+3

At 1 -
171 - SDLFAULTE 4 04y) = DYF(Usy) + DEF(AULL + 0i0)
172 - DY F( Ui j11)]
e At v n+3 v Y nt3
173 5 — [DIG(AU; ;7 + U, ;) — DYG(U;;) + DY F (AU}, i+ Uii1,)
174 — DiG(UiJrl,j)}
- n+3 n+i nti n+i
178 +ALS(AU; 2, AU 2, AU G2 AU ).

177 Here D% and D are the forward differences given by,

. F(Uip1,)—F(Us F(U; F(U,,

173 DiF(Ui,j) - WaDiF(Ul}j) = %y(ﬁ

179 The predicted values in equation (3.11) are generated at time e using a first order
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WELL-BALANCED SCHEME FOR MHD 7

Taylor expansion in time in addition to the balance law (2.1):

At (ang)/ Fz/g B (ng)/ G;

3.12 AULTE = AUY, - W8
(3.12) 2 Az Az Ay Ay +ou
where (FA"T’ZJ;) , i;, (GA?’;) and & L denote the approximate flux derivatives with

(Fpy) = Jen - UPT, F = T (Gry) = Jap UMY, G} = Jg, - Uy ;. Here,

VI Ui (N
we also use the (MC-6) hmlter (3 5) to compute the slopes U:LJI, U; > UZL’]y, and U
in order to avoid spurious oscillations. Szn,j is the discrete source term.
In order to retrieve the solution at the time ¢"*! on the original cells C; j, we project
the solution obtained on the ghost cells (AUZ:F;]. 41 ) back onto the oroginal grid via
linear interpolations in two space dimensions and Taylor expnsions in space,

——n-+1 —n—+1

(3.13) AU} = (AU _1+ AT L)

1

- E([[AU"H’”H@),J;% + AU jet)
1
- E(HAU"“*’HF%,U) +[AU ] )

where AUZ;FI’QJ and AUZ;-H’y denote the spatial partial derivatives of the numerical
solution obtained at time ¢"! and at the node (x;,y;) approximated using the (MC-
0) limiter (3.5).
To complete the presentation of the numerical scheme, we need to verify the well-
balanced property of the proposed scheme and to show that it is capable of maintaining
stationary solutions of the Euler system with gravitational source term.
Suppose that the numerical solution obtained at time ¢ = t"* satisfies UZ = U, g
AU?J = 0. Performing one iteration using the proposed numerical scheme, one can
show that:

1. AU"*? —0.
n+1

2. AUHTH 0.

3. AU =0.

In fact, it is stralght forward to establish 2 and 3 once 1 is established. We will present
the proof of 1 only.

The prediction step (3.12) leads to

n LA FI(AUL, +U;;)  F(0,)
14 ' '?‘2 n. _ 27 »J (3%}
(3.14) AU, AU, 5 Az + Az
G/(AU;LJ- + ﬁi’j) G/(INJ—Z j) n
_ Ay + Ay S(AU”, Y-
But since AU}, = 0, then we obtain,
At At F'(Uyy) N F'(Uy;)  G'(Uiy) N G'(Uy, )
7 2 Az Az Ay Ay

1
Hence, AUZ;-FZ = 0. Therefore, we conclude that the updated numerical solution
remains stationary up to machine precision.
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8 F. KANBAR, R. TOUMA, AND C. KLINGENBERG

4. The constrained transport method (CTM). In this work we consider
the version of CTM developed in [19]. At the end of each iteration, we apply the
CTM corrections to the magnetic field components. Starting from a magnetic field
that satisfies the divergence-free constraint V - B;fj = 0, we would like to prove

V- BZ;H = 0. The discrete divergence using central differences at time t" is given by,

VB?: 9B; + %
J Ox i Oy i

_ (Bw)?ﬂ,j B (Bw)?q,j + (By)?,jﬂ B (By)?,jfl
2Ax 2Ay

=0.

