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ABSTRACT. We consider a non reactive multi component gas mixture.We pro-
pose a class of models, which can be easily generalized to multiple species.
The two species mixture is modelled by a system of kinetic BGK equations
featuring two interaction terms to account for momentum and energy transfer
between the species.We prove consistency of our model: conservation proper-
ties, positivity of the solutions for the space homogeneous case, positivity of all
temperatures, H-theorem and convergence to a global equilibrium in the space
homogeneous case in the form of a global Maxwell distribution. Thus, we are
able to derive the usual macroscopic conservation laws. In particular, by con-
sidering a mixture composed of ions and electrons, we derive the macroscopic
equations of ideal MHD from our model.

1. Introduction. In this paper we shall concern ourselves with a kinetic descrip-
tion of gases. This is traditionally done via the Boltzmann equation for the density
distributions f; and f;. Under certain assumptions the complicated interaction
terms of the Boltzmann equation can be simplified by a so called BGK approxima-
tion, consisting of a collision frequency multiplied by the deviation of the equilibrium
distribution from f; respective fs. This approximation should be constructed in a
way such that it has the same main properties of the Boltzmann equation namely
conservation of mass, momentum and energy, further it should have an H-theorem
with its entropy inequality and the equilibrium must still be Maxwellian.

Here we shall focus on gas mixtures modelled via a BGK approach. In the
literature one can find two types of models. Just like the Boltzmann equation for
gas mixtures contains a sum of collision terms on the right-hand side, one type
of BKG models also has a sum of BGK-type interaction terms in the relaxation
operator. Examples are the models of Gross and Krook [16], Hamel [17], Asinari
[2], Garzo Santos Brey [14], Sofena [22], see also Cercignani [10]. The other type of
models contains only one collision term on the right-hand side. Examples for this
are Andries, Aoki and Perthame [1] (giving rise to an indifferentiability principle
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for the species), the models in [8, 15] or the model by Brull [7] with an extension
leading to a correct Prandtl number in the Navier Stokes equation, adapting the
ES-BGK model for mixtures.

In this paper we are interested in the first type of models. We want to describe
a gas mixture with a BGK approach containing a sum of collision terms on the
right-hand side. Our interest in this kind of models comes from the fact that it is
still used by engineers, chemists and physicists and in numerical applications, see for
example [19, 21]. Moreover BGK and ES-BGK models give rise to efficient numerical
computations, which are asymptotic preserving, that is they remain efficient even
approaching the hydrodynamic regime [20, 18, 13, 4, 12, 5, 11]. We are motivated
by the example of a mixture of electrons and ions without chemical reactions, so
there is no transfer of mass from one species to the other. The particles of the two
species are so different that it is desirable to maintain their contribution separately.
Here the collision frequencies differ vastly, a characteristic we want to preserve in
our model. Our model is so general that the related models of Gross and Krook
[16] and Hamel [17] can be derived as special cases. For our model we are able to
show conservation properties, the H-theorem, positivity of solutions with positive
initial data in the space homogeneous case and positivity of all temperatures.

The outline of the paper is as follows: in section 2 we will present the model for
two species and prove the conservation properties and the H-theorem. We discuss
the relationship of the collision frequencies in the case of plasmas and show the
positivity of solutions with positive initial data in the space homogeneous case and
the positivity of all temperatures. In section 3, we compare our model with other
models present in the literature. First we consider related models and next we
compare our model with the model of Andries, Aoki and Perthame [1]. In section
4 we consider the asymptotic limit of a mixture given by the positive and negative
particles of an ionized gas, and show that we obtain the macroscopic equations of
classical MHD

2. A two species kinetic model. In this section we will present the model for
two species and prove the conservation properties and the H-theorem. Further, we
especially discuss the relationship between the collision frequencies and analyse the
positivity of the temperatures.

2.1. The general form of the model. For simplicity in the following we consider
a mixture composed of two different species. Thus, our kinetic model has two
distribution functions fi(z,v,t) > 0 and fa(x,v,t) > 0 where z € R and v € R? are
the phase space variables and ¢ > 0 the time. They are determined by two equations
to describe their time evolution. Furthermore we consider binary interactions. So
the particles of one species can interact with either themselves or with particles of
the other species. In the model this is accounted for introducing two interaction
terms in both equations. These considerations allow us to write formally the system
of equations for the evolution of the mixture. The following structure containing a
sum of the collision operator is also given in [9, 10]. We describe the time evolution
of the number distribution functions f; and f; by the Boltzmann equation with



A CONSISTENT KINETIC MODEL FOR A TWO-COMPONENT MIXTURE 3

binary interactions for two species of particles as in [9], chapter 6.2

Orfi+v-Vefi + % “Vof1 = Qu1(f1, f1) + Qi2(f1, f2),
Ocfo+v-Vaofo+ % -V fa = Qaa(fo, f2) + Qa1(f2, f1),

where % respective % are the acceleration of the respective species due to forces

Fy, on particles of species k with mass my, for k = 1,2 and Q;, k,1 = 1,2 are the
collision operators for interactions of species k with species .

Furthermore we relate the distribution functions to macroscopic quantities by
mean-values of fy

1 %
/fk(v) v dv=: | npug |, (1)

mk\v — uk\z 3nka

where ny is the number density, u; the mean velocity and T} the temperature which
is related to the pressure pr by pr = niTy. Note that in this paper we shall write
T} instead of kgT}), where kp is Boltzmann’s constant.

2.2. Conservation. properties of the collision operators A model for the evolution
of a mixture should satisfy the following conservation properties:

Conservation of mass, momentum and energy of the individual species in inter-
action with the species itself:

L [ Qur(fr, fe)dv=0 for k=1,2,
2. fmkUQkk(fkafk)dU =0 for k= 172a
3. [ v Quk(fr, fr)dv =0 for k=1,2.

