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Abstract

of Einstein’s field equations in asymptotically hyperbolic spacetimes. In the

context of the anti-de Sitter/conformal field theory correspondence (AdS/CFT-
correspondence), these are dual to non-equilibrium systems in quantum field the-
ories. By foliating the n-dimensional spacetime into (n — 1)-dimensional spatial
Cauchy surfaces Y, the system of Einstein’s field equations can be formulated as a
Cauchy-problem with constraints representing the conservation of momentum and
energy. The strongly hyperbolic first-order conformally covariant Z4 system (FO-
CCZA4) of Einstein’s field equations, as a first-order formulation of the CCZ4-system,
may be well suited as a time-evolving system for finding time-dependent solutions
of the Einstein field equations in asymptotically AdS spacetimes.

The FO-CCZ4 system of Einstein’s field equations in four spacetime dimensions
with vanishing cosmological constant A4 was derived by Dumbser et al. [20]. Fur-
thermore, it was shown that this system is strongly hyperbolic for various standard
gauge choices. As the anti-de Sitter space has a non-vanishing negative cosmological
constant and as we are interested in higher-dimensional AdS spaces, the FO-CCZ4
system was extended by previous work of Grosvenor [37] to a first-order system
of Einstein field equations in n spacetime dimensions with a non-trivial cosmolog-
ical constant A,. Then, we argued that the generalized FO-CCZ4 system for a
three-dimensional and four-dimensional spacetime with a non-vanishing cosmologi-
cal constant remains strongly hyperbolic. The generalized FO-CCZ4 system, with
its n®/2 +n? + 5n/2 unknown variables, is more complex than the Einstein field
equations in their original formulation. However, it has the advantages of a strongly
hyperbolic first-order system.

Furthermore, the AdS boundary is of utter importance for solving the FO-CCZ4
system of Einstein’s field equations in an asymptotically, non-globally hyperbolic
AdS space. In order for the entire space and not just a small neighbourhood in the
causal future to be determined by some initial data on the Cauchy surface >; at time
t = 0, conditions for the variables of the FO-CCZ4 system at the AdS boundary
must be calculated. To gain some intuition about how these fields behave near the
boundary, we wrote the AdS metric g,, as a perturbation series and derived the
time-dependent conditions at the AdS boundary for the n3/2 + n? + 5n/2 variables
of the generalized FO-CCZ4 system. Moreover, we checked these derived boundary
conditions for n = 3 and n = 4 with a Mathematica script. [36]

Since momentum and energy conservation of the FO-CCZ4 system must be sat-
isfied for all times on the (n — 1)-dimensional Cauchy surfaces ¥, setting up initial

I n this thesis, we are interested in finding time-dependent gravitational solutions
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data at time ¢ = 0 on the initial surface >y becomes a non-trivial problem. For
simplicity, we restricted ourselves to a time-symmetric surface >; and used a scalar
field ¢ as a non-trivial deviation from the AdS space. To obtain physically relevant
initial data on the Cauchy surface ¥y, we derived a time-independent second-order
elliptic initial value problem using a conformal decomposition. For this problem, we
have found a solution for the trivial case of a vacuum AdS spacetime and simplified
the initial value problem for a scalar field ( as matter.

Moreover, the numerical discontinuous Galerkin (DG) method for the FO-CCZ4
system was implemented by Dumbser et al. [20] in ExaHyPE (Exascale Hyperbolic
PDE Engine). ExaHyPE is open-source software for solving first-order hyperbolic
partial differential equations using the ADER-DG (arbitrary high-order using deriva-
tives - discontinuous Galerkin) or finite volume (FV) method. The simulations
of various physical phenomena, such as the numerical simulation of earthquakes,
tsunamis or the orbiting of two black holes around each other, have been success-
fully implemented within this framework. Based on this, the goal of this work was
to extend the implementation of the FO-CCZ4 system to asymptotically hyperbolic
spaces. However, a major challenge arose by explicitly setting the derived boundary
conditions in the ExaHyPE code. To address this complication, we tried to solve
first the simplified Cauchy-problem of a static vacuum three-dimensional AdS space-
time with time-symmetric initial data, i.e. (£ = 0,p; = 0, K;; = 0,%;;), and the
anti-de Sitter metric 4;; as a boundary condition within the ExaHyPE framework.



/usammenfassung

tionslosungen der Einsteinschen Feldgleichungen im asymptotisch hyperboli-

schen Raum. Diese sind im Rahmen der Anti-de Sitter/Konformen Feldtheorie-
Korrespondenz (engl. AdS/CFT-correspondence, fiir ’Anti-de Sitter/Conformal field
theory’) dual zu Nichtgleichgewichtssystemen in der Quantenfeldtheorie. Durch eine
Zerlegung der n-dimensionalen Raumzeit in (n — 1)-dimensionale raumliche Cauchy-
Flachen ¥;, kann das System der Einsteinschen Feldgleichungen als Cauchy-Problem
mit physikalischen Nebenbedingen, welche die Impuls- und Energieerhaltung dar-
stellen, formuliert werden. Das stark hyperbolische System erster Ordnung (engl.
FO-CCZ4, fiir "first-order CCZ4’) der Feldgleichungen, welches auf der konform ko-
varianten Formulierung des Z4-Systems (engl. CCZ4, fiir 'conformal and covariant
Z4’) aufbaut, konnte als Zeitentwicklungssystem zum Finden von zeitabhéngigen
Losungen der Einsteinschen Feldgleichungen im asymptotischen AdS Raum gut ge-
eignet sein.

Das FO-CCZ4 System der Einsteinschen Feldgleichungen in 4 Raumzeitdimen-
sionen mit verschwindender kosmologischer Konstante A4 wurde von Dumbser et
al. [20] hergeleitet. Es wurde gezeigt, dass dieses System fir ausgewélte Standartei-
chungen stark hyperbolisch ist. Da der Anti-de Sitter Raum eine nichtverschwinden-
de, negative kosmologische Konstante hat und wir uns fiir hoherdimensionale AdS
Réaume interessieren, wurde das FO-CCZ4 System durch vorherige Arbeiten von
Grosvenor [37] auf ein System erster Ordnung der Einsteinschen Feldgleichungen in
n Raumzeitdimensionen mit nichttrivialer kosmologischer Konstante A, erweitert.
Das verallgemeinerte FO-CCZ4 System ist mit ihren n®/2 + n? + 5n/2 unbekannten
Variablen komplexer als die Einsteinschen Feldgleichungen in ihrer urspriinglichen
Form. Da ein stark hyperbolisches System erster Ordnung groflie Vorteile bringt,
haben wir argumentiert, dass die starke Hyperbolizitit des FO-CCZ4 Systems mit
nichtverschwindender kosmologischer Konstante in 3 und 4 Raumzeitdimensionen
erhalten bleibt.

Des Weiteren ist der AdS Rand fir das Losen des FO-CCZ4 Systems der Ein-
steinschen Feldgleichungen in einem asymptotischen, nicht-global hyperbolischen
AdS Raum von grofler Bedeutung. Damit der gesamte Raum, und nicht nur eine
kleine Umgebung in der kausalen Zukunft, durch die Angabe von Anfangsdaten auf
der Cauchy-Flache ¥; zum Zeitpunkt ¢ = 0 bestimmt werden kann, miissen Bedin-
gungen fir die Variablen auf dem AdS-Rand hergeleitet werden. Um eine gewisse
Intuition zu gewinnen, wie sich diese Felder in der Néahe des Randes verhalten, haben
wir die AdS Metrik g, als Storungsreihe geschrieben, und daraus die zeitabhangigen

In der vorliegenden Arbeit interessieren wir uns fiir zeitabhingige Gravita-
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Bedingungen auf dem AdS-Rand fiir die n3/2 + n? 4+ 5n/2 Variablen des verallge-
meinerten FO-CCZ4 Systems hergeleitet. Diese Gleichungen haben wir fir n = 3
und n = 4 durch ein Mathematica Skript [36] tiberpriift.

Da die Impuls- und Energieerhaltung des FO-CCZ4 Systems fiir alle Zeiten auf
den (n — 1)-dimensionalen Cauchy-Flichen ¥, erfiillt sein miissen, wird das Auf-
stellen von Anfangsdaten zum Zeitpunkt ¢ = 0 auf der Anfangsfiche ¥y ein nicht-
triviales Problem. Zur Vereinfachung haben wir uns eine zeitsymetrische Flache 3,
beschrankt, und ein Skalarfeld ¢ als nicht-triviale Abweichung vom AdS Raum ge-
nutzt. Um nun physikalische Anfangsdaten auf der Cauchy-Fléche ¥y zu erhalten,
haben wir mit Hilfe einer konformalen Zerlegung ein zeitunabhéangiges, elliptisches
Anfangswertproblem zweiter Ordnung hergeleitet. Fiir dieses Problem haben wir
eine Losung fiir den trivialen Fall einer Vakuumraumzeit gefunden und das An-
fangswertproblem fiir ein Skalarfeld ¢ als Materie vereinfacht.

Des Weiteren wurde das numerischen diskontinuierliche Galerkin-Verfahren (engl.
DG, fiir "discontinuous Galerkin’) fiir das FO-CCZ4 System von Dumbser et al. [20]
im ExaHyPE-Code (engl., fiir "Exascale Hyperbolic PDE Engine’) implementiert.
ExaHyPE ist eine open source Computersofteware zur Losung von hyperbolischen
partiellen Differentialgleichungen erster Ordnung mit Hilfe des ADER-DG (engl.,
fir ’Arbitrary high order using Derivatives-Discontinuous Galerkin’) oder Finite
Volumen Verfahrens. Unterschiedlichste physikalische Phdnomene, wie die nume-
rische Simulation von Erdbeben, Tsunamis oder das Umkreisen von zwei Schwar-
zen Lochern, wurden erfolgreich in ExaHyPE implementiert. Darauf aufbauend war
das Ziel dieser Arbeit, die Implementierung des FO-CCZ4 Systems auf asympto-
tisch hyperbolische Rdume zu erweitern. Dafiir miissen die von uns hergeleiteten
Randbedingungen und Anfangsdaten implementiert und das FO-CCZ4 System mit
den Termen der kosmologischen Konstante erweitert werden. Eine grofiere Schwie-
rigkeit stellte das explizite Setzen der von uns hergeleiteten Randbedingungen im
ExaHyPE-Code dar. Um diese Schwierigkeiten anzugehen, haben wir abschliefend
versucht das triviale Cauchy-Problem einer statischen Vakuumraumzeit mit zeit-
symmetrischen Anfangsdaten, (£ = 0,p; = 0, K;; = 0,%;;), und der Anti-de Sitter
Metrik 4;; als Randbedinung fiir n = 3 mit ExaHyPE zu 16sen.
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Chapter

Introduction

most successful gravitational theory. While a significant number of exact

solutions of the Einstein field equations are known, only a few of them,
derived from highly idealized approximations, are physically relevant [42]. Three
astrophysically relevant solutions are the Kerr solution for stationary rotating black
holes, the TOV solution of a spherically symmetric perfect fluid model of stars and
the Friedman solution for the expansion describing the model of a homogeneous and
isotropic universe.

Since general relativity is strongly non-linear, the superposition principle does
not hold and certain approximations must be used to solve the two-body problem.
Nevertheless, the geodesic equation describes the motion of a sufficiently small ob-
ject in the gravitational field of a much bigger mass. This calculation is a reasonable
approximation for the motion of photons in the sun’s gravitational field. However,
for calculating the perihelion precession of Mercury’s orbit or the inspiral of a small
black hole inspiral into a giant black hole, the Post-Newtonian expansion [10], or
the gravitational self-force correction [63] has to be used, respectively. While these
approximations apply to most physical problems, they fail for binary systems of high
mass and rotation, such as two rotating black holes or neutron stars. In order to
describe the motion of an astrophysical object in a strong gravitational field regime,
one needs to solve Einstein’s field equations numerically without any approxima-
tions.

G eneral Relativity Einstein’s theory of general relativity is by far the

Numerical Relativity Several different methods for numerically solving Ein-
stein’s field equations have been studied in the past. There is the characteristic
formulation [65], the conformal field equations by Friedrich [25], the generalized-
harmonic formulation by Pretorius [57], and the commonly used 3 + 1 formalism,
originating from works by Darmois [16], Lichnerowicz |46, 47] and Choquet-Bruhat
[23, 24].

The space and time decomposition of general relativity relies on slicing the four-
dimensional spacetime into three-dimensional spacelike hypersurfaces, projecting
four-dimensional tensors onto submanifolds and time-evolving them from one hy-
persurface to another along a timelike vector field. This way, the Einstein field
equations can be cast as a Cauchy evolution problem with constraints, representing
the conservation of momentum and energy. The 3 + 1 decomposition is discussed
excessively in many modern books, such as [11, 6, 13], 27, 59, [61].
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However, it took almost a hundred years to recast the Einstein field equations as
a first-order, strongly hyperbolic system (known as FO-CCZ4 [20]) that is suitable
for stable numerical time integration. Steady long-term simulations for the head-on
collision of two puncture black holes and stable long-term evaluation of a neutron
star in an anti-Cowling approximation were only presented recently, respectively, by
Dumbser et al. [20] 19].

Anti-de Sitter/Conformal field theory The solutions of Einstein’s field
equations in hyperbolic space are in the context of AdS/CFT-correspondence dual
to non-equilibrium systems in quantum field theory. But, what is this AdS/CFT-
correspondence actually about? The most famous and original AdS/CFT duality
by Maldacena [48] is a relation between the maximally supersymmetric conformal
Yang-Mills theory as a conformal quantum field theory on our four-dimensional flat
space without gravity to the type I string theory, a theory of gravity on the curved
10-dimensional manifold AdSs x S°. As the geometry of the boundary of the com-
pactified AdSs5 spacetime is the four-dimensional Minkowski spacetime, we may say
that the CFT lives on the boundary of the compactified AdS; spacetime. By taking
a particular limit, the string theory reduces to a classical weakly coupled theory of
gravity describing pointlike particles, while the conformal quantum field becomes
strongly coupled. For a detailed introduction to AdS/CFT, there are several good
books and lecture notes about AdS/CFT [4], 41, 49, [52| 53], 68].

The strongly coupled N' = 4 Superconformal Yang-Mills theory and the AdS
spacetime are far from our real world, which can be described by quantum chromo-
dynamics (QCD) and has a positive cosmological constant. But why is then this
AdS/CFT-duality so interesting? While there is no universal approach for calcu-
lating observables in strongly coupled quantum field theories, perturbative meth-
ods facilitate the calculations in weakly coupled QFTs. Nevertheless, by studying
AdS/CFT, many things about strong couplings in QFTs and even for QCD have
been understood. An example of applying the AdS/CFT duality is the study of
far-from-equilibrium dynamics of strongly coupled QFTs. Here, the time evolution
of the combined cold-hot bath system of two identical copies of quantum critical
systems at different temperatures and chemical potential can be analyzed. After
joining the two systems, a non-equilibrium steady state forms between the shock,
moving towards the cold bath, and the rarefaction wave, moving towards the hot
bath [2I]. Furthermore, the entanglement entropy as a measure of the entanglement
of quantum states of different spatial subregions can be studied. While the increase
in entropy of the steady-state region is small, it is given by the entropy production
of the shock and rarefaction wave [2I]. For small temperature, [22] derived an ana-
lytical formula for the time dependence for the entanglement entropy. As we want
to numerically solve the FO-CCZ4 system for a hyperbolic AdS space and study
the real-time dynamics and time evolution of the entanglement entropy of strongly
coupled systems, we can use the analytic formula as a benchmark for solving the
FO-CCZ4 system within the ExaHyPE framework.

Structure of the thesis This thesis is structured as follows: In Chapter [2] we
state the various initial value problems of the Einstein field equations with main



focus on the FO-CCZ4 system for a general n-dimensional spacetime with a non-
vanishing cosmological constant. As we want to evolve forward in time some ini-
tial data for the generalized FO-CCZ4 system for an asymptotically Anti-de Sitter
(AAdS,) spacetime, we derive a time-independent, elliptic, second-order partial dif-
ferential equation in Chapter [3] Solving this PDE will give us physical initial data
that satisfies the conservation of momenta and energy. Thereafter, we introduce the
main properties of an AdS spacetime and, in order to obtain a well-posed and deter-
ministic initial value problem of the generalized FO-CCZ4 system of the Einstein’s
field equations for an asymptotically Anti-de Sitter spacetime, calculate boundary
conditions for the unknowns of the generalized FO-CCZ4 system in Chapter []
Moreover, in Chapter [5, we summarize the boundary conditions for an AAdS; and
AAdS, spacetime, while in Chapter [6] we give a short introduction to the ExaHyPE
(Exascale Hyperbolic PDE-Engine) software and present some output in{7, We have
devoted much effort to defining the main objects for recasting Einstein’s equations
as a time-evolution problem in a mathematically rigorous manner in Appendix [A]
Furthermore, we stated the main properties of the Lie derivative and for a rela-
tivistic spacetime, respectively, in Appendix [B] and [C] To characterize symmetric
spacetimes, we need the notion of Killing vector fields as can be found in Appendix
[D] while the tremendous calculation for the boundary behaviour and the Jupyter
notebook for the calculation of initial data can be found, respectively, in Appendix

[El and [Fl

Convention and Notation Whenever there are upper and lower indices re-
peated, we will, unless otherwise indicated, apply the Einstein summation conven-
tion, i.e.

n—1
Z gal/gVB = gaugyﬁ-
v=0

Greek letters generally run over the n spacetime coordiantes and take the values
0,1,2,3,...,n — 1, where 2° = ¢t is the time coordinate. For example

n—1
gaugyﬁ = Z gul/gms-
v=0

Every time we use Einsteins summation convention, Greek letters from the beginning
of the alphabet «, 3,7,... are used as free indices, while Greek letters starting at
i, v, ... are used as dumb indices for contraction. In this way, the tensorial degree
will be immediately clear. For example, we can easily see that

Fyuaﬁyyﬁﬁy’yp’yaé (n)RpO'/U/

isaein (1, 3)-tensor. Latin letters only run over the spatial coordinates 1,2, 3, ..., n—
1, while Latin letters starting at ¢, 7, k, ... are purely spatial coordinates, Latin let-
ters from the beginning of the alphabet a,b,c, ... represent only angle coordinates
and Latin letters starting at m,n, ... are non-rodial coordinates. For example

n—1
%‘ﬂjk = Z %‘ﬂjk
j=1
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9av9" = 9a0, 9" + Ga0, 9™ + -+

Be careful with the notation used in Chapter [ i.e.

gt g#ﬂﬁﬂﬂ = gaog(wﬁog + galglﬁﬁw te

as we have to sum over g,3 and ﬁﬂﬁ simultaneasly. For the sake of simplicity, we
will set the gravitational constant G and the speed of light ¢ to one and symmetrize
a 2-fold contravariant tensor by

1
Aap = 5 (Aas + Asa)
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First-Order Formulation of
Einstein's Field Equations

"Spacetime tells matter how to move.
Matter tells spacetime how to curve." [62]
John Wheeler (1911 - 2008)

Physicist

for high convergence order numerical integration, much effort has been devoted

to rewriting them as a strongly hyperbolic time-evolution system of partial
differential equations of first-order. This chapter states the different Cauchy-systems
suitable for numerical implementation. However, we focus primarily on the newly
derived generalized FO-CCZ4 system for an n-dimensional spacetime M with a
non-vanishing cosmological constant A,,, as we aim to numerically solve the latter
system for a hyperbolic AdS spacetime with the ExaHyPE software. Eventually,
we show that the generalized FO-CCZ4 system will be stable for numerical time
integration, as it remains strongly hyperbolic for the special cases of a three- and
four-dimensional spacetime.

S ince the Einstein field equations in their original formulation are not suitable

2.1 Motivation for rewriting Einsteins’s field equa-
tions

The Einstein field equations, as the most essential part of general relativity, are
given globally by

1
™Ric = ™R g+ A,g = 8T, (2.1)

where the Ricci tensor ™Ric € I°°(T*M®?), the metric tensor g € I'°(T*M®?) and
the matter stress-energy tensor T' € I'(T*M®?) are 2-fold covariant tensor fields
on the n-dimensional spacetime M, while their space is given by the set of smooth
sections of the tangent bundel T7*M®2. The Ricci curvature scalar ™R € C*(M,R)
is a smooth function on the manifold M and A, is the cosmological constant. As
the 2-fold covariant Ricci, metric and matter-stress tensor fields and the smooth
function ™R of Einstein’s field equations are of utter importance, we introduce
them in a mathematically rigorous manner in Appendix [A]

b}
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While the global formulation is not very usefule, we can write the Einstein field
equations locally as

1
(n)R;w - §(n)Rg;w + Ang;w = 87TT;U/7 (22)

where (”)RW, v "R and T, w are, respectively, the component functions of the
Ricci tensor ™Ric, the component functions of the Lorentzian metric ¢, the corre-
sponding Ricci scalar MR, and the components of the matter energy-momentum
tensor 7.

The Einstein field equations are a set of n(n + 1)/2 coupled, nonlinear partial
differential equations of hyperbolic and elliptic type, written in a tensorial form that
describes how mass and energy curves the geometry of spacetime. While a significant
number of exact solutions of the Einstein field equations are known, only a few
of them are physical problems derived from highly idealized approximations. While
these approximations apply to most physical problems, they fail for binary systems
of high mass and rotation, such as two rotating black holes or neutron stars. In
order to describe the motion of an astrophysical object in a strong gravitational
field regime, one needs to solve Einstein’s field equations numerically without any
approximations. However, as the tensorial formulation of Einstein’s field equations is
not very suitable for high convergence order numerical integration, we need to recast
the most important equation of general relativity. But, rewriting Einstein’s field
equations as a first-order hyperbolic system of partial differential equations suitable
for stable numerical time integration has been a long way of almost a hundred
years. Let us, therefore, summarize in the following sections the reformulations of
Einstein’s field equations as a time-evolution Cauchy-problem while we focus on the
generalized FO-CCZ4 system with a non-vanishing cosmological constant A,,.

2.2 The ADM evolution system

We aim to rewrite the Einstein field equations as an initial value Cauchy
problem. To do so, we need to introduce the notion of a foliation of an n-dimensional
spacetime into (n—1)-dimensional spacelike surfaces ;. Then we need to project the
objects of Einstein’s field equation that are living on the n-dimensional spacetime
onto the hypersurfaces ¥;, along the vector field N, and onto the hypersurface >;
and along the vector field V.

Since we could not find a rigorous introduction to numerical relativity in physics
textbooks, we have devoted much effort to defining the main objects from numer-
ical relativity for recasting Einstein’s equations as a time-evolution problem in a
mathematically rigorous manner. The definitions of a spacelike hypersurfaces ¥;, a

foliation of spacetime M and the projection operator v*, can be found, respectively,
in Section [A.2] |A.5l and [A.6]

The derivation of the ADM equations

Using the projection operator 7*,, as defined rigorously in Appendix [A.6] and the

v

normal vector field N € T'°(T'M), as defined rigorously in Appendix [A.4] we can
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project any tensor field living on the generalized tangent bundle TM®* @ T*M®*
completly onto the spatial surfaces >;, completly along the normal vector field N
or onto the spatial surfaces >; and along the normal vector field V.

Let us first project the matter stress-energy tensor T € I'™(T*M®?) of the
Einstein field equations. Locally, we can write the 2-fold covariant tensor as

T’U =T,,dr" @ dz”, (2.3)

where T),, € C*(M,R) are the component functions. By the very definition of the
matter stress-energy tensor, we can locally define the following four quantities as
measured by the Eulerian observer with four-velocity N, as in Section 7.2.2 in [59]
by
E=T,N'N" e C*(M,R) the energy density (2.4a)
So = =T, N” € C*°(M,R) the momentum densitiy (2.4b)
Sap = T € C*(M,R)  the spatial energy momentum tensor and (2.4c)
S =S!eC®M,R) its trace. (2.4d)

As Gourgoulhon points out in Section 4.1.2 in [27], we can reconstruct the matter
stress-energy tensor from these quantities by

T=S4+N@p+pN +EN" @ N, (2.5)

where ”: TM — T*M is the musical isomorphism. Next, let us project the metric
tensor g € T'°°(T*M®). Locally, we can write the tensor field as

9|, = gudr" @ dz”, (2.6)

where g, € C>*(M,R) are the component functions. Then, the projections of the
component functions g, as given in Appendix [A] are given by

guwNFN" = —1 € C*(M,R), (2.7)
9w Vs = Yap € C(M,R), (2.8)
gV, N" =0 € C*(M,R).

The last 2-fold covariant tensor field of the Einstein field equations, the Ricci tensor
MRic € ™°(T*M®?), can be written locally as

"Ric | = "Ry, de" @ da”. (2.10)

The projection of the component functions have been derived in Appendix [A] and
are given by

1 y
(MR, N*N” = 5 (R+ K* - Ki K7 — WR) € C*(M,R), (2.11)

1
™R = ——~ (LnKap = DaDpar + Rag) + K Kap — 2K, K"y € C*(M, R),
(2.12)
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MR, ENY = DK — D, K" € C®(M,R), (2.13)

where the projection along the normal vector field N is given by the scalar
Gaus equation , the projection ([2.12) onto the hypersurface ¥; is given by
the combination of the contracted Gauss equation with the Ricci equation, i.e. Eq
(A.99), and the projection (2.13) once along the normal vector field and once onto
the hypersurface ¥; is given by the contracted Peterson-Mainardi-Codazzi equation
(A.95). The Levi-Civita connection D on T'Y is rigorously defined in Section |A.3|

Using the projections of the matter stress-engerg tensor 7', metric tensor g and
the Ricci tensor ™Ric, we can fully project the Einstein field equations with a
vanishing cosmological constant

Gy — 87T, =0, (2.14)

where G, = (”)RW — %(”)ng € C*(M,R) are the component functions of the
Einstein Tensor G € I'*(T*M®?). While a full projection along the normal vector

field N yields the Hamilton constraint equation
H = (G + Mgy — 87T, ) N*NY = R+ K* — K; K7 —167E =0,  (2.15)

the projection once along the normal vector field N and once onto ¥; yields the
momentum constraint equations

M, = (G — 81T,)Y,N" = DK — D, K" +8rS, = 0. (2.16)

A full derivation of the constraint equations can be found in Section 4.1.3 in [27].
Note that these equations and are called constrained equations as they
have to be fulfilled for all times ¢t € R, i.e. for all hypersurfaces ;. But, even
if initially the constraint equations are satisfied, they will not be, up to numerical
accuracy, for later times as explained in Section 10.3.3 in [27]. Moreover, the full
projection of the Einstein equations onto ¥, i.e.

GHVV#Q’YVB - 87TT}LV7#Q’YVIB7 (217)

yields the evolution equation of the extrinsic curvature Kz, namely

‘CMKaﬁ = —DaDﬁOé—i-Oé{Rag—l—KKag—QKauK“ﬁ—871' (Saﬁ -+ f;_g”}/aﬁ) } (218)
The component functions of the extrinsic curvature, a measure of how the hypersur-
face ¥; is embedded into the spacetime manifold M, is defined rigorously in Section
A3 A different, but equivalent definition of the extrinsic curvature, as calculated
in Section 3.3.5 in [27], is given by the Lie derivative of the spatial metric 7, in the
direction of the normal evolution vector field M € T'>°(T'M), i.e.

Ly = —2aK,. (2.19)

Using the timelike evolution vector field M € T'>°(T'M), as defined rigorously in
Appendix the shift vector field § € I'°(T'M), as defined rigorously in Appendix
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as J = 0, — M, we can write the Lie derivative in the direction of the vector
field M as
Ly =Ly —Ls =0 — Lp. (2.20)

Note, as explained in Appendix [A] each term of Eq. (2.15), ([2.16), (2.18) and
is a tensor field tangent to ;. Therefore, we can restrict the equations to
only spatial indicies without loss of generality. Using the property of the Lie
derivative, we are ready to state the ADM equations, as given in Section 4.3.2 in
[27], the first and original reformulatlion of the Einstein field equations. Then,

(3t — Eﬂ) ’Yij = —QOZKZ‘J' (221&)
(8t — Lﬁ) Kz’j = —DiDjOé + CY{RZ‘j + KKZJ - 2szKkj

E-S
— 87 (S@] -+ D—Q%J) } (2.21b)

H=R+K*— KK —167FE — 2\ =0 (2.21c)
M; = D;K — D,;K’; + 8rS; = 0. (2.21d)

For the sake of completeness, let us introduce spatial coordinates (z') and express
the terms of the ADM equations within this coordinate system. The terms with a
covariant derivative D associated with the hypersurface ¥; can then be expressed

via Eq. (A.16) by

DZ'D]‘Q{ = @Hja - Fkij(()ka, (222&)
D;K’; = 0, K7, + 17, K* — K’\T'%,, (2.22b)
Dia = ('ZK, (222C)

where the Christoffel symbolds are given by
1
", = E’Ykl (Oimj + 057t — Ovig) - (2.23)

The Lie derivative of the spatial metric v;; and the extrinsic curvature K;; in direc-
tion of the shift vector 5 can be written, respectively, by using Eq. (B.28)) as

Lsyij = 0B + 035 — 2Fkij5k (2.24)

and
LsKij = fPOpKij + K,;0;8* + Ku1,0;8%. (2.25)
The Ricci tensor and the Ricci scalar of the (n — 1)-dimensional submanifold ¥, are
given, respectively, by
R=7+"R,;. (2.26b)

The equations (2.21al) - (2.21d)) with all terms expanded by (2.22a]) - (2.26b]) are
called the ADM equations, named after Arnowitt, Deser and Misner, even though
it was Darmois, Lichnerowicz and Choquet-Bruhat who have first derived these
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equations for special cases for the lapse function a and the shift vector 5 [27].
Arnowitt, Deser and Misner are well-known for their Hamiltonian formulation of
general relativity, where they derived a slightly different set of equations with the
extrinsic curvature replaced by the momentum conjugate of the spatial metric [27].
In numerical relativity, the n degrees of freedom for gauge fixing are incorporated
in the freedom to choose the lapse function « and the shift vector § freely. We will
postpone the discussion about the different choices used in the past for the lapse
function a and the shift vector 5 to Section [2.§|

Given initial fields that generate a certain matter distribution (£,p;, S;;), the
ADM equations constitute a second-order nonlinear system of PDEs in the unknows
(745, Ki;) that can be used on the same footing as the original Einstein equations
and have the same 10 degrees of freedom. As all quantities are (n — 1)-dimensional,
we may forget about the ambient n-dimensional spacetime and consider these equa-
tions as a time evolution problem of (n — 1)-dimensional tensor fields on the spatial
hypersurfaces with the constraint equations

R+ K? — K;;K"7 — 2A = 167E (2.27a)
D,K’; — D;K = 8rS;. (2.27D)

Furthermore, Choquet-Bruhat and Geroch showed in 1969 the global existence and
uniqueness of the Cauchy initial value problem with initial data (v, K, E,p) on ¥
that obey the constraint equations. Finally, we refer the attentive reader to the
summary of the Cauchy problem [I5] by Choquet-Bruhat and reviews by York,
Andersson and Rendall that can be found in [27].

However, the AMD equations are only weakly hyperbolic and therefore not very
suitable for stable long-term numerical implementation [60]. We can achieve hy-
perbolicity of the Cauchy system by using several tricks. First, we decompose the
variables into a traceless and trace part, conformally decompose the ADM state
variables v;;, K;;, add the constraint equations H = M; = 0 to the evolution equa-
tions and evolve the evolution of the trace of the extrinsic curvature, the contracted
Christoffel symbol and the conformal factor. We will introduce this new system in
the following.

2.3 The BSSNOK evolution system

The ADM equations with a particular gauge fixing choice constitute a system of
evolution equations that are not well-suited for stable numerical integration. The
failure of a stable evolution is due to the weakly hyperbolicity property of this
system, which can be seen by a first-order reduction [39]. Consequently, this means
that the Cauchy initial value problem of the ADM equations is ill-posed, and it
can not be ensured that the solutions are well-behaved. But then, to ensure stable
numerical evolution, we should put these equations into a strongly hyperbolic form.
We can solve this problem using the constraint equations, performing a conformal
decomposition and separating the dynamical variables into trace and traceless parts.
However, before we have a look at the derivation of the BSSNOK system, we note
that well-posedness is a necessary condition to obtain a stable evolution scheme
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[33], but it is not a sufficient condition. Symmetric or strongly hyperbolic equations
are characterized by solutions that do not increase more rapidly than exponentially.
However, from the numerical point of view, exponentially growing solutions, unless
they can be controlled, are still very bad and can terminate the evolution system
after a finite time [6].

Definition of the traceless decomposition

Any 2-fold covariant tensor field S € T°°(T*X%?) can be decomposed into its trace
S =8 (2.28)

and tracefree part
1
TF
Sy =Sy — ﬁs%ja (2.29)
where TF stands for tracefree or traceless. Therefore, let us first decompose the
extrinsic curvature K; into a traceless part

1
Ay = K" = Kij = —— K, (2.30)

and a trace part, where the trace is being taking with respect to the spatial metric

gt
K =" Kj;. (2.31)

Then, let us introduce an equivalence class of a conformal metric.

Definition of the conformal decomposition

Not only can we use the conformal decomposition to restore strong hyperbolicity of
the Einstein equations, but it also provides a useful tool to get valid initial data for
the Cauchy problem in Section [3]

Let g and g be two metrics on the pseudo-Riemannian manifold M. Then g
and ¢ are called conformally invariant if there exits a smooth real-valued function
A € C*(M,R) such that

Jg=Ag. (2.32)

The function A is called the conformal factor. The various definitions of a conformal
equivalence class of the spatial metric v in the literature, as stated in Section 12.2
in [43], are given by

’?ij = XYij with X =7 n»-1, (233&)
Yi; = e Py with ¢ = _i log x = m log~, (2.33b)
or
. __ 1
’?ij = ¢2’7ij with ¢ = \/z = 21 (233C)

where v = det «;;. In the original derivation, the conformal metric as in Eq. ([2.33b))
was used, while we use Eq. (2.33a]) for the rest of this chapter. Mathematically
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speacking, the equations (2.33a]) - (2.33c|) define a class of metrics that are defined
up to scale. As we want to work with the conformal equivalence class, we need to
conformally decompose the related objects. First, we begin with the traceless part
of the extrinsic curvature A;;. Then, the conformal traceless part of the extrinsic
curvature is defined as

~ 1

where we can raise and lower indices with respect to the conformal metric % and
¥ij- Then, we decompose the Ricci tensor into two parts, namely

179

where fiij is the Ricci tensor with respect to the conformal spatial metric 7;; and R%-
is the Ricci tensor with respect to the conformal factor y. To overcome the numerical
instabiliites caused by the first three terms of R;;, we introduce the auxiliary variable

D' = 4%, = =077, (2.36)
where .
F;‘k = 5’7“ (059m + OkYj1 — OrYj) (2.37)

are the Christoffel symbols associated with the conformally decomposed metric 7.
Using the conformal connection function I, we can rewrite R;; and R} as in [67]
by

L/ . <o <o Sa s
Rij = —5 (Vklakaz%j + Y™ + 0" — Flaz%j)

2
41 ( O;TF — 4 af’“) — T, T% (2.38)
5 VkiOj Vk;j0i ikt 5l .
and
n—3 ~ L n—3
~ 1 | OkO, OxOx| 1. Onx=
AR 2R (n— 1 — ;i —=I'". (2.39

The derivation of the BSSNOK system

There are different ways to derive the BSSNOK system. A full derivation by taking
the time derivatives of the newly defined tensor quantities, inserting them into the
ADM equations and using the definition of the conformal metric can be found in
the paper [14]. A different way, by adding the constraint equations to the ADM
equations and using tensor densities, can be found in the paper [66]. Then, after
doing some calculation, the BSSNOK system is given by

O x =

2 2
1axK — mx(mk + *Onx (2.40a)
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- ~ 2 - . -
Oy = —2ah;; — m%jakﬁk + B 0Fij + Fin058" + i 0: 3 (2.40b)
Py K? i 8T K
8tf1ij =X [Oé (R;I;F - 87TS£F> - (DiDjOé)TF] + (KAU - QAZkAkJ> (240d)
2 - ~ -
=i n—2 _u Fik n—1., =i Akl
Ol = —2— el O K —2A" O — v A" 0kx + 2al}, A (2.40f)
2 _3 , -~
+ =108 + Z — 5 008" + 7008 — 167077 (2.40g)
+ BFo I — T*0,5, (2.40h)

where D; and D; are, respectively, the covariant derivatives associated to the physical
spatial metric 7;; and the conformal spatial metric 7;;, and (E,S;, S;;) the spatial
parts of the energy momentum tensor as defined earlier.