The vector of conserved variables U™ is computed by the numerical scheme, but
V- B?jl might not be zero. Therefore, whenever needed, we correct the components

of the magnetic field B?jl by discretizing the induction equation at the cell centers
of O@j,

o (B (0N ooy,
ot \ By oz \ oy\ 0 ) 7
where = (—u x B), = —u, B, + u,B,. Hence, the discretization of the induction

equation is the following,

ntd Qn+l

B t1 _(B." _ 2
Bolivyiry Bigony  Badorg Nty
At L 2Ay L -
Byt _(B™ ntgz 7Qn+§
Blictiry Big ey gy Nfong _
At 2Ax :
Then,
n+1 — (B" At Qn—i-% _QTH-%
wy B = Bl - A (0 -0 ).
: n+1 _ n At n+3 - n+3
(By)ivyvs = Bty gy + 250 (Qi+%,j+% Qi fir1)

+l
N m 0"E
ow, we compute i1+l

t"*1 in order to obtain second order of accuracy in time,

using the numerical solution computed at time ¢™ and

n+% _ 1 n+1 n ]
§h+%g+%‘* 2{Q¢+%J+é‘*(%+%d+é ’
_ Lfegmer S O O Wy
T [ Tid gt 4 )
. n+1
Next, we calculate V (B)i+%,j+%
n+1 n+1 n+1 n+1
w2 v, = Pwras —Beisgsy Buligses ~ Buliyg
’ it3.0+3 2Ax 2Ay '

Substituting the magnetic field components on the staggered grid in (4.2) from their
values in (4.1) leads to,

1
(43) V-B)f =2 [V-BY,+V Bl +V Bl +V B, ] =0.
+35+5 T 1

This manuscript is for review purposes only.



WELL-BALANCED SCHEME FOR MHD 9

Finally, we compute the magnetic field on the main grid B?jl as the average of its
values on the staggered grid,

1
B! =[B! | 4+B™! | 4B, 4B } .
e N T Rt P B A Wi
Hence,
(4.4) V-BiI' =0

5. Numerical Experiments. A list of numerical experiments has been consid-
ered in order to verify the robustness and accuracy of our method. The time-step is
computed with CFL number 0.485. The MC-6 limiter is used with 6§ = 1.5.

5.1. 2D shock tube problem. For the first numerical test case, we consider
a shock tube problem for the system of ideal MHD equations extracted from [1].
The simulation takes place over the computational domain [—1,1] x [0,1]. U =
[p, w1, ug,us, Bz, Bs,p| is initially given as U = [1,0,0,0,v/4,0,1] for z < 0.5 and
U =1[0.125,0,0,0, —\/41,0,0.1] for z > 0.5 and B; = 0.75v/4. This test case features
seven discontinuities. It was originally introduced for the non-scaled MHD equations
[1]. Hence, dropping 7 from the initial data makes it a valid test case for the scaled
MHD equations. We compute the solution at the final time ¢ = 0.25 on 400 x 400
grid. Because the numerical divergence at the final time was zero, there was no need
to apply the CTM. The cross sections in figure 3 show a very good agreement with
the results in the literature. In order to investigate the effect of the CTM on the
computed solution, we did a convergence study in figure (4) while applying the CTM.
As it is very clear in the figures above, applying the CTM for the UC schemes has
a small smearing out effect on the solution. For the sake of comparison, we plot a
cross section of the energy component with and without applying CTM on a 400 X
400 grid points in figure 5.

-1 05 0 0.5 1 -1 0.5 0 0.5 1

-1 -05 0 0.5 1 -1 -05 0 0.5 1

4 -0.5 0 0.5 1 -1 0.5 0 0.5 1

J

-1 0.5 0 0.5 1 -1 0.5 0 0.5 1

uz
e
a

Fig. 3: 2D shock tube problem: cross sections of the 8 components at time ¢t = 0.25.

5.2. Four stages Ideal MHD Riemann problem. This test case is consid-
ered to prove the ability of our scheme to solve ideal MHD problems and preserve
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1 4
————— 200 pts
400 pts 2
=05 N ——— 800 pts Y
0
1 05 0 05 1 - 05 0 05 1
1 2
Es o_/PL_/ @’ Ox—
-1 -2
- 05 [) 05 1 gl 05 [) 05 1
1
Eall o
2 -
Bl 05 0 05 1 -1 05 0 05 1
1 1
g * 5—/4-—’_’
1
- 05 0 05 1 -1 05 0 05 1

Fig. 4: 2D shock tube problem: cross sections of the 8 components at time ¢ = 0.25
on 200x200 (dashed line), 400 x 400 (solid red line), and 800 x 800 (solid black line)
grid points.

T T T T T T T T T
without CTM
9+ ———with CTM 1

X

Fig. 5: 2D shock tube problem: a cross section of the energy component at time
t = 0.25 on 400x400 grid points with and without applying CTM.

the divergence-free constraint. The initial data consist of four constant states [1, 19]
. The initial four constant states are given as follows,

(1,0.75,0.5,1) ifz>0andy >0
(2,0.75,0.5,1) ifz<Oandy>0
(1,-0.75,0.5,1) ifx<Oandy <O
(3,-0.75,—0.5,1) ifx>0andy <0

(5.1) (p,ur,uz,p) =

with an initial uniform magnetic field B = (2,0,1). The numerical solution is com-
puted in the square [—1,1] x [—1,1] on 400x400 grid points.