Conservation of total mass, momentum and energy

L [ Qui(fx, fi)dv =0 for k,1 = 1,2,
2. [(mivQia(f1, fo) + mavQa1(fa, f1))dv =0,
3. [(mi]o*Qi2(f1, f2) + malv[*Qa1(f2, f1))dv = 0.

2.3. The BGK approximation. We are interested in a BGK approximation of
the interaction terms. This leads us to define equilibrium distributions not only
for each species itself but also for the two interspecies equilibrium distributions.
Choose the collision terms @11, @12, @21 and Q2 in section 2.2 as BGK operators.
Then the model can be written as:

F
Oufr +Va-(vf1) + millvvfl =vnni(My — f1) + vigna(Mie — f1),
(2)
F:
Oifa+Va - (vf2) + mfzvvfz = voang(My — fa) + vo1ni (Mo — f2),
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with the Maxwell distributions

2
ny v — Uy
Ml(xvvvt): 36Xp(—| 2T1 ‘ )7
o L my
my
g v — ug|?
Ms(x,v,t) = 5 exp(— T ),
277%‘2 ma
3
n12 |U - U12\2 ( )
Mis(z,v,t) = 5 exp(— T2 ),
orLiz my
my
n21 |’U - Uzl\z
Moy (z,v,t) = 5 exp(— ST ),
o Lot ma
mo

where vq1 and 99 are the collision frequencies of the particles of each species with
itself, while v15 and v are related to interspecies collisions. The structure of the
collision terms ensures that if one collision frequency vy — oo the corresponding
distribution function becomes Maxwell distribution. In addition at global equi-
librium, the distribution functions become Maxwell distributions with the same
velocity and temperature (see section 2.8). The Maxwell distributions M; and Ma
in (3) have the same moments as f1 respective fo. With this choice, we guaran-
tee the conservation of mass, momentum and energy in interactions of one species
with itself (see section 2.2). The remaining parameters uja, u21, T12 and Ty will be
determined using conservation of total momentum and energy, together with some
symmetry considerations.

2.4. Relationship between the collision frequencies. The goal of this subsec-
tion is to derive an estimate for the ratio of all the relaxation parameters vy, V12, Voo
and o7 in the case of a plasma.

The parameters v15 and v are linked to the interspecies collision frequency. In
plasmas, the mass ratio of the two kinds of particles is 72 << 1, where 1 denotes
ions and 2 denotes electrons. In this case a common relationship found in literature
[3] is

m

2
= 2. 4
Vi2 my V21 ( )

A motivation for this relationship in the case of a plasma can be found in [3],
chapter 1.9, which we want to mention here shortly. The collision frequency is
proportional to the differential cross section and the relative velocity. For the typical
velocity of ions and electrons close to equilibrium one can take the thermal velocity
v, = (%)%, ¢ = 1,2 and assume that the temperatures are of the same order,
T ~ Tg.l The cross sections are considered equal, because they depend on the
interaction potential, which in this case is the Coulomb force, that is the same for
both particles. So the only thing which remains to consider is the relative velocity.
Since the mass of the ions my is much larger than the mass of the electrons ms, we
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get in case of 191 for the relative velocity of an ion and an electron

() () o (G-

3
1 (%) 1/ 1)\?2
= (21%)> T ~(2T9)2 [ —
ms ma

which is the order of magnitude of the mean velocity of the electrons. We expect
the relative velocity of two electrons to have the same order of magnitude as the
thermal velocity of an electron. Since v95 is proportional to the relative velocity of
two electrons and we only want to compare the order of magnitudes of v5; and 99,
we conclude that v5; and 4o are of the same order of magnitude, so we have

Vo1 = V99.

Now consider v1;. The ion thermal velocity is lower by an amount of (%)% with
respect to the electrons, since

1 1 1 1 1
2T1 2 o mo 2 2T1 2 - meo 2 2T2 2
mi N mi mo - mi ma .

ma,1
vV = (J);V22~
mi

For an estimate of 115 and v5; we consider a collision of an electron head-on with
an ion. The velocities after a collision of an ion with an electron are given by

Therefore

2me
v =v; — —————[(v1 — v2) - w]w
1= el —v) e,
2m
! o= _ .
vy = U ml—i—mg[(UQ V1) - w]w,

where w is a unit vector in S2. Since we consider a head-on collision this simplifies
to

v] = v — _2me (v1 — v2),
mi + mo
2m1
o _
Vg = Vg e —— (vg —v1).

Since my is small compared to mq, we get
vp = +0( %),
Ué = vz + O(l)a
which reflects the physical fact that collisions of a heavy particle with a light one
have a bigger influence on the lighter one than on the heavy one. Hence v, = %um.
To summarize, in the case of ions and electrons, the collision frequencies can be
ordered as follows:
~ ~ (B3, ~ (ﬂ)l/lg.
V21 = Va2 (mz) 11 e

See also [23]. To be flexible in choosing the relationship between the collision

frequencies, we now assume the relationship

Vg = e, 0<e<1. (5)
1

P

If € > 1, exchange the notation 1 and 2 and choose
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2.5. Conservation properties. This section shows how the macroscopic quan-
tities in the interspecies Maxwellians have to be chosen in order to ensure the
macroscopic conservation properties.

Theorem 2.1 (Conservation of the number of each species). Assume that
N2 = N1 and No1 = Na, (6)

then
/ Qo fr)dv = / Quafr, fo)dv = / Qos(for fo)dv = / Qar(fo, f1)dv = 0.

Proof. Conservation of mass implies that in the homogeneous case d; [ fidv = 0.
Therefore

Viiny /(M1 — fl)dv + Vigng /(M12 - fl)dv =0.