We consider x, ¥, I, K and flij as fundamental variables and evolve them with
the evolution equations (2.40a)), (2.40b), (2.40d), (2.40d) and (2.40f). Note that the
auxiliary algebraic and differential constraints to the system, namely

det ’%‘j = 1, ’?ijfiij =0 and ’%]’f‘j = ﬁjkﬁk% (241)

are regarded as new constraint equations. They increased as the number of dynam-
ical variables increased. While we evolve the BSSNOK system, we can use these
conditions as a numerical check.

Furthermore, we can see that it is first-ordered in time and second-ordered in
space. Moreover, while in [9], the BSSNOK system was rewritten as a first-order in
time and space system to prove hyperbolicity, in [30], symmetric hyperbolicity for
the second-order BSSNOK system was shown for the second-order in space system.

Let us remark at the end that we have succeeded in rewriting the Einstein equa-
tions as a strongly hyperbolic system by introducing conformally transformed vari-
ables. Physically, it does not matter if we evolve the physical variables or their
representation from an equivalence class. In fact, it was shown by York [27] that the
conformal equivalence class carries the proper degrees of freedom of the gravitational
field.

Furthermore, let us notice that we can see from the very definition of a tensor
density of weight d € Q, i.e. a quantity

s =423, (2.42)

where S is an arbitrary tensor field on ¥, [27], that the dynamical variables (x, 3;;, Ai;)
are tensor densities of weight d = —2/(n — 1), while the conformal connection func-
tion I'* is the derivative of a tensor density and transforms as

[t = —yn/2 (n’yijfﬁj + aj’ﬂ) : (2.43)

To avoid to work with tensor densities and to be able to work with spherical co-
ordinates, we could introduce an extra structure on the hypersurface ¥;, namely a
background metric f, with the following properties



14 Chapter 2. First-Order Formulation of Einstein’s Field Equations

f is a Riemannian metric,

Loyt =0,

the inverse metric is given by f* fi; = &', with f7 # v"*~7! fi; in general,

D is the Levi-Civita connection associated with the background metric f,

ffj are the Christoffel symbols associated with the background metric f.

By using the background metric and the new definition of the conformal factors, i.e.

_ (™ _ 1 gl _(r\ T
X—<f> , @-mlog? and W—<f> : (2.44)

the conformal metric 4, the conformal traceless part of the extrinsic curvature ij
and the conformal factors become tensor fields on ¥;, and the contraction of the
Christoffel symbolds associated with the conformal metric is just a partial derivative
of tensor fields. Be aware, that the constraints with respect to the background metric
changes to

det 9 = f, §7A; =0 and A,V =5703;, (2.45)
where f = det f;;.

2.4 The Z4 evolution system

As noted in the paper [12], general relativity is general covariant as the physical
laws are invariant under arbitrary smooth coordinate transformations, i.e.

Yy = ). (2.46)

As the original Einstein field equations are generally covariant, the solution space
of the ADM equations will be as well. If the constraint equations are satisfied at
t = 0, they will be, at least when all fields are analytical, satisfied for all times ¢ > 0
[27]. Therefore, we could evolve the ADM equations without enforcing the constraint
equations at each time, but only at ¢t = 0. This so-called free-evolution scheme of the
ADM equations breaks general covariance. Bona, Ledvinka, Palenzuela and Zacek
proposed in [I1] to extend the Einstein field equations without breaking general
covariance by introducing an n-dimensional "zero" vector 7, and adding it to the
Einstein field equations as a generalized Lagrangian multiplier (GLM) by

1
Ry + V2, + V7, = 81 (TW - 2Tgw> . (2.47)
The modified Einstein field equations can be derived from the covariant Lagrangian

Lo = g"[Ru +2V,7,] (2.48)

by a variational action principle [43] and represent a set partial differential equations
of mixed-order: first-order in time, second-order in space in the metric components
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and first-order in space in the components of our newly defiend Z vector. These
PDE’s have to be solved for the field components {g,., Z, } and the physical solution
can be restored by setting Z,, = 0.

The Z4 system can be derived by projecting the terms of the Einstein equations
as introduced in Section . As the component functions of the Ricci tensor
R, the metric tensor g, and matter stress-energy tensor 7,, have been projected,
we only need to project the V,Z, +V,Z, term. Let us first, decompose the n-vector
Z,, into

Z,=0/a,Z;), (2.49)
where 6 = N, Z". Then, we can calculate the full projection onto the hypersurface
>, namley

VoV sVuZy =1V (V520) = 24"V
=V (Vs20) = Z*NA' NV uNs = 2" Noy" VN,
=YV, (V520) = 0Kap — KapZ"Np.
The full projection along the vector field N is given by
N¥N,NV 2" = N'V, (N, zZ") — ZYN*V ,N,

— N'V,0 — ZF A,
— N*O,0 — Z' A,

as the covariant derivative of a scalar function is just the partial derivative. And
the mixed projection is given by

PyuaNVvMZV = ’yuavu (NVZV) - ZV’yMaVNNV

= V0 — KopZ® (2.50a)
V- NV, Z, = N*V,, (¥*. Z,) — Z"N,N"V,No — Z"*N,N"V, N,
= N"V, (7", Z,) — OA, — Z"A,N, (2.50b)

Putting the projections of all terms together, we derive the Z4 system
((9,5 — Eﬂ) Yij = —QOéKij, (251&)

E—-S

(0, — L35)0 = % [R+2D 2" + (K = 20)K — K K" = 167E| — Z*0,0, (2.51c)

&oz
o

(0r — Lp) Z; =« leKji — D;K + 0,0 — 2KjiZj -6 — 87rSZ-] . (2.51d)
The evolution equations for v;; and Kj;; are still at our disposal, though in a slightly
different form. The n evolution equation for the algebraic constraint Z, = 0 replace
the n constraint equations representing the physical Hamiltonian and momentum
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constraints. However, setting Z, = 0 in Eq. and , we can restore the
Hamiltonian and momentum constraint equation and . Consequently,
we have to use the evolution equations for 6 and Z; on the same footing as the
evolution equations for ;; and K;. This way, general covariance will not be broken.
Numerically, non-zero values for Z, are possible, and they tell us how physical our
numerical solution will be [43].

The system (2.51a)) m with «;;, K, 0 and Z; as evolution variables is
called the Z4 sytem| Even though the Z4 system is strongly hyperbolic, Bernuzzi
introduced a conformal extension of the Z4 system.

2.5 The Z4c evolution system

A conformal extension of the Z4 system was introduced by Bernuzzi and Hilditch
in [§ and is known as Z4c (conformal Z4). This system can be derived from the
modified Einstein field equations

Ruu + v'uZy + VVZM + R1 |:Nl,l,Zl/ + NI/Z[J,
1
— (14 K2)guN,27] = 87 (TW - 2Tgu,,> . (2.52)

where N, is the timelike normal vector, and x; and ko are algebraic damping terms
used to hold the constraint violations modes in numerical applications small. Con-
sequently, using damping terms will keep the numerical solution of the system as
physical as possible. Bernuzzi and Hilditch derived the Z4c system by projecting
the terms of the damped Einstein equations as introduced in Section As
the component functions of the Ricci tensor R, the metric tensor g, the matter
stress-energy tensor 7),, and the Z4-vector term have been projected respectively,
we only need to project

k1 [NuZy + Ny Zy — (1+ K2)guN, 27

Therefore, as N,Z is a constant, we get

—(1+ K2)guNo ZN'NY = (1 + ko) N, Z°, (2.53)
— (14 K2) g No Z°9" 7" = —(1 + K2) No Z7Yag, (2.54)
—(1+ K2)guuNo Z°4 N” = 0, (2.55)

and

VMa’YyﬁNuZu - Oa

NENYN,Z, = -0,

Y N"N,Z,, = -~ Z,,
VNN, Z, = 0. (2.56)

In their original formulation, this general covariant extension was studied for the four-
dimensional Einstein field equations. We will still call it Z4, even though we have written down
the system in general n dimensions.
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Then, the space and time projections yield evolution equations for the fundamental
variables v;;, K;;, 0 and Z; given by given by

(at - ‘C’B) Yi; = 205Kzga (257&)

-8
+k1(1 + Kg)bvij — 8T (S” + —5 %jﬂ (2.57b)

(0 — L5)0 = % [R+2D 2" + (K - 20)K — KKV ~ 167TE}

n n-—2
—Qky (; + 0 5 :‘ig) 0 — Z*0a, (2.57¢)
d;a

(0, — L3) Z; = leKji — DK + 0,0 — 2K, Z Z—lei] , (2.57d)
where the red terms represent the decomposed terms with respect to the damping
parameters k; and ks introduced in Eq. . As we can see, these terms con-
stitute exactly the differences to the decomposed Z4 system. A full derivation of
these equations for a general n-dimensional manifold M can be found in the notes
by Grosvenor in [37], while they agree with the equations for a four-dimensional
manifold in the paper [2].

The system — with 7,5, K;, 0 and Z; as evolution variables is called
the Z4c sytem.

2.6 The CCZ4 evolution system

This system was derived to adress the non-covariant part of the Z4c System. It
has to be understood as beeing more covariant as the Z4c system, as the it wil luse
the non-covariant conformal connection functions I'.. The derivation starts with the
Einstein field equations . First, we define the following quantities

¢ = T, (2.58a)
71] ¢271J7 (258b)
Ay = ¢* Ay, (2.58¢)
[ =T"+2592;, T = 37T, (2.58d)

Then, by beforming a change of variables in the Z4c system, the full CCZ4 evolution
equations are then given by

- 2
8t7ij = QQAU + 27k: ])6 71]8k6 + 5 614:71]7 (259&)
TF ~
8,5 ij ¢2 [ DZ‘D]'CY + « (RU + QD(ZZ]) — 871‘51])} + OéAij( — 29)
— QOéAzkA + 214]9(2 )5 — Amﬁkﬁk + 6k8k ijs (259b)

Ao = H(Z) (aK — 0,8) + Biﬁiqb, (2.59¢)
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0K = —DiD'a+a |R+2D;Z + (K — 20)K| — (n — 1)ary (1 + 52)6

ngio; S — (n— 1)E] + fO,K, (2.594)

o i F qi M2 9 i i
-2
— aky <Z + 2 5 /<52> 0 — 8ral, (2.59)
~ S ~za¢ n—2~i, oy
oI =2a (ijA]k —(n— 1)A]?7 i 17]8]!() — 2AY0;«
. 0; 2

+ 2@’7” (8]9 - 9?706 - " — 1KZ] - /<J1Zj - 87T8j>

. . _3 o N
+3950,0,8" + Z — 005 + D0, — 190,81+ B AL (2.59%)

Again, these equations were derived for an n-dimensional manifold M by Grosvenor
n [37]. By setting n = 4, we can see that these equations agree with the system of
equation that can be found in [2]. Furthermore, the [ evolution equation for black-
hole-spacetime evolution was modified due to numerical instabilites by an extra
parameter k3 in [2] by

2 2 2 . O T,
w0 — DO = D08 + 23N Z,005" —T00,8' — 277 2,0,

2 . ~ . ; )
1’5/Z]Z]ak5k - Fjﬁjﬂl - 2/4',3’3/k]Zjak52. (260)

2 .. .
— 71_‘263'5] + 2/ﬂ',3
n—1 n—

General covariance for the CCZ4 system is broken if k3 # 1 is choosen, but as
argued above, [2] uses a non-covariant (k3 = 1/2) and conformal formulation of Z4
for black-hole spacetime evolutions.

The system (2.592) - [2.59) with 7;;, A, ¢, K, 0 and [ as evolution variables
is called the CCZ4 system. To prove strong hyperbolicity of the CCZ4 system, we
need to rewrite it as a first-order system. This will be done in the next section.

2.7 The generalized FO-CCZ4 evolution system

As we want to evolve initial data for a hyperbolic Anti-de Sitter spacetime, we
need to derive the C'C'Z4 system from the modified Einstein field equations with a
non-vanishing cosmological constant A,, # 0

R, +V,2,+V,Z,+ k1[N, Z,+ N, Z,, — (1 + k2) g Ns Z°]

1 2
= 87T (TNV — QTQNV) + nf

2/\ng]w,, (2.61)

Here, we will only state the equations of the CCZ4 system that will change with
respect to the non-vanishing cosmological constant A,,:

=1 A, (2.62a)

n—2
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80 = [CCZ4] — al,, (2.62D)

where [CCZ4] represents the right-hand sight of the respective equations of the
CCZ4 system. A full derivation of the FO-CCZ4 system for a general n-dimensional
manifold can be found in the notes by Grosvenor in [37].

To prove the strong hyperbolicity of the second-order C'C'Z4 system, we need
to rewrite it as a first-order system and analyze the eigenstructure of the coefficient
matrices. Although there are many different ways of performing a first-order reduc-
tion, we will follow the ideas introduced in [20] by making maximum use of auxiliary
variables and second-order ordering constraints.

2.7.1 Auxiliary variables and ordering constraints

From here on, we will closely follow chapter IT of the paper [20] by Dumbser et al.
In order to rewrite the CCZ4 system as a first-order system, we use the 33 auxiliary
variables

A; =0;Ina = 0;a/a, B;i = Opf3',
Drij = O¥ij /2, P, =0;In¢ =0,0/0, (2.63)
the second-order ordering constraints

Api = 8, A; — 9, A, = 0, By, = 0yB — 9B}, = 0,
Dklij = aleij - aleij =0, Pri = OP; — 0; P, = 0, (2~64)

and the hereafter defined constraints from the paper [20]. As 5% flij = 0, Dumbser
et al. derived the constraint equation

T = 0 (Y9 Ayj) = AyOA” + 470, Aij = 0. (2.65)

Moreover, from the constraint det;; = f, we can derive via the general law of
variation

d(Indet A = tr (A" x 5A) (2.66)

where ¢ denotes any derivative that fulfills the Leibniz rule, the following constraint
. 1
/?Z]Dkij = §8k In f (267)

for arbitrary coordinates. Note that for Cartesian coordinates, i.e. f = 1, this
simplifies to
Y Dyij = 0, (2.68)

as was derived by Dumbser et al. in [20].

2.7.2 First-order formulation of the CCZ4 system

As was done in the PhD thesis by Koppel [2], Grosvenor made maximum use of
the above introduced auxiliary variables and ordering constraints in order to evolve
the variables defining the physical metric g,, as a nonlinear system of ordinary
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differential equations and wrote the other dynamical partial differential equations
in terms of non-conservative products with vanishing flux.

We will not get into detail, but refer the reader to the papers [43], [20] and [19]
to understand the proper use of the auxiliary variables and ordering constraints.
For example, as mentioned in Chapter II in [20], a naive first-order formulation or
the use of the first- and second-order ordering constraints alone are not enough, and
the system would lose its strong hyperbolicity.

After some tremendous calculations, that was done by Grosvenor [37], the FO-
C(CZ4 system in general n dimensions and with nonvanishing cosmological constant
A,, then reads

OiYij = 268" Diij + 29k By — 27715 BF — 20 AL — 771 (3 = f)7i (2.69a)
1

o lng = p*P, + 71(041( — BY) (2.69b)
n _—

0K = BFOLK — ViV,a + (R + 2V, Z") + aK (K — 20c)
—(n—1)akri (1 + ko) — 2(n 1 al + 2% [S — (n — 1)E] (2.69¢)
0 Ay = BrO Ay + 9[-V + Oé(Rij + Vz‘Zj +V;Zi — 81Sy;)]
— L95-V*Via + a(R + 2V, 2" — 875)| + A Bl + Ay BY

— 2 A Bf 4+ aAj(K — 20c) — 20 A7 A,y — 77155, AR (2.69d)
00 = B* 00 + Sac® (R+ 2V, 2" + 222 K? — A;AY — 2\ — 167E)
—afKc—aZ'A; — ari (2 + —/{2)0 (2.69¢)

= gk, I — Hn=2) 0@”3 K + 203" 0,0 + 57 8(kBli) + ’;—jsﬁ“ﬂa(ka)

- 2sm"’<~"makA,,,,, + 2 1'By — T*B;, + 2a(T A" — (n — 1) A7 P))

— 207" (0 A, + -2 K Zy) — 20ATA; — 454 D™ A,,,,

+ 2/@3(ﬁ7”Z~Bk — 3% Z:BL) — 2ak,77 Z; — 16madi;p; (2.69f)
0 AR = Bl Ak — af () (0K — 0pKq — 200,0) — saf (@) 7" O A,

+ QDQ’"AW] — aA(K — Ky —20c)(f(e) + af'(a)) + BLA,  (2.69g)

0.B; = (5’0sz + koW + 0”137 (0p P — 0;Py) + By B (2.69h)
- (,Y /1/7 7711(0/@171]71 ale’jn)> (2691)

0 Drij = B'0iDrij + 579mi0uBYy + 59mi0u Bl — 555900 By — adp Ay
+ 034" O A + B Dyj + BiDyi + BiDyyj — =25 Bl Dy

— 20y D" A, — 0 A ALF (2.69j)
0Py = B'O P, + ~5a0 K + =504 B)) + —5a ALK + BL.P
+ ﬁa(:}/nmakfinm - 2D]7glmlen,m> (2691{)

Let us give some remarks about the coloured terms that can be found in the FO-
CCZ4 system:

o the red terms have been added by using the second-order ordering constraints
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(2.64) and the constraint (2.65) to symmetrize the sparsity pattern of the

system matrices in order to avoid Jordan blocks as they cannot be diagonilazied

o the constant e is introduced in front of the Hamiltonian constraint only for
numerical reasons: e > 1 achvies better numerical constraint values, but breaks
covariance

o the constant 7 is a relaxation time and is used to impose the constraints
det ¥;; = f and 3V A;; = 0 weakly

o the constant p is used to adjust the second-oder odering constraints

o the constant s is used to turn on or off the evolution of the shift vector 5:
While s = 0 corresponds to 0;,3° = 0, s = 1 corresponds to the Gamma-driver
shift condition

« the constant c is used to remove the algebraic source of the modified 1 + log-
slicing

o the blue terms are the terms with a non-vanishing cosmological constant A,

Finally, the equations — with 755, In¢, K, /Lj, 0, fi, Ay, B, Dy
and Py as evolution variables is called the generalized FO-CCZ4 system for an n-
dimensional manifold with a non-vanishing cosmological constant A,. By setting
n = 4 and A, = 0, these equations will simplify to the original formulation by
Dumbser et al. in Chapter IT in [20].

2.7.3 Hyperbolicity analysis of the generalized FO-CCZ4
system

As strong hyperbolicity for the FO-CCZ4 sytem in four dimensions with vanishing
cosmological constant A,, = 0 was shown by Dumser et al. in Section D of Chapter
IT in [20], we need to show strong hyperbolicity for the generalized FO-CCZ4 system
with a non-vanishing cosmological constant. In compact matrix-form, we can write
the FO-CCZ4 system as

0Q ', 009
L AQg S =8(Q), (2.70)

where A; € R®*¢ are the system-matrices and
Q= (i, Ina, B, In ¢, Ayj, K,0,1°, ', Ay, By, Dyj, i) €RS (2.71)

is the state vector containing £ = "73 +n? + %n variables. By splitting the state

vector Q and the algebraic source S(Q), respectively, into Q = (V,U) with

V= (%j,lnoz,ﬁi,lngzﬁ) (2.72)
U = (A, K,0,T", V', Ay, By, Dij, Py (2.73)
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and S(Q) = (8'(Q),S"(Q)) € (Rfl, R&), we can write the system (2.70)) as

WER bl e

Thus, this equation can be decomposed, respectively, into the & = ”72 + 5+ 1 and
& = %3 + %2 + 2n — 1 equations

oV ,
5 = 5(Q), (2.75)

and
ou

8a:i

As the system matrices for the ODE subsystems are vanishing, the eigenvalues will
be trivially zero, and the eigenvectors are just the unit vectors. Now, we need to
calculate the eigenvalues and the eigenvectors for the reduced system . This
has been done in the appendix of [20] for a four-dimensional manifold with vanishing
cosmological constant A, for the two coordinate gauge choices:

a;tj + Y BV = 5(Q). (2.76)

=1

o zero shift 3 = 0 and harmonic slicing as well as
o Gamma-driver shift and 1 + log-slicing.

As the two blue terms proportional to the cosmological constant that were added
are purely algebraic, they will not affect the hyperbolicity analysis and the four-
dimensional generalized FO-CCZ4 system will remain strongly hyperbolic. The full
eigenstructure of the coefficient matrices

P = wiBi

for the unit normal vector w’ = (1,0,0), such that P = By, with all their eigenvalues
and eigenvectors can be found in the appendix of [20]. As the Einstein field equa-
tions are isotropic, we do not have to analyze the eigenstructure for all unit normal
vectors, but we can restrict ourselves to just one. Now, the non-trivial eigenvec-
tors of the system are given by "glueing" the unit vectors obtained from
the ODE subsystem to the eigenvectors obtained from the reduced system ([2.76]).
Therefore, the generalized FO-CCZ4 system for a four-dimensional spacetime with
a non-vanishing cosmological constant remains strongly hyperbolic. Furthermore,
as the FO-CCZ4 system restricted to a three-dimensional embedded surface, by
setting the z-component of the four-dimensional spacetime to zero, is strongly hy-
perbolic, the FO-CCZ4 system for a three-dimensional spacetime will be strongly
hyperbolic. This way, the FO-CCZ4 system for n = 3 and n = 4 will be strongly
hyperbolic, while the eigenvectors and the eigenvalues of the coefficient matrices of
the generalized FO-CCZ4 system with a non-vanishing cosmological constant for a
n > 4-dimensional manifold still have to be calculated.

As noted in [43], the FO-CCZ4 system admits constraint violations. Thus, the
hyperbolicity analysis is only valid for the augmented solution space. However, as
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we have noted earlier, if the constraint equations are satisfied for the initial data,
they will be satisfied for all times ¢ > 0 and thus, the hyperbolicity analysis in [20]
is also valid for the solutions that satisfy the constraint equations.

Fixing the gauge variables (o, ) is equivalent to choosing a coordinate system in
general relativity and therefore of utter importance for numerical implementation.
Therefore, let us discuss in the next section the various gauge choices used in the
past. After that, we will mainly follow and summarize the notes in Chapter 9 by
[217].

2.8 The n degrees of freedom of gauge fixing

In numerical relativity, the 4 degrees of freedom for gauge fixing are incorporated
in the freedom to choose the lapse function o and the shift vector g freely. Thus,
they are the same n degrees of gauge freedom fixing a reference frame as in general
relativity. While the lapse function «e and the shift vector 3, respectively, are defined
in a differential geometric rigorous manner in Section [A.4] they tell us how far
a slice is located perpendicular above another and how to propagate the spatial
coordinates (z°) from one slice to another. In this way, the lapse function and the
shift vector reflect the choice of foliation (X;)cr of the spacetime and the choice of
spatial coordinates on each leaf >;, respectively. If we want to numerically solve
the dynamical evolution equations, every term must be given a specific numerical
value or solved via a PDE. While a numerical value is straightforward to implement,
evolving the lapse function a and the shift vector g via a PDE extends the overall
evolution system, and the system can be made more hyperbolic or elliptic [27].

In the following two sections, we will only state the choices of foliation and spatial
coordinates used in the past and state their main properties, but refer the attentive
reader to Chapter 9 in [27] and references within.

2.8.1 The different choices of foliation of the spacetime M

The most simple way of choosing the lapse function is called the geodesic slicing,
ie.

a=1. (2.77)

It is called geodesic as for a = 1, the n-acceleration of the Eulerian observer is zero,
and thus the word lines of the Eulerian observer are geodesics. [27] From equation
(A.55)), we can see that the eigentime coincides with the coordinate time. As argued
in [27], this type of foliation will collapse after a limited range of time due to the
tendency of timelike geodesics without vorticity to focus and eventually cross.

The mazimal slicing foliation of the spacetime maximizes the volume of the
hypersurfaces ; by the condition that the trace of the extrinsic curvature is zero,
ie.

K =0. (2.78)
This foliation has a singularity avoidance property, which means that the entire

spacetime outside the event horizon is covered, while near this region, the slices pile
up. A consequence is that the lapse goes to zero if time increases. This choice of
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foliation yields an elliptic equation for the lapse « that is time-consuming if one
does not use fast elliptic solvers. However, it could be transferred into a parabolic
equation to approximate the maximal slicing.

The harmonic slicing gauge can be imposed by requiring that the harmonic
condition holds for the time coordinate t, i.e.

V,Vit =0, (2.79)

leaving the freedom to choose the spatial coordintes. This gauge has a weaker
singularity avoidance property than the maximal slicing and has been generelized
by Bona, Massé, Seidel and Stela [27] to

<88t — Eg) a=— (K- Ky a’f(a), (2.80)
where f is an arbitrary function and Ky = K (¢ = 0). This equation reduces to the
geodesic slicing for f(a) = 0, and to the harmonic slicing for f(a) =1 and Ky = 0.
We call this dynamical evolution equation the "1 4 log "-slicing, since the solution
for Ky = 0 and 8 = 0 are of the form a« = 1+ 1In~v. The "l 4 log"-slicing has even
better singularity avoidance properties then the harmonic slicing and is hyperbolic.
In [2], the 1 + log-slicing condition was slighlty modified to

0 2
((% — £B> a=—a’f(a) (K — Ky—20), (2.81)

where f(a) = 2/a and Ky = 0 was choosen, while [20] uses due to numerical reasons
Olna = B*A, — af(a)(K — Ky — 20). (2.82)

From the very definitions of these gauges, we can see that the maximal slicing can
be defined on a single hypersurface ¥;, while the other foliations are only meaningful
for a foliation (2;),.g-

2.8.2 The different choices of spatial coordinates

Once some coordinates are set in the initial slice Xy, the shift vector 3 tells us how
these spatial coordinates propagate to all other slices. As for the lapse function, the
most simple way to choose the shift vector is to set it to zero, i.e.

5 =0. (2.83)

These coordinates are called normal coordinates since the lines 2° = const are or-
thogonal to all hypersurfaces ;. However, as soon as we want to simulate rotating
star spacetimes, the field lines of the stationary Killing vector are not orthogonal to
the hypersurfaces [27], and we need to use § # 0.

The minimal distortion tries to minimize the time derivative of the conformal
spatial metric 7;; that we will introduce in the subsequent section. This condition
yields an elliptic equation for the shift vector g that has to be solved or could
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be simplified by considering the pseudo-minimal distortion or approximate minimal
distortion.

Most interesting for us will be the Gamma-freezing and Gamma-driver condi-
tions. The Gamma-freezing is just a simplification of the pseudo-minimal distortion
and is given by

Lo T =0, with I' = 4% (T, —T",) | (2.84)

where T ;i are the Christoffel symbols with respect to a background metric f and
the tilde objects are conformal quantities that will be introduced as well in the next
section. This condition will yield an elliptic equation for the shift vector and can be
modified by

0,8" = koI (2.85)

yielding a parabolic equation and
OB = koI — (n— 9y Ink) 9,53 (2.86)
yielding an hyperbolic equation that is given by the first-order system

5" = kbt + BEoLb (2.87a)
bt = 9,1 — BRI — nbt + BFO,, (2.87b)

where k£ = 3/4 is usually used, a damping term 1 and an auxiliary field 5" in order
to rewrite the hyperbolic equation as a first order system. In [2], the Gamma-driver
shift condition was slighlty modified to

o3 = kb + Fo, 53 (2.88a)
Obt = oI — BRI — b + BFOY, (2.88b)

where I was replaced with the newly defined variable I'. As noted in [2], the choise
of k = 3/4 can lead to weak hyperbolicity of the system, when the lapse function is
close to one. The Gamma-driver shift condition will be nowadays used as a standard
choice for the spatial coordinates.

All choices for spatial coordinates mentioned above tell us how the coordinates
propagate from Y; to Xy with ¢, # 0, but do not tell us how to choose the
coordinates on the initial hypersurface ¥;. We can choose an initial coordinate
system by so-called spatial coordinate-fixing choices, but instead, refer the attentive
reader to the well-explained section in [27] and the references within.

We aimed to fully specify the generalized FO-CCZ4 system of the Einstein field
equations for a n-dimensional AdS spacetime with a non-vanishing cosmological
constant A,,. We have shown that the system for a three- and four-dimensional AdS
spacetime remains strongly hyperbolic and we derived gauge variables for gauge
fixing our reference frame. From here on, we will use the generalized FO-CCZ4

system (2.69a))-(2.69k|) with the gauge fixing (2.82)), (2.88a])-([2.88b)).
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Chapter

The Initial Data Problem for an
Asymptotically AdS,, Spacetime

"The resolution of Einstein equation amounts to solving a Cauchy problem,
namely to evolve forward in time some initial data. However, this is a
Cauchy problem with constraints. This makes the set up of initial data

a non-trivial task, because these data must obey the constraints' [27]

Eric Gourgoulhon

Physicist

s we want to find a unique solution to the generalized FO-CCZ4 system
(2-692))-(2.69K) with the gauge fixing (2.82), (2-884))-(2.88D)), we need to set
initial conditions. However, the Einstein system constitutes a time evolution
problem with constraints that have to be fulfilled for all times ¢ € R. Thus, the initial
data that we want to evolve forward in time has to satisfy the n constraint equations,
making the set-up a quite non-trivial task. Mathematically, we have the following
problem taken from [27]:
Given some hypersurface >y at ¢ = 0, we need to find a Riemannian metric v, a
symmetric bilinear form K and some energy-matter distribution (E,p) on 3, such
that the Hamiltonian and momentum constraints

R+ K? - K;;K7 —2A, = 167E (3.1)
D,K’; — D;K = 8rp;,

are satiesfied. Let us remember that R is the spatial Riemannian scalar curvature
with respect to the spatial metric 7;;.

There is no natural way of freely choosing between these variables [27], though,
Lichnerowicz, Choquet-Bruhat, York and O Murchadha, and York and Pfeiffer have
shown that we can split the initial data into freely choosable parts and parts ob-
tained by solving the constrained equations by performing a conformal decompo-
sition. However, we will not get into detail but refer the attentive reader to the
respective chapter in [27] and references within.

For the sake of simplicity, we restricted ourselves to a time-symmetric surface
¥, i.e. as given in [5] equivalent to demanding that K;;|;—o on Xy. Thus, the mo-
mentum density p; must vanish everywhere on ¥, in order to satisfy the momentum

27
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constraint. This leaves us only with the simplified Hamiltionian constraint
R —2A, = 167FE. (3.3)
By performing a conformal decomposition, i.e.
Vg = (A and AV = (T4, (3.4)

for the spatial part of the AdS,, metric 4;; with the boundary condition (|ss = 1,
we can write the scalar curvature for an n-dimensional manifold as

R=¢?[R=2(n—2)DDFIn¢ + (n - 3)(2 = n) Dy n¢D*In¢| (3.5)

where

R =AY R;; (3.6)
is the Riemannian scalar curvature associated with the conformal spatial metric 4;;.
Now, we can rewrite the scalar curvature R by using

D;D'In¢ = D; (éf)l{) ClzD CD’C—|—CD D¢ = —D;In¢D'In §+CD D¢ (3.7)

to
R=C2[R+(n—2)(5-n)Din(D'In¢ —2(n—2)¢'D;D'¢|. (3.8)

The Hamiltonian constraint for an n-dimensional manifold is then given by
R+ (n—2)(56—-n)D;In¢DIn¢ — 2(n — 2)¢'D;D'¢ — 2A,¢% = 167¢%E,  (3.9)

where

R=2A, =— (3.10)

By using Eq. (3.10) and by setting the AdS, radius L = 1, thereby fixing the
cosmological constant to

—1)(n—2
O )2<" ) (3.11)
we can at last simplify the Hamiltonian constraint to
A 1 5—n A g 1 3
D;D'¢ — ( AN, +——D;In(D lnC>C+(An+87rE)Q =0. (3.12)
n—2 2 n—2

Now, as D is the covariant derivative with respect to the conformally decomposed
spatial AdS,, metric 4;;, let us explicitely write out the D-derivative terms. Then,

A

D;D'¢ = D; (:YijﬁjC) =4YD;iD;¢ + DA D¢ = 47 D; (95¢)
=47 (0,0,¢ — kCTY) = 470,01 — A7 0CT,
= v"”ﬁQC + 4% 0,00¢ — 4771% 0cC — AT 0kC
= APP02¢ + 4000 — A771%,0,¢
A1 0uC — 4 T0,0,¢ — 4T%0.¢,  (3.13)
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where we have used that the covariant derivative D is compatible with the metric
4, i.e. DAY = 0. Furthermore,

D;In¢ =9;In¢ (3.14a)
Diln¢ =499;In¢ = 4%9,In¢ + 40, In¢ (3.14b)
and therefore
Dy ¢D'In¢ = ;¢ (70, n ¢ + 4™a n ¢)
= 4”°0,1n (8, In ¢ + 40, In (I In ¢ (3.15)

As we want the spatial metric 7;; to be asymptotically AdS, the ¢ function has to
be one on the boundary, i.e. ¢ ‘az = 1. Therefore, we can now state the initial value
0

problem
A A —1 — ~ ~ .
DD+ <” - L _ nDianDZlng“)C
| (-2
— ((n )(n )—87TE>C3:O on
n—2 2

(=1 on 0%, (3.16)

where the covariant derivative terms D; D¢ and D; In ¢ D In ¢ are, respectivley, given

by Eq. (3.13) and (3.15]). After solving the initial value problem Eq. (3.16)), we can

reconstruct the spatial metric ~;; by
Yis = C*Aig, (3.17)
while we choose the energy-density F and set
pi=0 and K;;=0 Vi,j. (3.18)

on the initial slice g at t = 0.

