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1 Introduction

In this paper, we will study the singular limits of stiff relaxation and dominant diffusion

for the Cauchy problem of inhomogeneous equations of elasticity with relaxation and diffusion

Vg — Ug + g(Uau) = EVzyg,

w— hiv (1.1)
up — s(v)y + fv,u) + # = EUgpy,
with bounded initial data
(v(x,O),u(ac,O)) = (’Uo(x),UQ(,T)), (1'2)

where v denotes the strain, the nonlinear function s(v) is the stress and w the velocity. The
second equation in (1.1) contains a relaxation mechanism with h(v) as the equilibrium value
for u, T the relaxation time and ¢ is the diffusion coefficient.

In the literature relaxation limits without coupled viscosity have been studied. Noteworthy

references are Chen, Levermore and Liu [2] and Natalini [6] where the relaxation limit for (1.1)
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(with ¢ = f = 0 and assuming s'(v) > ¢ > 0,vs”(v) > 0 for all v € R~ {0}) was first studied
without viscosity. When you have no viscosity a so called stability condition is needed, in our
case it is |h/(v)] < v/s'(v). When one couples viscosity with the relaxation limit it acts as the

stabilizing mechanism.

2 Main Theorems

In this paper, we assume that the functions s(v), h(v), f(v,u), g(v, u) satisfy the following
conditions:

(C1) §'(v) = a%(v),a(v) > 0, but meas{v : a(v) = 0} = 0;a’(v) is continuous on [v_,vy]
and a'(v) < 0 when —oo < v <w_,a’(v) >0 when vy <v < 0.

(C2) d'(v) changes sign on v;,i =1,2,- - sm:v_ =v; < v < -+ < Uy = V.

Clearly m is odd. So let m = 2n + 1 and

(C3) d(v)(v—v;) >0 for v € [v;—1,vi+1] when i is odd; a’(v)(v —v;) <0 for v € [v;_1,
vi+1) when i is even.

Moreover,

(Cy) a(v)g(v,u)sgn(v—uv;)+f(v,u)sgn(u) > 0 for v € [v;_1,v;+1] when i is odd; a(v)g(v, u)
sgn(v —v;) + f(v,u)sgn(u) < 0 for v € [v;—1,vi+1] when i is even.

Let w; and z; be two families of Riemann invariants:

w;(v,u) = /U a(s)ds — u, (2.1)

i

zi(v,u) = /U a(s)ds + u, (2.2)

and v, v" two numbers determined by
+ Vj41

[, o= [ atohs==xa 31y [ ot

for a sufficiently large constant N.
Let the region R; be encircled by the lines (see Fig. 1):

want1(v,u) =N,  zopy1(v,u) = N, (2.3)
when v > vg,41,
2n i1
wo; = —N + Z(—l)ﬂ/ a(s)ds
j2?2i ”J'V (2'4)
i Vj+1
29s = —N + Z(—l)ﬂ/ a(s)ds,
Jj=2i Vi
when v € [vg;, v2;41],i = 1,2,---,n, and
2n ) V1
wai—1 = N — Z (—1)3/ a(s)ds,
j=2i—1 vj (2.5)

2n

Zia=N-— > (1) /:j“ a(s)ds,

j=2i—1 i
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when v € [vg;_1,v9],i =1,2, -, n,

Vj+1

2n
wp =—N + Z(—l)j / a(s)ds,

Vi+1

- (2.6)
z1=—-N+ Z(—l)j/. a(s)ds,

when v < vq.
Based on the invariant regions theory introduced in [1], we have the following theorem.
Theorem 1 If the conditions (C;)—(Cy) are satisfied and the curve u = h(v) passes
through the points (v—,0), (v",0) and is inside the region Ry for v € [v~,v "], then R; is an

invariant regions (see Fig. 1).

w1=—N+;"l - "a(s)ds

ZIZ—N'F_X:; (—l)jfvv”‘a(s)ds

Fig. 1

Using the general compact framework given in [4] or [5], we have the following theorem.
Theorem 2 Let all conditions in Theorem 1 be satisfied and the initial data (vo(x), uo(z))
€ Ry, then for any fixed ¢ and 7, there exists a unique, global solution (v=7(z,t),u®7(z,t)) of

the Cauchy problem (1.1)—(1.2) satisfying the uniformly bounded estimate
[(v57 (x, 1), u®7 (z,1))| < M, (z,t) € Rx[0,T], (2.7)

for any given time T', where M is a positive constant. Furthermore, if 7 = o(¢) as € — 0, then
there exists a subsequence (v uc*) of (v=7(x,t),us" (x,t)) converging strongly to functions
(v,u) as e — 0, which are the equilibrium states uniquely determined by (E;)—(Ez):

(E1) wu(z,t) = h(v(z,t)), for almost all (z,t) € R x (0,T7;

(E2) w(z,t) is the unique L™ entropy solution of the Cauchy problem:

v = h(v)s + g(v,h(v)) =0, vli—o = vola): (2.8)

Proof The estimate (2.7) can be obtained directly by Theorem 1. The existence and
uniqueness of the solution of (1.1)—(1.2) are based on the estimate (2.7) and the general parabolic

equation theory.
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To prove the compactness in the second part in Theorem 2, we choose a large constant C

such that the function

2 C 2
p(v,u) = o — h(v)u+ =
satisfies
Pov(V, W02+ 2P0 (V, W)Vt 4 P (v, w)u2 > Co(vE + u?), (2.9)

for some constant Cy > 0 since (v,u) is bounded.
Multiplying system (1.1) by (py, pu), we have from (2.9) that

p(v,u)r — Po(v, W)Uy — Pu(v,u)s(V) s + po(v,u)g(v, w)

o) () + R
= Epzz(v; U) - Epvvvi - 25pvuvzuz - Epuuui (210)
p(v,u)r = Po(v, wus — Pu(v,u)s(v)e + po(v, u)g(v, u) + pu(v, u) f(v, u)
+w +eCo (v +uz) < epru(v, ). (2.11)
Since
—po(v,u)uy = (W (v)u — C1v)uy,
= ' (v)u(u = h(v))s + (K (0))?(u = h(v))v,
+(W (0)2h(v)ve — Cro(u — h(v)), — CLoh! (v)v,
= (W' (v)u(u = h(v)))s — 1" (v)uvy(u = h(v)) = B’ (v)uz(u = h(v))
(W' () (u = h(v))ve + (B (0))*h(V)ve = C1(v(u = h(v)))s
+Chv(u — h(v)) — Croh’ (v)v,, (2.12)
and
—pu(v,u)s(v), = —(u — h(v))s(v), = =" (V) (u — h(v))vs, (2.13)

it follows from (2.11) that

(u— h(v)?

5 +eCo(v2 +u2) — 703(v2 4+ u2) < epas(v,u), (2.14)
-

p(’U, u)t + Q(Uu u)w +

for a function ¢ and a positive constant C3 depending on the bounds of w,v.
Multiplying (2.14) by a suitable nonnegative test function and then integrating by parts
on R?, we get the estimates

provided 27C3 < (.
Using the estimates in (2.15) and the general compact framework in [4], we can end the

<M

< (2.15)
Llloc(R?F)

3

(1= o))

T

2 2
(EUI,EUI,

proof of Theorem 2.
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