Since [(M; — f1)dv = 0, this equation holds provided that ni = n;. Similarly for
the second equation, ny; = ns. O

Theorem 2.2 (Conservation of total momentum). Assume the relationships (5)
and (6) hold and assume further that uis is a linear combination of uy and usg

u1g = ouy + (]. — 5)UQ, 6 €R. (7)

Then we have conservation of total momentum

/m1U[Q11(f1, f1) + Qia(f1, f2)]dv + /m2U[Q22(f2,f2) + Q21(f2, f1)]dv = 0,
provided that
U211 = Uy — @6(1 — 6)(’&2 — Ul). (8)
ma
Proof. The flux of momentum of species 1 is given by

Jmy, =m0 /W11n1(M1 — fi)dv+my /W12n2(M12 — fi)dv

= m1V12n1n2(U12 - Ul) = m1V12Tl1n2(1 - 5)(“2 - ul)'

9)

The flux of momentum of species 2 is given by
Jman = mavainang (ua1 — ug). (10)
In order to get conservation of momentum we therefore need
m1V12n1n2(1 - 5)(U2 - U1) + m2V21n2n1(U21 - U2) =0,
which holds provided ug; satisfies (8) under the assumption that v15 and v satisfy

(5). O

Remark 2.1. If we write £ = e and 6 = 1—£&(1—6) we obtain a similar structure
for uo1 as for uqs ~ R
U1 = OUg + (1 — 5)U1

Theorem 2.3 (Conservation of total energy). Assume (5), conditions (6), (7) and
(8) and assume that Tyo is of the following form

Ti=aoTi +(1—a)Ts +lug —uz|?, 0<a<1,v>0. (11)

Then we have conservation of total energy

[P @ui 50+ Qualhis fo))do+ [ 7210 (Qaalfo £2)+ Qan (fa, ) =0,
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provided that

1
Ty = |:Em1(1 —9) <mls(5 -1)+d+ 1> — E'y} luy — uz|?
3 mo

+e(l—a)T1 + (1 —e(1 — a))Ts.

Proof. Using the energy flux of species 1

m m
Fg 2 ::/71|v|21/11n1(M1—fl)dv+/71\v\2y12n2(M12—fl)dv

1 3
= EVQlininml(‘uuF —|ur?) + §€V21n1n2(T12 - 1),

where we used (7) and (11). Analogously the energy flux of species 2 towards 1 is
3
Fr,, = vaimanina(|ua1|* — |uo?) + §V21n1n2(T21 —13).

Substitute ug; with (8) and Ty from (12). This permits to rewrite the energy fluxes
as

1
f‘ﬁEly2 = €921 §n2n1m1 [((52 — 1)|U1|2 + (1 — 5)2|U2|2 + 2(5(1 — (5)11,1 "U,Q} )
(13

3
+§€V21n1n2 [(1 —a)(Ty —Ty) + v|ur — U2\2] )

1 m m ?
Fp, , = varmanans| ((1 — mfg(l — )% - 1) uz|? + (m;g(a — 1)) Jus |2

3
—|—2(1 — %6(1 — 5))%8(1 — 5)114 . UQ] + §V21n1n2 [&‘(1 — O()(Tl — Tg)

1 m
+ (om0 (Me -1+ 041) ~21) b~ el
3 mo
(14)
Adding these two terms, we see that the total energy is conserved. O

Remark 2.2. Wehave 0 <1 —¢(1 —a) <1 and 0 <e(l — ) <1, so that in (12)
the two terms with the temperatures are also a convex combination of T} and T5.

Remark 2.3. The remaining free parameters can be fixed for specific situations.
For example, if we see the parameters «, §,y and ¢ from the model presented in this
paper as functions of the masses m, and ms, we can get more restrictions on these
parameters by physical considerations.

e In the limit ml”:ﬁm — 0, we expect that uis = us and Ty5 = T3, since we

expect that light particles are driven by the flow of the heavy particles, so
they adapt the velocity and the fluctuations to the mean velocity of the heavy
particles. If we look at (7), (8), (11) and (12), the definitions of uja, ua1, Ti2
and T51, we see in order to realize this, we need 6 — 0, — 0 and v — 0.

e In the limit —"1— — %, when the mass of the particles become indistinguish-

mi+ma
£

able, we expect T12 = T51 and u12 = uo;. For this we need § — 1%5, a— 1

and v — %mlu—%y'

e In the limit mfilmz — 1, the heavy particles don’t feel the other particles, so
we expect that we have no change in the mean velocity and in the temperature,

e.g u12 =up and T =T7. Here we need 6 —+ 1, — 1 and v — 0.
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2.6. Positivity of the distribution function. We want to show that in the
space homogeneous case positive initial values of the distribution functions stay
non-negative when their time evolution is described by the two species BGK model
described in this paper.

Theorem 2.4 (Non-negative solutions of the BGK equation for two species). As-
sume fi(-,t), f2(-,t) € C1(R®) and fi(v,-), fa(v,-) € CHRY), vi1(t), va(t), var (t),
vaa(t) > 0 and we have no external forces. If fi1(v,0), fo(v,0) > 0, we have
fi(v,t), fa(v,t) > 0 for every t > 0.

Proof. In the space-homogeneous case we get from the conservation properties that
ny and ng are constant in time. Rewrite (2) in the space homogeneous case as

Opf1(v,t) + vir(t)na fi(v,t) + viz(t)na fi(v,t) = via(O)ni Mi(v,t) + v12(t)naMia(v, t).
(15)

Define g1(v,t) = fi(v,t)e®® for some differentiable function (t) determined later.
Then

drgr (v,t) = By f1(v,1)e®® + f1(v,1)e*Dd,a(t)

= 0,f1(v, )™ + g1 (v, )Bsa(t).
By using (15) we get
Org1(v,t) = — (111 (t)n1 + v12(t)n2) g1 (v, t)
+ (v11 () My (v, 8) + 12 (E)na My (v, )™ + g1 (v, £)dpar(t).