Let us note that Eq. is a second-order, time-independent elliptic partial
differential equation, which can be solved numerically by so-called spectral methods.
Readers not familiar with the initial value problem in numerical relativity can have
a look at the respective chapter in [27], and read about the spectral method for
elliptic partial differential equations in [29] and [38]. Even though getting valid
initial physical data sets in numerical relativity is a whole domain to itself, let us
take a look at the initial data sets for a matter-free distribution, i.e. £ = 0, and a
symmetric scalar field as matter.

3.1 Initial data for a matter-free distribution

Assuming a matter-free distribution at time ¢ = 0, i.e. E = 0, we can simplify the
initial value problem to

N —1 5—n A ~

DDic + (" - nDilnCDllng) -

n—1

(=0 on X
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(=1 on 0%. (3.19)
A closer look shows that for the simple case ¥y = R*!
(=1 (3.20)
is a solution. This way, we can choose
Yij = Yij» Pi =0, E=0 and K;;=0 (3.21)

as initial data. If we are taking the topology of the initial leave as 3g = R"™'\ B,(0)
or as ¥y = R" 1\ O, we need to set boundary conditions for ¢, respectively, on the
sphere or at the puncture O.

By choosing the latter initial data for ¥y = R"7!, the state vector at ¢t = 0, i.e.
Q|,_, = (5 na. B, Ay, KO.5H, A BL Do ). (3:22)

is given by the purely AdS,, part of the state variables.

3.2 Initial data for scalar field as matter

In the following, we will derive an explicit formula for the energy density E, con-
structed from a scalar field £ € C*°(M,R). As noted in [5], scalar fields are of utter
importance, as we can use their energy density £ as a parameter to tune the desired
initial data.

The energy-momentum tensor, constructed from the Lagrangian density of a
scalar field &, is given by

1
Tus = 06056 — 0o (30" 0,06+ V() ). (329

By substituting Eq. (3.23) into Eq. (2.4a)), we can derive the energy density of a
scalar field &

E =T,N'N" = 0,£0,6N'N” — g, N* N (;g”" hE0,E + V(S))
-
= 0, 0,EN'NY + 29" 0,£0,6 + V(€)
= (N*NY + g") 0,£0,€ — 19" 0,£0,6 + V(€)
= 1"9,60,€ — 39" 0,£0,6 + V (€)
= 0:£0;€ — 59" 0,0,€ + V(§)
= 710.60;€ — § (9" 00, + 20" 0180, + 97 0,0;€) + V()

— Ay 0,€0; — < —NEDE + 25 50160, + 77 0,60;€ — fﬁlﬂja £0; 6) V(&)

= SVIOEDE + oy (060 — 25 DLDLE + FHOLIE) + V()
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L 1 i 2 1 5
= 579006 + 55 [(0 = B0) €] = 5¢*AY0€0,6 +V(9), (3.24)
where we have set (9, — 3'0;) & ‘ = 0. If one only sets 0, ‘ = 0, as was done in
Eq. (35) in [B], there is one term missing. Furthermore Eq. (35) in [5] is missing

a factor of 1/2. Plugging the energy density (3.24) into the Hamilton constraint
(13.12), we get the initial value problem that needs to be solved

N —1 5— N ~. 1 ..
D.Dic + (” 2T D D ¢ + n_28ﬁ”ai§ajg)g

2 2
1 (n—1)(n—2)
n—2< 2

- 87TV(§)> (=0 on X
(=1 on 0%, (3.25)

As the scalar field £ on the initial data slice is completely arbitrary, we can choose
whatever suits us best. Furthermore, for the sake of simplicity, we can even restrict
ourselves to free and massless fields by setting V(£) = 0.

Let us at last write down the explicit formulas for the derivatives D; D¢ and
D;In¢D'In( in three and four dimensions. The Derivatives for an AdS3 spacetime
are given by

f) D ¢ = ppa2<° + ,YXX(‘)QC _ @ppapcfgp — ApP ngi)(p
_ ’VXXapCFZX — X CTX,
~0P A2 AXX A2 2T AXXT
= 4PPO2( + AXO2( — ( GV VXXFQX) 8,¢
_ ( pprx +,yxxpx ) 0,C
_ ,yppa2<* + f),xxaQC ( pppp + ,yxxpp ) 0,¢

3 2

qa ¢ Pq qa

where we have used in the second to the last line the results from the Jupyter
notebook [F.1] and

2
DiIn¢D*In¢ = ¢%ad, n ¢, n ¢ + Lo, n (o, In, (3.27)
p

where we have used the spatial AdS metric 4;;. The Derivatives for an AdS, space-
time are given by

DiD'¢ = 47 05¢ + 30 + 4705
_ fyppapgpzp _ fyppaxcp?ocp _ ’7pp39Cf[9,p
_ ’AVXX(?pCf‘f(X _ @xxaxcf%{ _ 7XX59Cf‘iX
= 4"0,CT5) — A" 0Ty — 4" 0sCT5,
= APP02C + ANORC + A0
_ (,Yﬂppp + ,yxxpp + 76?9Fp ) 9,¢
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_ ( pppx + 7xxrx %fx ) 0,C
_ ( pppe + ,yXXI‘G +760F0 )8GC
= AP0 + 7YX +4705¢
_ (prpr + Pyxpr + 40010 ) 0,¢ — A7°T%,0,.¢

2

2 2 2
qapC+p2 XC+psz9C
3 2 2
qa ¢ pg°  2qa q* cot x
(e T LNy 3.28
<£+£ 73 p>pC+ e G (3.28)

where we have used in the second to the last line the results from the Jupyter
notebook [F.2] and

e e
DiIn¢D'In¢ = ¢ ad,In (0, lnC—l— — 0y In COy lnC+ (%lﬂ(@glﬂ(’, (3.29)

where we have used the spatial AdS metric 4;;.

Finally, we have found physical relevant initial data for a matter-free distribution,
while the second-order, time-independent elliptic PDE still needs to be solved.
As we first aim to numerically solve the FO-CCZ4 system — with the
gauge fixing (2.82]), (2.88al)-(2.88b)) for a static vacuum asymptotic AdS spacetime,
we will postpone finding initial data for a symmetric scalar field for the moment.




Chapter

The Boundary Behaviour for an
Asymptotically AdS,, Spacetime

"Holographic duality between gauge theory and gravity
is the best we have now for a nonperturbative
description of quantum gravity." [26]

Edward Witten

Physicist

metric spacetimes which are geodesically complete, they will not be globally

hyperbolic. Consequently, an Anti-de Sitter spacetime does not admit a
Cauchy surface, i.e. an achronal subset of the spacetime, which is met by every in-
extendible causal curve. As we want the entire manifold to be determined by some
specified initial data on the initial Cauchy surface ¥, at t = 0, the spacetime must
be globally hyperbolic. Only in this case, one can find a globally unique solution.
Therefore, to obtain a well-posed, unique and deterministic initial value problem for
the FO-CCZ4 system (2.69a))-(2.69K) with the gauge fixing ([2.82)), (2.88a)-(2.88D)) for
an asymptotically Anti-de Sitter spacetime, we need to specify boundary conditions
at spacelike infinity, i.e. r — oc.

Before we state the boundary conditions for the variables of state vector Q, we
will give a short introduction to Anti-de Sitter spacetimes. Most of the results will be
taken from the book [4] by Erdmenger and the paper [5] by Bantilan, Pretorius and
Gubser, whereas the ideas on how to obtain a well-posed and deterministic Cauchy
problem for a non-globally hyperbolic Anti-de Sitter spacetimes can be found in the
paper [35].

E ven though Anti-de Sitter spacetimes can be characterised as maximally sym-

4.1 Maximally symmetric spacetimes

As symmetries are of utter importance in physics, we will focus on maximally sym-
metric solutions to the vacuum Einstein field equations, i.e. solutions without any
matter. We can characterise symmetries of spacetimes locally by so-called Killing
vector fields X € I'*°(T'M), which are vector fields satisfying the following condition

L,X =0. (4.1)

33
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For further characterisations of Killing vector fields, see Appendix [D] Furthermore,
we want to know how many linear independent Killing vector fields, and therefore
symmetries, a manifold can have. Moreover, exactly those spacetimes with maximal
linear independent Killing vector fields are of interest and we call them mazimally
symmetric spacetimes. As noted in [4], an n-dimensional manifold can have at most
n(n + 1)/2 independent symmetries. The manifold M we are interested in will be
pseudo-Riemannian, putting it more precisely Lorentzian, and we can find three
maximally symmetric spacetimes depending on the sign of the Ricci scalar "R:

« (WR =0: Minkowski spacetime
o (WR > 0: de Sitter spacetime
« (WR < 0: Anti-de Sitter spacetime.

Maximally symmetric spacetimes will have the same curvature ™R everywhere and
we can see by taking the trace of the vacuum Einstein field equations, i.e.

B 2A,n

MR
n—2

(4.2)

that the cosmological constant A,, will be zero for Minkowski spacetimes, positive
for de Sitter spacetimes, and negative for Anti-de Sitter spacetimes. We refer the
attentive reader to [51], [31] or [40], respectively, for some introduction to Minkowski
and de Sitter spacetimes.

4.2 The Anti-de Sitter spacetime AdS,

As mentioned in the latter section, the maximally symmetric spacetime with neg-
ative scalar curvature ™R and therefore negative cosmological constant A, < 0 is
called an Anti-de Sitter spacetime. Such spacetimes can occur as the maximally
symmetric solution to the vacuum Einstein equations

1
(")RW - 5(”)Rg,w + Apgu = 0. (4.3)

Geometrically, we can view the AdS,, spacetime as the hypersurface defined by
N2 a2 02 )
—(x)—i—Z(xZ)—(x) =—L" (4.4)
i=1

embedded in a higher-dimensional pseudo-Euclidean spacetime R"~1? with two time
dimensions and the metric

g = — (@) + Y (do')’ = (o). (45)

i=1

For x! = const., the temporal coordinates z° and z* define a circle by

([EO)2 + <$4>2 = const. (4.6)
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This way, the AdS, spacetime is homeomorphic to S* x R*~! [56], where the prod-
uct topology is given by the subspace topology of S! and the standard topology
of R*™1. As the hyperbolic space H*"!, the unique, simply connected and non-
compact (n — 1)-dimensional Riemannian manifold with sectional curvature —1, is
diffeomorphic to R*™!, the product topology of AdS, spacetime is given by the
product topology of St x H*~1,

But, as the temporal coordinates 2° and z* define a circle in the (2°, 2*)-plane,
closed timelike curves (CTC) exist. For closed timelike curves, light cones are ar-
ranged so that particles moving in free fall on a CTC can loop back to the same
spacetime event on the manifold. As this is very uncomfortable for us as we do not
yet know if sg@/ CTC’s are possible, we will pass to the universal covering spacetime
denoted by AdS,,, which is defined in the same way as AdS,, but instead has the
product topology of

R x H" 1, (4.7)

where we have unwrapped the circle S* to R. This way, time ¢ does not run from 0
to 2L, but instead from —oo to oo.

The AdS,, hyperboloid can be parametrized by a chart (U,z) that cover the
spacetime by

2% =Vr2+ L2?sin (t/L)
! = rsinb,_o---sinf, sin O sin O, cos 6,
x? = rsin,_o - - -sin 6, sin f5 sin O sin 6;

3 = rsinb,_o---sinf, sin O3 cos Oy

"% = rsin, o cosb,_s
2"t =rcosh, o
2" =12+ L2cos (t/L), (4.8)
where (,7,0,,_2,...,01) € (—00,00) % (0,00) x (0, 7)" 3% (0, 27) are the coordinates.

By plugging Eq. (4.8)) into Eq. (4.5), we get the solution of the vacuum Einstein
field equation by

1
f(r)
where we have defined f(r) := 1+r%/L? and where dQ2?_, is the line element of the
(n — 2)-unit sphere S™~? parametrized by the angels (6,_o,...,0;). Furthermore,
the Eq. corresponds for n = 5 with the metric given in [5], and L is the AdS
radius related to the cosmological constant via
—(n—=1)(n—-2)

212 '
As the AdS,, boundary is important for the AdS/CFT duality and for the sake of

simplicity for further calculations, let us compactify the "radial" coordinate r to a
finite value p, as used in [5], by

d32 = —f(?”)dt2 + d?”2 + TQin,Q = gpydl’udl’l/? (49)

A, = (4.10)

p

T

(4.11)
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where ¢ is an arbitrary compactification scale that is independent of the AdS,, ra-
dius L. This way, the AdS, boundary is at the finite value p = ¢, even though
we will set £ = 1 in the code, but write it out explicitly in all the calculations
in order to dimensionally check the equations. Transforming to the coordinates
= (t,p,0,_2,...,01), we can write the line element of AdS,, by

ds*> = — 1+ v dt* + ;d,f + pde? (4.12)
L2 ¢ (q2 + %22) e n—2 :

where we have defined the smooth scalar field

q= 1—%6(?00(M,R) (4.13)

with simple zero at the AdS,, boundary p = ¢. As the AdS, boundary is of utter
importance for us, let us state the most important properties in the following section.

4.3 The AdS, boundary

The AdS,, boundary is given by the set of all lines on the light-cone originating from
the point 0 € R"™1? and is properly defined in [4] by

DAdS, — {[:z:]

z€R"M 1 A£0,— (330)2 + nz—:l (xZ)Z - (x4)2 = 0}, (4.14)

where [z] is an equivalence class such that two parametrizations are equivalent if
they only differ by a real number. Furthermore, as noted in [4], the topology of
0AdS,, is given by the quotient topology of

(S' x 8"72) /25, (4.15)

where we take the quotient space as € R" 2 and —z € R* 12 on OAdS,, are differ-
ent points in S* x .S"~2, but the same points in AdS,,. By conformally compactifing
AdS,, with the coordinate transformation

r/L =tan R (4.16)

as discussed in [5], the infinite region r € [0,00] is compactified to the region
R € [0,7/2]. Therefore, AdS,, is conformal to one-half of the Einstein static uni-
verse. Furthermore, we note that the time coordinate has not been compactified
and thus spatial infinity runs along the time coordiate as one can see in Fig. [4.1]
Now, an essential consequence is that spatial infinity is timelike and causally con-
nected to the interior [5].

As AdS,, is not globally hyperbolic, a Cauchy surface does not exist. Therefore,
we can not just set initial date at t = 0, but have to specify boundary conditions at

spacelike infinity. These boundary conditions will therefore be time-dependent and
derived in [4.5]
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Figure 4.1: The conformal diagram of an Anti-de Sitter spacetime take from [5].
The boundary is the timelike surface J. Dashed lines represent constant time ¢
surfaces, and solid lines are constant r surfaces. Past and future timelike infinity
are given by ¢~ and i, respectively. Note that the angles have been suppressed and
that we have to add a uni-sphere S™"~2 at each point of the diagram.

4.4 The asymptotically AdS,, spacetime

As we want to solve the Cauchy problem of the Einstein equations for an asymp-
totically AdS,, spacetime, let us state the main properties in the following.

An asymptotically AdS,, spacetime has the same structure as the AdS,, spacetime
near the boundary, i.e. at ¢ =0 or p = ¢. And, as we want to find a spacetime that
can be characterised by the metric g, within the bulk and the AdS,, metric g,, on
the boundary, we need to find physical fall-off conditions near the boundary p = ¢
such that we can decompose the full metric g,, near the horizon by

Juv = ?]ul/ + hf;uz- (417)

The matter-free asymptotics of h,,, for an asymptotically AdS,, spacetime were found
in [32] by using that the boundary conditions are invariant under the AdS,, symmetry
group. Now, taken from [5], the physical fall-off conditions %, near the boundary
are given by

1
P (67,09 ... 01) = frn(t,0p—o...01) v + O (n+2) )

1
Pr (.7, O 00) = frn (b Bz 00) =+ O ™)

1
hmn(ty T, en_g c.. 91) = fmn(ty Qn_g c. Ql)rn—3 + O(T_(”_Q))7 (418)
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where m,n are the non-radial coordiantes (¢,6,_2...0;). As we want to use the
compactified 'radial coordinate’, let us transform the fall-off metric h,, from the
coordinates (t,7,6,_5...01) to the coordinates (t, p, 0,2 ...6;). The transformation
law of the metric tensor g, is given by

oz Oz

gaﬂ — aix/a ‘8xlﬁguy, (419)

and due to Eq. (4.17)), the fall-off metric h,, transforms in exaclty the same way

oxt dx¥
et = e (4:20)
Furthermore, the spatial part of the full metric g, transforms as
Ox* Ox"
TH = Gk g I
ox' Oz’ ot 90 920 90
= Ox'k wryw + an/k ox't 61 + Ok 8x,19007 (421)

where we have used g;; = v;; and gio = §; as in Eq. [A.85] As we are only interested
in coordinate transformation that does not involve a time transformation, we can
simplify the latter equation to

oxt Ox?
Now, as g;; = 7i;, we can write
Yij = Vij + N, (4.23)

where 4;; and h;; are the spatial parts, respectively, of the AdS,, metric and the fall-

off metric h,,. Therefore, we know that the spatial part h;; transforms in exactly
the same way 4 '
ox' 0’

hi = Will ij
'k Ox

and we can finally transform the fall-off metric components to

(4.24)

or o
ooz 6) = 5 o079 o 01)
1
T GA ST
(]_ _ p/€>n—3

(1-p/0)""
-t o (R0

n—3 n—2
q q
— Jop 0O <pn+2>
— qn_gfpp + O(qn—Q)

or
hpm(t, P, en_g PN 91) = %hrm(t, r, ¢9n_2 N 91)
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1
— mhrm(t, r(p),0p—2...01)
(1—p/O""

1—p/o)" !

n—2 n—1
q q
= fm +0 <pn+1>
— qn_prm + O(qn—l)
hmn(t, P, en_g . 91) = hmn(t, T, en_g e ‘91)

- o (M)
p p

n—2

n—2

= q"7 frun + O(q"?), (4.25)

where we have renamed in the third line the f-functions f,, — f,, and fr, = f,m, as
these are just labels and wrote them for the sake of simplicity without coordinates,
used Eq. in the fourth line and performed a Taylor-expansion in ¢ around the
boundary ¢ = 0 in the last line. As mentioned in [5], the fall-off conditions (4.18)) and
hold for vacuum asymptotically AdS spacetimes and for spacetimes containing
localized matter distributions with sufficiently rapid fall-off near the boundary. To
use general energy-matter distributions, see the fall-off conditions obtained in the
references noted by Gubser et al. in [5].

As the coordinates of the components functions h;;(t, p, 0n—2 ... 61 ) are clear, we
will omit them from here on and only write h;;.

4.5 Calculation of the timelike boundary condi-
tions

To find solutions for the Cauchy problem of the FO-CCZ4 system in an asymptot-
ically AdS,, spacetime, we need to specify boundary conditions at timelike infinity
for the variables of the state vector Q. In order to gain some intuition on how these
fields behave near the boundary p = ¢, we will write the spacetime metric g, as

Guv = @;w + Eh,uzu (426)

where €h,, represents a small perturbation, while € is an auxiliary variable according
to which we expand. By using Eq. (4.26), we can derive the boundary behaviour of
the evolution variables of the state vector Q, writing them as a power series in e.
We will use the regularization scheme proposed by Gubser et al. [5], although
they have not proven that it is a correct and complete characterization of the asymp-
totically AdS,, boundary behaviour, but rather argued that it is consistent with the
considered initial data, as they obtained stable and convergent numerical solutions.

However, as we have not yet obtained any numerical output, we can not say if this
holds for the considered FO-CCZ4 system, i.e. Egs. (2.69al) - (2.69k]).
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The regularization scheme by Gubser et al. [5] is given by writing the fall-off
metric components h,,, as a power series in ¢ around the boundary ¢ = 0, i.e.

Py =D Py (4.27)
=0

For a regular solution, a solution that has the desired fall-off as given in Eq. ,
the first n — 3 terms for h,,, the first n — 2 terms for h,,, and the first n — 3 terms
for h,., on the right hand sight have to vanish, while the n —2, n — 1 and n — 2
term describes, respectively, the leading-order behaviour of the vacuum boundary
conditions. This seems that we would need to supply, respectively, n —2, n — 1 and
n — 2 boundary conditions for the fall-off conditions. Following the discussion in [5],
the next step will be to define a new evolution variable BW via

hpp = q”_4ﬁpp, hpm = q”_gﬁpm and  Amn = ¢ hn, (4.28)

where we demand that the new evolution variable f_l”,, satisfies the Dirichlet boundary
problem

h/ﬂ,(t, q = 0, en_g N 91) =0 (429)
at ¢ = 0. Inserting Eq. (4.28) into Eq. (4.27), we can write
}_l,uz/ =+ huu,n72q71 + h,uu,nfl + h,u,u,nq + ..

Now, we see that if we choose regular initial data for }_lw, that fulfils

B (t =0, =0,0,_5...6,) =0, (4.30)

the first terms with undesired fall-off at ¢ = 0 vanish.
_ Using the newly defined evolution variable h;; that asymptotically falls of with
hyw ~ g, we can write the perturbated metric field g, as

Ot + Eqn__4ﬁtt €qn_371tp_ eq”“@tb
v = eqn_%tﬂ Joo + Eqnj4hpp €q" *hpp > (4.31)
€q" " hat €q" " hap Jab + €0" 7 p* Gap,sn 2P

where we have, similiar as Gubser et al. in [5], added p*gup gn-2 in order to ensure
regularity at the origin p = 0. By using this ansatz, motivated by perturbation
theory, we can gain some intuition on how the n3/2 + n? + 5n/2 variables of the
state vector Q behave near the boundary.

As we are only considering solutions that preserve a SO(n — 2) symmetry, let
us apply the SO(1), SO(2) and SO(3) symmetry to the metric tensor field in Eq.
, respectively, for an AAdS3, AAdS,; and AAdS5 spacetime.

The ansatz for an asymptotically AdS; spacetime
The components of the perturbated metric g, around the purely AdSz metric g,
by some small value €eh,,, is given by

It = Ju + Eq_lhtt
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Jtp = EBtp

Gix = €q huy

Gop = Gpp + Eq_lﬁpp

Gox = €hpy

Gox = G T €07 0% Py, (4.32)

where we have used (¢, p, x) € (—o00,00) x (0,¢) x (0,27) as coordinates.

The ansatz for an asymptotically AdS, spacetime
The components of the perturbated metric g, around the purely AdS,; metric g,
by some small value eh,, with an SO(2) symmetry is given by

9t = Gu + Eﬁtt

Gtp = Gq}_ltp

Gtx = Jltx

go =0

Gop = Gpp + EBPP

Yox = 6qilpx

9pp =0

Gx = Grx T EpQ}_lXX

gxo =0

900 = Goo + €p” sin® xhop, (4.33)

where we have used (¢, p, x,0) € (—o00,00) x (0,¢) x (0,7) x (0,27) as coordinates.

The ansatz for an asymptotically AdS; spacetime
The components of the perturbated metric g, around the purely AdS; metric g,
by some small value eh,, with an SO(3) symmetry is given by

Gt = G + eq}_ltt

Jtp = €q2}_ltp
Jix = Eqﬁtx
go =0
gt¢ =0

Yop = Jpp T Eqﬁpp

Jpox = 6qzﬁpx

9o =0
Gpp =0
Ix = G+ EPQQBXX
gxo =0

Gxe =0
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goo = Jee + €p” sin” xqhy,
9oy =0

where we have used (¢, p, x, 0, ¢) € (—o0,00) x (0, £) x (0,7) x (0, 27) as coordinates.
As we are considering solutions that preserve an SO(3) symmetry, we can use a single
term that rotates the S? [5].

As the newly defined evolution variables h,,, € C*(M,R) have to satisfy a couple
of constraint equations, let us state them next.

Boundary Conditions for the i_zu,, functions

Now, by using the regularized fall-off metric variables i_zu,,, we can fully capture the
boundary conditions given in Eq. (4.18)) or Eq. (4.25) by a Dirichlet boundary

problem

B,,p\pzé —0
B,,m\pze =0
an\pzz = 0. (4.35)

Furthermore, the origin and axis regularity conditions, taken from [5], are given,
respectively, by

8,%,,,,‘/):0 —0
Bpm\pzo —0
apﬁmn\pzo — 0, (4.36)
and
N o, =0
O Ppm o, =0
O P o, =0
oy on =0 (4.37)

where m/,n’ are non-radial coordiantes with m’,n’ # x unless m’ = n’ in the first
line and p' # x.

As we have stated the perturbational ansatz of the full metric in Eq. , the
precise ansatz of the full metric for an AAdS3, AAdS,; and AAdSs manifold is given,
respectively, in Eq. , Eq. and Eq. _. The boundary, origin and

regularity conditions for the evolution variables h,, are written down, respectively,

in Eq. (4.35), Eq. (4.36) and Eq. (4.37).

Now, we are ready to calculate the boundary conditions for the evolutions vari-
ables of the state vector Q in the following section.
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Let us already note here that our Mathematica script [36] proves the following
equations for a three- and four-dimensional manifold, i.e. setting n = 3 and n = 4.
This gives us a good hint that the general formulas might be as well correct for
n > 4.

4.5.1 The conformal factor ¢

The conformal factor ¢ was first introduced in Chapter for the derivation of the
BSSNOK system to ensure stable evolution and remains a variable of the generalized
FO-CCZ4 system. Let us, therefore, begin by calculating the boundary behaviour

of ¢ by using the ansatz in Eq. .

Due to Eq. , ie. gij = %, and Eq. with a vanishing AdS,, shift
vector 3, i.e. §¥ = 41, the spatial AdS,, metric 4;; and the inverse spatial AdS,
metric 4¥ are given, respectively, by

q di —1 L i (4.38)

i = dlag y 5 Yab,572 | .
’ ¢ (P+45) @

and

AZ]_d 2 2 &2 q72ab 4.39
PV =diag (¢ | ¢" + 3 9sne | (4.39)

where g4 502 is the round metric of a n — 2-dimensional unit sphere S" 2. Note
that, as the shift vector 3; = 0, the dual shift vector 3¢, as it is defined by

B =414, =493, (4.40)

vanishes as well. Let furthermore v = det(7;;) be the determinant of the spatial
part of the full metric g,,,

p?"=2) det(gap,5n—2)
g2(n=1) <q2 + Z%)

y = det(%;;) = (4.41)

be the determinant of the spatial metric of the AdS, metric §,, and h;; be the
spatial part of h,,. By using the latter equations, the determinant of ~;; near the
boundary p = ¢ can be written as

0 det Vij

1 0? det
+ —ehyeh O aet i
i

det(v;;) = det(Y;; + €h;;) = det(H;;) + €hy; i
( ]) ( J ]) ( ]) J =4 2 Jﬁ%za%’j =4

= det () + €hij det(35)37 + O(€?)

= det(%]) (]_ + Eﬁijhij) + O(EQ)

_ P det(gap,sn2)

= q2(n—1) (q2 + %22)

P det(gap,sn—2)
g2(n=1) (q2 + %22)

(1 +4PPeh,, + @“behab) +O()

(1+ 47€h, + 4*ehas) + O(€?)
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_ PP det(gap,sn-2)
= qg(n_1) <q2 + %22)
_ P22 det(ggp,s0-2)
£20-Dg
P2 det(gap,sm2) =

- ¢2(n—1q (1 +q" (ahpp + Z h9i0i> 6) +O(e%), (4.42)

=1

2
<1 +q° (q2 + p2/L2) ehyp + Z2g§2_2€hab> + O(%)

2
n— 7 q a n— 17,
(1 +q 2a6hpp + ;gsl;fzq 4,029ab,snzehab> + 0(62)

where we have Taylor-expandet the determinant of 7;; in €h;; in the first line and
set

p
a=q*+ I (4.43)
By defining
n—2
h%‘j = qn_Q <ahpp + Z h9i9i> ) (444)
1=1

we can decompose Eq. into a purely AdS,, and a perturbational part
det (i) = det (%) (1+ €hs, ) + O(€). (4.45)
As the conformal factor ¢ is defined in Eq. by
6 = det () 7T | (4.46)

we can simplify this equation by using the binomial approximation (1 + x)* ~ 1 + ax
if x € R is small to

JU 1
¢ =4 2D <1 — 2<n_1)6h%‘j> + 0(62). (4.47)

By defining the conformal factor ¢ for an AdS, spacetime as

A

b =4 TT (4.48)

and the perturbation hy for the conformal factor as

1 qn—Z _ n—2
hy=————h, =————|ah he o, 4.49
6= a1y e 2(n — 1) (“ oo T ; ezel) ; (4.49)

we can write the boundary behaviour of the conformal factor ¢ as a purely AdS,
part plus a small deviation, i.e. given by

¢ = & (1+ €ehy) + O(e?). (4.50)

This equation tells us how the conformal factor ¢ behaves near the boundary for the
perturbated AdS,, metric as given in Eq. . In order to preserve the positivity
of the conformal factor ¢, we are time evolving the logarithm of the conformal
factor. Let us, therefore, write down the corresponding boundary behaviour of the
logarithm of the conformal factor. Thus,

Ing =In¢+In (1 + €hy + 0(62)> = Indet(97) + ehy + O(€?)

1
2(n—1)
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In (qQ(”_l)a) In (pQ("_2) det(gab’gn72)>
2(n—1) 2(n — 1)

n—2 n—2

_ 2(63_1) (a/_lpp s ﬁei9i> L o)

i=1

n—2 1
=1 Ina— e . N
nqg -+ 2n—1) na —3 np 2n—1) nde (gab,S 2)
q”*Q B n—2 ,
_ m (ahpp+ Zzz:l hGﬂ%) e+ O(e®) (4.51)

where we have used the approximation of the logarithm, i.e. In(1 + z) = z + O(z?)
if x € R is small. By defining the purely AdS,, part

. 1 1
né=lng+-—— Ina— S
ne=hg+or—gyha= Ty 2(n — 1)

In det(gqp 5n—2) (4.52)

and the deviation , )
qnf n—
hpng = ——— | ah h 4.53
In ¢ 2(n_1><a PP+Z 99) ( )

we can write the boundary behaviour of the logarithm of the conformal factor as
In¢ = In ¢+ huy ge + O(2). (4.54)

The logarithm of the conformal factor In ¢ has to behave near the boundary p = ¢
or ¢ = 0 precisely as given in Eq. . It can be seen that the first three terms are
purely AdS,, and that the first term diverges at ¢ = 0, while the last term, reflecting
the physical fall-off, vanishes at the boundary.

In order to calculate the boundary behaviour of the conformally decomposed

spatial metric 4;; and its inverse 4%, we will need the square of the conformal factor
¢. Therefore,

,\

¢? = ¢ <1+eh¢+(’)( )) = ¢? (1+2eh¢—|—(’)( %)

n—2
_ n—1 2
- Jp?(n 2)detgb5n2 ( (ahpp+2hee>>+0(e> (4.55)

and

¢ =¢? (1 + ehg + 0(62))72 = ¢2 (1 — 2ehy + (’)(62))

| pr2) det(gabﬁn_Q) "2 ([ - n—2
- il n—1) L+ 1 ahyp, + ; hg,p, + 0(62). (4.56)

ag?( n

By defining hy2 = 2hg and hy—2 = 2he, we can write the boundary behaviour of the
smooth function ¢? as

¢ = (14 ¢chge) + O(€) and ¢2=¢"2(1 — ehy2) + O(). (4.57)
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These equations give us the behaviour of the square of the conformal factor near the
boundary of the perturbated AdS, metric tensor field. The square of the confor-
mal factor behaves as the square of the purely AdS,, conformal factor plus a small
perturbation eg§2h¢z.

Now, we will be able to state the boundary conditions for the conformally de-
composed spatial metric 7;; in the following section.

4.5.2 The conformally decomposed spatial metric 7;;

The conformally decomposed spatial metric 7;; was introduced in Chapter as an
equivalence class of conformally related metrics on pseudo-Riemannian manifolds
to restore hyperbolicity of the evolution system. However, as it remains a variable
of the generalized FO-CCZ4 system, let us calculate the boundary behaviour by
using the boundary behaviour of the spatial metric v;; and the boundary behaviour
conformal factor ¢.

Now, the spatial metric v;; is given, as g;; = 7;;, by the spatial part of the full

metric g, in Eq. (4.31)), i.e.

Aop 4+ €¢" 2R €q" 3hy,
Vij = < ppe n—37, " nd o ol (4.58)
q ap Yab + €4 P~ Gab,57—21ab

while the inverse of the spatial perturbated metric is given by the formula
V7 = 40— 5% hyy + O(e2). (4.59)

Using the latter, the components of the inverse of the spatial metric can then be
written as

y APp — Eﬁpp@ppqn—é% _Eﬁpp@abqn—i’)ﬁ . )

J op P

= A ppaba 3T N nacabd = + O(€%). 4.60
Y ( _E,Ypp,)/baq 3hpb ,.Ya,b — €5 C’ybdq 4p29cd,5n—2hcd ( ) ( )

In order to calculate the boundary behaviour of the conformally decomposed spa-
tial metric 9;; and its inverse 57, we have to plug in, respectively, the boundary
behaviour of the spatial metric v;; and the square of the conformal factor ¢?, and
the boundary behaviour of its inverse 4% and ¢~2 into

Yy =¢%y;  and Y =¢7Y. (4.61)
Then, the boundary behaviour is given by
Fij = 0° (1 + ehgz) (35 + €hij) + O(€?)
= 0" + & (hij + hoxiy) € + O(€%), (4.62)
and
79 =07 (1 ehys) (39 + eh) + O()
= 6747 + 672 (W + hy2A7) e 4 O(). (4.63)
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By defining the conformaly decomposed spatial metric related to the purely AdS,
spacetime

S Piy and 39— G290 (160
and the small perturbation near the boundary
hsy = 0 (hig + hpAig) ;- and - hass = 672 (W + hy247) | (4.65)
we can write the boundary behaviour as
Hij = Yij + ehy,, + O(e®) and 77 =47 + ehsis + O(€?) (4.66)

While a complete calculation for the boundary behaviour of the conformally de-
composed spatial metric 7;; and its inverse 5% can be found in Appendix [E.1| the
components are given, respectively, by

1 qn72 _ n—2
Tep =iz 23 1 (1 + 1 ((n —2)ahy, — ) h(h&-) 5)
i=1

ar=1p 1 det(gapgn-2)m1 n-
+0(e%) (4.67a)
1
B aﬁqn_l _
p 1 det(gap gn—2)nT

1 2

~ qn-1pn—1 b Gr—2 qn72 _ n—2 _
Fp = P Yab,S . <1 i ( hpp + Z hgigi — (n — 1)hab> 6)

det(gqp,gn—2)"1 n—1 i—1
+ O(e), (4.67¢)
and
n-2 2(n—2) 1 q”_2 - n=2_
PP =an=1p =T det(gap gn-2)"1 | 1+ 7 (2 —n)ah,, + Z he,e, | €
n-— i=1
+ O(€?) (4.68a)
";f d t( )%
n— e a n— n— o ne —
g = - LSRRI g g e + O(€) (4.68b)
pn—l
1
—a det(gapgn—2)mT [ 9 ae _
H% = ( el i (gs’iz — " g% 2 g% 2 Ged sn-2hege
pnfl anfl
qn72 B n—2 B
+ ] (ahpp +> h9i9i> g2 e | +O(?). (4.68¢)
- i=1

This gives us the boundary behaviour of the components of the conformally decom-
posed spatial metric ;; and its inverse 5. We can see that the purely AdS,, metric
Yij, as given in Eq. , diverges at the boundary ¢ = 0, whereas the conformally
decomposed spatial metric 7;; takes finite values unless for some angle values. Note
that we have to sum over the whole object g% »geq.sn-2hea-
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4.5.3 The shift vector [

We will, furthermore, need to calculate the boundary behaviour of the gauge variable
*. The spatial vector field 8 € T'>°(TM) was first introduced in Subsection
to decompose the timelike section 9, € I'*°(T'M) into time and space. While a
numerical value is straightforward to implement, evolving the shift vector 3 via
a PDE extends the overall evolution system, and the system can be made more
hyperbolic. For this reason, the shift vector 3 is a state variable of the generalized
FO-CCZ4 system.