Figure 6 illustrates the density at the final time ¢t; = 0.8 with and without ap-
plying constrained transport treatment to the magnetic field components. Similar
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WELL-BALANCED SCHEME FOR MHD 11

Fig. 6: Four stages Riemann problem: p with CTM (left) and without CTM (right)
at the final time ¢ = 0.8.

divB 400 x 400 divB 400 x 400

Fig. 7: Four stages Riemann Problem: divB with CTM (left) and without CTM
(right) at the final time ¢t = 0.8.

comparison on the divergence of the magnetic field is illustrated in figure 7. The re-
sults highlight the robustness of the numerical scheme in the sense that even without
treatment we are able to show numerical simulation while other schemes simply blow
up without special treatment of the magnetic field.

5.3. MHD vortex. For our third test case, we consider the MHD vortex for the
homogeneous ideal MHD equations [2]. The initial data represent a moving stationary
solution of the system of the ideal MHD equations and are given by, 72 = 2242, p =1,

2
Ul = up — Kp exp( )y, us = vo + Kp exp( )x ug =0, By = —m, exp( )y,
2
By = —mpexp( ):1:, B3 =0,and p =1+ (7(1 —7r?) - H—;) We set the pa-
rameters m,, = 1,/£p = 1l,up = 0, and vy = 0. The vortex is advected through the
domain [—5,5] x [=5,5] with a velocity (ug,vo). Steady state boundary conditions
are used in this test case. In figure 8, we present the pressure profile at the final time
t =100 \/25’; ~ 100% on different grids. The steady state gets preserved exactly as
P

the background solution U is the vortex itself.
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12 F. KANBAR, R. TOUMA, AND C. KLINGENBERG

32 x 32 64 x 64 128 x 128

Fig. 8: MHD vortex: pressure profile at the final time on different grid points.

5.4. Hydrodynamic wave propagation. The aim of this test case is to test
the well-balanced property of the subtraction method by simulating a steady state
solution under hydrodynamic wave propagation. The experiment is carried out in two
steps. The first step is to check that the subtraction method preserves the steady state.
The initial data are the hydrodynamic steady state in the computational domain
[0,4] x [0,1].

(5.2) p(x,y) = po eXP(—%)m(x, Y) = Do eXP(—%), u=0B=0.

With H = ;% = 0.158, py = 1.13 and g = 2.74. The subtraction method preserves

the hydrodynamic steady state exactly after choosing the reference solution U at the
steady state itself. Figure 9 shows a very simple comparison of the density and the
energy cross sections at ¢ = 0 and the final time ¢t = 1.8. The second step is to add
perturbation to the steady state as a time dependent sinusoidal wave that propagates
from the bottom boundary of the vertical velocity and exits from the top one. The
wave formula is the following,

(5.3) Uy, oy = exp(—100(z; {o,—13 — 1.9)*)csin(6mt™).

The bottom boundary is a localized piston at * = 1.9. Figure 10 shows the profile
of the wave at the final time ¢ = 1.8 for ¢ = 0.003 (left) and for ¢ = 0.3 (right) for
800 x 200 grid points. The waves propagate in both cases from bottom to top under
the effect of the pressure and gravity forces. The case where ¢ = 0.003 models a
small perturbation and ¢ = 0.3 models a stronger wave. The results are in a very
good agreement with the ones in [7]. Additionally, they match the results of the
most accurate (third order) of the three schemes compared in [7]. Hence, the scheme
is well-balanced in the sense that it preserves the steady state and can capture its
perturbations.

5.5. MHD wave propagation. In this test case, we model propagating waves
that not only undergo the effects of pressure and gravity, but also that of the mag-
netic field. The test case is extracted from [7]. We consider the magnetohydrodynamic
steady state defined as,

(54> p(.’L‘,y) = Po eXp(—%),p(m,y) = Do eXp(_%>7u = OaB = (Oaﬂao)av -B=0.
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Fig. 9: Hydrodynamic wave propagation: a comparison of the cross sections of the
density p (left) and the energy F (right) initially and at the final time ¢ = 1.8.
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Fig. 10: Hydrodynamic wave propagation: wave profile us for ¢ = 0.003 (left) and
¢ = 0.3 (right) at the final time ¢ = 1.8.