Now choose «(t) such that

Ora(t) = vi1(t)ny + vi2(t)n2  and  «(0) =0,

so we choose «a(t) as

at) = /Ot v11(s)n1 + v12(s)nads.

The initial value of « is chosen such that f; and g; have the same initial values.
Then g; solves

drg1(v,t) = (11 (t)n My (v, t) + v12(t)na Mys (v, £))e™),
or in integral form
91(0,) = g1(0,0) + /0 12 (5)ma My (0, ) + v13(5)n Maa (0, £ ds,
SO
D fi(v,t) = f1(v,0) + /0 t[l/n(s)nlMl(v,t) + v1a(s)na Mz (v, t)]e*ds.

Since we assumed 1 (t), v12(t), vo1(t), vaa(t) > 0 for every t < to and positive
initial values, all terms on the right-hand side are positive. Hence f; is positive.
Similar for fs.

O
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2.7. Positivity of the temperatures.

Theorem 2.5. Assume that fi(x,v,t), fo(x,v,t) > 0. Then all temperatures Ty,
Ty, T given by (11) and Ty given by (12) are positive provided that

mi my mi

0<y< 3(1 0) (1—|—m2€)6+1 mQE. (16)
Proof. Th and T, are positive as integrals of positive functions. 7o is positive
because by construction it is a convex combination of 77 and T,. For Ty, we
consider the coefficients in front of |u; — ug|?, Ty and Ty. The term in front of T
is positive by definition. The positivity of the term in front of T is equivalent to
the condition o > 1 — %, which is satisfied since € < 1, the positivity of the term in
front of |u; — uz|? is equivalent to the condition (16). O

Remark 2.4. According to the definition of v, v is a non-negative number, so the
right-hand side of the inequality in (16) must be non-negative. This condition is
equivalent to

me bl s 17
L+ te = = (17)

If the collision frequencies are linked as in (5), € = 722, then the right-hand side of
(16) is always positive.

2.8. H-theorem for mixtures.

Remark 2.5. From the case of one species BGK model we know that

/Mk land’U S /fk lnfkdv,
for k = 1,2, see for example problem 1.7.1 in [9].

Lemma 2.6. Assuming (11) and (12) and the positivity of the temperatures (16),
we have the following inequality

EIHT12 + 1DT21 > SIHTl + IHTQ. (18)

Proof. We start with the left-hand side of (2.6). First we insert the definition of
T12 and Ty from (11) and (12). Since v and the term in front of |u; — ua|? in (12)
are positive, we can use the monotonicity of the logarithm and get

eln T12 + In T21
=cln [aTl +(1—a)Te+v|us — uz|2]

1
+1n [zem (1 - 5)(%5(5 S 404+ 1) — ey)|ur — usl?

+e(l—a)Th + (1 —e(1— a))Tz]
>eln(aly + (1 —a)Te) +In(e(1 —a)Th + (1 — (1 — a))Th).

If we now use the concavity of the logarithm and the assumptions 0 < o < 1,e < 1,
the expression above can be bounded from below by

ealnTi+ec(l—a)nTi+(1—c(l—a))InTr +e(1 — a)InTs,

which gives the inequality stated in lemma 2.6. O
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Theorem 2.7 (H-theorem for mixture). Assume fi1,fo > 0. Assume the rela-
tionship between the collision frequencies (5) , the conditions for the interspecies
Mazwellians (6) , (7), (8), (11) and (12) with a,§ # 1 and the positivity of the
temperatures (16), then

/(hlfl) Q11(f1, f1)+(In f1) Qu2(f1, fz)var/(leQ) Q22(f2, f2)+(In f2) Q21(f2, f1)dv <0,

with equality if and only if f1 and fa are Mazwell distributions with equal velocity
and temperature.

Proof. The fact that [In frQ(fk, fx) < 0, k = 1,2 is shown in proofs of the H-
theorem of the single BGK-model, for example in [23]. In both cases we have
equality if and only if f; = M7 and fy = Mos.

Let us define

5(f1,f2) = V12n2/1nf1(M12 - f1)dU + vo1m /lan(Mﬂ - fz)d?k

The task is to prove that S(f1, f2) < 0. Since the function H(x) = zlnz — x is
strictly convex for x > 0, we have H'(f)(g— f) < H(g) — H(f) with equality if and
only if g = f. So

(9= fHnf<ghg—flnf+f—g. (19)
Consider now S(f1, f2) and apply the inequality (19) to each of the two terms in S.

SS V12Ng |:/M121I1M12d1}/f1 1Ilf1d’U/M12d’U+/f1d’Ui|

“+vo1Mn1 l:/Mgl 1nM21d'U—/f2 lnfgd’l]—/MgldU—F/fgdU],

with equality if and only if f1 = Miz and fo = Ma;. Then ujs = dug + (1 —
d)ug = uy from which we can deduce u; = ug = ugy = uiz and Ty = Tp = T =
T51. This means f; and fo are Maxwell distributions with equal bulk velocity and
temperature.

Since Mis and f; have the same density and Ms; and fo have the same density,
too, the right-hand side reduces to

1/12712(/ M12 langd’U — /f1 lnfldv) -|—V2177,1(/ Mgl lnMgld’U— /f2 lnfgd’l)).

_lv—ul?
“ , we will have that

Since [ M In Mdv = nln( ;JS) — %n for M = ﬁe

V127’L2/M12 langdv+u21n1/M21 In M5y dv

S Vo1nq /M2 lnMgd’U + V]gng/Ml landv,
provided that

ni n2
V12Maony In — + v91Mong In —
Tip Toy
22 \/ 2T
N2

ni
S V1iaMoNq In p— “+ vo1nong In

oL [on L2
mi m2
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which is equivalent to the condition (18) proven in Lemma 2.6.
With this inequality we get

S(f1, f2) Svlznz[/M1lnM1dU—/fllnfldv]

+ V21N [MQ lnMgd’U — /f2 In fgdv] < 0.