Plugging the boundary behaviour of v¥, as given in Eq. , and the boundary
behaviour of ¢, as given in Eq. , into the definition of the components of dual
shift vector

B = g, (4.69)

we can calculate the boundary behaviour of 5. Then,

B =" g1p + 7" Gra
=" (37 + €q" hane ) €hup — 4" A5 e
= q" ahse + O(e?) (4.70a)
B =910 + 7" guv
= —62@pp7aaqn_3ﬁpaqn_gﬁm + (7@ + €4 p* Gap,sn2 Bab) " hp
= ¢" A hye + O(€2)
n—2

= Lgl e+ O(é). (4.70D)

02

As the purely AdS,, part of the shift vector @ vanishes, the boudary behaviour of
the varibale can be written as

Bl = [+ ehgi + O(€?), (4.71)

where 3¢ = 0. This way, the boundary behaviour of the shift vector ¢ is only
determined by the deviation and vanishes, as excpected, at the boundary ¢ = 0.

4.5.4 The lapse function «

Another gauge variable, reflecting the coordinate degrees of freedom, is the lapse
function o € C*°(M,R). It was first introduced in Subsection to decompose
the timelike section 0; € I'*°(T'M) into time and space. While a numerical value is
straightforward to implement, evolving the lapse function a via a PDE extends the
overall evolution system, and the system can be made more hyperbolic. For this
reason, the lapse function « is still a variable of the generalized FO-CCZ4 system.

Plugging the boundary behaviour for the shift vector § and the time-time com-
ponent of perturbated metric g, into Eq. , we can calculate the boundary
behaviour of a to

n—2
a=/BiB" — gu = \lgtpﬁp + ; Gt0,8% — gu
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= \/qn_lqn_3a}_ltp}_ltp€2 + qn_4qn_3}_lp0ﬁ/0i9if_lt0i€2 — On — qn_4}_ltt€

— \/;2 — " Ahye + O(€2). (4.72)

By defining, respectively, the purely AdS,, part

Ja

G =-Y— 4.73

. (4.73)
and the deviation ,
q"

hy = ———hy, 4.74

2 ( )

we can decompose the lapse function «, using the binomial approximation, into the
purely AdS,, lapse function & plus some small perturbation h,,

n—2 _
o = \l % <1 — €qa htt + O(E2>>

q
n—2
- \/a% )
q a
_ @ Eqn—27 )
— p 1 2a htt +O(€ )
=& (1 +¢ehy) +O(e). (4.75)

As we are time evolving the logarithm of the lapse function, let us derive the bound-
ary behaviour of the logarithm of the lapse function o. Then,

ma=1n(d(1+ehe+O())) =Ind+In (1 + eha + O()) =Ina + ehy + O(e)

1 2 n—2
=—In <q2 + p) —Ing— a hye + O(€)

2 L2 2a
1 p2 q2L2 qn—27 )
:21n<1;2 <1+ p2 —lnq—ﬂhtt€+0(€)
¢ 1 272 n—-2
=ln(l—q)+h7+3 <1 + qu ) —Ilng— q2a hue + O(&2). (4.76)

The logarithm of the lapse function « has to behave near the boundary ¢ = 0 exactly
as in Eq. . We see that the first four terms are purely AdS,,, while the last
term describes the fall-off condition near the boundary. Thus, at the boundary, the
logarithm of the purely AdS,, lapse function & diverges, whereas the perturbation
vanishes.

4.5.5 Calculation for the auxiliary variables

The 33 auxiliary variables 4;, Bj, Dy;; and P; were only introduced in [20] to rewrite
the CCZ4 system as a first-order evolution system and have no physical meaning. As
they are evolution variables of the generalized FO-CCZ4 system, we need to derive
their boundary behaviour.
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The auxiliary variable A;

Let us first calculate the boundary behaviour for the auxiliary variable
A;=0;Ina (4.77)

as defined in Eq. (2.63). As the boundary behaviour of « is given in Eq. (4.76) by

Ina = Iné + eh, + O(e?), (4.78)
where & = &(p) and hy = ho(p, 0p—2,...,01), we can write the boundary behaviour
of A; as

Ai = & In& + eﬁiha -+ 0(62). (479)

By defining the purely AdS,, auxiliary variable

A

and the deviation
ha;, = O0ihg, (4.81)

we can write the boundary behaviour of the auxiliary variable A; as
A; = A; + eha, + O(e?). (4.82)

The individual derivatives, as can be found in Appendix are given by

n—2 n—1 -9 n—3Y\ _
R A

a L2qa a?l? a?l 2la
n—2
- qTaaphtte +O(@)  (4.83a)
n—2
Aa = —%(‘)ahtte + 0(62). (483b)

In terms of the perturbational split, the purely AdS,, part of A; is given by

A IO A
A, = T2 and A, =0, (4.84)

while the perturbation of the auxiliary variable takes the form

n—2 n—1 n—3 n—2
"’p q (n—=2)¢""\+ ¢ -
hAp = < a2L2 - a2[ + ola ) htt — %aphtt (485&)
qn—2 _
hAa == —Wﬁahtt. (485b)

Thus, the p-component of the auxiliary variable A; behaves near the horizon as
the purely AdS,, part of the auxiliary variable flp plus the small perturbation €hy,,
while the boundary behaviour of the angle components is governed by just the small
perturbation €h 4, .
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The auxiliary variable P,

Let us next calculate the boundary conditions for the auxiliary variable
P, =0;In¢, (4.86)

as defined in Eq. (2.63). As the boundary behaviour of the logarithm of the confor-
mal factor ¢ is given in Eq. (4.51)) by

Ing =1Ing+ hy+ O(h2), (4.87)

where ¢ = quﬁ(p, On—3,0n_4,...) and hy = hy(p, 0,2, ..., 01), we can write the bound-
ary behaviour of P; as

P, = 8;In ¢ + ed;hy + O(e?). (4.88)
By defining the purely AdS,, auxiliary variable
P, =08,In¢ (4.89)
and the deviation of 152
hp, = Oihy (4.90)

we can write the boundary behaviour of the auxiliary variable P; as
P, = P, + ehp, + O(€%). (4.91)

The individual derivatives, as can be found in Appendix [E.2] are given by

1 B-Z n—2 (n_Q)qn—3<_ nez
o=t ( i T ahp, + h@iei) ‘
p gl 2(n—1)a (n—1)p 2(n — 1)¢ op ;
n—2 N B n—>2 ~
a 2(?1—1) (8”ah/’p +adphp, + ) 8ph9iei> e+ O(?), (4.92a)
i=1
1 aa det (gab S"*Q)
P, = — :
Q(n - 1) det(gab,S”*Q)
n—2 _ n—2
B 2(2_1) (“aahpp + 2 5%’101-91-) e+ 0(e). (4.92b)
=1

In terms of the perturbational split, the purely AdS,, part of the auxiliary variable
P, is given by
1 1 p 1 q n—21

po_L P g_n-21
g ql+n—1)L2a (n—1ala (n—1)p

(4.93a)

~ 1 Ga det(gab Sn—2)
P, =—- ’ 4.93b
¢ 2(n—1) det(gapsn—2) (4.93b)

while the perturbation of P; given by

B (Tl _ 2>qn—3 _ n—2
th,J = 2(%—1)€ ahpp—i-;hgigi
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n—2 3 - n—2 B
_ 2(%-1) (apahpp + Claphpp + Z aphgi@,) , (4.94&)
i=1

n—2 n—2
q 7 7
= - + E 0. | . 4.94
hAa 2<n 1) <a8ahpp 2 8ah9291> ( 9 b)

We note that the p-component of P; behaves near the horizon as the purely AdS,

A

part of the auxiliary variable P, plus the small perturbation ehp,, while the boundary
behaviour of the angle components is governed by just the perturbation ehp, if the
partial derivative of the determinant of the round metric g, gn—2 vanishes.

The auxiliary variable B!

Next, let us calculate the boundary behaviour of the auxiliary variable
Bl = 0,5 (4.95)

as defined in Eq. (2.63]). Using the boundary behaviour of the shift vector 3, as
given in Eq. (4.71]), we can derive the boundary behaviour of the auxiliary variable
BL. Thus,

Bl = 0, (B' + ehg + O(e?))
= OpB' + eOphg + O(e?). (4.96)
By defining the purely AdS,, part of the auxiliary variable B} as
B = 9,43 (4.97)
and the perturbational part of Bl as
th = Ochg, (4.98)
we can write the boundary behaviour of the auxiliary variable B as

Bj, = B} + ehp + O(¢). (4.99)

By using Eq. (4.70a]) and Eq. (4.70b]), we calculate explicit the components of BL.
Then,

(n—1g"*

Bt = —#aﬁwe +q" 7 0pahi,e + ¢ a0 hipe + O(62), (4.100a)
B = q" ad,hipe + O(€%), (4.100b)
n—2 2 2 _ n—2 _
B = g <(2€>‘1 N ‘é) g shye+ L gl L0, hye + O(),  (4.100¢)
p p p
B = T 9gh b + L gt o OuTnee + O 4.100d
«= g gn—2Ntc€ + 7957172 whice + O(€7). (4.100d)

The boundary behaviour of the auxiliary variable B! is governed explicitly by the
small perturbation eh BL, &S the shift vector 3 is already purely perturbational.
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The auxiliary variable D,
And finally, let us calculate the boundary behaviour of the auxiliary variable

1. .
Diji = §3ﬁjk7 (4.101)

as defined in Eq. (2.63)). Using the boundary behaviour of the conformally decom-
posed spatial metric 7;; as defined in Eq. (4.62)), we can write

1 1, s
Dk” = 28]{)/” 26k [%‘j -+ th,ij + O(Gzﬂ

1 1

28,% 5€Okhs,; + O(e?). (4.102)

By defining the purely AdS,, part of D;;;, as
Dyij = ;aﬁij (4.103)
and the perturbational part as
Iy = Ohs, = O (67 (hij + haai))
= ;hijakgp + ;h¢2%3k¢32 + ;Qg2akhij + ;Qb YijOchg2 + <Z5 hg20r%i5. (4.104)
we can decompose the boundary behaviour of the auxiliary varibale Dy;; by
Dyi; = Dyij + ehp,,, + O(e?). (4.105)

After some tremendous calculations, that can be found in Appendix [C| we can
summarize the components of the auxiliary variable Dy;; by

1 2 2 [ 1 gapgn—20.det(gapsn—2) DeGab,5n-2
Dcab = — —an-tpn-t 7 —i - : T
2 n—1 det(gab,sn—2) n—1 det(gab’Sn_Q)ﬁ

277 n—2

q"Far-tpn-1 [ - - =\ Gab,sn—20. det(gap sn—2)
+———|ah,, + ho.o. — (n — 1)h, ’ > €
2(n —1)? ( 7 12::1 oo~ ) b) det(gap,gn—2)7T

1 2

an1pn-1q"? Yab,Sn—2 ( - =, -

- ’ a@ch + achgigi - (TL - 1>6chab €
3 1) detgy )t N T 2

i=1
1 2
arTprigtT < Y - ) OcGab,sn-2
— ah,, + heiei— n—1)h, :
2(n—1) " ; ( o th(Qab,sn*ﬂﬁ
+ O(e?), (4.106a)
D — alizp T=n 8 det(gap,5n—2)
we 2<n - 1) det(gab Sgn— 2)f
n—2
at=rp = 8 det(gap,sn-2) ¢" 2 ( - n=2_ )
2 —mn)ah,, + he.o.
2(n —1) det(gab,snﬁ)"‘l n—1 ( Jahor Z:ZI o
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Dapb = -

Dypa =

Dpab =

D

ppp —

n—2 2(n—2)

n—2 T n—2
q alfnp 1-n <( _ _
- 2 - n)a’aah’ + aah0i6i>€
2(n = 1) det(gap,sn-2) 1 " ;
+0(&), (4.106b)
1 — —
am1q" ' [ 9, det(gap.sn-2) P Dahugb
3(n—3) - —" 1 P e+ O(e?),
2p n—1 det(gab,S"*Q)Tkl n-— det(gab’Sn—Q)"—l
(4.106¢)
i gt (% - %) n—2¢"'a n—1ag"? P
— = — — — o€
det(gab,gn_z)ﬁ 2<n — 1)p2(:—12) n—1 p3n—15 20 piz(nff) P
1
Q=1 n—1 B
+ Ophpac + O(), (4.1064)
2p =1 det(gap gn—2)"T
1 Gab,5m—2

- (a%p%@;a + 2aﬁp%)
2(n - 1) det(gab’sn—2)ﬁ

n—2

"2 g 1 ( e 7
2(” - 1) det(gab’Sn_z)ﬁ [ n—1 P ;

da  (n—1)(n—2) 2) _ _on=2
( a ql p pWipp p''pp ; p
— (n = 1),ha | € + O(), (4.106¢)
n—2 a%pQ(ln:”2) <8pa 2)
— I _r + —
2(”’ - 1) det(gab’Sn_z)ﬁ a 1Y
2—n 2(n—2)
n—2 ¢ laipion <8pa 2 n-— 1> < - n-2_
1 — 4+ -+ 2—nah + h9i9i>€
2(n - 1)2 det(gab’Snfz)ﬁ a 1% qﬁ ( ) e ;
qn—2 a%p%ln:f) n—2
— 2—n)d CLFL + 0, }_lgigi]E
TN FRTp== (2= m)dyfahyg) + 30,
+ O(€%). (4.106f)

Note that the boundary behaviour of D,,, and D, is purely governed by a small
perturbation, i.e. the purely AdS,, part of these components of the auxiliary variable
vanishes, while the boundary behaviour of the other variables is governed by the
purely AdS,, part ﬁijk of the auxiliary variable plus some small perturbation €hp,,, .

Conclusively, we have calculated how the 33 auxiliary variables, as defined in Eq.
, have to behave near the boundary ¢ = 0. Again, these auxiliary variables
were introduced in order to rewrite the second-order CC'Z4 system as a first-order
system and have no physical meaning.

4.5.6

The extrinsic curvature K,

Furthermore, we will need to derive the boundary behaviour of the extrinsic cur-
vature K;; that is a measure of how the hypersurfaces X, are embedded into the



4.5. Calculation of the timelike boundary conditions 55

spacetime manifold M. The second fundamental form K;; is an evolution variable
of the originally derived ADM evolution system but got replaced by the trace of the
extrinsic curvature K and the conformally decomposed traceless part of the extrinsic
curvature in the derivation of the CCZ4 system.

Before we can calculate the boundary behaviour of the trace of the extrinsic
curvature K, we need to derive the behaviour of the extrinsic curvature K;; first.
To do so, we first need to find an expression of the extrinsic curvature K;; in terms
of the auxiliary variables from above. Therefore, let us rewrite Eq. (2.21a)) to

1
Kij = =5, (Or — Ls) 7ij» (4.107)

where
Lyis = 0;0; + 0:B; — 2T, By

=0, (%lﬁl) + 0; (%‘zﬂl) - 2;7“ (D15 + 95y — Ovig) Br

:/l@ﬂ/il"' ~ia0; B! +%+ 10 B' =B85, =077 + B0y

= 7u0; 8" + 70:8" + B'0rvij

= %'IBJZ- + v Bl + B0y

= yuB! + B} + 89, (¢2%‘j¢_2)

= YaBj + B + ¢~ B'0%i; + 74000

= VB + 7B} + 207 8' Disj + 75 816" 0197

= VB + 7B} + 2028 Dyi; — 7i;8'¢ 206"

= Y B} +7Bi + 2028 Diij — 27;;8'0,n ¢

= Y B} + 7 Bi + 2028 Dyij — 27:;8' P, (4.108)
is the Lie derivative of the spatial metric v;; in the direction of the shift vector 3.
Plugging this formula into Eq. , we receive

1

Kj=——
2a

(at%j - %‘kBJ]-C — B = 2¢728' Dyij + 27ij6kpk) , (4.109)

an expresion of the extrinsic curvature in terms of the auxiliary variable. Then, by
using the boundary behaviour of the auxiliary variables, we can write the boundary
behaviour of the extrinsic curvature as

1 _
~%4 (@f%‘j - %’ka — B —2¢726"Dyij + 27ij6kpk>
1

= 20(1+ chy + O(2)) {at (315 + ehis) = G+ ehin) ehgr — (B + ehi) el

—207% (1 + ehg-2) el (Dagj + ehy,, ) +2 (g + ehig) hgr (P + ehn, ) + 0(62)}

K

ij =

1 ) ) o -
- _%u B Eha) [athij o %kth o ijth - 2¢ 2h,3kaij + Q’Yijpkhﬁk €+ 0(62)
1 . ) o o
= —% {athij - P)/zkhB;c — ")/jkth — 2¢ Qhﬂ’“Dkij + 2,}/2]th5]€:| €+ 0(62>,

(4.110)
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where we have used the boundary behaviour of the spatial metric, as given in Eq.
, the boundary behaviour of the shift vector § as in Eq. , the boundary
behaviour of the lapse function « as in Eq. , the boundary behaviour of
the auxiliary variable P; as in Eq. , the boundary behaviour of the auxiliary
variable B! as in Eq. , the fact that BL and 8* are purely perturbative and the
boundary behaviour of the D;;;, auxiliary variable as in Eq. . Furthermore,
we have simplified the equations by keeping only the lowest order in €. In general,
the boundary behaviour of the extrinsic curvature can be written as

Kij = Kij + eh,, + O(€?), (4.111)

where R’ij = 0 for all combinations and hg,, is given by

1,

1 . A N .

Now, the components of the extrinsic curvature K;, as calculated in Appendix ,
are explicitly given by

n—3
q - - 2n—1) 2p\ -
Kpp = _2\/5 {@hpp — 2q0phuy + < l al? htﬂ} e+ O(e?), (4.113a)
n—3 _ _ _
Kab = —g\/a [p2gab,5n28thab — 29(ac7sn—2ab)ggvifzhtd — 2a(ahtb)
- ggﬁﬂacgab,svwf?iltd - 2pgab,5"2ahtp} €+ 0(62), (4.113b)
n—3
q - - n—2 2)\- -
Kpa = _2\/6 [qathpa - qaahtp + ( + ,0) ht(z - aphta‘| €+ 0(62)‘ (4113C>

Near the boundary, the behaviour of the components of the extrinsic curvature K;
is governed by the perturbation, while they vanish at the boundary ¢ = 0.

Let us now derive the boundary behaviour of the trace of the extrinsic curvature
K. Then,

K= injKij = 7pprp + QVpaKpa + ’YabKab
— (?VPP _ Eﬁyppﬁyppqn—Alhpp) ([A(pp + Ethp) 4+ 92 (,Aypa . 6,.S/PP:}/abqn—Bhpb) (K—pa + etha)
+ (5 = eq" P’ gabsn 274 hea) (Ko + ehig,,, ) + O(€)
= 4"h, e + 7" hx e + O(e?), (4.114)
where we have used the formula for the inverse of a perturbated metric, i.e.
7 =59 = 55 g + O(€),

the boundary behaviour of the extrinsic curvature K;;, as given in Eq. (4.111]), the
fact that the extrinsic curvature Kj; is purely perturbative and the latter equations
for K,,, K4. By defining

PP

hi = 4"hg,, + 7 hi,,, (4.115)
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the boundary behaviour of the trace of the extrinsic curvature K is given by
K = K + ehg + O(é%), (4.116)

where & = 0. After some calculations, that can be found in Appendix , the
boundary behaviour of the trace of the extrinsic curvature K can be explicitly
summarized by

n—1 -~ n—2 _ — 2 — 1 2 — 1
K= —L [a@thpp + Z 8th9i9i — 2qaaphtp + ( <n )a - (n >p
=1

N z L2

2(n —2)¢%\ - 2 ., - 1. -
- (p)) htp - ?9513172 (aahtb + 595(11*28d9ab,sn*2htc) €

+ O(€). (4.117)

Note that the boundary behaviour of the trace of the extrinsic curvature K is gov-
erned by the small perturbation ehy, while the purely AdS,, part vanishes.

4.5.7 The conformally decomposed traceless part of the ex-
trinsic curature flij

The conformally decomposed traceless part fl,-j of the extrinsic curvature, i.e. Eq.
(2.34), was first introduced for the derivation of the CCZ4 system. Together with
the trace of the extrinsic curvature, it replaces the evolution equation of the extrinsic
curvature.

Before we can calculate the boundary behaviour of the conformally decomposed
traceless part of the extrinsic curvature, we need to derive the boundary condition
for the traceless part of the extrinsic curvature A;;, as defined in Eq. (2.30). Using
the boundary behaviour of the extrinsic curvature K;; and spatial metric v;;, we can
calculate the boundary behaviour of the conformally decomposed traceless part of
the extrinsic curvature to

1 1

. 1 . .
= Kij + i, — —— (K4 + eKhij + Aijhic) + O(e?)
A 1 .. 1
= Kij — —7 K% + (th'j - n_l%‘th> e+ O(€), (4.118)

where we have used the boundary behaviour of the extrinsic curvature Kj;, as given
in Eq. (4.111)), and the boundary behaviour of the spatial metric v;;. By defining

~ N 1 A
Ay =Ky — ——K#;; 4.119
J I 1 Vij ( )
and ]
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we can write A;; in terms of the perturbation as
Aij = Ajj + ha, e+ O(). (4.121)

Note that as f(ij =0, K vanishes as well. Therefore, the boundary behaviour of the
traceless part of the extrinsic curvature A;; is governed by the small perturbation
ch Ayt

The components of the traceless part of the extrinsic curvature, as calculated in
Appendix by using Eq. (4.118), are given then by

29%?172&;%(1
(n—1)pa

n—3 n—2
q n—2, - 1 - 2(n—2)q , -
A, =— ——0h —75 he.o. — —2=0,h
e 2\/a [n—lat 7 (n—1a izlat bi0i n—1 phep +

2(n — 2) N 2(n —2)¢*\ - g2 g%
14 (n—"1ap ) ™ (n—1)p%a

+ O(€?), (4.122a)
n—3
q - - n—2 2\ - -
Apa = —m [qathpa - qaahtp + <q£ + p) hia — aphta] €+ 0(62)7 (4-122b)

qn_3 p2g S B n—2 _ —
Aab = —2\/5 na_’ 1 (—a@thpp — lzzl 8th'9i9i + (n - ]-)athab> - Qa(ahtb)

5(19@5,5%2 }_ltc] €

— 20(ac.50-20) §%—2hpa — Gih—20aGab sn—2Pie — 2pGab sn—2ahy4,

2 2
Gab,sn—2 - 2(n—1a 2(n—1)p 2(n—2)¢"\;
+ n—1 <2qa(9phtp — ( / — L2 — P htp

e+ O(€). (4.122¢)

2 1, )
+ ?ggcfz—2adhtc + p295£295%_28dg5f75n_2htc)

Now, we are able to derive the boundary behaviour for the conformally decomposed
traceless part of the extrinsic curvature. Then, using Eq. (2.58d|), we get

Aij = Ay = @ (1 + ehge) (Aij + eha, ) + O(e2)
= ¢ (flw +€ha,, + eflijhdg) + O(€)
= @ Aij + & (ha,, + Aijhgz) €+ O(), (4.123)
where we have used the boundary behaviour of the conformal factor ¢, as defined in

Eq. (4.50)), the boundary behaviour of the traceless part of the extrinsic curvature
A;j, as given in Eq. (4.118) and kept the lowest order in the auxiliary variable e. As

the traceless part of the extrinsic curvature is purely perturbative, i.e. flij =0, the
latter equation simplifies to

Aij = @*ha, e+ O(). (4.124)

By defining A
hi, = 0°ha,,, (4.125)
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we can write the boundary behaviour of flij as

A

Aij=Aij+ehs, +O(), (4.126)

where flij vanishes. Therefore, the boundary behaviour of the conformally decom-
posed tracless-part of the extrinsic curvature is purely perturbative. By using Eq.
and Eq. (4.127a])-(4.127¢)), we can explicitly write down the boundary be-
haviour of the components of the conformally decomposed traceless part as

P a2=1 n—2
App = — —m d . 18th =T Z Oihoyo, ( )qa Lhip
2p 1 det(gapgn—2)m1 [T (n —
29% ., Ophta 2n—2) 2(n—2)¢%\ - ab  ged _
9g 28bht (TL ) I (n )q , ggn-—29g 28dgab Sn*2htc ¢
(n —1)p%a 14 (n—1)ap (n—1)p%a ’
+ 0O(€%), (4.127a)
3—n
- q2n—1n g1 _ _ —92 92\ _ _
Apa = (n—2) d 1 [qathpa - qaahtp + (n / + ) hta - 8phta] €
2p n=T det(gap gn—2) "1 q p
+ O(€%), (4.127b)
~ a2(3n 7L1)q pQQ b.gn—2 n—2
Aab 3 - @, 1 < aat pp Z 8th9 0; + (n — 1)athab>
2p = det(gab7sn72)ﬁ n—= i=1

— 20(hib) — 29(ac,5m-208) g2t — gen—20aGah,5n-2Pte — 2pGap sn-2ahy,

2
Gabsn—2p C (2n=1a 2n-1)p  2n-2)¢
_ 771 T ( — 2qa8phtp + ( l - L2 P htp

e+ O(e). (4.127c¢)

2 - 1 _
_ ?gg&ifzadhtc - Mggé—zggizadgef’5n2htc>

As caculated in Appendix these equations verify that the trace of the confor-
mally decomposed traceless part of the extrinsic curvature A;; with respect to the
conformal spatial metric 7;; should vanish, i.e.

A9 A = 0. (4.128)

This gives us a hint that the calculated equations for the conformally decomposed
traceless part variables flij of the state vector Q are correct. As already noted, these
variables are governed purely by the small perturbation eh Ao while the purely AdS,,
part vanishes.

4.5.8 The IV and [ variables

Another fundamental variable of the state vector Q that was first introducced for
the derivation of the C'C'Z4 system is the [ variable, as defined in Eq. .
Before we can write down the boundary behaviour of fi, we need to calculate the
boundary behaviour of the I variable.
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The I variable

The auxiliary variable I' was first introduced to reduce the Ricci tensor to a Laplacian-
like operator for the derivation of the BSSNOK system and is defined as

I = 44T (4.129)

However, the idea is to allow for any value of the coordinate choice I [27]. To be
able to write down the boundary behaviour, let us first rewrite this variable by some
fundamental variables of the state vector Q. Thus,

TS B 3 5
I = ”Y]krjk = ’Y]k§7 " (05w + O — Ovn)

1 i ira - 1 kita ~ 1 it~
= §7Jk’7 "0 + §’ij7 O — 57116’7 "0k
[ B B
= §’ij’y W01 + 57]'“7 O — i’ij’Y "0k
~ik~ila ~ 1_. ~ila ~
= 35 05 — 57]k7 "0
= ijk:yilak:le
= 294" Dy, (4.130)

where we have switched, due to symmetry reason, j <+ k in the first term in the
second line, and used

—

— 57" O = =75 () = —7"0n/det(y) =0, (4.131)

as det(§) = n is constant. Using Eq. (4.66) and the boundary behaviour for the
auxiliary variable D;;;, we can derive

]

fi (’7” + Eh;/ij) (’7“ + Eh:ykl) (f)ljk: + Ethjk)

=2
2 (4944 + ehyu i + ehsud) (Dyr + ehp,, ) + O(€)
=2
2

(’/)\/ij’Ayleljk + Ehﬁij’?klﬁljk -+ Ghﬁkl’?ijﬁljk + G’S/ij’s/klhpljk> + 0(62)
Y944 Dijic + 2 (g™ Dijr + hawd Digi + 494 hp,,, ) €+ O(€). (4.132)

By defining the purely AdS,, part as

A

I = 2494% Dy (4.133)
and the perturbation as
hei = 2 (hsud™ Dijr + hswd Digis + 494" b, ) (4.134)
we can write the boundary behaviour of I' as

[ =T 4 hpe + O(2). (4.135)
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After some calculations that can be found in Appendix [E.7, we can write down the
explicit boundary behaviour of the components of the [* variable

n—2 2mn-2
I‘P

1

2(n —2) n=3 n-
1p n—-1 ql- ndet(gabSn 2)71 18 a — (n/l)pn?an? det(gab’sn 2)ﬁ
n — n —
2 2(n 2) n—2
n — noP ™ _
+ (n — 1>2q 2 — 8 adet(gab Sn— 2) (( ahpp — Z h9i9i>€
anr-1 .
2(n—2
(T(l_l);q pn 1an 1 det(gabsn 2) ((TL—2 Zh99>
n — 2 n— n—2 2(n—2) 1 — _
_ mq 3@" 1p n-1 det(gab Sn— 2) ((TL — Z)thp — Z h9i92‘>6
i=1
n—2 2(n—2)
1 ¢ 2aﬁp n—1 _ B n—2
(n = 2) (9pahy, + adyhyy) — 3 Oyhos )
1 det(gab Sn72) 1in (
s )
+ 2 det(gcdysn—2)n£1 qn 1gab
a

_ qn—l
Ggn— 2(9 hpb6+
1

—2
n—1

an-t g%,_50. det(gcdsn 2) -
n—1 p%

En det(gefS" 2)” 195n 2gsn 20cGab,sn—24
P"*

2 pb€
det(gcd Sn— 2)

“hpae + O(e?), (4.136a)
1 1 ydet( ) =
~a b A€\ Gef,5m—2) 1 = 7
I = — T 3 1 I, 2 gSIZL 2 + 3 gSn 2 det(geﬁsnfz)"—lq 18 hpr
an—1 pn—l n — det(gef Sn— 2) pnfl
n—2
ar=1 . .4 f 2 1 n—-1 n—-20,a)-
o det(ger gn-2)n-1 - — 1 h
p%gs 2 det(ger.sn2)™1a (n—lp+ ql n—1a pbe
n—2 n—2
q"‘aTn npl n Ogdet(gergn-2) - _ _
+ (9es. )zgslzz 2 G %2 Gpe sn—2 (a'hpp + > hgo, — (n— 1)hbc>
(TL - 1) det(g f,5m— 2) i=1
n 2 det Jef,5n—2 "11 — n-2 _ _
- ( 1f 2) G2 g2 Ghe gn2 <aadhpp + > dahge, — (n— 1)5dhbc>
n — 1 qn—1 pn— i=1
2 q”_2 Opdet(gessn-2) 0 _
+ ( ! n )295n 295{1—29ef,sn—2hef€
n—lan lpn 1 det(gefS" 2)
2 g2 - - g2 _,0, det(gef,sn—2)
— ah _'_ heiei S s
(n—1)? aﬁp% ” ;
+ O(€).

n—2
det (gef,S"72) n—1

(4.136b)
Note that we can not just sum over g%._»g%% »gp.sn—2 in Eq. (4.136a) as the fLW
functions have the same indicies and we need to sum over all of them. Furthermore
the AdS,, part of the boundary behaviour of I' is given by
1; P 2

2 2(n—2)
n—1

1

p T aT det(gap,gn- 2)n 10,0

2n —2) n-3 n-
— gl)pn—?an—? det(gap,sn 2)L (4.137a)
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2 1 1 Opdet n—
G b det(gepsn2) o (4.137b)

aﬁp% n—1 det<g€f7gn—2)"*1

while the rest is the small perturbation ehy. .

The fundamental 1" variable

Before we are able to state the asymptotic behaviour of the fundamental f—variable,
as defined in Eq. (2.58d|), we need to derive the boundary behaviour of the algebraic
constraint vector Z*. As the boundary behaviour of Z* should match those of the
generators £# as in Eq. (12) in [5], their behaviour is given by
3
Z'=¢+0(q), Z°=¢"+0(q) and Z'= _qu 7+ 0O(q)]. (4138

As derived in Appendix [E.§] the algebraic constraint vector Z, can be decomposed
into a purely AdS,, part of the algebraic vector plus a small perturbation, i.e.

Z, =2, + ehg, + O(%). (4.139)
Therefore, the boundary behaviour of I is given by
B = 42597,
=T + ehp +2 (37 + €hsss ) (Z; + ehz,) + O(e?)
=T+ 2592, + ehpu + 2657 hy, + 2ehsu Z; + O(e) (4.140)

where we have used the boundary behaviour of the [ variable as in Eq. (4.135)),
the boundary behaviour of the algebraic constraint four-vector Z, as in [E.§ and the
boundary behaviour of the conformally decomposed spatial metric 7;; as defined in

Eq. (4.62). By defining

[ =T 4257, (4.141)
and .. .. A
hee = e + 259hg, + 259Ny, 2;, (4.142)

we can decompose the boundary behaviour into a purely AdS,, part plus some per-
turbation R
I =T" + ehps + O(€2), (4.143)

Now, we are ready to state the boundary behaviour of the [ variables. The calcu-
lation can be found in Appendix [E.9] while the components can be summarized as

2(n—2)
A ~ 2 n—1 d t n— 1 (n—2) n— -
fo—1ey 2P ¢ 1(9“2’5 )T g 40y det(gupsn-2) T ai= " *hy, Zte
aqn—1 q
2(n—2) 1
2¢" 4 p 1 det(gup gn—2)"1 [ - n—2_
N S ¢ (‘({ b.52) <ahpp + ) h9i9i> ZPe + O(e%), (4.144a)

n — 1 aqn—1 i=1

1
Py
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1 2(n—2) 1
- ~ det e n—2 |n—1 n—1 det . P s e
=12 s - 2. ;40 +2 9 = 22) 92" *hyZ'e
an-1 q an—1 pﬁ
2(n—2)
2¢" 4 det(gos gn2)mTp 71 _ n—2
+ nq : (g £.S i p <ahpp + Z h9i9i> Z% + 0(62), (4.144]3)
B an-t i=1

where the first terms without an l_zij term represents the purely AdS part, while
the terms containing an e term represent the perturbation. We can see that the
boundary behaviour of non of these three variables is purely perturbative, but has
at least one purely AdS term.

4.5.9 The t-component of the algebraic constraint

The algebraic constraint Z vector, as defined in Eq. , was first introduced in
Section to replace the constraint equations with evolution equations.