Where p is a parameter that takes different values for each part of the experiment.
The waves model a perturbation of the steady state that starts from the bottom
boundary of the normal velocity as follows,

|Bi,{0,l} ‘

. Bioa) cgin(6nt")  for x € [0.95,1.05],
(5.5) W; 101} = .
0  Otherwise,

with ¢ = 0.3. The computational domain is [0,2] x [0,1]. We use the wave propa-
gation boundary conditions suggested in [7]. These boundary conditions are periodic
boundaries in the z-direction for U and p and Neumann type boundary conditions in
the y-direction as the following,

Pi1 = Pi2€ ™ Pio = p;1e”

n n =2y g n A&
. = 0. H . = 0. H
pz,ny—l pi,ny—Qe api,ny pz,ny—le

for 1 < ¢ < nx. Similar boundary conditions for the momentum pu and the pressure
p. Energy boundary conditions are computed from the pressure. For the magnetic
field boundary conditions, we simply copy the data from the cell before. We present
the profile of the velocity in the direction of the magnetic field,

(5.6) up =< u,B > /B,
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at the final time ¢ = 0.54 for different values of pu. As p increases, the effect of the
magnetic field on the propagating wave increases. The wave profile gets compressed as
the magnetic field takes higher values. The plasma parameter is given by = %} [7].
It measures the relative strength of the thermal pressure to the magnetic field, and
is crucial in determining the dynamics of the plasma. The [-isolines are illustrated
in black and the lines of the magnetic field are illustrated in white. The parameter g
indicates the effects of the pressure and the magnetic field on the propagating wave
such that, for 8 > 1, the region is pressure dominated, while for 5 < 1, the region is
magnetic field dominated. In figure 11, the profile of the velocity in the direction of the
magnetic field, in the case of u almost zero, is illustrated, which is exactly the velocity
in the y-direction in this case. The wave propagates freely along the computational
domain taking a radial profile in the absence of the magnetic field on 400 x 200 grid
points. Figure 12, shows the profile of the propagating wave under the effect of a
stronger magnetic field for 4 = 1 on 400 x 200 grid points without applying CTM. In
addition, figure 12 presents the divergence of the magnetic field which is clearly not
zero. On the other hand, we present the same results with applying CTM on 1200 X
600 grid points in figure 13. Applying the CTM results in a zero discrete divergence
of the magnetic field up to machine precision. Another effect of applying the CTM
is the diffusion we see in figure 13, which was resolved by evolving the solution on a
finer grid. Additionally, we present the velocity in the direction perpendicular to the
magnetic field in figure 14 for u = 1 at different times.

Our results, obtained with the second order scheme, are comparable with the results
in [7], obtained with third order schemes, which ensures the robustness of our scheme
and its capability of solving physically challenging problems, such as wave propagation
under the effect of pressure and gravity.

Fig. 11: MHD wave propagation: velocity in a direction parallel to the magnetic field
up =< u,B > /|B| for 4 =0 on 400 x 200 grid points at the final time ¢ = 0.54.

6. Conclusion. In conclusion, we develop a two-dimensional second order un-
staggered finite volume central scheme for the system of MHD equations. The pro-
posed scheme is capable of preserving any type of known equilibrium states due to
a special reformulation that computes the numerical solution in terms of a specific
reference state. A comparison between the obtained numerical results and the corre-
sponding literature ensures the robustness and the accuracy of the developed schemes.
In this work, we chose the CTM as a procedure to clean the divergence of the mag-
netic field, which is applied dynamically whenever needed. Meaning that, in the test
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div.B

Fig. 12: MHD wave propagation: velocity in a direction parallel to the magnetic field
ug =< u,B > /|B| for 4 = 1 on 400 x 200 grid points at the final time ¢ = 0.54
without CTM.
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Fig. 13: MHD wave propagation: velocity in a direction parallel to the magnetic field
up =< u,B > /|B| for 4 =1 on 1200 x 600 grid points at the final time ¢ = 0.54
with CTM.

cases where the numerical divergence is zero at the final time and no numerical in-
stabilities had been observed, we do not apply it. This leaves us with a second order
well-balanced finite volume numerical scheme that captures solutions of the MHD
equations and satisfies the divergence-free constraint. All our computations are done
on a Cartesian grid in 2D. A triangular mesh can be considered in future work.

7. Funding. The authors would like to acknowledge the National Council for
Scientific Research of Lebanon (CNRS-L) for granting a doctoral fellowship to Farah
Kanbar.
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