The last inequality follows from remark (2.5). Here we also have equality if and only
if fi = My and fo = M, but since we already noticed that equality also implies
f1 = M12 and f2 = Mgl, we also have Tgl = TQ = T1 = T12 and Uy = U2 = U112 =

U221 .-
O

Define the total entropy H(f1, f2) = [(filn f1 + foIn f2)dv. We can compute

OH (1. f2)+ Vs / (fuln fot foln fo)odot / FV,(filn fi+foln fo)dv = S(fu, fa).

by multiplying the BGK equation for the species 1 by In f;, the BGK equation for
the species 2 by In fy and integrating the sum with respect to v.

Corollary 2.7.1 (Entropy inequality for mixtures). Assume fi, fo > 0. Assume
Vo, - F; =0 and a fast enough decay of f to zero for v — oo. Assume relationship
(5), the conditions (6) , (7), (8), (11) and (12) with o,6 # 1 and the positivity of
the temperatures (16) , then we have the following entropy inequality

O </fllnf1dv+/f21nf2dv) + V.- </vf11nf1dv+/vf21nf2dv) <0,

with equality if and only if f1 and fo are Mazwell distributions with equal bulk
velocity and temperature. Moreover at equilibrium the interspecies Mazwellians Mo
and M21 satisfy U2 = Uz = U1 = U221 and T12 = T2 = T1 = T21.

We now explicitly specify the global equilibrium.
2.9. The structure of the equilibrium.

Theorem 2.8 (Equilibrium). Assume fi, fo > 0. Assume relationship (5) , the
conditions (6), (7), (8), (11) and (12)and the positivity of the temperatures (16).
Then Qu1(f1, f1) + Qi2(f1, f2) = 0 and Q22(f2, f2) + Q21(f2, f1) = 0, if and only if

f1 and fo are Mazwell distributions with equal mean velocity and temperature.

Proof. If Qu1(f1, f1) + Qi2(f1, f2) = 0 and Qa2(f2, f2) + Q21(f2, f1) = 0 , then
In fi Qui(f1, f1) +1In fi Qi2(f1, f2) +1n fo Qa2(f2, f2) +1n fo Q21(f2, f1) = 0 and so

we have equality in the H-theorem. O

Remark 2.6. Once the species have an equal mean velocity and temperature the
indifferentiability principle in [1] holds. Thus in our model two identical species
are indifferentiable once they reach equilibrium. For more information about the
indifferentiability principle see section 3 or [1].

3. Special cases of this model in the literature. In this section, we review
models that have been previously introduced, [16] and [17], and that can be consid-
ered as special cases of the class described here. Thanks to this, all of them enjoy an
H-theorem, conservation properties and positivity of the interspecies temperatures.
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3.1. Model of Gross and Krook. The model of Gross and Krook [16] is obtained
by choosing € = 1, while §, o and ~ are free parameters. In the case of a plasma they
suggest § = mﬂlmf They also assume (6) for conservation of mass. They assume
one of the mixture velocities to be a linear combination of u; and ug, similar to (7)
and deduce (8) from conservation of momentum. They further choose Tjo of the

form

T2 = aT) + (1 — a)Ty + Alus|* + Blua|* + Cugus, o, A, B,C €R,
and deduce with conservation of energy that T5; is given by
T51 = (]. — Oé)Tl + Ty + D|U1|2 + E|U2|2 + Fujus,

where five of the variables A, B,C, D, E € R are determined in order to get conser-
vation of energy. From the present work the constants must be chosen in order to
satisfy (16). In this case the model satisfies the H-Theorem.

3.2. Model of Hamel. Hamel’s model [17] is obtained by choosing ¢ = 1, § =

2 2
my mit+msy mims  mao :
s T T Fma)? and v = Tt 5 The parameters are chosen in order

to reproduce the fluxes of momentum and energy of Maxwellian molecules. His
model also takes into account the physical considerations described in remark 2.3.
The model satisfies condition (6) for conservation of mass. wujo and wug; satisfy
condition (7) respectively (8) with this chosen ¢ and ¢, so we have conservation
of total momentum. Tjo and Ty are of the form (11) respective (12), so we have
conservation of energy. The requirements for positivity of the temperature are
satisfied, since

2 2
1
a:wz():l—f for =1,
(m1 + m2)2 €
and conditions (16) and (17) then reduce to m; > 0 and mg > 0, so Hamel’s model

has positive temperatures and an H-theorem.

3.3. Comparison with the model of Andries, Aoki and Perthame. The
next model also describes a gas mixture of Maxwellian molecules, but it contains
only one term on the right-hand side [1].

Difr +v - Vafi = (viang + viang) (MW — ),

(20)
Oufo+v - Vafr = (vaamy + vain1)(M® — fo).
The Maxwell distributions are given by
mylv—ull)|?
MO = M
1/27'(&
maglv—u(2)|2
Y L 36*%
[o T2
27Tm72
with the interspecies velocities
(1) _ ma X12
u =uy + 2 no(us — u1),
! my + mg vi1ni + Vighg 2(u2 ) (22)
u® =y + 2 m X21 ny(ur — ug),

m1 + Mg Voong + V21N
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and the interspecies temperatures

T(l) = Tl — %|U(1) — U1|2

2 mime 4x12 3 lug — us |?
+= na(2(Ty — T1) + mop 2”10y,
3 (m1 + m2)2 V11ny + vignhe 2(2( 2 1) 2 2 ) (23)
T® =Ty - "2 u® — o
2 4 3 — 2
mims X21 G —m) + mlM)’

g (m1 + m2)2 VooNo + V21M1 2 2

where Y12, X21, 12 and v91 are parameters which are related to the differential cross
section. For the detailed expressions see [1].