The boundary behaviour of the t-component of the algebraic constraint, i.e. 0,
can be derived by inserting the boundary behaviour of the lapse function «, as

defined in Eq. (4.50), into Eq. (2.49). Then,

n—2
0=aZ'=a(l+chy) 2"+ O(e) = va (1 1 htt€> 7'+ O(?)

q 2a
a n—3

— \{]_Zt — ;’\/ahttz% + O(€). (4.145)

By defining
§— Yy (4.146)

q
and
qn73 _

h9 == httZt, (4147)

" 2Va
we can write the boundary behaviour of the t-component of the algebraic constraint
as
0 = 0+ chy + O(). (4.148)

We see that the purely AdS,, part diverges at the boundary ¢ = 0, while the small
perturbation ehy vanishes.

4.5.10 The auxiliary field b’

The auxiliary field b* was introduced in [27] to rewrite the second-order hyperbolic
PDE for the shift vector g as a first-order system. It is, therefore, part of the
standard Gamma-driver shift-condition-choice for choosing spatial coordinates.

Substituting the boundary condition of the shift vector (3, as defined in Eq.
4.71)), and the boundary behaviour of the auxiliary variable B., as defined in Eq.
4.99) into Eq. for the Gamma-driver, we obtain the boundary behaviour of
the auxiliary field. Thus,

b= ]1 018" — 8" Bj]
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= (3 (B ) — (B + ) (Bi+ ehy)] + O(E)
- llg (013" + €dhg: — B* B}, — ehgi By — €5hp | + O(?)
= ,1 03" = B*B;] + 11; Oy — hp By — By | e+ O). (4.149)
By defining ,
b = . 013" — B* B} (4.150)
and .
b = (Othge — hge B, — *hg |, (4.151)

we can decompose the boundary behaviour of b’ into
b = b + ehy + O(e2), (4.152)

where b* = 0. Whereas a full derivation can be found in Appendix m the bound-

ary behaviour of the components are summarized as

qnfla _
b = TathtPE + 0(62), (4153&)
n—2 _
b — qk;pz 9% 20, hye + O(€2). (4.153Db)

We note that the boundary behaviour of the auxiliary field b is governed by the
small perturbation ehy:, while the AdS,, part vanishes.

Finally, we have derived for all variables of the state vector Q the boundary
behaviour near ¢ = 0. We can summarize that we can decompose the boundary
behaviour of each term of the state vector into a purely AdS, part of this very
variable plus a small perturbation. This can be written, if u is a variable of Q, as

w =1+ eh, + O(%). (4.154)

By using the explicit formulas for the variables of the state vector Q, we gained
some intuition on how these fields behave near the boundary.

Furthermore, we have written a Mathematica script [36] that double-checks the
boundary condition equations for all variables of the state vector Q in three and
four dimensions. This gives us a good hint that the generalized boundary equations
for the variables of the state vector Q for an asymptotically AdS,, spacetime are as
well correct.

To obtain a well-posed and deterministic initial value problem for the generalized
FO-CCZ4 system of the Einstein field equations — with gauge fixing
(2.82), (2.88a)-(2.88b]) for an asymptotically Anti-de Sitter spacetime parametrized
by the coordinates (£, p,0,_2,...,0;) € (—o00,00) x (0,€) x (0,m)"3 x (0,27) and
with time-symmetric initial data from the PDE (3.25]), we need to explicitly set the
derived boundary conditions (4.67a))-([4.67d) for 7;;, (4.76) for In v, (4.70a)-(d.70D)
for 31, for log ¢, (4.127al)-(4.127d) for A;;, (4.117)) for K, (4.145]) for 6, (4.1444)-
for T, ([#.153a))- (4. 153B) for ', (&-83a)-(&-83a) for Ay, (.100a)-(&100d) for
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Bi, (E174)-(4.1061) for D;j, and (4.92a)-(4.92b) for Py at spacelike infinity in the
ExaHyPE code.

As we aim to numerically solve the latter time evolution system for a n = 3 and
n = 4 AdS spacetime, let us explicitly write out the boundary conditions for an
AdS; and AdS, space in the following section.




66 Chapter 4. The Boundary Behaviour for an Asymptotically AdS,, Spacetime




Chapter

Boundary Conditions for an

AdS; and AdS, spacetime

"The Cauchy problem for an evolution equation
is the problem of determining this evolution
from the knowledge of its initial value." [28§]

T. Gowers
Mathematician

or ¢ = 0 for the 30 and 58 variables of the state vector Q to obtain a well-posed
and deterministic initial value problem for the generalized FO-CCZ4 system of

the Einstein field equations (2.69al)-(2.69k) with gauge fixing (2.82), (2.88a))-(]2.88b))

for an asymptotically Anti-de Sitter spacetime parametrized by the coordinates

In the following section, we state, respectively, the boundary conditions at p = /¢

(t,p,0n_2,...,01) € (—00,00) x (0,£) x (0,m)" 3 x (0,27) (5.1)

and with initial data (3.25]) that still needs to be solved for.

5.1 Boundary conditions for an AdS; spacetime

We will set ¢ = 1 and L = 1 in the code, thereby fixing the cosmological constant
to A3 = —1 and keep, for the sake of simplicity, the following quantities

2
alp)=¢*+%5  and  g(p)=1-1. (5.2)

Note that l_zm, = ]_l/w(t, p, X), depending on the spherical coordinates (¢, p, x), satisfies
a Dirichlet boundary problem, i.e.

hu| _, =0
hy, =0
hiy =0
}_lpp o=t 0
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Il =0, (5.3)

3phtt p=0 = O axhtt X=0,7 == O
htp p=0 - 0 8Xhtp X=0.1 - 0
8phtx p=0 =0 and htX =0 =0
apl_lpp =0 =0 ax}_lpp =0, =0
Bpx p=0 =0 Bpx =0, =0
Dphoyx =0 Ol =0r 0, (5.4)

Now, the 30 boundary equations have to satisfy the following equations.

The boundary behaviour of the 7;; variable

is given by
- 1 q( 3 .
Top = Jap <1 + ) (ahpp - hxx)) +0(h?), (5.5a)
2
- a-
o = q;/_hpx + O, (5.5b)
. q/ = =
5o, = vap (1 + 2 (—ahy,+ hxx)> + o), (5.50)

and diverges at the origin p = 0.

The boundary behaviour of the logarithm of the lapse function In«a

is given by

¢ 1 ¢*L? q - 9
Ina=1In(1 —q)+lnf+§ln <1+ o > —lng— %ht,ﬂ—(?(h ), (5.6)

and diverges at the origin p = 0 and at the boundary ¢ = 0.
The boundary behaviour of the shift vector
is given by
B* = ¢*ahy, + O(h?), (5.7a)
q —
BX = ;htx + O(h?), (5.7b)

and diverges at the origin p = 0.
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The boundary behaviour of the logarithm of the conformal factor In ¢

is given by
1 1 - -
Ing =Ing+ %a - —nzp - % (ahpp + ) + O(h?), (5.8)

and diverges at the origin p = 0 and at the boundary ¢ = 0.

The boundary behaviour of the conformally decomposed traceless-part
of the extrinsic curvature flij

is given by
2 2
~ g |1.- 1 - - 1 - 2 g7\ -
App = — 27p |:20thfpp — %8thxx — qﬁphtp -+ %axhtx + (E + ap) htp]
+ O(h?), (5.9a)
- q° - - 1 2\ - . )
A, =— 2 Othyy — qOyhay + ] + p hiy — Ophey | + O(R%), (5.9b)

4 [ p
+O(h?), (5.9¢)

_ 2 - - 2 - - da  2¢%\ -
AXX = — M |: — (I@thpp + athxx — ;@(htx + 2qa3phtp — ( + q) htp]

and diverges at the origin p = 0.

The boundary behaviour of the trace of the extrinsic curvature K

is given by
e _ _ _
K = N aOihpp + Othyy — 2qad,hy,
da  2¢°  4p) - 2 -

and diverges at the origin p = 0.

The boundary behaviour of the § variable

is given by

_\/a t - t 2
0= = gz +O(h?), (5.11)

and diverges at the boundary ¢ = 0.
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The boundary behaviour of the [ variable

is given by
o 1 qp _
— —_ — a —_
+ f\/aqp (@,ah,,,, + ad,h,, — 8,,hXX) +4 I;/_(?thx
Zp + 2p\/ahy, 7" + F (ahpp + hyy) 27+ O(h?), (5.12a)
. g 2J/a 1 apa) - 1 ¢ =
[ = + =2 adyh,, — Oh
p p (p g¢ 2a )™ 2pJa (0, )
20 _gx hin 2+ L= (ahyy + hoo) 24+ O(12), (5.12b)
" Vag? \/_ aqp ava

and diverges at the origin p = 0 and at the boundary ¢ = 0.

The boundary behaviour of the auxiliary field v
is given by

¢a, -
V= ==0hy + O(h?), (5.13a)
bY = kqPQc‘)thtX +O(h?), (5.13b)
and diverges at the origin p = 0.

The boundary behaviour of the auxiliary variable A;

is given by
2
P ap_ 4q L5 q 47 2
A, = —— 4+ — | hy — =—0,h h 5.14
P L2agq * <a2L2 a?/l + 2a€> g P + O, (5.14a)
A, = _Q%axﬁtt +O(h?), (5.14b)

and diverges at the boundary ¢ = 0.

The boundary behaviour of the auxiliary variable B!

is given by
pr— (2299 _ 2 (24 20N\ G L 200k + O(R 5.15
p =\ T T4\ T2 1o+ ¢ a0,hy, + O(R7), (5.152)
BY = ¢*adyhy, + O(h?), (5.15b)
1 29\ - _
By = = (g + 28 ) i+ o0yl + 00, (5.150)
BY = quaXﬁtX +O(h?), (5.15d)

and diverges at the origin p = 0.



5.2. Boundary conditions for an AdS, spacetime 71

The boundary behaviour of the auxiliary variable D,

is given by

1 _ _

DXXX = _Z\/apq (aaxhpp - axhxx) + O(h2)7 (5.16&)
q 7 7 2

D,,, = —= (adyh,, — O h O(h 5.16b

Xpp 4\/ap<axpp xxx)+ (h7), ( )
2

aq” ., -

Doy = \/Q_paxhpx +O(h?), (5.16¢)

_ 1 q 1 q(5 3
Dppp = — <2L2a3/2 " 20pa3/ + 2\/5p2> (1 + 9 (ahpp - hxx))

_ 1 _ _
5 f (9pahgp + adphp — Dho ) — YN (ahpp = ) + O(h?), (5.16d)
2 3
q q \/Eq \/_q \/_C] 2
_ _ _ 1
DPPX (2[/2\/5 2€P\/a pf 2p ) h’PX + a h‘PX + O<h ) (5 66)

2
P rq @_ qpd,pa q\/__\/_p S
Pra= 52 a0 ga * (8\/5 o ) (@ = b
vap (- \/_ apq -
Y (ahpp = ) — (9pahpp + a0phpy — Db ) + O(B?), (5.16f)

and diverges at the origin p = 0.

The boundary behaviour of the auxiliary variable P,

is given by

Pp:_l‘F g _i_i'{'i(aﬁpp‘{'ﬁxx)

gl = 2al? 2al 2p WM
2 20\ - -
-1 ((—j 4 ’;) Ry + adyh,, + 0 XX) Lo,  (5.17a)
P, = (aa hop + by ) + O(h?), (5.17b)

and diverges at the origin p = 0 and at the boundary ¢ = 0.

5.2 Boundary conditions for an AdS, spacetime

We will set ¢ =1 and L = 1 in the code, thereby fixing the cosmological constant
to Ay, = —3 and keep, for the sake of simplicity, the following quantities

p2

L2

and  q(p)=1-"2. (5.18)

alp) =¢ + = 7

Note that B;w = ;L,w(t,p,x,Q), depending on the spherical coordinates (¢, p, x,0),
satisfies a Dirichlet boundary problem, i.e.

Btt\ =0

p=t
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htp ng — 0
htX p=t == 0
Rop =0
Bpx o=t =0
I _, =0
hoo =0 (5.19)

while the origin and axis regularity conditions, taken from [5], are given, respectively,
by

Ophis =0 O P o, =0
hy, =0 O hi, o =0
Ophiy =0 Py o =0
(9p}_zpp o = 0 and 8Xi_zpp o 0
}_lpx p=0 =0 Bpx - =0
a/jlxx p=0 =0 axﬁxx - =0
Ophan =0 Oy hog N (5.20)

Now, the 58 boundary equations have to satisfy the following equations.

The boundary behaviour of the 7;; variable

is given by
~ 1 ¢ B B - ,
Tee = a23p435in2/3y  3a2/3p4/3 sin?/3 y <_2ahpp + oo + hae) + O(h?), (5.21a)
AP - ,

PYPX — mhpx —|— O(h ), (521b)
Yoo =0, (5.21c)
~ alBp23  2all3p?3 - -

Tx = Sing/gx - 3 gin2/3 N (ahpp — 2Nhyy + hae) 4 O(h2)7 (5.21d)
o =0 (5.21e)

2 1/3 2/3 i 4/3 ~ B B
Sop = a3 g2/ sin®/3 y — q*a'’3p : sin*/? x (ahpp Ry — 2h99) o),  (5.21f)

and diverges at the origin p = 0 and for the angular coordinates x = {0,7}. The
(p,0) and (x, ) components vanish due to the symmetry reason discussed in Section

4.5l
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The boundary behaviour of the logarithm of the lapse function In «
is given by
272 2

¢ 1
Ina=In(l-gq) —I—lnz + iln <1 + qu > —Ing— g—ahtt + O(Rh?), (5.22)

and diverges at the origin p = 0 and at the boundary ¢ = 0.

The boundary behaviour of the shift vector

is given by
B = q*ahy, + O(h?), (5.23a)
2
q —
px = ;htx + O(h?), (5.23b)
B’ =0, (5.23¢)

diverges at the origin p = 0 and for the angular coordinates y = 0,7. The 6-
component vanishes due to symmetry reasons.
The boundary behaviour of the logarithm of the conformal factor In ¢
is given by
1 2 1. . @/ - - - )
Ing =1Ing+ 6lna — glnp— glnsmx iy (ahpp + Ay + hgg) +O(h7), (5.24)
and diverges at the origin p = 0 and at the boundary ¢ = 0.

The boundary behaviour of the conformally decomposed traceless part
of the extrinsic curvature flij

is given by
3
. q 2 1, - 1, - 4q , 5
Ao = T 2al /6 i3 gin?/3 y (3ath”p = 300 = 3, 00— Ol
4 4g*) - 2 7 7
" (f n 3aqp> hap + 507 (Oyhux + cot xhuy ) ) +O(h?),
(5.25a)
) 3 2/3 9 _ 1 - 4 _ - 2 -
ap ¢ o

AXX — —m (3(9thxx — gathpp — gathgg - 37p28Xh’tX -+ 7(‘3,171@

20 2¢°)\ - 2 -
— <€ + 3P> htp + @ cot Xhtx> + O(h2)7 (525b)

- 392/3 gin?/3 a.,. - 1.+ 2, 2qa  ;
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2 2 4 cot y - 2 -
(“+ d )h Cofhwgpz@xhtx) +O(h?), (5.25¢)

l 3p 3p
~ q3 — —
Apy = _2a1/6p4/3 sin2/3 y qOthp — Oplux
) _

+ (qg >htx q@xhtp> + O(h?), (5.25d)

Ay = ¢ Oohyy + O(h2) (5.25¢)
P Qat/B A3 Gin?/3 TP ’ '
3

T 4q 7 2
Aoy = Gz Ol + O), (5.25f)

and diverges at the origin p = 0 and for the angular coordinates x = {0, 7}.

The boundary behaviour of the trace of the extrinsic curvature K

is given by

3

K = 2\/_ (a@t op + Ochop + Othyy — 2qad,hy,

6 6 442\ - 2 - -
+ (a - Z) hip = = (Oyhy + cot Xhtx)) +O(h?), (5.26)
and diverges at the origin p = 0.

The boundary behaviour of the # variable
is given by

_\/a ¢ d 7 ¢ 2
0 = . VA 2\/EhttZ + O(h?), (5.27)

diverges at the boundary ¢ = 0.

The boundary behaviour of the I variable,

given by

o — _2pMsin?x (2/) _ 2q> 4p1/3 23 6in2/3 y + 2010 sin®/? X v
37 ql/3 2 7 3 2all3
§q2a2/3p4/3 sin®/? x (1 (i@ - 25) + i - ;) (—Zaﬁpp + oy + Eeﬁ)
;q2a2/3p4/3 sin?/? y (—28 ahyp — 200,h,, + Ophyy + 8pr99)
ma o 2 Pa2/3 sin?/3 xcotxh <+ 2qa*3 3 sin®3 71

p2/3 3 p2/3
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2,04/3sm 13y

3 a1/3

o _2sin2/3xc0tx 2p

(aPpp + T + hon) 2° + O(h?) (5.28a)

4/3

2/3
2 sin?/3 x_,_ a?/3 sin?/? Xapilpx
3 p2Bql3 al/3g? p2/3

@a?sin??x ([ 2 +3 4p +4q =

p3/3 3p qf 3al?  3al

2¢% sin®/3 y cot h,
o 9q1/3 /3 (
1/3

q2 Sin2/3X
3a 1/3p2/3
2/3

2hxx + he@) (aaxﬁpp - 26xﬁxx + aXB%)

2/3 2 sin

2 sin - - -
P X (ahpp + hXX + h99> zZx + 1/3 2/3

3 al/3
f\@ _ 2p4/3

htXZt + O(h?), (5.28b)

sin®?x _, ¢’

all3g?

3p2/3 Sin4/3 Xal/S (aa@hpp + aHhXX - 283]199)

2 p*/3sin?/3

3 al/3
and diverges at the origin p = 0, at the boundary ¢ = 0 and for the angular
components y = {0, 7}.

(ahpp + i + hoo) 2° + O(h?), (5.28¢)

The boundary behaviour of the auxiliary field v

is given by
¢a
b = Tathtp + O(h2), (529&)
¢
bX =7 28thtx + O(h?), (5.29b)
v =0, (5.29¢)

and diverges at the origin p = 0. Again, the § component vanishes due to the SO(3)
symmetry as discussed in [4.5]

The boundary behaviour of the auxiliary variable A;

is given by
2 3 2
P qp q q\ 7 4 57 2

Ay = L2aq <a2L2 T2l a€> it = 5 Ol + O(7), (5.30)
2 p—

A = _;Laaxhtt +O(h?), (5.30D)
2 -

Ag = _%aﬁhtt +0(h?), (5.30¢c)

and diverges at the boundary ¢ = 0.

The boundary behaviour of the auxiliary variable B

is given by

- 3¢%a 2¢  2p
B: = ¢*ad,hy, — ( o+ ¢ <£ L2>> hi, + O(R?), (5.31a)
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2
47 2q | 2¢° 2
BX = E&,,htx — (W e ) hiy + O(h?), (5.31b)
B) =0, (5.31c)
B = ¢*adyhy, + O(h?), (5.31d)
2
q —
BY = ?(‘%{htx + O(h?), (5.31e)
B) =0, (5.31f)
BY = ¢*adphy, + O(h?), (5.31g)
2
q —
BY = ?aghtx + O(h?), (5.31h)
B =0, (5.31i)

and diverges at the origin p = 0, while the zero B? components vanish due to the
SO(3) symmetry.

The boundary behaviour of the auxiliary variable D,

is given by
_2 2/3,1/3 i 1/3 2 9 13 2/3 . 1/3 7 I o
D90 3,0 sin™/? y cos Y — 9q a'’’p°sin’/? x cos x (ahp,, + Ry 2h99)

1 . - _
6q2a1/3p2/3 sin®/? y (a@xhpp + Oy hyy — 28Xh99) + O(h?),

1 _ _ _
Dpop = 6q2p2/3 sin/? ya!/? (a@fyhpp + Oghyy — 239h99) + O(h?),

lq 1/3/)2/3 3 B ~ )
Do == 6 sin?3y (aa@hPP = 20ph + aGh@@) +0(h7),
1 p2/3a1/3 cosxy 1 q2a1/3p2/3 COS X
Dy = — 3 st/ N + 9 S8 x ( h QhXX + h(%))
1 q2al/3p?/3 ~ - B
o EW (aaxhﬂﬂ - 28thx + axhgg) + O(hz),
_ 1 cos x 1 ¢*cosy _ _ B
Do =~ §a2/3p4/3 sin / §a2/3 4/3 gino/3 Y (_QGhPP + Iy + hee)
1 ¢ (285 + Oyh +5f_l)+(’)(h2)
_ 9% ’
6 a2/3pt/3 Sin2/3x X' pp X" Oxx x'100
- _ = —2a :
bre 6 a2/3p4/3 5in2/3 6/vpp T Upliyy T Uglige
1 q3a1/3 1 q3al/3 B
Dypx = = 317 a7~ Ot Xhpy + 5 OBy + O(1),
XPX 3 pt/3 sin?/3 €Ot X Npy 2 pA/3sin?/3 XX (h”)
Dxp9 =0,
1 31/3 -
Dipx a s Ophpy + O(R?),

(5.32a)

(5.32b)

(5.32¢)

(5.32d)

(5.32¢)
(5.32f)

(5.32g)
(5.32h)
(5.32i)

(5.32j)
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Do =10, (5.32k)
Doyo = 0, (5.321)
Dpx@ = Oa (53211’1)
1 1 2p 2q 2
2
q 1 20 2q 2 _ - _
5(12/3p4/3 gin2/3 (aL2 Y + ; (_2ahpp + hyy + h@@)
2,-2/3,-4/3[ ,9 9 1 L
¢>a”*p P 2
W (L2 Ty ) hﬂp +ad hﬂp §aphxx - §aph99
1 q _ _ _ )
3002343 5in? (—2ahgp + o + hee) + O(h7), (5.32n)
1/3 20 _ 2q ) 3
_ q a 27 4 )
Doos = 0, (5.32p)
2/3 2 2 1/3 3 B -
P P q a
Dox = aame ( - ) —————=— — (ah,, — 2h h
PXX T 6 2/3 i1 2/3 Y \L? 7 + 31/ 2 N (a o o+ 99)
x L (p = q) P al/3p2/3
9a2/3sin?3y \L2 ¢ 9p'/3sin?3y  3¢sin?
p213q2al /3 - - ) )
© 6sin?3y (aaphpp + hppOpa — 20,hy + 8ph99> + (’)(hQ), (5.32q)
prrEsSmY X 4p q a*’?sin®? y
Dp99 :W (112 — g) W — (ahpp + hXX — 2]’[,99)
y m (p - q) al/3q? sin®/3 y - al’3 p?3q sin®/3
9a?/3 2/ 9pt/3 37
213 sin®/3 yg?al/?

; (aBphpp + Prpp0p + Dby — 20,he0) + O(h?), (5.321)

and diverges at the origin p = 0 and for the angular components y = {0, 7}. Again,
some components vanish due to the SO(3) symmetry.

The boundary behaviour of the auxiliary variable P,

is given by
1 q p 2 - - T
"7 gl 3al " 3al? _7+3£ (ahpp =+ o+ )
q* 2q 2
% <<_£ + L2) hpp 4 a0yh py + Ophyy + 0 hee) +O(h%), (5.33a)
cot 2 - 7 7
Py = = = (a0 + Do+ i) + O, (5.33b)

2 —_ — —_
Py = = (adahyy + Ooh, + Bohaa) + O (%), (5.33¢)
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and diverges at the origin p = 0 and at the boundary ¢ = 0.

Now, we need to implement these boundary function in terms of the used coordi-
nates in the ExaHyPE-code. However, as we do not know the explicit behaviour of
the h-functions, this turns out to be a two-step problem. First, we need to numer-
ically solve the Dirichlet boundary problem of the h-functions and then insert the
results back into the boundary conditions of the variables of the state vector Q. As
this would go beyong the scope of this thesis, we argued to numerically solve only
the generalized FO-CCZ4 system of the Einstein field equations — with
gauge fixing ([2.82)), (2.88a))-([2.88b|) for an Anti-de Sitter spacetime parametrized by
the coordinates (¢, p, 0, _2,...,01) € (—00,00) x (0,¢) x (0,7)"3 x (0,27) and with
time-symmetric, matter-free initial data and with the AdS metric 4;;, without
any h-functions, as boundary values. Since we start at ¢t = 0 with an AdS metric
as initial data, the h-functions that were derived for asymptotically AdS spacetimes
with matter fields within the bulk, should vanish everywhere. Therefore, for the
sake of simplicity, we want to numerically solve the generalized FO-CCZ4 system of
the Einstein field equations (2.69a)-(2.69K]) with gauge fixing (2.82)), (2.884)-(2.88D)

for an Anti-de Sitter spacetime in three dimensions parametrized by the coordinates
(t,p,x) € (—o0,00) x (0,1) x (0,27), with matter-free AdS initial data and
the AdS metric 4;; as boundary values withhin the ExaHyPE framework. Let us
therefore introduce the PDE engine in the next section.




Chapter

Introduction into ExaHyPE

"Due to the robustness and shock-capturing abilities of ExaHyPE’s
numerical methods, users of the engine can simulate

linear and non-linear hyperbolic PDEs

with very high accuracy." [5§]

e are aiming, even beyond the scope of this thesis, to eventually solve the
s ; s / initial value problem for the generalized FO-CCZ4 system of the Einstein
field equations (2.69a))-(2.69K) with gauge fixing (2.82)), (2.88a])-(2.88b),
time symmetric initial data from the PDE @ and the boundary conditions

(57 for 5. (I70) for I o, [E708)-(L70D) for &, (E5) for log 6. (L127a)-

127c|i for Ay, (EITT for K, (4. 145|) for 0, (4.144a))-(4.144b) for I, ([.153a)-

4.153D)) for b, (4.83al)-([4.834)) for Ay, (4.100a))-(4.100d)) for BE, (E.17a)-(4.106f) for
D;ji, and (]ZM (4.92b)) for P, for an three- and four-dimensional asymptotically

Anti-de Sitter spacetime parametrized by the spherical coordinates

(t,p,0p_s,...,01) € (—00,00) x (0,£) x (0,7)" 2 x (0, 27) (6.1)

at spacelike infinity with the ExaHyPE software. Let us therefore state the main
properties, taken from the ExaHyPE guidebook [I§], in the following chapter.

6.1 Setup and installation

We will assume that a Linux-based operating system is used, though ExaHyPE
should be made configurable to work with Windows or Mac. We will run the com-
mands in a terminal window and have the following dependencies installed.

o A C++ compiler, as ExaHyPE source code is written in C++

A Fortran compiler if we wish to write our code in Fortran

o« GNU Make

e Python 3 as some development environments rely on python 3 dependencies
o Peano, as ExaHyPE is built on top of the AMR framework Peano

o TBB or OpenMP, as they can be used for parallel programming. Both work
with GCC and Intel compilers

79
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o MPI, as it can be used for working on distributed memory clusters.

There are different ways to set up ExaHyPE. One of them is to clone the ExaHyPE
repository via

git clone https://gitlab.lrz.de/exahype/ExaHyPE-Engine.git
git clone https://gitlab.lrz.de/exahype/ExaHyPE-Astrophysics.git
git clone https://gitlab.lrz.de/exahype/ExaHyPE-Documentation.git

into a specific folder. But note that one needs an LRZ GitLab account to clone the
Astrophysics repository. Then, as all python 3 dependecies and Peano are regis-
tered as git submodules, they can be obtained (if not installed and used in different
projects) by running

./updateSubmodules.sh

in the ./ExaHyPE-Enginge/Submodules-folder. Furthermore, by running

./toolkit.sh -h

in the . /ExaHyPE-Enginge/Toolkit-folder we should get a description of the various
toolkit options telling us that the installation is complete. Furthermore, we need to
register the Astrophysics repository by

cd ExaHyPE-Astrophysics && ./link-to-exahype.sh && cd ..

Finally, we are ready to start programming.

6.2 The ExaHyPE workflow

Let us first summarise the overall workflow before getting into more detail.

To solve a specific physical PDE problem using ExaHyPE, one must write a
plain specification text file that holds all required data. This file has to be written
completely by the ExaHyPE user. It is then handed over to the ExaHyPE toolkit
that will create glue code and empty files. These empty files have to be filled by the
ExaHyPE user with the actual PDE, the PDE related flux functions, eigenvalues
and so forth. The simple make command will create the ExaHyPE executable file,
and we can run it by handing the specification file over to the executable file. Let
us now go through the particular steps by running, for example, the gauge-wave
benchmark ExaHyPE project that can be found in the ExaHyPE repository.

6.2.1 The specification file

First, we need to write a specification file.

exahype-project CCZ4

./Peano
. /ExaHyPE

peano-kernel-path const
exahype-path const
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output-directory const ./AstroApplications/CCZ4
architecture const = snb
plotter-subdirectory const = Writers

computational-domain
dimension const = 3

width =1.0, 1.0, 1.0
offset = 0.0, 0.0, 0.0
end-time = 0.5

end computational-domain

shared-memory

identifier = dummy
configure = {}
cores =2

properties-file = sharedmemory.properties
end shared-memory

distributed-memory

identifier = static_load_balancing
configure = {hotspot,fair}
buffer-size = 64

timeout = 60

end distributed-memory

global-optimisation
spawn-predictor-as-background-thread = off
spawn-amr-background-threads = off
disable-vertex—exchange-in-time-steps = off
time-step-batch-factor = 0.0
disable-metadata-exchange-in-batched-time-steps = off
double-compression = 0.0
spawn-double-compression-as-background-thread = on

end global-optimisation

solver ADER-DG CCZ4Solver_ADERDG
variables const G:6,K:6,theta:1,Z2:3,lapse:1,shift:3,b:3,
dLapse:3,dxShift:3,dyShift:3,dzShift:3,
dxG:6,dyG:6,dzG:6,traceK:1,phi:1,P:3,K0:1,
domain:1,pos:3

order const =3
maximum-mesh-size = 0.33339
maximum-mesh-depth = 0
time-stepping = global
type const = nonlinear
terms const = ncp,source
optimisation const = generic

language const =C
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constants = mexa/ref:/exahype/solvers/solver/constants,
mexa/style:adapted,
mexa/encoding:quotedprintable,
initialdata/name:GaugeWave,
ccz4/k1:0.0,
ccz4/k2:0.0,
ccz4/k3:0.0,
cczd/eta:0.0,
ccz4/itau:0.0,
ccz4/£:0.0,
ccz4/g:0.0,
ccz4/xi:0.0,
ccz4/e:2.0,
ccz4/c:0.0,
ccz4/mu:0.0,
cczd4/ds:1.0,
ccz4/sk:0.0,
ccz4/bs:0.0,
ccz4/lapsetype:0,
limiter/criterion:geometric_sphere,
limiter/radius:0.5,
refinement/criterion:geometric_sphere,
refinement/radius:0.5

plot vtk::Cartesian::cells::ascii ConservedWriter
variables const = 59

time = 0.0
repeat = 0.01
output = ./vtk-output

end plot
end solver
end exahype-project

This .exahype file is the centrepiece of solving the equations numerically. The
first block defines all the mandatory paths to the Peano- and ExaHyPE-folders,
where the output is saved, specifies the microarchitecture of our processor and spec-
ifies where the used plotters get generated.

The second block defines the computational domain, where we can choose be-
tween two- and three-dimensional setup. The parameters width and offset have to
be adopted, respectively. Furthermore, we specify the number of timesteps.

The third block defines shared-memory parallelisation through Intel’s Threading
Building Blocks (TBB) or OpenMP. Whenever we add this block, the default value
will be a shared-memory using TBB or OpenMP, depending on whether we have
specified the SHAREDMEM environment variable with

export SHAREDMEM=TBB
or
export SHAREDMEM=OpenMP.




6.2. The ExaHyPE workflow 83

Note that as all arguments within the shared-memory block are not marked with
const., they will be read at runtime and can be changed without rerunning the
toolkit. Using OpenMP, we have to set the environment variables TBB INC and
TBB_ SHLIB[] If we want at any time, after successfully running the toolkit, to not
use shared-memory or use a different shared-memory method, we can redefine the
SHAREDMEM environment variable via

export SHAREDMEM=None

or as noted above. If we have redefined the SHAREDMEM environment variable, we
do not have to rerun the toolkit but the makefile at this point. For more information
on shared-memory parallelisation, see the respective chapter in [18].

We can add the distributed-memory block to the specification file if we want to
use MPI with our ExaHyPE project, and switch MPI on/off through the environment
variable DISTRIBUTEDMEM. If we have added the distributed-memory block, the
default value will be DISTRIBUTEDMEM=mpi and by running

export DISTRIBUTEDMEM=None

we can switch it off. If we have not specified the distributed-memory block, then
the default value will be DISTRIBUTEDMEM=None. Then, by adding this block,
we can either rerun the toolkit and recompile or

export DISTRIBUTEDMEM=mpi

and recompile. Make sure that an MPI compiler is installed, and note that we can
reconfigure it by rewriting the EXAHYPE CC flag.

The fifth block defines some optimisations that can be switched on or off on
runtime and can be changed without rerunning the toolkit as they are not marked
as const. See the respective chapter in [I8] for further information for these param-
eters.

The last environment, reading

solver [solver] [name_of the solver]

end solver,

sets the main properties. First, we need to choose a specific numerical PDE solver.
Here, we can use either use

« ADER-DG
o Finite-Volumes
o or Limiting-ADER-DG.
Then, we give the solver a name. In the latter gauge-wave benchmark, we used

ADER-DG as a numerical scheme and gave the solver environment the name CCZ4Solver_
ADERDG. Before we characterise the parameters within this solver block, let us first

ITBB_INC=-1/mypath/include and TBB_SHLIB="-L/mypath/lib64/intel64/gcc4.4 -ltbb"
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give an overview of ExaHyPE’s main solver concepts. By using ExaHyPE, we can
solve equations of the following form

) d 0Q
P —Q+V- F (Q+XY B(Q-—=85(Q+ >4 . (62
materi\ai;atrix at f;;:s 1=1 axz m poir@gl-;‘ces
ncp

Depending on the mathematical problem, not all specified terms are required, and
therefore, we need to specify in our specification file which terms we want to use.
This can be done by specifying the terms parameters, where the following values,
taken from [18], are supported

materialparameters If this PDE term is present, ExaHyPE allows the user
to specify a spd matrix P. If it is not present, ExaHyPE
uses P = id.

fluxes Informs ExaHyPE that we want to use a standard, con-
servative first-order flux formulation.

ncp Informs ExaHyPE that we plan to use non-conservative
formulations.

sources Informs ExaHyPE that we plan to use algebraic sources,
i.e. right-hand side terms.

pointSources Informs ExaHyPE that we plan to use point sources,

i.e. Dirac distribution right-hand side terms.