The model also satisfies the conservation properties and the H-theorem with
equality if and only if the distribution functions are Maxwell distributions with
equal mean velocity and temperature.

Remark 3.1. The flux of momentum of the species 1 in this model is given by

maom
mily /ngv(M(l) — f1)dv = 2#)(12(1&2 — U1)n1n2.
mo + My

The flux of the energy of species 1 is given by

mi, ) _ 2maomixi2 my 9 ma 9
— v (MY — f1)dv = nin — u "+ ——u
[ A = fiydu = g TR Ty 2
mip — Mo 2 3
urug + — (15 —1TY1)).
m1+m2 12 m1+m22( 2 1))

So the model discussed here reproduces the same momentum and energy fluxes
between the species (9), (10), (13) and (14) choosing the parameters d, o and ~ as:

ma X12

0=-2——"— +1,
mi + ma V12
o= mims . X12 11,
(m1 4+ ma2)? 112
4 mim3 X2 X12
=2 2 %ping(l — &2).
3 (my1 +m2)? via 1 V12)

For x12 < 112 the parameter  is non-negative.

The model of Andries, Aoki and Perthame has another property, proposition 3.2
in [1], which the models described above do not have. It is called the indifferentia-
bility principle. It denotes the following property:

Remark 3.2 (Indifferentiability principle). When the masses m; and mo and the
collision frequencies vy1, V12, 21 and vao are identical, the total distribution function
f = f1 + f2 obeys a single species BGK equation.

See also [7] for another model which also has the indifferentiability principle.
The model in this paper does not satisfy the indifferentiability principle. The in-
differentiability principle in our model holds only in the global equilibrium. On
physical grounds it is reasonable to assume that two species of identical particles
become really indifferentiable when they have the same macroscopic speeds and
temperatures.
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4. Deriving macroscopic MHD equations. In this section we want to illustrate
the model in the case of ions and electrons. Finally, we derive the typical macro-
scopic equations for a mixture composed of ions and electrons, the equations of ideal
Magnetohydrodynamics, from our model. You can also find a similar derivation in
[6] but for an isothermal flow.

4.1. The BGK model for ions and electrons. We consider the case of ions and
electrons and set € = 2 as it is motivated in section 2.4 or [3]. For simplicity we
take § =0, a = ml’me and v = 0, although the MHD equations can also derived
from the general model. We replace the index 1 by ¢ for the ions and 2 by e for the
electrons. Then the particles are subjected to the Lorentz force F; = e(E + v x B)
and F, = —e(F + v x B), where e is the elementary charge and E and B the mean
electric and magnetic fields given by the Maxwell equations. In this case the model

(2) rewrites as

Ofi + V- (vfi)

E B
+ wvvﬁ = viini(Mi — fi) + viene(Mie — fi),

Mvvfe = l/eene(Me - fe) + %Vieni(Mei - fe)-
e ‘ (24)

atfe +vac : (vfe) -

4.2. Macroscopic equations for ions and electrons. In order to derive macro-
scopic equations, we multiply the first equation of (2) with (1,m;v, %|v]?), and
the second with (1,mcv, %=[v[?). Then we integrate them with respect to the ve-
locity. The obtained macroscopic system is not closed since we obtain terms of the
form [v®vf;dv, [v®vfedv, [|v]?vfidv and [ |v]?vf.dv. All the other terms are
functions of known quantities given in (1). There are plasmas where the two species
first relax to its own equilibrium and then to a global one. According to Chapter
1.9 in [3], we expect that plasmas are typically not in thermodynamic equilibrium,
although the components may be in a partial equilibrium. This means, the elec-
trons are in thermal equilibrium with itself but not with the ions, and the other way
round. So in our considerations we assume that each species is in equilibrium with
itself, e.g. setting f; = M; and f. = M.. In this way, we obtain a closed system of
equations for the conservation of mass, momentum and energy.

Ong + Va(nguy) =0, k=ie, (25)
= VieMiNeni(Ue — ;), (26)
Ort(meneue) + Ve (neTe) + Vi - (Mette @ uene) + ene(E + ue X B) o7
= Veimeneni(ui - ue)7 ( )
m; 2 3 5 m; 2
8t(7nl|ul| + iniTi) +V,- (§piui) +V,- (7ni\ui| ;) — en; B,
28)
| 3 i (
= grienenimi(|uel? — [uil®) + viegmine - (T, = T),
Me 9 3 5 Me 9
a1&(7ne|ue| + 7neTe) + vl‘ : (7peue) + vx : (7nelue| ue) + eneEue
2 2 2 2 (29)

1 3 m
= ~Veinenime(Jui|® — |uel?) + vei=nine C(T; —T.).

2 2 Me + My
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In order to determine the time evolution of the electric and magnetic field, we couple
the system with the Maxwell equations.

1
Vg E=—p, (30)

€o

0B
+: X E4+—=0, 31
Ve x E+ y (31)
: oF
Va XB:,U/O.]—’—MOEOEa (32)
V., -B=0, (33)
pe = e(n; — ne), (34)
J = e(nu; — neue), (35)
where ¢? = #0160 is the speed of light and g, 9 the magnetic and electric vacuum
permittivity.