Table 6.1: Supported solver PDE terms

Furthermore, we need to specify which type of solver and integration scheme we
want to use. Again, the supported values are take from [I8]

ADER-DG

linear Is a shortcut for linear, Legendre.

nonlinear Is a shortcut for nonlinear, Legendre.

linear, Legendre Kernel for linear PDEs solved on Gauss-Legendre-Nodes

nonlinear, Legendre Kernel for nonlinear PDEs, solved on Gauss-Legendre-
Nodes

linear, Lobatto Kernel for linear PDEs solved on Gauss-Lobatto-Nodes

nonlinear, Lobatto  Kernel for nonlinear PDEs solved on Gauss-Lobatto-
Nodes

Finite Volumes

musclhancock Use a MUSCL-Hancock Riemann solver.

robustmusclhancock  Use a slightly more robust version of the MUSCL-
Hancock Riemann solver.

godunov Use a standard Godunov Riemann solver.

Table 6.2: Solver types.
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Within the global optimisation block, we can choose a particular optimisation
method. For further reading about all the used parameters, take a look at the
respective chapter in [I§].

In ExaHyPE, there are two possible ways of telling our program about all the
unknown variables of the state vector Q. Here, we work with symbolic identifiers
but refer the reader to the respective chapter in [18] for more information.

The global time-stepping parameter characterises that all cells have the same
time step size.

The constants environment sets some constants that are used in the PDE,
specifies which initial data should be used and sets some further parameters that
we do not have to worry about.

Furthermore, we add the respective

plot [plotter_type] [plotted_data]

end plot

environment within the solver environment to create output. The different types
and data that could be plotted can be found in [I8], while the parameters within
this environment are self-explanatory. If we want to change the type or the number
of our output data, then add the respective block to the specification file, rerun the
toolkit and rerun our code.

6.2.2 The ExaHyPE toolkit and make

After writing the specification file, the next step will be to hand the specification
file over to the toolkit. This can be done by running the following command

./Toolkit/toolkit.sh [path_to_the_exahype_file]

in ./ExaHyPE-Enginge. Depending on our system, we might have to change some
environment variables, taken from [I§],

export COMPILER=Intel Select Intel compiler (default)

export COMPILER=GNU Select GNU compiler

export MODE=Debug Build debug version of our code

export MODE=Asserts Build release version of our code that is
augmented with assertions

export MODE=Profile Build release version of our code that
produces profiling information

export MODE=Release Build release version of our code (default)

export SHAREDMEM=TBB Uses TBB

export SHAREDMEM=0MP Uses OpenMP

export SHAREDMEM=None Do not use TBB or OpenMP (default)

export TBB_INC=-I/mypath/include
export TBB_SHLIB=-L/mypath/1ib64/intel64/gcc4.4 -1tbb
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export DISTRIBUTEDMEM=MPI Uses MPI
export DISTRIBUTEDMEM=None Do not use MPI (default)

Afterwards, we need to navigate to our application’s folder and run

make.

This step will create a makefile, a README-file, a lot of glue code and an executable
file in our directory.

6.2.3 Running the code

Once we have successfully run the toolkit and the make command, our terminal will
prompt

An ExaHyPE solver

Now, we can start running the code by handing the specification file over to the
executable

./ExaHyPE-CCZ4 [path_to_the_exahype_file]

And at last, after successfully running our code, we can open our output with, e.g.
Paraview [

https://www.paraview.org/
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Numerical Output

"With the aid of computer, it is possible to tackle
these highly nonlinear equations numerically

in oder to examine these scenarios in detail" [7]
Thomas W. Baumgarte

Physicist

CCZ4 system of the Einstein field equations (2.69a))-(2.69k|) with gauge fix-
ing (2.82), (2.88a)-(2.88b)), with matter-free initial data (3.25)) and the AdS

metric 4;; as boundary values for a static Anti-de Sitter spacetime in three dimen-
sions parametrized by the coordinates (t,p,x) € (—o0,00) x (0,1) x (0,27) using
the ExaHyPE software engine. This means that we want to numerically evolve the
AdS3 vacuum spacetime metric while we set the values of the state vector at the
boundary to the purely AdSs; part. The evolution of a static AdS spacetime is a
trivial example and nothing should happen, but it will give us a good hint that the
numerical program works. The initial data for a static AdS3 spacetime is given by

The first example of numerical output is the evolution the generalized FO-

Yij =%j>» pi=0, E=0 and K; =0, (7.1)

where the spatial metric on the initial slice is given by the vacuum AdSs; metric
4ij, while the energy and matter distribution vanishes, i.e. p; = 0 and £ = 0.
Furthermore, we have specified time-symmetric initial data, which means setting
the extrinsic curvature to zero for the initial slice ¥y. i.e. K;; = 0. Furthermore,
we will set the variables of the state vector at the boundary exactly to the purely
AdS;3 part of these variables to ensure the well-posedness of the initial value problem
of the generalized FO-CCZ4 system. Now, let us note where we have modified the
ExaHyPE code.

Initial Data

First we modified the InitialData.f90 file. Here, we added the following case to the
InitParameters(STRLEN,PARSETUP) subroutine

case('AdS3")
! We use the same parameters as for the Gauge wave
EQN%CCZ4k1 = 0.0
EQN%CCZ4k2 = 0.0

87
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EQNYCCZ4k3 = 0.0
EQN%CCZ4eta = 0.0
EQNY.CCZ4f =
EQNY,CCZ4g =
EQNY%CCZ4xi
EQN%CCZ4e
EQNYCCZ4c
EQN%CCZ4mu
EQNY.CCZ4ds
EQNYCCZ4sk =
EQN%CCZ4bs = 0.0

EQNY,CCZ4LapseType = O ! harmonic lapse
isAdS3 = LOGICAL( .TRUE., KIND=C_BOOL ),

0
0
0
2.
0
0
1
0

OO0 OO0 0o oo

and the following case to the InitialData(xGP, tGp, Q) subroutine

case('AdS3')
! Let us first define the following:
! The compactified radial coordiante rho = r/(1l+r)

AdSrho = xGP(1)/(1+xGP(1))

! The scalar field q = 1-rho
AdSq = 1-AdSrho

! The auxiliary variable a = 9”2 + rho™2
AdSa = AdSqg**2 + AdSrhox*2

! The derivative of a
DAdSa = -2 + 4*AdSrho

vVo(:) = 0.0

I The conformally decomposed spatial metric
VO(1) = 1/(SQRT(AdSa)*AdSrho)

V0(4) = SQRT(AdSa)*AdSrho

I The conformally decomposed traceless part of the extrimnsic
curvature

I Theta

! Gamma-hat
V0(14) = -0.5*xAdSrho/SQRT(AdSa)*DAdSa - SQRT(AdSa)

! Logarithm of the lapse function
VO(17) = LOG(1-AdSq) + 0.5%LOG(1+AdSq+**2/AdSrho**2) - LOG(AdSq)

I The shift vector
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! Gamma driver condition

PAd
V0(24) = AdSrho/(AdSa*AdSq)

I B_i"j

! D_ijk

V0(36) = -1/(2*%AdSa**(1.5)) + AdSq/(2*xAdSrho*AdSax*(1.5)) -
1/ (2*SQRT (AdSa) *AdSrho**2)

VO(39) = AdSrho**2/(2*xSQRT(AdSa)) - AdSrho*AdSq / (2*SQRT(AdSa)) +
0.5%SQRT (AdSa)

! The trace K of the extrinsic curvature K_ij

! The logarithm of the conformal factor phi
V0(55) = LOG(AdSq) + 0.25%L0G(AdSa) - 0.5%L0OG(AdSrho)

' P i
V0(56) = -1/AdSq + AdSrho/(2*AdSa) - AdSq/(2*AdSa) - 1/(2%AdSrho)

I Trace K of the extrinsic curvature K_ij at time t=0

The first case sets some parameters that can be found in the FO-CCZ4 —
(2.69Kkl), while the second case sets initial data. First, we defined some AdS specific
variables, then set the variables of the state vector at ¢ = 0 to V0(:) = 0.0 and
overwrote the nonvanishing variables afterwards.

Boundary Values

Then, we modified the FOCCZ4::FOCCZ4Solver::boundaryValues function in the
FOCCZ4Solver.cpp file for setting boundary values to the finite volume solver. Here,
we added the following if(AdS3_ ) statement.

void FOCCZ4::FOCCZ4Solver: :boundaryValues(
const double* const x,
const double t,const double dt,
const int faceIndex,
const int direction,
const doublex*x const statelnside,
double* const stateOutside) {
const int nVars = FOCCZ4::FOCCZ4Solver: :NumberOfVariables;
double Qgp[nVars];

double ti =t + 0.5 * dt;

// Compute the outer state according to the initial condition
double x_3[3];

x_3[2]1=0;
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std::copy_n(&x[0] ,DIMENSIONS,&x_3[0]);

if (isAdS3_){

// rho = r/(1+r)

double rho = AdSrho(x[0]);

// g=1-rho

double g = AdSq(rho);

// a=q~2 + rho”2

double a = AdSa(AdSq(rho), AdSrho(x[0]));
double Da = DAdSa(AdSrho(x[0]));

// Setting all statevariables which are zero to -statelnside
for(int m=0; m < nVars; m++){
stateOutside[m]=-stateInside [m] ;

3

// Overwriting the components which are not zero
// conformally decomposed spatial metric
stateOutside[0] = 1/(sqrt(a)*rho);
stateOutside[3] = sqrt(a)*rho;

// conformally traceless part of the extrinsic curvature
// Theta

// Gamma hat
stateOutside[13]

- 0.5xrho*Da/sqrt(a) - sqrt(a);

// lapse function
stateOutside[16]

log(1-q) + 0.5%log(1+g*q/(rho*rho)) - log(q);
// shift vector
// Gamma driver condition

// Auxiliary variable A_i
stateOutside[23] = rho/(a*q);

// Auxiliary variable B_i~j

// Auxiliary variable D_ijk

stateOutside[35] = -1/(2*pow(a,3/2)) + q/(2*rho*pow(a,3/2)) -
1/(2*sqrt (a) *rho*rho) ;

stateOutside[38] = rhox*rho/(2xsqrt(a)) - g*rho/(2*sqrt(a)) +
0.5%sqrt(a);

// Trace of the extrinsic curvature

// conformal factor
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stateOutside[54] = log(q) + 0.25%log(a) - 0.5*log(rho);

// Auxiliary variable P_i
stateOutside[55] = -1/q + rho/(2*a) - q/(2*a) - 1/(2*rho);

// Trace of the extrinsic curvature at t=0
}
else {
initialdata_(x_3, &ti, Qgp);
for(int m=0; m < nVars; m++) {
stateOutside[m] = Qgp[m];
}
}
}

Furthermore, we have implemented the following header file specified for some AdS
variables in the FOCCZ4Solver.cpp file

#pragma once

double AdSrho(double a){
double b;
b = a/(1+a);
return b;

}

double AdSq(double a){
double q;
q = 1-a;
return q;

}

double AdSa( double b, double c){
double a;
a = bxb + cx*c;
return a;

}

double DAdSa(double a){
double b;
b = -2 + 4x%a;
return b;

}

PDE

And finally, we had to add the non-trivial cosmological constant to the partial
differential equation system. As we set L = 1, the cosmological constant will be
given for a four-dimensional manifold by Ay = —3. Therefore, we have to add
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+9alpha and 46, respectively, in the conditional preprocessing block

#if defined(CCZ4EINSTEIN) || defined(CCZ4GRHD) || defined(CCZ4GRMHD) | |
defined (CCZ4GRGPR)

in the PDE.f90 file to the evolution equation of the trace of the extrinsic curvature

dtTraceK = - nablanablaalphaNCP - nablanablaalphaSrc + alphax(
RPlusTwoNablaZNCP + RPlusTwoNablaZSrc + traceK**2 - 2xTheta*traceK )
- 3*alphaxkl*(1+k2)*Theta + SUM(beta(:)*dtraceK(:)) + 9*alpha,

and to the evolution equation of the theta algebraic constraint

dtTheta = 0.5%alpha*e**2x(RplusTwoNablaZNCP + RplusTwoNablaZSrc) +
beta(1l)*dTheta(1l) + beta(2)*dTheta(2) + beta(3)*dTheta(3) & !
temporal Z

+ 0.5xalpha*ex*2x( - Aupdown + 2./3.*traceK**2 + 6 ) -
alpha*Theta*traceK - SUM(Zup*alpha*AA) -
alphaxk1*(2+k2)*Theta

Note, we have used the value for the four-dimensional cosmological constant because
ExaHyPE still uses the equations for a four-dimensional spacetime but plots a 2-
dimensional slice of the three-dimensional space by setting the z-component to zero.
If we want to solve for a "real" AdS3 spacetime numerically, we need to change some
of the prefactors, depending on the dimension of the spacetime, in the FO-CCZ4
system (Z:0%8)- (250K,

Unfortunately, the ExaHyPE software for solving the simplified Cauchy-problem
of a static vacuum three-dimensional AdS spacetime with time-symmetric initial
data, i.e. (E =0,p; =0,K;; = 0,%;), and the anti-de Sitter metric 4;; as bound-
ary condition broke up after several timesteps. Within the time framework of this
thesis, we could not debug this error message and had to leave it open for further
investigation.
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Conclusion

'l became interested in this question of whether
you can build wormholes for interstellar travel.
I realized that if you had a wormhole,

the theory of general relativity by itself

would permit you to go backward in time." [34]
Kip Thorne

Physicist

However, as a theory combining such beautiful math of differential geometry

with such complicated answers of the universe, it still cannot accurately
describe compact objects such as neutron stars and black holes in the strong-field
regime. Therefore, much work has been put into solving Einstein’s field equations
for compact objects numerically.

This thesis presented a derivation for the well-posed initial value problem for the
strongly hyperbolic FO-CCZ4 system for an asymptotically Anti-de Sitter space in
n spacetime dimensions. First, the FO-CCZ4 system for a general n-dimensional
manifold with a non-trivial cosmological constant was derived by Grosvenor in [37].
Then, we argued why this augmented system of PDE remained for a three- and
four-dimensional manifold strongly hyperbolic and wrote it in a compact, non-
conservative matrix form similar as in Dumser et al. [20]. However, we still need to
show strong hyperbolicity of the FO-CCZ4 system for a n # 4-dimensional manifold.

As the Anti-de Sitter spacetime is not globally hyperbolic, we had to derive
conditions for the n®/2 4+ n? + 5n/2 unknown variables of the FO-CCZ4 system at
the boundary. First, the AdS space was compactified to some finite value p, then,
the metric near the boundary was written as a first-order perturbation series, i.e.
Gy = Guv+€hy,, and finally all conditions for the n®/2+n?+5n/2 unknown variables
were derived from this. If we do not specify some boundary conditions at timelike
infinity, we could only evolve forward in time some given initial data on a spacelike
hypersphere at time ¢ = 0 for a small environment in the causal future. Moreover,
these boundary conditions were verified for n = 3 and n = 4 by a Mathematica
script [36].

As initial data on the spacelike hypersurface >, must satisfy the conservation
of energy and momenta, the set-up is non-trivial. For the sake of simplicity, we
restricted ourselves to time-symmetric initial data and used a scalar field ¢ as a non-

B y reading the quote above, we realize how fantastic general relativity is.
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trivial deviation from the purely matter-free AdS spacetime. In order to obtain phys-
ically relevant initial data on the Cauchy surface ¥, a time-independent, elliptic,
second-order initial value problem was derived with the help of a conformal decompo-
sition. For a time-symmetric, matter-free distribution, i.e. (£ =0,p; =0, K;; = 0),
we found a solution to the initial value problem and reconstructed the spatial AdS
spacetime metric 4;; as last part of the initial data. Nevertheless, further work in
the area of inital data needs to be done. First, we need to find a solution to the
less-trivial second-order, elliptic initial value problem on ¥y = R*~! with scalar field
¢ as matter by using, e.g., spectral methods. Then, for choosing the topology
on the initial leave as Xy = R" "1\ B,(0) or as ¥y = R"~'\ O, we need to set boundary
conditions for the conformal factor ¢ € C>°(M,R), respectively, on the sphere or at
the puncture O.

Further work in the field of numerically solving the FO-CCZ4 system for an
asymptotically AdS; and AdS, spacetime with ExaHyPE is needed. As we want to
numerically evolve some initial data on a compactified asymptotically Anti-de Sitter
spacetime, we need to explicitly set some boundary conditions near p = 1. As the
boundary behaviour of each variable of the state vector Q is given by the purely
AdS,, part plus a small deviation €hgqtcvariabie; We need to tell ExaHyPE how these
fields behave near the boundary. While the boundary conditions give us the
power of the radial coordinate r with which the deviation falls off, we do not know
the explicit behaviour concerning time and angle coordinates. Therefore, solving the
FO-CCZ4 system for an asymptotically AdS spacetime is twofold: First, we need to
numerically solve the FO-CCZ4 initial value problem for the h-functions, and then
insert the numerical output into the boundary behaviour of each state variable. After
finding the exact behaviour of the fall-off conditions near the boundary, we can use
the set-up of initial data in the paper [22] as a benchmark for the time-evolution
of an asymptotically AdS; spacetime. Then, after successfully evolving the AdS-
benchmark, we can try to evolve some less-trivial initial data for an asymptotically
AdS, spacetime.

To address the complication to explicitly set the h-function, we tried to solve the
simplified Cauchy-problem of a static vacuum three-dimensional AdS spacetime with
time-symmetric initial data, i.e. (E =0,p; =0, K;; = 0,%;;), and the anti-de Sitter
metric 4;; as a boundary condition within the ExaHyPE framework. This, however,
could not be solved within the time framework of this thesis, as the numerics of the
ExaHyPE code broke up after some timesteps.
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The mathematically rigorous
Definition of the Space and
Time Decomposition

"Numerical relativity picks up where post-Newtonian theory and
general relativistic perturbation theory leave off." [6]

Thomas W. Baumgarte

Physicist

time M. Since we could not find a rigorous introduction to numerical rela-

tivity in physics textbooks, we have devoted much effort to defining the main
objects from differential geometry in a mathematically rigorous manner for recast-
ing Einstein’s equations as a time-evolution problem. Therefore, the first chapter
of the appendix, independent of the Einstein field equations, is entirely devoted to
differential geometry, and we will introduce physical quantities only in Chapter [2|
While we define the main objects for working with the Einstein field equations in
the first section, we state in a mathematically rigorous manner the essential objects
that are necessary for rewriting Einstein’s field equations as an initial value problem
in the sections that follow.

T he basis of numerical relativity is the notion of a hypersurface X of a space-

A.1 The basis of differential geometry

As the spacetime M will be the framework on which we will build the theory of
numerical relativity, let us state the properties that it carries. A general relativistic
n-dimensional spacetime is a pair (M, g), where M is a real smooth n-dimensional
manifold and g a Lorentzian metric on M. [44] However, we need to ask ourselves
which condition the spacetime M must satisfy such that it admits a Lorentzian
metric. Well, a smooth manifold M admits a Lorentzian metric if there exists
a non-vanishing vector field X on M. [45] As we want to define a global time
direction, we assume that the spacetime (M, g) is time-orientable. Furthermore, as
we want the entire manifold to be determined by some specified initial data on the
initial Cauchy surface 3, at t = 0, the spacetime must be globally hyperbolic. As
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the definitions of time-orientability and global hyperbolicity would go beyond the
scope of this chapter, we have summarized the main aspects in Appendix [B]

We denote by T,M the tangent space and T;M the cotangent space of the
manifold M at the point p € M. The set of all disjoint tangent spaces will form a
smooth manifold, the tangent bundle T'M of M, i.e.

™ = ][ T,M. (A1)

peEM

As every tangent vector v, € T'M has a base point p € M, there exists a canonical
projection
pr: TM > v, —pe M. (A.2)

The space for [-fold contravariant and k-fold covariant tensor fields on M will be
given by the set of smooth sections I'°(TM® @ T* M®*) of the generalized tangent
bundel TM®' @ T*M®*. A smooth section S € T'™°(TM® @ T*M®*) is a smooth
map

S: M — TM® @ T*M®* (A.3)
such that
PIppretgr* Mok oS = idM, (A4)
where
Proyyetgreaor: TME @ T*M® 5 S, pe M (A.5)

is the projection of the tensor S, to its base point p € M as defined in [64]. This
way, a vector field X € I'*°(T'M) is a 1-fold contravariant tensor field.

Furthermore, a local frame for the tangent bundle T'M ’U and the cotangent bun-

dle T*M }U restricted to some open neighbourhood U C M of p € M, respectively,
is a set of smooth sections

a a o0 0 n—1 e’} *
5000 5T €T (TM|,) and da®,... dz""" € T(T"M)| ) (A.6)
such that
a a 0 n—1 *
@p,...,WPETpM VpGU and d$p7...,dxp ETpM VPEU(A’?)

form a vector basis of T, M and a dual basis of Ty M. This way we have

(07 8 (6%

on an open neighbourhood U of p € M, and any ¢-fold contravariant and k-fold
covariant tensor S € I'°(TM®* @ T*M®*) on M can be written in a local chart
(U, x) for M as in [64] by

S‘ — GH-pe i ® - ®

U VLVk i D

®dr” @ - @ da**, (A.9)

where SH# € C(U,R).

Vi...V,
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Now, a Lorentzian metric is a pseudo-Riemannian metric that is a smooth sym-
metric 2-fold covariant tensor field

g: M > T*MeTM
D> 9|, = 9 (A.10)

that is non-degenerate at each point p € M with the signature (—,+,--- ,+) [45],
and whose value g, at each p € M is an inner product on 7, M defined by

gp: T,M x T,M — R
(tp, vp) = gp(tp, vp). (A.11)

Locally, the metric can be written as
g\U = Guda! @ dx”, (A12)

where g, € C*(U,R), dz* € T°>°(T*M) and g,,(p) = g, <8H . 0y p) . Furthermore,

we need the notion of a connection on our manifold M that is a bilinear map

Vi T=(TM) x T(TM) 5 (X,Y) = VxV € I™(TM) (A.13)
satisfying for f € C*°(M) the following two properties [45]

Vny = fVXY (A.14a)
Vy(fY) = (Lx[)Y + [VxY, (A.14Db)

where Ly f is the Lie-derivative of f in the direction of the vector field X € I'*°(T'M).
See Appendix [A] for some properties of the Lie-derivative.

Now, we say that VxY is the covariant derivative of the vector field Y in the
direction of the vector field X. Locally, the covariant derivative of the coordinate
vector fields a% € I'°(TM) can be written as

0
\v4 0 _ r# ,
&% 0a? B O

(A.15)
where ', ;: U — R are called the connection coefficients of V. The connec-
tion V is completely determined in a neighbourhood U by the Christoffel sym-
bols T* op, and V uniqueley determines another connection V on the tensor tan-
gent bundle TM® @ T*M®* [45] that we will denote by the same symbol. The
covariant derivative of any /-fold contravariant and k-fold covariant tensor field
S € T®(TM® @ T*M®*), where S is expressed locally by (A.9), is given in [45]
locally by

1 k
VXS‘U = <£X5u1~.uz + Z;X,osmmomwpuga _ ;ngm.--w I )

Vy...Vg V...V V]..0..Uk~ pUs

0

" G Ot ®dz" @ @ ds™, (A.16)
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and we define for the sake of simplicity

Bt

¢ k
Vo, S % = O+ 3 ST T = ST T (AT)

To choose a particular connection on our Lorentzian manifold that reflects the prop-
erties of the Lorentzian metric, it has to have the following two properties:

« compatibility with the metric: Vx (Y, Z) = (VxY,Z) + (Y, VxZ) []

o symmetric: VxY — VyX = [X,Y]
for all vector fields X,Y, Z € I'°(T'M ). These two conditions are enough to uniquely
determine the connection associated to the Lorentzian metric [55], and it will be

called the Levi-Civita connection after Tullio Levi-Civita. Furthermore, the connec-
tion coefficients associated to the Levi-Civita connection are given locally by

. <agm L o _ 3gaﬂ) . (A.18)

af 9 Ox® oxP ozt

The covariant derivative of a tensor S € I'*°(TM®* @ T*M®*) of type (¢, k) on M
in all directions, given by the map

VS:T®(T*M) x - xT(T*M) x T°(TM) x - x I'*(TM) — C*(M),
(A.19)
defines by
(VS) (W', Wk Ve, Y X)) = (VxS) (o) wf L ) (A.20)
where w!,... ,w* € T®(T*M) and Yi,...,Y;, X € I°(TM), a single (-fold con-
travariant and k- 1-fold covariant tensor tensor field that is called the total covariant

derivative [45].
Thanks to the canonical isomorphism [64]

T (T* M®3@T M) ~ Homeo (yyp)(T(TM), T(TM), T(TM): T(T'M)) (A.21)
there exists for the multilinear map Riem over C*>(M)

Riem: T°(TM) x T°°(TM) x T°(TM) — T°(T M)
(X,Y,2) = [Vx,Vy]Z = VixyZ  (A22)

a uniquely determined (1,3) tensor field Riem € T'™°(TM ® T*M®3) that we will
call the Riemannian curvature tensor. This tensor can be written locally as

(A.23)

Riem || = Ry, e’ @ da” @ di? @ 5.

!To say that the connection V is compatible with the metric g is equivalent to that the metric
g is parallel with respect to the connection V: Vg = 0.
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where the components of the tensor are given by

Ry, = 0Ly, — 010, + T I —TH TG . (A.24)

By taking the trace of the Riemannian curvature tensor we can define the Ricci
tensor Ric € I'™°(T*M @ T*M) of V globally by

Ric(X,Y) =tr(Z — R(Z,X)Y), (A.25)
where X, Y € I'°(T'M), and locally by
Ric| =Ry, di" @ da”, (A.26)

where Ryp = Rﬁaﬁ. By taking the trace of the Ricci tensor we get the Ricci scalar
curvature

R = trRic = R¥,. (A.27)

We have now defined all differential geometric objects that we need to decompose
our spacetime manifold M into space and time. Let us, therefore, begin by defining
a hypersurface and the induced spatial metric.

A.2 Definition of the hypersurface ; and the spa-
tial metric v
In this section, we will make the notion of a hypersurface 3. As well as in the latter
chapter, (M, g) denotes an n-dimensional Lorentzian manifold.
A spacelike (n — 1)-dimensional submanifold ¥; of the ambient spacetime M

is called a hypersurface and can be defined by the smooth embedding [3], i.e. an
injective immersion and a topological embedding,

O, — M
g ®(q) =p=(t.q). (A.28)

We can write p = (t,q) € M globally as a product, as we have assumed that M
is globally hyperpolic. A topological embedding is injective and a homeomorphism
onto its non-intersecting-self-image %, := ®(3,). [64] Locally, a hypersurface can be
defined as a scalar field £ € C*(M,R) by

%= {p € Mli(p) =}, (A.29)
where ¢ € R. [27] The smooth map ® induces a linear map for all ¢ € 3,

T,8: T,5 — TagM, (A.30)

where any v, = v,0;| € qu]t will be mapped to T,®(vy) = (t,v4) € Ta)M such
q

that ®(q) = p. This is sometimes also called the push-forward or tangent map of ®.
Furthermore, the embedding function induces another important mapping, called
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the pull-back. In order to define the pull-back ®*S of an ¢-fold contravariant and
k-fold covariant tensor field S € (T M® @ T* M®*) by

D*Sy(auy ..oy v1, .y vg) = Sagg) (ro(T,®) 1, ... o (T, @), T, ®(v1), . .., T,®(vr)),

(A.31)
where g € Sy, g, ... ,Qp € Tq*XA]t and vy,...,v, € Tqﬁt [64], we need to assume
furthermore that @ is at least locally a diffeomorphism. The first and most important
pull-back for us, for which ® does not need to be locally diffeomorphic but only
smooth, will be the induced metric on 3

v = ®*g € I®(T*882). (A.32)

For the sake of simplicity, we will identify 3, with 3, = @(f]t) C M and write for
any vector v, € T,%; just v, = T,®(v,) € T,3;. The induced metric v is related to
the ambient metric g by

Va(Vg, We) = ga(q) (TP (vy), Ty®(wy)) = gp(vp, wp) (A.33)

for any tangent vectors v,, w, € T;X.

In this way, we have defined a spatial hypersurface ¥; of the spacetime M and
the spatial metric v in a rigorous manner. Now, we can see if there exists a unique
connection D defined on the submanifold ;.

A.3 Definition of the Levi-Civita connection D
and extrinsic curvature K

As @ is a smooth embedding, i.e. an injective immersion that is also a topological
embedding, and Y}, is spacelike, we can split the tangent space 7,,M into the direct
sum

T,M =T, & N,%, (A.34)

where we have defined (7,%;)* := N, %, to be the 1-dimensional orthogonal comple-
ment generated by the unit normal vector NN, that will be defined in Section [A.45]
The Gauss formula says that if X, Y € I'*°(T'M) are extended arbitrarily to smooth
vector fields on an open neighbourhood of ¥. in M, then we can decompose the
ambient covariant derivative with respect to the Levi-Civita connection by

VxY = (VxY)T + (VxY)*, (A.35)

where T and * represents the tangential and normal projection, respectively. [55]
Furthermore, we know that the tangential projection (VxY)' is just the covariant
derivative with respect to the Levi-Civita connection of the induced metric on X,

(VxY)" = DyY, (A.36)
where D is the pull-back of V by the embedding map

D =o'V, (A.37)
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Again, the fundamental theorem of Riemannian geometry says that there exists a
unique connection D on 7Y that is compatible with v and symmetric, and we will
call it the Levi-Civita connection of ~.

The normal projection (VxY )+ can be described either by the second fundamen-
tal form of 3. or by the scalar-valued second fundamental form, which is defined by
the normal projection of the covariant derivative of tangent vector fields and by the
tangent projection of the covariant derivative of a normal vector field, respectively.

The second fundamental form

We can define the second fundamental form of . by the map
K:T®(TY) x T(TY) - I'*(NY), (A.38)
such that K(X,Y) := (VxY)*. Thus, we can write Eq. (A.35] as

VxY = DxY + K(X,Y). (A.39)

The scalar-valued second fundamental form

Here, we define for each normal vector field N € I'*°(INX) the scalar-valued second
fundamental form by the map

Ky: T®(TS) x T®(TS) — C=(M,R), (A.40)

such that Kn(X,Y) := (N, K(X,Y)) = (X, Wn(Y)), where we have used the self-
adjoint linear Weingarten map

Wy: IT®(TS) — I®(TS). (A.41)

For every X € I'(T%) and N € I'°(NM) the Weingarten map is given by
Wy(X) = —(VxN)', where N is an arbitrary extension to an open subset of
M. Thus, we can write Eq. (A.35]) explicitely as

VyY = DyY 4+ Ky(X,Y)N
= DxY — (X, (VxN)")N. (A.42)

Let us give some remarks at the end: The Levi-Civita connection D on T'% is called
the intrinsic curvature of (¥, ) and there exists as well a Riemannian curvature ten-
sor, Ricci tensor and Ricci scalar on 3 with respect to D. The scalar-valued second
fundamental form Ky € T°°(T*X%?) is also called the extrinsic curvature tensor and
tells us how the hypersurface is embedded into the spacetime manifold. From Eq.
(A.42), we can interpret it as a measure of the difference between the intrinsic Levi-
Civita connection on 7% and the ambient Levi-Civita connection on T'M. Another
interpretation is given in [27]: the extrinsic curvature tensor K measures the failure
of a geodesic of (X, ) to be a geodesic of (M, g), and the two notions only coincide
in the case where K = 0.

Next, as we want to define a global direction of time, define a timelike normal
vector field N in the next section.
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A.4 Characterisation of the normal vector field N

In the latter chapter, we have defined (X.,7) as an embedded spacelike (n — 1)-
dimensional submanifold of an n-dimensional ambient Lorentzian manifold (M, g).
In this case, there are at each point ¢ € ¥, two unit normal vectors. However,
it is generally not clear that a smooth unit normal vector field exists on all of X..
However, there will always be a unit normal vector field on some open neighbourhood
of ¢ € 3. [45]

Let t € C*°(M,R) be a smooth scalar field such that 3. = t~!(c). Then we can
define the one-form d¢, € Ty M at the point p € M by

dip(vp) = vp(1), (A.43)

where v, € T,M. Let now v, € T,X., then the one-form and the gradient of the
scalar field t € C*°(M,R) are normal to X, since

gp(Vt

) = dy(v;) = uy(t] ) = 0, (A44)

because the scalar field is constant on .. [55] Since ¥; is a spacelike hypersurface,
we can normalise the timelike tangent vector Vt‘ € T,M as in [27] by
p

1
N, = — V| € T,M, (A.45)

. \/—gp(Vt p,Vt’p) P

where the minus sign is chosen so that the vector IV, is future-oriented if the scalar
field ¢t € C*°(M, R) is increasing towards the future. By calculating the scalar product
of the normal vector, i.e.,

9p(Np, Np) = —1, (A.46)
we see that the normal vector is timelike, and we have found an unit timelike normal

vector field N € I'*°(T'M) on some open neighbourhood of ¢ € 3.

The definition of the lapse function «
If we define the normalization factor of Eq. (A.45) as in [27] by
1

\/ —gp(Vt

then a € C*°(M,R) is a scalar field on M called the lapse function.

(A.47)

Qp 1=

p’ Vt‘p)

The definition of the normal evolution vector field M

We can define the normal evolution vector as well as in [27] by setting

M, = a,N,,. (A.48)
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This way, M € I'*°(TM) will be a timelike vector field on some open neighbourhood
of ¢ € ¥, with the properties

9p(My, M) = —a

p

and th\p = th\p = M,(t) = g,(V,t, M) = 1.  (A.49)

From the very definition of the Lie-derivative and EMt’ = 1, we can see that
p

t(p') = t(p) + ot, where p' = p + 5tM, € ¥ 5. Geometrically, this means that the
vector §tM, carries the hypersurface ¥, to the neighbouring one ;5. [27] If you
are not familiar with the notion of a Lie derivative, you may consult Appendix [B]

The definition of the shift vector field

Let us take (t,x1,...,x,_1) as natural basis of M. Then, 0, € FOO(TM’U) and

dt € I'(T*M ’U) will be smooth sections on the tangent and cotangent bundle
satisfying dt (0;) = 1. Then, as

dt, (M,) = M,(t) = 1 Vp € M, (A.50)

we can see that the smooth time section 0; € I'°(T'M) has the same properties
as the normal evolution vector field M € I'*°(T'M). In general, these two sections
differ by the shift vector field 5 € I'*°*(T'M) by

9, =: M+ B. (A.51)

By calculating
dt, (6,) = dt, (@\p) Cdt (M) =1-1=0 (A.52)

we can see that the shift vector 3, at some point p € M is tangent to the hypersur-
faces ;. Furthermore, by using the definition of the normal evolution vector field,
we can view

9 =aN + 8 (A.53)

as the decomposition of the time vector section d; € I'>°(T'M) into time and space.
[27] Locally, we can write the shift vector field g € (T M) as

B, =B0 and B| = pida’ (A.54)

Now, we are ready to foliate our spacetime M into spacelike hypersurfaces in such
a way that we can define a global direction of time.