4.3. Dimensionless equations. First we define dimensionless variables of the
time t, the length x, the velocities u.,u;, the number densities n.,n;, the tem-
peratures T, T;, the magnetic field B, the electric field F, the electron-ion collision
frequency v;, the ion-electron collision frequency v;. and the current density j, for
example ' =!/; for a typical time scale £. In particular, the order of magnitudes
of some quantities are assumed to be linked: We assume that both species have
densities, mean velocities and temperatures of the same order of magnitude, e.g.
Ny =MNe =0, U =1uU =u="7"/;and T; = T. = T. With the last two assump-
tions we assume that we are close to a thermodynamic equilibrium in which the
two mean velocities and temperatures would be equal. Further, we assume that
E = Bu. From non-dimensionalizing the first two Maxwell equations we see that
this means that the electric field induced by a change of the magnetic field in time
dominates over the fields which arise from charges and currents. Further we assume
that B = poZj, which means that the magnetic field induced by currents dominates
over the magnetic field due to changes of the electric field in time. Finally, we
assume that ;. = %f/ei

This leads to the following equations, where now the variables are non-dimensional

o + V- (npug) =0, k=1,e,
O (nyu;) + Cy Vie(nT;) + Va - (nju; @ ug) — Co ni(E +u; x B) =
Cs Vieneni(ue — u;),

Cy O¢(nete) + C1 Va(neTe) + Cy Vi - (ette @ ue) + Cy ne(E 4+ ue X B) =

C3 vieneni(u; — ue),

1
- (Gmiluil*u)

C3C1V4e 3nme (T. - Ty),

5
Cl 8t( ) + 875( n1|u2| ) + C1 Vm . (*TLZTZ’LLZ) + Vz

_CE'L: C 7€ 7 e i2
5 Enu; + Cs VTLTL(|’LL| |u|)+1+c

5 1
C1 5}( T.)+ Cy 3,5( ne|ue\ )+ C1 Vg - (ineTeue) +C4Vy - (5n6|ue|2ue)

1 3
=-C Ee e C eillely % 82 ——C3C ie 5Tl eﬂ_Tev
> Enque + Cs Vnn(|u\ |u\)+1+04311/2nn( )
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together with the Maxwell equations
CsM V,-E= Pcs

0B
E+—=0
Vi X +815 ,
oF
T B=j Mia
Vi X 7+ BN
V.- B=0

pe = (n; —ne),

Cs j = (nju; — neue).

The constants C;,i = 1,...,5 and M are dimensionless parameters. In particular,
al eBt _ m 7 U
Cl = CQ = s Cg = Dieﬁt, C4 = 78, 05 J and M = 5

— o>
m;nu2 m; m; ent c

coming from non-dimensionalizing. The physical meaning is the following: C; de-
scribes the ratio over the typical scale of thermal energy 7T and of the kinetic
energy m;na’ of ions. If we consider an ion travelling with a speed perpendicular
to a magnetic field at distance 7, the force due to the magnetic field eB% on the
particle acts as a centripetal force ™ o’ , so the norm of the forces is equal

mﬂQ

= eBﬂ,

r

which is equivalent to w := % = €B% which describes a frequency called cyclotron
frequency. So Cj is the product of the typical scale of the cyclotron frequency and
the typical time scale. Cj is the ratio of the macroscopic time scale and the time
scale induced by the Mach number. Cj is the mass ratio and M the typical scale
of the speed squared and the speed of light squared. Finally, C5 is the typical scale
of the current density induced by electric fields over the typical scale of the current

induced by the flow of the particles.

4.4. The limits to the MHD equations. Now we consider the formal limit of
the mass ratio C4 — 0 and the non-relativistic limit M — 0.

Theorem 4.1. The formal limit of the mass ratio Cy — 0 and the non-relativistic
limit M — 0 of the system non-dimensionalized system with the remaining param-
eters remain finite is the system

On + V- (nu) =0,
O (nu) +C1 Vo(nT)+ V- (nu®u) = C2C5 j x B,

5 S5,
Cl 8t( TLT) + 8t( TL‘U| ) + Cl Vm . (inu(Te — Tz)) - ClC’g,V:,; . (QT])
+Vy - (%n|u|2u) = (Cy2C5 Ej,

2
%Cl Vi(nTe) + Cs n(E+ux B) — C3C5(j x B) = %Cg, Veing,
2
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C C 5 C 5
0301 at( T.) + czcl Vo - (GnTeu) 030105V (5 Ted)
B 2 02,1, G 3
=—C5 En(u— 055) + ?205 VeiNju — EC’S?/&M + 60301 1/@12 2T - T,
OB
E D
V. X E+ En =0,
V. -B=0,
V. X B =1},

Csj =n(u— ue).

For the interested reader the proof is given in the Appendix.

2
Next, we consider the formal limit C5 — 0 and %Z — 0, such that CyC5 and ngf’
remain bounded away from zero. Physically the first limit means that the current
from moving particles enu dominates over the current due to electric forces j. The

second limit means that the cyclotron frequency &=, dominates over the collision

frequency 7;.7n, while the current due to electric ﬁelds Jj per cyclotron time 1/ %Bi
over the current induced by the flow en# in a typical time scale ¢, remains bounded
away from zero. Moreover, the ratio of the collision frequency and the cyclotron
frequency is assumed to be of the same order of the electric current per collision
time —1-

get the followmg theorem

2
Theorem 4.2. As C5 — 0 and %2 — 0, such that C3Cs and Cg—f"‘ remain bounded
away from zero, formally the solution of the system in Theorem 4.1 tends to the
solution of

on+ V- (nu) =0, (36)

5 1
Ch0(= nT) + (= n|u| )+ C1V, - (inTu) +V,- (§n|u|2u) = C2Cs Ej, (38)

C5C.
(E+uxB)="222p.5  (39)
Cy
2
Fu = 0255 Veij“a (40)
OB
E+ 2 = 42
V. x E+ N =0, (42)
vV, B=0. (43)

This is a direct consequence of Theorem 4.1. Last we consider the formal limit
C3 — 0 which means that interactions of ions and electrons can be neglected. In
addition, we choose the special regime where C; = 1, that is 2T = m;nu® and
C5C5 = 1 in order to obtain the well-known conservation form for ideal MHD.
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Theorem 4.3. As C3 — 0 and in the special regime C; = 1 and CyC5 = 1,
formally, we obtain the system of ideal MHD equations

on+ V- (nu) =0,
1
Or(nu) + Vy(u@un + (p+ 5\3\2)1 -B®B)=0,

1 3 1 1 5
(Gnlul® + 5p+ 5IBP) + Va - (Guluffu+ Sput [BP*u) — B- (B u) =0,
0B
— 4+ V., - (Bu—u® B)=0,

ot
Vs -B=0.