The characterization of Eulerian observer

Since N € I'°(T'M) denotes a unit timelike vector field, we can view it as the four-
velocity vector field of some observer. As time goes by, the observer moves along
the vector flow ® of N. We call it the wordline of the Eulerian observer, since the
vector flow traces out the time history of the observer. This means as well that the
locally defined hypersurface ¥; is the set of events that happen at the same time
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from the point of view of the Eulerian observer. The proper time 7 of two close
events, p and p’ = p + 0tM,, measured by the Eulerian observer is given by [27]

0T = \/—gp((StMp, 5tMp) = \/_gp(Mpa Mp)ét = O‘pét’ (A'55)

and the four-acceleration vector field A € I'™°(T'M) of the Eulerian observer is

defined via
A=VnyN, (A.56)

and with

(A, N)‘p = (N, VNN>\p = ;VNUV, N)\p = ;ENUV, N)\p

= IN,((N.N)) =0, (A57)

since (N, N) € C*(M,R) is constant on ¥, it follows that A, = VNN’p e T,%.

A.5 The foliation of the spacetime M

The principle idea to decompose the spacetime M into "time" and "space' dates
back to the beginning of the Hamiltonian formulation of general relativity. [59] It is
commonly used in modern numerical relativity to rewrite the Einstein equations as
a "time" evolution problem suitable for numerical implementation.

A foliation of an n-dimensional manifold M is a partition of M into injectively
immersed (n — 1)-dimensional submanifolds 3, i.e.,

M = U Et Wlth Et N Et’ = @ fOI' t 7é t/, (A58)

teR

in such a way that for each p € M there is a coordinate chart (U, x) that maps the
intersection 3; N U to a subset in R"™! x {t} C R"™! x R! =R". [17] In general, we
could have foliated the manifold M by any (n — k)-dimensional submanifolds, but
since we want to split "time" and "space" this seems to be the right choice. By the
very definition, the hypersurfaces (X¢),.g do not intersect themself and others and
by the assumption that M is globally hyperbolic, we can write the spacetime as a
global product

M=%, xR, (A.59)

where the topology is given by the product topology of the leave-topology and the
standard topology of R.

As we want to project our objects living on our spacetime M onto the spatial
hypersurface ¥; and along the normal vector field NV, we need to define the notion
of the projection onto the submanifolds in the next section.

A.6 The definition of the projection operator +#

In the latter chapter, we have denoted the orthogonal projection of some section of
the tangent bundle of M by . From now on, we will denote it by v and define it



A.6. The definition of the projection operator ~# 105

by

~v: T®(TM) — T™(TY)
V=V + (N, V)N, (A.60)

where N € I'°(NY) and V € I'(T'M) [27]. Evaluating the right-hand side at a
point p, we see that

N)’p =0 and v(V)’p =V, forall V, € T,X. (A.61)

Locally, we can write

B 91 8 B
_ e N i BN/ N
v, = Vo'gm|, TV <au axvp> P o,
) ) )
= ‘/;)M@ N'U‘V gl“/( )Ngﬁ )
= (V' + N Vi) 8iu
= (% + NyDo )Vuaiu

, 0

=)V, S| (A.62)
p

where we have defined the components of v with respect to the basis a% of T,M
p

by
A = 6" + NEN,,. (A.63)

Furthermore, we can define a mapping to extend any k-fold covariant tensor on
T*¥%% to a k-fold covariant tensor on 7% M®* by

Yip: TO(TE%F) — oo (T* M%), (A.64)

such that
N (D@ W, Vi) = AR (V)| -1 (Va)]): (A.65)

We will be interested in the extension of the spatial metric v and the extrinsic
curvature Ky to all vectors. These are given by

(N P)(Vi, Vo) =) (v(V1)|

A()]) (A.66)

and
WK )(V Va) = Kx () (V)] 1(V2)] ) (A.67)

The extended spatial metric v3,(7) can be expressed globally by

) =g+ N @N, (A.68)
and locally by
)], = (Gar)yy dot © dod = (g + NeNj)dad @ dad. (A.69)
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The extended extrinsic curvature v;,(K ) can be expressed globally by
i (Ky)=—-VN° — A @ N’ (A.70)

since for all U,V € I'°(T'M)

Yt (Kn)(U,V) = Ex(1(0),1(V)) = =(3(U), (Vo N) )

= (U + (N, UN, (VesainN) )
—(U 4+ (N,U)N,VyN + (N,V)VyN)
= —(U,VyN) — (N, VYU, VyN) — (N,U)(N,VyN)
— (N, U)}{N,V){N,VyN)
—(VyN,U) — (VyN,U)(N,V)
= — (VyN) (U) = A(U)N*(V)
= -VyN(U) - A(U)N"(V)
= VN (U, V) — A U)N(V), (A.71)

where VN” is the total derivative of N’ € I'°(T* M) given by the map|A.19, Locally,
it can be expressed by [27]

VB, = = (N + AuN,) da* @ da”, (A.72)

where Ny = 2 — N, 4. To close this section, we will introduce another map

to project any tensor of M to the hypersurface > C M. This can be done by
extending the above defined projection operator v to any /¢-fold contravariant and
k-fold covariant tensor S € I'*°(TM® ® T* M®*) by the map

Yip: T(TM® @ T*M®F) — T°(TM® @ T* M®F) (A.73)
such that the components of v*S are projected to the hypersurface 3, by

(’Y;{WS)O%;”’ Br — ’7 Ml : '/yalfz,yyél RN 5ksm ..... /f/ek (A74)

--------

Thus, we can write locally

YurS b= Vo oo Yy YR St da?t @ @A ® Oy @+ @ 0y, (ALT5)
Using the projection map ~*, we can link the total covariant derivative of a tensor
S € I(TY® @ T*%%F)

on X with the total covariant derivative of some extension of S on M by
Yis(DS) =7 [V (33S)] (A.76)

For the sake of simplicity, we will denote the extensions always by the same symbol

DS :=~3,(DS), S:=~yS ,v:=vy(y) and Ky :=~53(Ky). (A.77)
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This way we can write Eq. (A.68), Eq. (A.70) and Eq. (A.76) as
T=g+N N (A.78)

Ky=-VN' =L ®N (A79)
with Ky g = Nayg + AaNg and
DS =~"VS (A.80)
with Dvsaﬁlf,%k - 70&1 t 'Waﬁfz/yl/@ o '7V5k7p7v93u1}1 7777 R
Using the projection operators of this section, we can split our full metric tensor

g into its space and time components in the following section.

A.7 The (n — 1)+ l-decomposition of the metric

Locally, we can write the spatial metric v and the Lorentzian metric g, respectively,
as

’y‘U = v;;dz’ ® da’ (A.81)
and
g‘U = gpda’ @ dz”. (A.82)
By using
we can calculate
9t = g (0, 0) = —a® + 9(B3,8) = —a” + @51 (A.84a)
91 =90, 0;) = g(M + B,0;) = g (B,0;) = B (A.84b)
9ij = 9(05,05) = v (05, 0;) = - (A.84c)
Therefore, we can write the metric components in terms of the (n — 1) + 1 split as
2 k
_ (9 G\ _ [—a”+ B3 Bg) A S5
Jas (%t gij) ( Bi Vi)’ (4:89)
and the inverse metric by
tt o tj _ 2 J /o2
as _ (97 97\ _ (-1 B/
g = <git gij> = <5i/a2 ~ii 5153‘/(12 . (A.86)
We can easily see that these matrices satisfy
9 gus = 0% (A.87)

and we can write the (n — 1) + 1 decomposition of the Lorentzian metric g in terms
of the line element as

Gudatda” = —a?dt* + vi; (da’ + Bdt) (da? + Fdt) . (A.88)

So far, we have decomposed the metric tensor g and the smooth section 0;
into space and time. We can do this for all objects and the next one will be the
Riemannian curvature tensor RVWB. From the decomposition of this object, we can
derive the space and time decomposition of the Ricci tensor R,,,. This will be needed
for decomposing the Einstein field equations into space and time.
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A.8 Derivation of the Gauss-, Codazzi- and Ricci-
relation

The Gaufl-Peterson-Mainardi-Codazzi relations are the most important equations
for deriving of the (n — 1)+ 1 decomposition of the spacetime since they link objects
living on the hypersurface ¥ with the projection of objects living on the spacetime
M. We will not derive any of these equations but instead, refer the reader to the
respective section in [27].

From here on, we will use the local component notation with respect to a local
frame (On),c; € FOO(TM’U) and (dz®), ., € FOO(T*M’U) where I ={0,...,n — 1},

and label all objects that live in the n-dimensional manifold M with a superscript ™.

The Gauss-Relation

We can derive the Gauss-equation from the extended Ricci identity
(DaDp — DgDy)v" = R, 50", (A.89)

where v, = v;j@u’ € T,M is a tangent vector to X, D, the components of the
P

extended covariant derivative and R’;, 5 the components of the extended Riemannian
curvature tensor. By using the relation between the total derivative on ¥ and M,
i.e. Eq. (A.80), and a lot of index gymnastic, we can derive the Gauss relation

’Yuaﬁyyﬁfy’ypfyoé (n)RpowV = R’yéaﬁ + KVaKé,B - KV,BKOKS' (Ago)

By contracting the Gauss equation on the indices v and «, we obtain the contracted
Gauss relation

Va5 " Ry + V0N N7 R, ) = Rag + K Kog — Koy K", (A.91)

vpo ~
and by taking the trace with respect to v, the scalar Gauss relation
"R+ 2MWR,,N'NY = R+ K? — K; K. (A.92)

The scalar Gauss relation is a generalization of the Theorema Egregium by Gauss
and relates the intrinsic curvature of 3 represented by R with the extrinsic curvature
represented by K? — K;; K.

The Codazzi-Relation

We can get this relation by projecting the Ricci idendity applied locally to some
normal vector field, i.e.

(VoVs — V3V,) N = WRY  N# (A.93)

paf )
three times onto the hypersurface ;, we get the Peterson-Mainardi-Codazzi
relation

VNP A MR, = DK, — DoK'y (A.94)
Contracting this equation on the indices o and ~y yields the contracted Peterson-
Mainardi-Codazzi relation

Y- N*™R,, = DK — D, K" . (A.95)
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The Ricci-Relation

We can get the Ricci-relation by projecting the Ricci identity applied to some normal
vector field, i.e.
(VaVs = VaVa) N7 = WRY  NF, (A.96)

twice onto the hypersurface ¥; and once along the normal vector filed N. After a lot
of index gymnastic that can be found in [27], we get the so-called Ricci equation

1 1
,}/OZ,U»’YVBNpNU (n)R'upy(f - aﬁmKaﬂ + EDaDﬂa + KQHK#B' (A97)

We have projected the Riemannian curvature tensor

« fully onto 3,
o three times onto ¥; and once along the normal vector field N

o and twice onto Y; and twice along the normal vector field N.

The other possibility to project the Riemannian tensor three times along the normal
vector field NV will vanish identically, since

™Riem(N’,N,N,-)=0 and ™Riem(-, N,N,N) =0 (A.98)

due to the partial antisymmetry. [27] Thus, the Gauss-relation (A.90)), the Codazzi-
relation and the Ricci equation state the full decomposition of the
n-dimensional Riemannian curvature tensor.

There are three more important equations that we will state here and refer
the attentive reader to the book [27] by Eric Gourgoulhon. By plugging the Ricci-
equation into the contracted Gauss-relation we get an equation holding
only the spacetime Ricci tensor

1 1
vr's R L = _aLmKaﬁ — aDaDﬁoz + Rap + K K5 — 2K, K" (A99)

By taking the trace of the latter equation with respect to the spatial metric v, we

get
1 1
™R+ ™R, NN =R+ K?—~ ~L,,K — —~D;D'a, (A.100)
« «

and by combining the latter equation with the scalar Gauss relation (A.92), we get
an equation involving only the spacetime scalar curvature ™R

. 2 2 .
WR=R+ K?+ Ky;K% - =£,,K — =D;D'a. (A.101)
«Q (6%
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Appendix

The Lie Derivative

of tensor fields in the direction of a vector field as this will be used for the
derivation of the FO-CCZ4 system. All definitions, theorems and formulas are
taken from [64].

In this section, we will shortly summarize the main aspects of Lie derivatives

B.1 The Lie Derivative of a Tensor Field

B.1.1 The idea of a Lie Derivative

Let us assume that we have a field of @ on a manifold M, and we want to quantify
how it changes along a smooth vector field X € I'°(T'M). To see how the field of
@ changes along the vector field X, we could move forward along the integral curve
¢7* of X and compare the field of ® at the point p and ¢ (p) € M. However, as
we want to quantify the change of the field at the point p, it is not a good idea to
move away from p. But, we could pull back and evaluate the field of ® at the point
p. Then, by dividing by the stepsize and taking the limit gives as the idea of the
Lie derivative:

(B.1)

LB = lim backdragged B(p) — B(p)
P ) t ’

Before we can make the idea of a Lie derivative precise, we will need the notion of
an integral curve and how to pull back fields on a manifold.

B.1.2 Integral Curve and Pull-Backs
We can view a vector field X € I'*°(T'M) as the map

X :C®(M,R) — C>*(M,R) (B.2)
f=X(f)
defined b
' X (), = Xp(f), (B.3)

where we identify the tangent vector X, € T,M as a R-linear derivation on germs
of functions

X, : C*(M,R) = R. (B.4)

111
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and we can write locally on (U, x)

9 a(f oa)

X(f)\p 1=Xp(f)=X5@pf=X5T

Let X € I'°(T'M) be a vector field on M. Then for each tangent vector X, € T,M,
it is easy to find a curve 7 through p having X, as tangent vector by the equivalent
definition of a tangent vector by a smooth curve v : (—¢,¢) — M with v(0) = p

d(f o)
dt

(B.5)

z(p)

4(0) : C*(M,R) 3 f = 4(0)(f) :=

eR (B.6)

t=0
But if this should hold for each point p € im(7), we get the notion of an integral

curve.

Definition B.1.1 (Integral Curve). Let X € I'*°(T'M) be a smooth vector field on
M. Then a smooth curve v : I — M with some open interval I C R is called an
integral curve of X if forallt € I

Y1) = Xy (B.7)

We can indeed compare both sides: 4(t) is a tangent vector of v and X, is a
tangent vector of the vector field X at the point y(¢). As we want to move points
p € M along their integral curve, we need the notion of the flow of a vector field.

Definition B.1.2 (Flow of a Vector Field). Let X € I'*°(T'M) be a smooth vector
field on M and I, € R be the maximal interval on which the integral curve v of X
with 7(0) = p is defined. Then

U= L x{p} SRxM (B.8)

peEM

is an open neighbourhood of {0} x M in R x M and we call the smooth map

U M (B.9)
(t,p) = (I)(tﬂp) = V(t) (BlO)
satisfying
®(0,p) =7(0) =p (B.11)
O(t, (s, p)) = D(t + s,p) (B.12)

for all p € M, t,s € R the flow of the vector field X.

Furthermore, we can write for all (¢,p) € U

d

E(I)(t,p) = X@(typ) = X,y(t), (Bl?))
and restrict the flow of a complete vector field, i.e i/ = R x M, for each t € R to the
map

O M — M
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p = @u(p) = @(t,p) =~(t)

satisfying
¢y =idy; and P0d, =Py (B.14)

for all t,s € R by the flow property. The procedure of moving points along the
integral curve v, of a vector field X is called Lie dragging. We can Lie drag points,
functions and tensor fields forward from a point p to ¢ or backwards from ¢ to p.
Lie dragging forward is called the push-forward ®;, and Lie dragging backwards is
called the pull-back ®;. If ®, is a diffeomorphism, then both are related by

Ope = (B, 1) = @7,

Now, let us define the pull-back of a function f € C*(M,R) and a ¢-fold contravari-
ant and k-fold covariant tensor field S € T'™°(TM®! @ T* M®*) by the restricted flow
map phiy.

Definition B.1.3 (Pull-back of a function). Let ®;: M — M be a map on the
manifold M and f: M — R be a function. Then the pull-back ®; f of f by &, is
defined by

Qf=fod,: M —R. (B.15)

Definition B.1.4 (Pull-back of a tensor field). Let ®;: M — M be a local diffeo-
morphism, k,¢ € Ng and S € I'(TM®* @ T*M®*) be a (-fold contravariant and
k-fold covariant tensor field on M. Then, for p € M the pull-back ®;S of S by @,
is defined by

(D7) (@, oy, 1y, V)

= Sa,(py (10 (T,®) 7", ap 0 (T,20) ", Ty ®4(v1), . .., T,@4(vy)), (B.16)
where ay,...,ap € TyM and vy, ... v, € T,M.

This definition can be simplified to only covariant or contravariant tensor fields
on M by setting respectively ¢ = 0 or £k = 0. An alternative way to write a
contravariant tensor field S € T>°(T'M®*) is given by

(@°S)(p) = (T,2) " @ -+ @ (T,2)7")(S(2(p))) (B.17)

for all p € M.

B.1.3 The Lie Derivative

Theorem B.1.1 (Lie derivative of a function). Let X € T'*°(TM) be a smooth
vector field with complete flow ®: R x M — M. Then for every f € C*°(M,R) we
have .

erf-f _ d

Lxf =lig =t = 2| @pf = X (). (B.13)
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Proof. Let v,: R — M be an integral curve of M with 7,(0) = p. Then we can
calculate

Cxf :y%@ﬂ@Jf@):yQUO¢M?—f@):PQUO%MﬂZUO%xm
=4 o=l Gomwn =1 (@i
:ZLﬂUo%szmﬂmﬁ=4Xo%x@g%;&U»:Xgh

Let us give some remarks for the Lie derivative of functions.

Remark B.1.1. If the vector field flow would not be complete, then there would not
exist a map ®,: M — M for all t # 0. However, around every point p € M we find
a neighbourhood U C M and an € > 0 such that for all £ € (—¢, €) the restrictions
®,: U — M are defined and diffeomorphism onto their images and we can consider

the local pull-back (®;| )*S for some tensor fields S on M yielding a tensor field on
U

U for all t € (—¢,€). Since it is enough for the Lie derivative to be computed locally
around p and as the size of € is irrelevant, we can define the Lie derivative for a
non-complete flow as well. Bearing this in mind, we can now state the definition of
the Lie derivative of a vector and tensor field.

Theorem B.1.2 (Lie derivative of a vector field). Let X € I'*°(T'M) be a smooth
vector field on M with flow ®. For a vector field Y € I'°(T'M) one defines the Lie
derivative of Y in the direction of X by

oY -V d

=—| Y =[XY B.19

Ex =i

where [-,-] denotes the Lie bracket.

Theorem B.1.3 (Lie derivative of a tensor field). Let X € I'*°(T'M) be a smooth
vector field on M with flow ®. For a tensor field S € T>(TM®* @ T*M®*) one
defines the Lie derivative of S in the direction of X by

&ﬁ:hmgs_s—d

_— = — drS. B.20
{0 t dtli—o * ( )

Remark B.1.2. Let us notice that the Lie derivative is a linear map
Lx:T®(TM® @ T*M®*F) — I°(TM®* @ T*M®*) (B.21)

and a differential operator of order one, but for practical reasons, these definitions
are not very suitable as it requires to compute the flow of the vector field X, which
amounts to solving a differential equation. Let us therefore state in the next section
some local formulas of the Lie derivative.
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B.1.4 Local Formulas

Theorem B.1.4 (Local formulas). Let (U, z) be a local chart for M. Then we have
the following local Lie derivatives

i.) For coordinate vector field one has for all p,v =0,...,n—1
0 o 0
L = =0 B.22
2e7 O [83:“’ ax”] ( )
i1.) For coordinate one-forms one has for all p,v =0,...,n—1
L o dz" =0 (B.23)

Oz

iti.) The Lie derivative Lx is only C*°(M,R)-linear in the argument X for functions
g €C*(M,R)
EfXg = fﬁxg (B24)

For vector fields we get

LixY = [fX,Y] = fLxY + Y (f)X. (B.25)

w.) Let S € T®(TM® @ T*M®*) and X € T*(TM) be a tensor and vector field,
respectively, on M with the local forms

0 0
— GHIe "o ... Vi
S| =Sl e © 1 ® g @ @ @ da™ (B.26)
and 5
X| =Xt—ro0d B.27
U oxt ( )

we can write the Lie derivative Lx S locally by

oSt L oxmr b 0X°

L~+S = | X°* Ve SHL-[r—10Hr1.---fe SH1--He
X - ( O ~ V1...Vg Ox° + ~ V1-Vs—10Vs 41V 5 v
a a d Vi d Vi B 28
8:5#1@'..@%@ Q- QdrR. ( . )

v.) Notice that the local formula can be written by any connection without
torsion, such as the Levi-Civita connection V associated with the metric g by

)4 k
LiS| - (XPV,)S’““'W 3 Sy X 43 gt v X")
U r=1 s=1

Vi...VE Vi...Vg V1..Vs—10Vs41...Vk Vs

a ® e ®
Oxt Qxte

Rdr" @ -+ @ dx*. (B.29)
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Appendix

Properties of a relativistic
Spacetime

manifold M has to satisfy. First, we will recall what a differentiable manifold is

and when it admits a Lorentzian metric. Then, as we assume that the spacetime
M will be time-orientable and globally hyperbolic, we will recall the definitions of
the latter and give some remarks.

In this section, we will shortly summarize the main properties the spacetime

C.1 Manifold Properties

Definition C.1.1 (Topological manifold). Let (M, M) be a topological space. Then
(M, M) is called a topological manifold of dimension n € Ny if it allows for
an n-dimensional topological atals, satisfies the second countability axiom and is
Hausdorff.

Since we can use local coordinates around every point p € M, we can use the
familiar concepts of differentiation in R™ and transfer them to topological manifolds.
This will need the additional assumption that for any two local charts (U,, z,) and

(Ug, xp) of the atlas i = {(Uy, ) }aer either U,NUz = 0 or z, oxfjl eCk
:L‘g(UaﬁUB)
and we will call an atlas with such a structure a C*-atlas. Therefore,

Definition C.1.2. A C¥-manfiold is a topological manifold together with a maximal
CF-atlas.

Definition C.1.3 (Spacetime). The pair (M, g) of a differentiable manifold M and
a Lorentz metric g € I™°(T*M®?) is called a general relativistic spacetime.

But how do we know that there exists for any spacetime M a Lorentzian metric
g? Well, [55] states:

Proposition C.1.1. For a smooth manifold M the following statements are equiv-
alent

(1) There exists a Lorentz metric g € T°(T*M®?) on M

(2) There exists a time-orientable Lorentz metric g € T>°(T*M®?%) on M
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(3) There exists a non-vanishing vector field X € I'*°(T'M) on M

(4) FEither M is non-compact, or M is compact and has Euler characterisic zero

C.2 Time-orientability

Furthermore, as we want the spacetime to have a global direction of time, we need
to assume that (M, g) will be time-orientable. But what does this mean? Let
X € I'>°(TM) be a smooth vector field on M, then a tangent vector X, € T,M at

a point p € M can be

o timelike if g,(X,, X,) <0
« null or lightlike if g,(X,, X,) =0
« spacelike if g,(X,, X,) > 0,

where we have used the Lorentzian signature (—, +, +, +) of the metric g. Further-
more, a tangent vector X, is called non-spacelike if g,(X,, X,) < 0, so if it is time-
or lightlike. Besides, every timelike vector X, € T,M at a point p € M can be
divided into two equivalence classes - the "future" and the "past" direction.

To do so, we first recall the concepts of orientation for any smooth manifold:
at each p € M, we partition all ordered bases in 7,,M into exactly two equivalence
classes depending on if the change of basis from one (ordered) basis to another basis
has positive or negative determinant. The determinant of the change of basis can’t
be zero since the change of basis is bijective. We can now orient M by simply picking
one equivalence class at each T,M and say that M is smoothly positively oriented

if at each point we can find a smooth local frame F; € I'*°(T'M ’U) of T'M such that

(£o

P
The concept of time orientation works the same way. Instead of ordered bases at
each T, M we have time-cones: namely, for any timelike vector X, € T,M we define
the time-cone of T,,M containing X, to be

o ,En_llp) is a positively oriented basis for T,M at each point p € U [44].

C(X,): ={Y, any timelike vector in T,M : g,(X,,Y,) < 0}.

Two timelike vectors X,, Y, are in the same time-cone at 7,M if and only if
9p(X,,Y,) < 0. So just as with orientation, we can time-orient our manifold by
picking one of the two time-cones from each tangent space T,M [55]. We can now
arbitrarily call one equivalence class future-directed and the other one past-directed.
If we can do this continuously for the entire manifold, i.e. Vp € M, then we say that
the Lorentzian manifold M is time-orientable.

Furthermore, the following lemma is taken from [54]

Lemma C.2.1. The following statements are equivalent:

o There exists a continuous non-vanishing time-like vector field X € T>°(TM)
on M
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o Any means of transporting a timelike vector around an arbitrarily closed loop
in spacetime that is continuous and keeps the vector timelike does not result in
time inversion of the vector when it returns to the starting point

o Parallel transport of a timelike vector around an arbitrarily closed loop in the
spacetime does not result in time inversion

Lemma C.2.2. For any (M,g) if M is simply connected, then (M, g) is time ori-
entable.

Lemma C.2.3. If (M, g) is not temporally orientable, then time orientability can
be achieved by passing to a covering spacetime.

C.3 Global Hyperbolicity

The following lemma and definition about strong causality is taken from [50]

Lemma C.3.1. For any event p of a spacetime (M,g), the following sentences are
equivalent:

o Given any neighborhood U of p there exists a neighborhood V- C U, p € V
(which can be chosen globally hyperbolic), such that V' is causally convex in M
and thus in U.

o Given any neighborhood U of p there exists a neighborhood V-.C U, p € V,
such that any future-directed (and hence also any past-directed) causal curve
v: I — M with endpoints at V' is entirely contained in U.

Definition C.3.1 (Strongly Causal). A spacetime (M, g) is called strongly causal
at p € M if it satisfies one of the equivalent properties in Lemma|[C.3.1] A spacetime
is strongly causal if it is strongly causal Vp € M.

Definition C.3.2. A spacetime (M, g) is globally hyperbolic if and only if M is
strongly causal and Vp, ¢ € M such that p << g, C~(q) N C*(p) is compact.

The set C~(p) and C*(p), respectivley, are the causal past and causal future,
and p << ¢ means that p chronologically preceeds to q.

Lemma C.3.2. The spacetime (M, g) is globally hyperbolic if and only if it admits a
Cauchy surface, i.e. a spacelike hypersurface which meets every mazimally extended
timelike curve exactly once.
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Appendix

Characterization of Killing
Vector Fields

they can be used to characterise symmetries of spacetimes. And exactly those
spacetimes with maximal linear independent Killing vector fields are of interest
and we call them maximally symmetric spacetimes.

In this short appendix, we will state the definition of a Killing vector field, as

Definition D.0.1. Let (M,g) and (N,h) be n-dimensional pseudo-Riemannian
manifolds with Lorentzian metrics. Then, a diffeomorphism

¢: M — N
P o(p) =q (D.1)

is called an isometry of a pseudo-Riemannian manfiold (M, g) if it preserves the
metric tensor [55]

how) (Tpd(vp), Tpd(wy)) = gp (Vp, wy) , (D.2)
for all p € M and vy, w, € T,M. The set of all isometries of (M, g) is denoted by
Iso(M, g).

As the metrics are 2-fold covariant tensor fields, we can write the definition of
an isometry equivalently as

¢*h =g, (D.3)

where ¢* is the pull-back map as defined in (A.31)). From the properties of the
pull-back map, we can easily see that Iso(M, g) forms a group, i.e.

o the identity map id is an isometry
o the composition of isometries is an isometry,

o and the inverse map of an isometry is an isometry.
[sometries are of importance, as they leave the metric and all other objects expressed
in terms of the metric invariant. Let us therefore see how the metric components

gas(p) at the point p € M can be related to the metric components g, (¢(p)) at the
point ¢(p) € N.
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Proposition D.0.1. Let (U,z) and (V,y), respectively, be local charts of M around
p and N around ¢(p) = q, and ¢ an isometry of M. Then,

_ 0y o) 0(y” o)
Jab = " fpa 0xP

By © 6. (D.4)

Proof. Let us calculate how the metric components are related via the isometry ¢

p) = (¢*h) \p (ai ) p)
=t (70 (] ) o ()

9

> OxB
p

9ap(p) = g\p (aﬁa 55

~d(yrogoxT")| Dy ogpoa) | 0| 9
N ox® 2(p) oxP 2(p) 9@ \ Dyt ly Oy g
_Oyrogox)| O odox!)
- axa 2(p) axﬁ x(p)huy((b(p))
0 0
daa |, " °9) 5pp| W © O hu(6(p)) Vp € M. (D.5)
Thus,
d(y'op)d(y oo
Gap = ((9350‘ ) (0335 )h,w 0 ¢. (D.6)

If we want to figure out, how the metric g € T°°(T*M®?) behaves under coordinate
transformation, we can take the identity ¢ = id as isometry and simplify

_O'ogoaTh)| Oy oozl

9ap(p) = e " 507 x(p)hw(aﬁ(p))
d(y'oal)] J(y oz
— R,
Iz lay 08 lap) " (#(2))
0
S T M. D.
o | Y e8| Y hyu (P) Vp € (D.7)
Thus,
oy* Oy¥ -
Gos = 5ot huy € C(M,R). (D.8)

]

Let ¢: U — M be the flow of the vector field X € I'**(T'M), then we can restrict
this map to the smooth map
b U — M (D.9)

forallt e I CRand U C M. If X is a complete vector field, then we can restrict
the flow to the diffeomorphism
O M — M (D.10)

for all t € R. If ¢, is a (local) isometry, i.e. preserving the metric, then

brg=9 (D.11)



123

and can we motivate the infinitesimal couterpart to (D.11)) by taking the Lie deriva-
tive:

d
) (vp, wp) = (dt
d

Tt
d
= dt tzogp (vp, wp)

~0 (D.12)

Lxg
t=0

Cb:g) (p) (vp, wp)

(Qb;tkg)p (vp, wp)

‘tO

for all p € M and v,,w, € T,M. This gives us the following definition

Definition D.0.2. Let (M, g) be a pseudo-Riemannian manifold. Then, a vector
field X € T'°(T'M) is called a Killing vector field with respect to the metric g if

The set of Killing vector fields is a Lie subalgebra denoted by iso(M, g) C I'°(T'M).

Thus, by Eq. (B.1.3)), the metric does not change under the flow ¢; of the vector
field X € I'°(T'M) and we can view a Killing vector field as an "infinitesimal isom-
etry" [55]. Furthermore, it follows from Lemma 28 in [55], that the Lie subalgebra
iso(M, g) for a connected pseudo-Riemannian manifold M has dimension at most
n(n+1)/2.

For further characterisation of Killing vector fields, see the respective chapters
in [55] and references within.
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Appendix

Calculations for the Boundary
Behaviour

the n®/2+n? +5/2n unknown variables of the state vector Q at the boundary
p=~V{ q=0orr— oo. Togain some intuition on how these fields behave near
the boundary, we have perturbated the AdS metric §,,, with a small deviation €h,,,.

In this appendix, you can find all the cumbersome derivation of the condition of

E.1 The conformally-decomposed spatial metric

Let us first prove that the spatial metric 7;; and its inverse 7% satisfy the condition
Yy =n— 1. (E.1)
Then,

V%5 = V" Yop + 27" Vpa + 7" Vat
= (’AYpp + qn74}_lpp€) (ﬁpp - f?pp’?ppqniélﬁppe) - 2qn73}_1pa€'7pp£yabqni3hpbf
+ (%b + ¢" " p* gap,sn—> ﬁab‘f) (@ab — %A 0 gog - Bch)
= 953" + Aa¥” + O(e?)
=n—1+0(). (E.2)
Furthermore, we can show that

62 x % = ¢ (14 chge + O(%)) x 672 (1 + ehg2 + O())

¢ _ n-2_
- (1 — (ahpp +3 hm&) €+ 0(52)>
i=1

n—1
2 n—2

X (1 + nq 1 (ai_zp,, + Z ]_'Lgi9i> €+ 0(62)>
- i=1

q2 _ n—2 q2 B n—2
=1 (ahpp + Z hgigi> €+ n_1 (ahpp + Z h9i9i> €+ 0(62)
=1 =1

n —

1
=1+0(). (E.3)
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Now, we can calculate the boundary behaviour of the conformally decomposed spa-
tial metric via

Hij = ij + ehs,; + O(€?) and A9 = AT 4 ehsis + O(€%), (E.4)
where the purely AdS,, part is given by
Yij = 7 and 3V = ¢4V (E.5)

while the deviation is given by

/\

hs, = & (hij + hepdig), and gy = 6% (WY + hya”) (E.6)
Then,

Vop :%p +¢? (qn%ﬁpp + haﬁﬂpp) €+ 0(62)

n—2 2(n—2) o =2 2(71. 2)

al—-n 1—-n ]_ aln
P 1 + a p_ 1 (( Zhgg)ﬁ—i-o )

7det(gab75’”—2>ﬁ n =1 det(gpgn-2)"T

1 q"_2 _ s
= n72 2(n—2) 1 [1 + n—1 <(n - 2)ahpp - ; h9i9i> E]

“Tp T det(gap,sn-2)"T B
O(e*) (E.7a)

A~ _ aﬁ n—1 _
b =P P hppe + O(¢2) = —g 1 e+ O(e?) (E.7b)
p n1 det(gab gn—2)n-1

Fab = + 6 (4" PP a2 hat, + hpAws) € + O(€?)

a1g’ P’ am g’ n—4 2 7
= 2(n—2) 29ab Sn—2 + 2(n—2) 1 q p gab7Sn—2hab
p it det(gapsn-2) 71 4 p 1 det(gapgn-2)m1
qn72 B _ p2
_— (ahpp + Z hei@) 5 Yab,Sn—2 | € -+ 0(62)
n—1 = q
= 3D > Yab,s7=2 T 5y 5 Y9ab,5n~2
p ot det(gapsnz) T 4 pt det(gap,sn-2) 7T @

e+ O(?)

_ qn—2 _ n—2
% qn_2hab — m (ahpp + Z h9i9i>
=1

1 2
T pnoT e S = h
_ar pr" Gab,s . 2 [1 _a (ahpp + Z ho,0, — (n — 1)hab> 6]

det(gap,sn-2) "7 n—1 =

+ O(€?) (E.7c)

2(n=2)

FPP = APP 4 ¢§—2 (_:Yppﬁyppqn—ﬁlpp + h¢—2’?pp) ¢+ O(é)
(

1 1
ab.Sn—2) "1 n—1 det ab.Sn—2) "1 AT
_ 1g b, 2) q2a I P (19 b,S ) _ qgaqgaq 4hpp
anflq
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n—2

n—2 B B
- %1 (ahl’l) + Z h6i9i> QQG} €+ O(€2>
=1

n

n—2 2(n—2) n—2 2(n-2)

— anoT 1 n—271
=an1p 1 det(gapsn- z)n T+ an1p 1 det(gapsn—2)mT | —agq" “hy,

n—2

n—2
q — —_
+ j (ahpp + Z h9i9i>
i=1

n

e+ O(e)

n—2 2(n—2)

@ l1+ Ci ((2 )ah +n§B ) ]+(9( 2) (E.8a)
= —n)a 0. | € € .
det(gabysn—2>ﬁ n 1 rp i=1 bifi

;ypa — _qg—Q,?ppAbaqn—Spre + 0(62)

2(n—2)

1
_p ot det(Gapsn2)"T 5 ¢ n_37
= ( ) q%;gsn 2q 3hpb€—|—0(62>

an 1q
1
an "= det ab.S7— -
= (G 5n2) C g% g™ e + O(E2) (E.8b)
prt
,S/ab — ~ab + ¢ ( ac,?bd n— 4p2gcd,S"*27lcd + h¢72§/ab) €+ 0(62)
2(n—2) 2(n—2)
_p det(gabS” 2)7T ¢ T o p it det(gapgn2) T
n—2
an lq p2 s anllq
2 2 n—2 n—2 2
q ac q n— - q — _ q "
X | —59gn—2 *295)@%—2q 0% Geasn—2hea — —— | ahy, + Z he,0, 795272 e+ O(?)
P P n—1 = p
1
det(gab Sn—2 ) n=t a n—2 ac 1
- L’ 1 gslzL72 - q 2gSn 2gscvln—2gcd’5‘nf2hcd
p'nfl aqn—1
qn72 B n—2
# L (it + S ) s e+ 00 (E 5¢)
o i=1

Finally, we can calculate the trace of the conformally decomposed spatial metric to
prove the correctness of these equations. Therefore,

:Vij:}/ij = :Yppﬁ/pp + '?ab:}/ab

ne2 2(n—2) qn72 _ n—2
=qan1p n1 det(gab Sn— 2) 1 —|— T (2 - n)ahpp + Z ho,o, | €

=1

1 n—2
n—2 2(n-2) (( a'hpp Zh"@) ]

1 [H
an=1p =T det(gap gn-2)"T n—1

1

det 9ap,sm-2) "1 a n—2 ac I qn—2 7 = a

1 detldansn-2) g — "% 282G sn—2hede + ——— | ahy, + > Ry, | gin2e
pnfl aqn—1 n — 1 i=1

X

1 2
12 - n—>2 B n—2 _
&P Gab.s i 2 [1 _ 4 (ahpp + E ho,e, — (n — 1)hab> 6] +O(h?)

det(gap,sn—2)"1 n—1 =1

(o o))
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This gives a good hint that our calculated equations for the conformally decomposed
spatial metric are correct. This will be verified by a Mathematica script for an n = 3
and n = 4 dimensional manifold M.

E.2 The auxiliary variable A;

The individual derivatives of
A,=0,Ina=038,Ina+ d,h, + O(h2) (E.10)
are given, using Eq. (4.73) and Eq. (4.74)) respectively, by

1 p? p? p
Inav=090,1 =0,1 = A1
0,Iné =0,In (q @+ L2) 0, n( 1+ L2 T2qa’ (E.11)

and

n—2(2p _ 2q n—3 n—2
q 2 —2 7 7
_ ( (L I ) n (n—2)q ) By — 61270,)% +O(h?). (E.12)
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E.3 The auxiliary variable P,
The individual derivatives of

P, =0,In¢+ dyhy + O(h2), (E.13)
are given, using Eq. (4.52) and Eq. (4.53)) respectively, by

2 In (p?"=2) det(gap,gn
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E.4 The auxiliary variables D,

By using

2—n

34232—8 [ ag?=1) 171_1 1 [ ag?=b ]M
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we can calculate the D;j, auxiliary varibles.
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This was the cumbersome calculation for the boundary behaviour of the auxiliary
variables D;jj.
E.5 The extrinsic curvature K;
Let us now calculate the boundary behaviour of the extrinsic curvature
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q [ n— 7 n— 7 2(” - ]') 2p n—47
—2\/5 _q 4(9thpp — 2(] 38phtp + < l - a,L2 q 4htp:| €
-0 (©.15)
K = [@s ab — Yakhps — Jorhpe — 20 2hgr Dyap + Q%bf’khﬁk} e+ O(e?)

2 2
n—4 2 7 2 n—6 q de 1, 9 g 7
= —— ab.5n—20¢hay — we.5n—2 | —5O0bgen—2hig + —= gon—20ph
2\/5 [q P YGab,sn—20tlaqb — P G Gac,Sn—2 <p2 bgsn—21ltd pQQS 20p td)

g’ 7 4
_ p2qn_69bc75n,2 (p aaggn 2htd + pQQSn 28 htd)

o YGab,Sn—2 qn—3ﬁtp (pzapa + 2ap) + qn 49%’% 2htd (

gab7Sn—2 ac det gab7s’n—2)
( - acgab Sn—2
n—1

(n — 1) det(gap,sn-2)

1 d,a n—2 e -
+ 2% Gap 5n—2 (—ql + > q" Pahy,

2(n—1)a (n—1)p

I gaw sn—20, det(gab sw?) 4 d } 2
- : S g ok @
n—1 det(gab’5n72) 4 Jen=2lted | € + (6 )

q n— A n— c 1 c 7
= —m {q 4P29ab,5n—23thab —q 4gac,S"_2 ((%ggn—zhtd + gflqn—zabhtd)

- qn_4gbc7S”*2 ((%gféifz hia + ggﬁw 3af_ltd)
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= n—1

¢ 2 haOeGap s
n—l)det(gabsn 2) gS 2ihd gb,S ’

1 n—2 - d,a -
) 2 5 G0 = n—3 h 2 b.Gn= n73h
P g b,Sn—2 <ql + (n — 1)p> q a tp + P g b,S n — 1q tp

a n— ac det a })//
_ G20 Aoty 5n-2) 4gg~izhtd]e+0(62)
 (n=bdet{gay,sn2)

n—3
q - . 7 ;
- 2\/5 [p2gab,5”2athab - 2g(ac,S"*28b)gg'"*2 htd - 28(ahtb)

G\ Bugap 2T — 2pgab75n2aﬁt/,} e+ 0(&) (E.19)

e+ O(?)

1 . .
Kpa = _T [athpa - ’kahB{j - ’YakhB’p“

= 2\/_ |:at oa "A)/ppth - ’A}/pthg - ﬁAYapth - ﬁ/athg] €+ 0(62)

_ q n—39 1 1 n—1 7
- _2\/5 [q athpa - %q aﬁahtp

2 n—5 2
p b (n—2)¢""¢q 7 2¢° n— 4q 2
— — n—2@an-2 | —————— h c = Ry Ry
qggab,s Jg ( 7 2 t s +q 8 . ) e+ O(e%)
q n— 7 n— 7 n— n — 2 - n— —
_2\/5 [q 3athpa —q 3aahtp +q" ! (qf + p) hia — q 4aphta] €
+ O(€?) (E.20)

Now, we are able to calculate the trace of the extrinsic curvature
K ="Ky ="Ky + 29" Kpo + 7" Kap
— (ﬁyﬂﬂ _ ,Ayppﬁppq"*‘lhppe) (Kpp + hg,,€ ) + 2 ( — AP
+ (3 = 0" 0 Gab.sn 27" A" heae) (Kap + hic,p€) + O
= (¥"hi,, + 4" i, ) € + O(e?)

n—3
q - - 2(n—1) 2p
_ 2am {@/hpp - 2q3phtp + ( / al? htp:l €+ O( )
q2 b qn—3 ) _ J _ _
- ngbqnﬂ NG [P Gab,5720haty — 29(ac,57 200 ggn—2hia — 20 hu)

& e 3hpb€) (Kpa—i-thae)

- ggi—ﬁdgabﬁn—?;ltc - 2pagab75”—2ﬁtp:| €+ (9(62)

- 2(n—1)a 2p 2(n—2)a)-
- 2\/_ {a@thpp * Z Otho,o, — 2qa0,hyy + (l 2 p hip

e+ O(e?)

2 - _ 1 _
- ? 9%131—2 (g(ac,S”—Qab)gg’%—?htd +0(ahuw) + 592‘%—28dgab,5"—2htc)

=0
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138
n—1 n—2
q - 2(n—1a 2p 2(n—2)a)-
h >~ Oyho,e, — 2 h —_— = ———— |h
2\/_ a@t op + e at 0;6; qagp tp + ( I 12 0 tp

e+ O(e?) (E.21)

2 ab 7 1 cd 7
- EQS"—Q (aahtb + §gsn_23dgab,5nfz htc)

E.6 The traceless-part of the extrinsic curvature

Let us calculate the traceless-part of the extrinsic curvature. Then,

n—3
q _ _ 2(n—=1)  2p);
A, = _m (8thpp — 2¢0,hy, + ( ; Y hy,

1 - 1 _ _
— ——0h,y — —-— > Oihg.g + ——0,h
n—1 4" (n—l)az telelen—lptp

2 2p  2(n—2)¢*) -
B _ he
[ al? (n—1ap

a 7 1 a c 7
5 gsﬁfzﬁbhta + mgsﬂagsﬂgﬁdgabﬁna htc) €+ 0(62)

+ (n —1)p%a
n—3
q" 7 |n—2 ( )q
=37 {n iy — Z Oihgo, — 40,1y,
2(n—2)  2(n-— 2)q = 2 b A7
’ ( e T nap ) M G nat e
1
+ mgsn 2gsn 2ad9ab gn— thc €+ O( ) (E'223>
g3 - - n—2 2\ - = 9
Apa = —m qathpa — qaahtp + 7 + ; hta — 8phta €+ O(E ) (E22b)

n—3
q - - :
Agy = _m |:p2gab,5"—28thab - 29(ac,S”_28b)ggn—2htd - 2a(ahtb)
P> Gav,5m2

— g§h-20aGap.sn-2hic — 2pg“b»3"2aht4 R 2\/_ (

2n—1a 2(n—1 2(n — 2)¢?\ - 2 _
<( ) ( )p ( )q>htp_p2'g§g120dhtc

n—2

aathpp + Z athg 0; 2qa8piztp

[ L2 0
1 Ef cd 7 2
_ ?gs'n—QgS"*Qadgef,S"*2 htc € + O(G )

n—3

q 7 c 1 7 c 1
{PQQab sn-20thab — 2G(ae5n-20) 982 hea — 20(ahupy — Géh—20aGap sn—2he

NG
2 2 n—2 2

7 P Gabsn—20 7 P”Gab, 52 . 2qap”Gap,sn-2 5 7
— 2pGap sn—20hy, — —————0,h —7’Eah.. ——=—0,h
PYGab,sn—20MN¢, n—1 tilpp n—1 e thg0, 1 n—1 olltp
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2a 2/) 2(77,—2)q2 - 29 b.Sn—2
2 a
— g2 | ———=— ———— |l + —"—gGn- Ohc
pgb,S 2<l L2 (n—l)p to -1 S 2ea

e+ O(e?)

b ef _cd
ganf g n— g n— 7
+ S 2nS— i sn? 8dgef7$n72 htC)

n—3 2 n—2
q P"Yab,5m—2 - . , -
“2/a [ n—1 (—a@thpp — > Oihg, + (n - 1)3thab> — 20 (ae.5n-20p) g2l

- 25((1;%) - gg‘%%adgabﬁ"*?ﬁtc - 2pgab,S"*2aﬁtp

2 2
Gab,5n-2p ; 2n—1)a  2(n—-1)p 2n—-2)¢"\;
B ( — 2qad,hy, + ( ] — 7 — p Iy
2 G O — gt g2 .0 h G E.22
pQgSn 20dlbte — p295n7295n72 d9ef,sn—21tc €+ (E ) ( : C)
From theory, we know that -
’}/ZJAij = 0. (E23)

Therefore, let us see if our derived equations satisfy this condition.

7Y (fl” + ha, €+ (’)(62)) =Y ha,e+ O(€) =47 (1 + hsgi€e + (’)(62)) ha, €+ O(€) =47 ha e+
= (ﬁpphApp + ﬁabhAaJ e+ O(e?)
— (fahAW + Zzgfé%hAab) e+ O()

qn3

= —q a2\/_

2(n—2)  2(n— 2)q . 1w ]
h/ - an, Cni a . .- hc
" ( o (n—1ap )" + (n— 1)p2ags 29gn—20dGab,5n—2Nic | €

29%’»4 8bBta

n—2 2(n —2)q
8 h Z (9th9 0, — 78 htp (n—1)p%a

2

n—3 2 B _ n—2 _ _
_ T w4 {P Jab,5n—2 [—aathpp — > Oihg, + (n — 1)athab]
i=1

295729 7 -1
- 29(ac,sn*28b)9g5172 Btd - 2a(aﬁtb) - gg’CVlL*Qadgab,S”*Q}_ltc - 2,09ab S"*2a]_1tp
2(n—1a 2(n—1)p 2(n-— 2)q?
hip

2
Gab,sm—2p 7
n—1 ( 2400, ( [ L? p

2 - 1 . . -
- ?Qg‘fhﬁdhm - p293£295€12ad9ef,5n2htc) }6 + 0(62)

- -9 abi
--1i- [n_aat pp Z Diho.o, — M@ phip + (n—1)p%

(n—1)p

+ gg'l:L—Q { g;;b,snf ( aat pp Z 8th9 0; + (n - 1>athab>

_ 1 _
) hap + CES 982952 04Gap, sn-2htc

=1
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2 c T 2 - 1 c - 2gab75n72a -
- Eg(ac,S"—Qab)gg‘ndhtd - ?a(ahtb) - Egsci—Qadgab,S”—Q hie — fhtp
Gab,5n—2 - 2n—1)a  2(n—1)p 2(n—2)¢
— ﬁ ( — 2qa8pht,, + ( l - 12 - P htp

2 - 1 . . -
- ngqcfz%adhtc - p295{1295i20d9ef,sn2htc) } €+ 0(62)

n—2 n—
= 2\/6 [n adih ppﬂ/%—k QQSn 2abhta
2(n — 2) 2(n )q .
+< i (n—1)p htﬂ+n_7 2§ 30aGab,5n 2 itc

=0

9  _
n 1a8thpp—n

n—2 n—2(2n—1)a 2n—1)p 2(n—2)¢*) -
+4@—/12qm;_n—1< [ - L? B p Mo

n—22 n—21 -
ef cd
+ 1 pQQSn 20ghyge + ” —9 73 dgef,S"thc) }

e+ O(e)

=0+ O(e) (E.24)
We can verify if the A-equations Eq. (E.22a]) - Eq. (E.22d) are correct by calculating
79 A =7ha, e+ O()

= 3PPh e—i-fy“bhg e+ O(e?)

p
= ’}/pphA €+ ’)/abhA € + 0(62)
= 7 Aij
=0+ 0(e), (E.25)

where we have used the fact ¢ X ¢72 =1 and 77 A;; = 0+ O(€?).

E.7 The I equations

Let us calculate the I-variables.
f‘ﬂ — 2,790 (ﬁpprpp + ﬁpaDapp + ,P?aprpa + 's/abDapb)
+ 2,?/)(1 (&pprap + '?prbap + ’?prpab + ’7bCDcab)

= 2:}/pp{ (,?Ypp + Eh:Ypp) (ﬁppp + 6hDPPP> + Eh:Vpa (ZA)CLPP + ehDapp)
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+ €hsanehp,,, + (%ab + Ghaab) EhDapb}

+ 27%{ (@pp + eh;,m) €hp,,, + €hseehp,,  + €hs, (.Dpab + ehD,mb)

+ (57 + ) (D + el b+ O(@)
= 24P (prprpp + Gﬁppph‘ypﬂ + €§Yppthpp + €hspe D app t E%/athan)

+ 250 (e%ﬁph Dpap  €Mgt0 Dpa + 4" Deay + €Y b, + Gﬁcabhabc) +0(€)
=2 (%pp + ehﬁpp) (éppﬁ pop + €D ppphzon + A, + ehym Dapp + ¥"ho,, b)

+ 2€hspa (e%pphppap + €hsp Dpat + 7" Deay + €4, + Ef)cabh’yb“) +0(e")
= 2’2Ypp§Yppf)ppP T (43VPPD ppplizee + zfyppfyppthpp + Q’QYpphapa ﬁapp

+ 253 hp, , + 2hapa%bcﬁmb> e+0(e). (E-26)

Let us now calculate the individual terms by using

2(n—2) 1
n—1 det(gab,sn_Q) n—1

p2=" 2t (E.27)
aqn—1 q2
2 pp 2(n—2) 1 n-2
'y = p n—1 det(gab’Sn72)”71a”71 (E28)
1
2a det gc n—2 n—1 a
gob _ LM Ieasn )T g (E.29)
aqn—1 pnfl
1
det(gap.gn—2)m-1 ¢* 2 - n2
hsoo = ,( LQ’*SJ(L) —— (@ = nahy, + 3 hoo, | + O (E.30)
a n—lp n—1 =1
det( ) Tant
et(gap, 572 n—1@gn—1 1 a _
P = ————2 q" ' g&h2hp + O(h?) (E.31)
pr-
1 2 (a"10 =
~ n — q n—1 a aqn—1
Dyppp = — i 2<n—2[>) + 25 (E.32)
2det(geq gn—2)"1 N — 1 p 1 pri
2-n
ﬁ _ an-1 3a det(gcdvgn_z) (E 33)
“wn 2(n — 1)/)2('/:1:12) det(gcd’Sn—Q)% ‘
1 2
ﬁ y = _anflpnfl Gab,5n—2 ac det(gcd,S”—Q) _ acgab,S"—2 (E 34)
“ 2 n—1 det(gcd,sn_2)ﬁ det(gcdjsnf2>ﬁ
3—2n —n
" ¢ n—2 1 (a”—l (]2;2—2;")4_2@311)
Dppp — 1 (n—2) 3n—5
o 2(77’ - 1) n—1 det(gcd75n72)n—1 an_12 p i

X <(2 — n)ahpp + Z hgigl)
=1
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2—n 2(n—2)

arp g (2 = n)d,ah,, + (2 — n)ad,h +n§_fa/3
2(n — 1) det(geq gn2) ™1 e e
n— 92 _ n—2 )
qg (2 — n)ahpp + Z h@igi + O(h ) (E35)
=1
w1gn ! 0, det(geg gn—2)h dah
hDapb = _a 2(372) © (g d7S 2) pr - pb 1 (E'36)
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4f)/pprpph;)-/pp — 4p n—1 det(gab Sn 2)n 1gn—1

3n—
p n—1 10 n—
1
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n_lp n—1 qn—1qn— 1p n—1 det(gabS” 2) :

3 —_n
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X — 1 2(n—2) + 2 5
2 det(geg,gn—2)7 1 — 1
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2p 2q 2-n _ _
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p n—1
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(E.37b)

3—2n _n
qn 2 n—?2 1 qn-1 (% %) &ij
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2<n - 1) n—1 det(gcd"gn—2)n*1 p T p 1
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2;711 n—2
an— q — —
2(n—2) 1 {(2 —n)0pahy, + (2 = n)ad,hy,,
2(n—1)p 1 det(geqgn—2)1
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i=1 =1

2(71 2)
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n—>2 1 [ pn n—3 n-—2
—_— det(g,p gn—2)n1 dpa +2pr=tan—1
n 1)2q et(Gap sn—2) ( g a-+2pn1a )
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X ((2 - n)ahpp + Z h9i9i>

i=1
]_ L_Q 2(n—2) _
- e 1" 2p 1 det(gapgn—2) T (2 — n)D,ah,, + (2 — n)ad,h,,
n—-2 n—2 _ n—2
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1
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i=1
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n— 2 Sn— 2q
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w1 I .
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Furthermore,

[ = 25 (“NYpprpp + ﬂ~Yprbpp + 7prppb + ’Vbchpb>

n— lhpb6
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+ 27 (3 Dy + 3% Dasp + 7 D + 7D
= 2€hser [ Dygp + €hson Dypp + €5, + €hsn Doy + €D, |

+2 (3 + ehyw ) [ hp,, + ehseo Dope + A Dae + €hsea Dape + €4°hp,,. | + O(€?)
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Let us now calculate the individual terms of the latter equation by using the following
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n
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E.8 The algebraic constraint vector Z" and 7,

The covariant components of the algebraic constraint Z, can be split into purely
AdS and a perturbated part by using

Zy = guu2". (E.56)
Then,

Zy = guZ' + 4" huZ'e + " hyp 2P + ¢ hia Z% + O(€),
Zy = q"PhipZle + §ppZ° + " hppZPe + " P hpaZ% + O(€2),
Za - qn—4ﬁmzt€ + qn_3ﬁpaZp€ + §abe + qn_4p2gab,5n72 ilabe —+ 0(62). (E57)

By defining the purely AdS part
Ty = guZ', Z,=G,p2" and  Z, = a2 (E.58)
and the deviation

hz, = qn_4ﬁttZt + qn_gf_lthp + qn_4BtaZa
th — qn73}_ltpzt + qn74ﬁppzp + qn73ﬁpaza
hZa = qn74}_1taZt + qn73;_7/paZp + qn74p29ab,5”—2}_labzba (E59>

we can decompose the boundary behaviour of the algebraic constraint vector Z,, into
Zy= 2, + hge+ O(). (E.60)

Here we can see that the algebraic constraint behaves near the boundary as the
purely AdS,, part plus a small perturbation €hz,.

E.9 The [ variables

The p-component of the [-variable is given by

[P =17+ 2377, + 2777,

) 95%29?172%@5"*2 (a'hpp + Z Beiei —(n— 1)hbc>€
i=1
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— fp + 2,§/pp2p + 2%ppth€ + thpﬂpr + Qh:yﬁmZae + 0(62) (E61)

Now, let us calculate the terms of the latter equations individually
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A A 2 n— dt n—2 1
oimy = P el(gabs )" g (E.62a)

an—lq
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Now, the angle components are given by
f\a _ f\a + 2,~yapzp + 2,~Yabe
20y 2 (54t (B ) 006
=T + 2ehsar 2, + 25 Zy + 264 g, + 2ehsa0 Zy + O(€?), (E.64)

where the individual terms are given by

Qs 2,y = _2/629%5), TG h 2" (E.65a)
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n—1 an-1 i=1

E.10 Auxiliary Field for the Gamma-driver shift
condition

Let us Eq. (2.884)), i.e.
) 1 ) )
b= 08" — BB, (E.67)

to calculate the asymptotic behaviour of the auxiliary field b*. The individual terms
of the latter are given by

OB = q" tad;hy,e + O(e?), (E.68a)
OB = 4550 e + O(E2), (E.68D)
BB = (q”_laﬁtpe + O<€2)> "2 (— ("zl)aﬁtpe + q0,ahs € + qad,hyye + (9((—:2))
=0+ O(¢), (E.68c)
peB,f = (q"_4f7“aﬁtae + 0(62)) (q”_laﬁaﬁtpe + (’)(62))
=0+ O(¢), (E.68d)
BB, = (q”_laﬁtpe + (9(62)> ¢ (— (";4) A% hyge + g0, " hige 4+ G Dphiac + 0(62))
=0+ 0(e), (E.68e¢)
BB} = (q"“ﬁ““l_zme + 0(62)) (q"_43aﬁbbﬁtbe + ¢" 40, e + (’)(62)>
=0+ O(). (E.68f)
Therefore,

b — 11; [3t5p — BB — 5aBap]

_ ]iathﬁpe + o) =

qn—la

at}_ltpﬁ -+ 0(62), (E69a)
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b = ]]{'; {8t6a o Bpoa o ﬁbBba}
1 n—42aa

LOhgne + O(C) = a

2 at]_%aE + O(€2>. (E69b)




[116]:

Appendix

Jupyter Notebook for the Initial
Data Calculation

I'},, the Riemannian tensor Ry, , the Ricci tensor R, and the Ricci scalar

T his will be a simple jupyter notebook to write down the Christoffel symbols

R, as well as the spatial Christoffel symbols f’fm, the spatial Riemannian
tensor R, the spatial Ricci tensor R;; and the spatial Ricci scalar R for the AdSs
spacetime. We will need the spatial Ricci scalar R and some of the spatial Christoffel

symbols T'F  to derive the initial value problem.

F.1 AdS; spacetime

from gravipy.tensorial import *
from sympy import init_printing
init_printing()

The AdS3 metric in globale coordinates

= (t,r, x) (F.1)
is given by
—g(r) 0 0
1
G = 0 a5 O, (F.2)
0 0 r?

where g(r) = 1+ r?/L?. By compactifying the “radial” coordiante r to a finite value
p by using the transformation

p
= F.3
we get the metric
__f
(1=p/0)? (1) ¥
G = 0 Fp)(1=p/t) 02 ’ (F.4)
(1=p/0)

where f(p) = (1 — p/0)* + p*/L*,
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[117]: t, rho, chi, L, 1 = symbols('t, rho, chi, L, 1')

f = Function('f') (rho)

# create a coordinate four-vector object instantiating

# the Coordinates class

x = Coordinates('x', [t, rho, chi])

# define a matriz of a metric tensor components

#Metric = diag((1-2*M/r), -1/(1-2*%M/T), -T**2,,
o -r*#2%sin (theta) **2)

Metric = diag( - (1 + rho**2 / ((1-rho/1)**2xL*x2) ), 1 / ( (1-rho/
1) *x4 + (1-rho/1)**2 * rho**2 / L*x2), rho**2 / (1-rho/1)**2 )

# create a metric tensor object instantiating the MetricTensor,
—class

g = MetricTensor('g', x, Metric)

The metric g, is given by
[118]: g(All, All)

. 1 — P
[118]: - ey 0 0
0 12 22 0
=)'+t
0 0 P

(1-%)°

while the inverse metric ¢g"” is given by g(-All-All). Let us next calculate the
Christoffel symbols defined by

1
F;wa = gpaF,pW = 5 (8ugua + ajgua - aag;w) <F5)
This can be done in jupyter by

[119]: Ga = Christoffel('Ga',g)
Ga(Al1l,A11,A11)

[119]:
13

[0 —ke 0 Lz(l—pp)3 0 0

5o L2(l=p) 0 L214 (202 (1—p)* +12p2—12p(1—p) ) 0
_L2(l—p)3 0 0 ) (l—p)S(LQ(l—p)2+l2p2)2

0 0 0 __Pp_
- 0 0 ="
0 0 0

1Bp
0 1‘9 (1=p)° (F-6)
P

0 ap 0

The Riemannian tensor of the AdSs metric can be, respectively, calculated and
displayed in jupyter by

Rivpe = 0plywo — 0oLy + 100 woa — I, oa — 0p9ual vy + 059ual’y, (F.7)

and



[120] :

[121]:

[122] :

[122] :

[123]:

[124] :

[124] :

[125]:
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Rm = Riemann('Rm',g)

The Ricci tensor R, can be, respectively, calculated and displayed in jupyter by
R.s = R!! (F.8)

paB
and
Ri = Ricci('Ri', g)

and the Ricci scalar R can be, respectively, calculated and displayed in jupyter by
R =R, (F.9)

and
Ri.scalar()

6

2
Let us calculate the spatial Ricci scalar:

For this, we need to redefine the spatial v matrix and calculate the same objects as

above.

rho, chi, L, 1 = symbols('rho, chi, L, 1')

g = Function('g") (rho)

# create a coordinate four-vector object instantiating

# the Coordinates class

x = Coordinates('x', [rho, chi])

# define a matriz of a metric tensor components

#Metric = diag((1-2*M/r), -1/(1-2*M/T), -r**2,,
o-r**2%sin(theta)**2)

Metric = diag( 1 / ( (1-rho/1)**4 + (1-rho/1)**2 * rhox*2 / L**2),
wrho**2 / (1-rho/1)*x2 )

# create a metric tensor object imstantiating the MetricTensor,
—class

h = MetricTensor('h', x, Metric)

h(A11l, All)
1
0
2(1_r)?
(1*?)4+p (221) ,
0 P

(=)
Ga_spatial = Christoffel('Ga_spatial',h)
Rm_spatial = Riemann('Rm_spatial',h)
Ri_spatial = Ricci('Ri_spatial', h)

The Christoffel symbols can be calculated as above, where
Ga(k,l,m) = Dim (F.11)
Ga(—Fk,1,m)=TF (F.12)



[126] :

[126] :

[127] :

[127]:

[128] :

[128] :

[129] :
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Ga_spatial(-1,A11,A11)

2L%(1—p)*+12p*—1%p(I—p) 0
(1—p)(L2(1—p)*+12p?)
0 p(L2(1—p)*+12p?)
- L21(1—p)
A ~ 2
In this way, I and I'Xxy can be written in terms of ¢ =1 — p/¢ and a = ¢* + 3
by

foo qg 1 P

b= + o 1% (F.13)
A ,OCL
and, thus
3 2

AT q qa qp

’ypprzp:7+?—ﬁ (F15)
Ay T qa
AP = - (F.16)

Ga_spatial(-2,A11,A11)

!
[ 0 p(l—p)]
_ 0
p(l—p)

The spatial Ricci scalar R is given by

Ri_spatial.scalar()

2

L2
F.2 AdS, spacetime

from gravipy.tensorial import *
from sympy import init_printing
init_printing()

The AdS, metric in globale coordinates

2 = (7, v, 0) (F.A7)
is given by
—g(r) 0 0 0
0 - 0 0
Guv = 9(r) (F18)

0 0 0 r2sin?y
where g(r) = 1+ r%/L% By compactifying the “radial” coordiante r to a finite value

p by using the transformation
P

Tzl—p/é’

(F.19)



[130]:

[131]:

[131]:

[132]:

[132]:
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we get the metric
__f
e 00
1—p/t)?
G = 0 fp)( 0 /) 2 7 (F20)
(1-p/0)? Y
p~ sin” x
0 0 0 (1-p/0)

where f(p) = (1—p/t)* + p*/L*.

t, rho, chi, theta, L, 1 = symbols('t, rho, chi, theta, L, 1')

f = Function('f') (rho)

# create a coordinate four-vector object instantiating
# the Coordinates class

x = Coordinates('x', [t, rho, chi, theta])

# define a matriz of a metric temsor components

#Metric = diag((1-2*M/r), -1/(1-2*M/T), -r**2,,
o-r**2xsin (theta) **2)

Metric = diag( - (1 + rho*x2 / ((1-rho/1)*x2*L¥*2) ), 1 / ( (1-rho/

S1)*%4 + (1-rtho/1)**2 * rho*x*2 / Lx*x2), rhox*2 / (1-rho/l)*x*2,

orhox*2*xsin(chi)**2/ (1-rho/1l)*%*2 )

# create a metric tensor object instantiating the MetricTensor,

—~class
g = MetricTensor('g', x, Metric)

The metric g, is given by

g(Al1l, All)

0 0 £ 0

p?sin® (x)
1-2)?

Let us next calculate the Christoffel symbols deﬁneld by

1
F,uya = gpo—FZl, =5 (a,ugz/o + azzg,uo - aog,m/)

2
They can be displayed in jupyter by
Ga = Christoffel('Ga',g)
Ga(1,A11,A11),Ga(2,A11,A11)

__tp _ 0
L214 (202 (1—p)* +12p? —12p(1—p) )

__Pp
0 L2(1—p)®
I

__Up 0

2

(F.21)

0 0
0 0

oo o O

o o o O
e}

(1—p)® (L2 (1—p)*+12p?)
0 — L 0

_ Bpsin? (x)
0 0 (1-p)° |
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[133]: Ga(3,A11,A11),Ga(4,A11,A11)

[133]: 0 O 0 0 0 0 0 0
1Bp Ppsin® (x)
0 0 T 0 0 0 0 T
0 Lo 0 0 0 0 By’ sin(2x)
(1-p)® . 2(1-p)*
0 0 0 _ 1?p%sin (2x) 0 Bpsin? (x)  12p%sin (2x) 0
2(1-p)* | (1-p)® 2(1-p)*
The Riemannian tensor of the AdS,; metric can be, respectively, calculated and

[134]:

[135]:

[135]:

[136]:

[136]:

[137]:

displayed in jupyter by

Riuvpe = Olywo = Ol vy + 1ol ioa =I5, T ioa — Opdual Vo + 0o gual’y, (F.22)

and
Rm = Riemann('Rm',g)

The Ricci tensor R, can be, respectively, calculated and displayed in jupyter by

_ DM
Rap = Rp (F.23)
and
Ri = Ricci('Ri', g)
Ri(Al1l, All)
3(L2l272L2lp+L2p2+l2p2)
LA(12-21p+p2) 0 0 0
a4
0 _ 3l 0 0
L2l4—4L2l3p+6L2l2p2—4L21p3+L2p4+l4p2—213p3+l2p4
3122
0 0 TIE@ 217 0
0 0 0

while the Ricci scalar R can be, respectively, calculated and displayed in jupyter by

R =R} (F.24)
and
Ri.scalar()
12
T2
Let us calculate the spatial Ricci scalar:

For this, we need to redefine the spatial v matrix and calculate the same objects as
above.

rho, chi, theta, L, 1 = symbols('rho, chi, theta, L, 1')

g = Function('g"') (rho)

# create a coordinate four-vector object instantiating

# the Coordinates class

x = Coordinates('x', [rho, chi, thetal)

# define a matriz of a metric temnsor components

_ 3l2p2 sin? (x)
L2 (1272lp+p2)
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#Metric = diag((1-2*M/r), -1/(1-2*M/T), -r**2,,
w-r**x2*xsin(theta) **2)

Metric = diag( 1 / ( (1-rho/1)*x4 + (1-rho/1)**2 * rhox*2 / L**2),
—rho**2 / (1-rho/1)**2, rhox*2*sin(chi)**2/ (1-rho/1)**2 )

# create a metric tensor object instantiating the MetricTensor,
—~class

h = MetricTensor('h', x, Metric)

[138]: h(All, All)

1
138]: v 0 0
[ : (1_3)4 2(1-%)
1 L2 5
0 s 0
(1_? 2 2
0 0 p” sin? (x)

(%)
[139]: Ga_spatial = Christoffel('Ga_spatial',h)
Rm_spatial = Riemann('Rm_spatial',h)
Ri_spatial = Ricci('Ri_spatial', h)

The Christoffel symbols can be calcualted as above where

G(I(k, l, m) = fklm (F26)
Ga(—k,1,m) =TF (F.27)
[140] : Ga_spatial(-1,A11,A11)
: 2L%(1—p)*+12p*—1%p(I—p)
[140] : o s 0 0
0 p(L2(1—p)*+12p?) 0
- L21(I—p) ( , )
p(L2(1—p)*+12p?) sin® (x)
0 0 - T200=p)
A A A 2
In this way, I, T Ty, can be written in terms of ¢ =1 — p/¢ and a = ¢* + 5 by
A qg 1 p
e —=—+——-—— F.28
e al + gl L2a ( )
~ pa
M =—-— (F.29)
q
. asin? y
o = LOEEX (F.30)
q
and thus
pip g0 ¢Pp
AT qa
XY = B (F.32)
£ 007 aq
VGGFge = - (F-33)
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[141]: Ga_spatial(-2,A11,A11)

l
fal: [0 g 0
Lt 0 0
0 0 sin (2x)

2
Using the latter, we can simplify

2
A00TX q

Tee = p?sin?y 2 P

sin2xy  ¢*cot
- 2

(F.34)

[142] : Ga_spatial(-3,A11,A11)

[142] : 0 0 FGn)
0 0 gne
25sin? (x)
! sin (2x) 0

p(l—p)  2sin? (x) .
The spatial Ricci scalar R is given by

[143]: Ri_spatial.scalar()

[143]: _6
L2
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