Again, for the interested reader the proof is given in the appendix.

5. Conclusion and perspectives. We derived a BGK equation for mixtures that
replaces the Boltzmann collision operator satisfying the conservation properties,
the H-theorem, positivity of solutions of positive initial data and positivity of all
temperatures. The BGK collision operator contains a sum of relaxation terms
corresponding to each type of interaction, interaction with each species with itself
and interaction with the other species. It has the advantage to single out the
influence of a certain type of collision directly. For example, if one species has
already reached a Maxwell distribution and the other one not.

First, we expect to extend the micro-macro decomposition [11] to gas mixtures.

Further work will be concentrated on the problem of deriving the Navier-Stokes
equations for mixtures from kinetic equations as in [15, 8] in order to estimate
accurate values for Fick’s diffusion coefficient, the viscosity coefficient, the thermal
conductivity and the thermal diffusion parameter. This model offers a possibility
of matching experimental data because of the remaining free parameters «, ¢ and

.
Appendix.

Proof of Theorem 4.1. We start with the non-dimensionalized system from section
4.3. In the limit M — 0, we get from the first Maxwell equation that n; and n.
converge formally to the same limit n. The third Maxwell equation simplifies to

V. x B=j.

We denote the limit of u; by u. Then we get from conservation of the number of
ions

Ogn + V- (nu) = 0.

The momentum equation of the electrons turns into

Cy Vi (nT.) 4+ Cy n(E + ue x B) = C5 vienn(u — u,). (44)
The limit of the sum of the momentum equations with T := T; + T, gives
O(nu) + C1 Vu(nT) + V- (u@un) + Cy n(ue —u) x B=0. (45)
The other Maxwell equations turn into
B
Ve x E+ 8— =0,

ot
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V. B=0,

Csj =n(u— ue). (46)

The energy equation of the electrons leads to

Cq at(§nTe) +Cy V- (gnTeue)

\ (47)
= —Cy Encue + Cs Vem 2(Juf? = |ue|?) + C3Cy Veis, n?(T; — Tp).
From the sum of the energy equations we get
5 1
C1 0= nT) + (= n|u| +C1 V- (§(nTeue +nTu)) + V- (in\u|2u) (48)
=Cy En(u —u.).

Using C5j = n(u — ue), we get from (44), (45) and (48)
Cl vr(nTe) + 02 TL(E + Ue X B) = C3C5 Vei”jv (49)
Or(nu) + C1 Viu(nT) + V- (nu®u) = CoC5 j X B, (50)

1 .
(§"|U|2“) = CxC5 Ej.
(51)

as (u—wue) - (u+wu.) and again replacing j by Csj = n(u — u.),

5
Cy O(= nT) + 0= n\u| )+C1 V- (i(nTeue +nTu)) + V, -

Writing |u|? — |ue|?

we obtain form (47)

€y 0(2nT) + O V.- (i)

1 3 (52)
= —Cy Encuc + C3C5 il/emj(u +ue) + C3C Velann(TZ- —T.).
Equations (49) and (52) are equivalent to
2
1
Cy Vi (nTe) + s Z2C3 n(E 4 ue x B) = s < Cs veinj, (53)
Cs C, C &
3 5
4 3t(§nTe) +Cy V- (EnTeue)
54)
Oy 31,1 3, (
= _5303 Enu, + C 03 Cs 21/einj(u +ue) + C3C Veig (T; —T,).

We multiply (53) and (54) by C—z and insert u, = u — 6’5% from (46), we get from

(51), (53) and (54)
o a3 nT)+8t( n\u| )+ Cy Vx~(gnu(Te—Ti)) C1C5Y, (5TJ)

1
+Vy - (§n|u| u) = CoCs Ej,

2
%Cl Ve(nTe) 4+ C5 n(E 4+ u x B) — C3C5(j x B) = %C{, veing,  (56)
2
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%cl 8t(;nTe) + %ch v, (gnTeu) - %clcwz . (gTej)

=—C5 En(u— 05%) + giC’g; Veinju — giC’g;yeAjF + %20301 VeignQ(Ti -T.).
(57)

O

Proof of Theorem 4.3. In the limit C5 — 0, the equations (39) and (40) turn into
E+uxB=0, (58)

Eu = 0. (59)

We insert j = V, x B from (41) into (37). The j-th component of the term
(Ve x B) x B can be simplified to >.°_, B,,(9s, By — 05, B;), j = 1,2,3. Since
Ve B =0, we can add V, - BBj, so we get Zizl By (0z; Bn — Oz, Bj) + V. BB;
which is the j—th component of =V, - (3|B|?1 — B ® B). Thus, (37) turns into

1
O (nu) + Vy(u @ un + (nT + §|B|2)1 -B®B)=0.

Now, we insert £ = —u X B from (58) into (42). In a similar way again using
VB =0, we obtain —V, X (u x B) =V, - (B®u—u® B), so (42) leads to
0B

Finally, inserting (41), (58), VB = 0 and (60) into (38), leads to
1 3 1 1 5
8t(§n|u|2 + §nT + §|B|2) +V,- (§n|u\2u + §nTu +|Bl*u) — B- (B®wu)) = 0.
O
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