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The AREPO code – an innovative technique

Key Science Drivers

Advantages of this approach

Area 1 – achieving exascale scalability

Area 2 – improving magnetic field solvers

Area 3 – anisotropic thermal conduction

Area 4 – discontinuous Galerkin (DG) solvers

Work plan

Longer-term perspective

● Can galaxies form successfully from ΛCDM cosmological
initial conditions?

● What role do magnetic fields and anisotropic thermal 
conduction play in cosmic structure formation?

● How do we arrive at highly accurate and extremely scalable 
hydrodynamical algorithms for astrophysical fluid dynamics?

● Do novel discretization schemes for astrophysical 
hydrodynamics offer significant cost/accuracy advantages? 

Cosmology relies on the exploitation of HPC 
techniques on the largest supercomputers

● Very low numerical viscosity, greatly reduced advection errors

● Provides a crucial improvement over the SPH technique

● High accuracy for shocks, fluid instabilities and turbulence

● Full adaptivity and manifest Galilean invariance

● Makes larger timesteps possible in supersonic flows

Current code status and previous work in this field

Postdoc (Heidelberg):
Will lead the scaling work on the code

PhD Student (Heidelberg)
Carries out state-of-the art application
studies of magnetic fields in cosmology

Great potential for applications in astrophysics, yielding more 
accurate solutions at lower computational cost

● Need multi-treading in all parts of the code

● Preparation for many-core architectures

● Develop alternative mesh-construction algorithm

● Implement GPU support for gravity and mesh calculation

● Prepare for MPI-3 and fault-tolerant/redundant calculations

● Improve ability to do on-the-fly data reduction and postprocessing

● Public release of the AREPO code (like GADGET)

● Include radiative transport

● Investigate applications outside astrophysics 

Postdoc + PhD (Würzburg):
Develop discontinuous Galerkin solver in
the AREPO code framework and improve
the magnetic field discretization

Postdoc + PhD (Würzburg)
Develop treatment of anisotropic conduction 
and study its physics applications

Finite-volume hydrodynamics on a fully adaptive and dynamically moving Voronoi mesh, 
yielding quasi-Lagrangian behavior. The code is coupled to a powerful TreePM solver for 
self-gravity and the additional treatment of a collisionless fluid (dark matter).

The GADGET code of the PI has been used for the worldwide largest calculations in 
cosmology, and is presently the most widely used code in the field

Cosmological applications of AREPO 
demonstrate its large accuracy gain with respect 
to the traditional SPH technique

Scalability of the current MPI-only 
version of AREPO for simulations of 
galaxy formation (on Ranger/TACC)

● Stable and locally conservative

● Can deliver high-order accuracy

● Can easily handle complex geometries

● Highly parallelizable for hyperbolic problems

Li, Frank & Blackman, 2012, ApJ, 748, 24

● Magnetic fields are crucial for the regulation 
of star formation and accretion, and for the 
intracluster medium

● The div B = 0 constraint is difficult to 
guarantee numerically

● New numerical solvers that are robust on 
unstructured moving grids need to be 
developed and implemented

● New positivity preserving schemes for fluid 
dynamics desirable for improved robustness

● Magnetic fields channel heat
transport through electrons along field lines

● The magnetothermal (MTI) and heat-flux 
driven buoyancy instability (HBI) induce 
cluster turbulence  

● Cosmological simulations combining 
magnetohydrodynamics and anisotropic 
thermal conduction largely unexplored

● Crucial impact on IGM and ISM is expected

Millennium XXL Simulation 
12288 cores, 303 billion resolution elements

MassiveBlack Simulation 
105 cores (Kraken), 66 billion resolution elements

Key Science Drivers 

preliminary result of our proposed method (  order): 
evolution of a Kelvin-Helmholtz instability on a coarse 100 x 50 Cartesian grid 

3rd

vortex roll up on a 
very coarse grid 

without dissipation

This numerical approach is ideally suited to simulate turbulent flow

We plan to cooperate within SPP 2410 with

Project-Helzel/Lukacova (no. 15), the low Mach property
Project-Abgrall/Gassner (no. 11), the extension to unstructured grids
Project-Krause/Mishra (no. 21), providing high order reference solutions in 
the low Mach limit
Project-Fantuzzi (no. 7), a priori estimate to validate 2D flow simulations

• simulation of turbulent flow — faithful and efficient
• genuinely multi-dim. numerical method — no directional bias

• multi-dimensional by conception
• adapts its stabilizing num. viscosity to multi-dim. structures
• reflects directions of information propagation
• avoids need for grid refinement 
• large potential for saving computational cost 

We Shall Extend This to 2 and 3 Space Dimensions

semi-discretization of in one space dimension
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update of moments:

update of point values:

the method is conservative

use upwind discretization involving both point values and moments, e.g.

the  momentkth

multiply  by  and integrate over the cell0 = qt + f (q)x xk

integration by parts

update of higher moments

use quadrature

R. Abgrall, W. Barsukow: "Extensions of active flux to arbitrary order of accuracy" ESAIM: M2AN (2023)

Advantages of This Approach
• works well in both the super- and subsonic regime
• structure preserving for linearized Euler:                        

• ideally suitable for turbulence even on coarse grids
• compact stencil — highly parallelizable

Novelty of this Project
• semi-discrete — free to choose time integrator
• arbitrary order on compact stencil (high order moments)
• applicable for systems of cons. laws (not just Euler)

The Project’s Research in the Context of SPP 2410

• show structure preservation for linear and non-linear Euler
• comparison with other high order compact methods
• show entropy inequality, positivity preservation
• generalize to unstructured grids
• generalize to other systems of conservation laws

stabilization of this scheme is via upwinding of the point updates

The Work Packages 
 moments on a cartesian grid in 2-dkth

Current Status of This Approach
• in 2-d the method is  order
• in 1-d the method is arbitrary order
• no proofs for properties of the method for 2-d non-lin. Euler

3rd

degrees of freedom: point values    
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example: point values + up to  moments  =   order in space2nd 5th

degrees of freedom ( ) of Active Flux and its 
parabolic reconstruction (  order)

continuity of neighboring reconstructions — 
no use of Riemann problems

→
3rd

Previous Work

cell average

parabolic reconstruction

point values

T. Eymann and Philip Roe: "Multidimensional active flux schemes”, 21st AIAA computational fluid 
dynamics conference (2013)

→ →

continuity of neighboring parabolas

Generalized Active Flux — an Innovative Method
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W. Barsukow; J. Hohm; C. Klingenberg; Philip Roe, “The active flux scheme on Cartesian grids and its low 
Mach number limit”, Journal of Scientific Computing. vol. 81 (2019)

2-d linearized Euler,  order3rd

2-d linearized Euler,  order — with proofs3rd

here we illustrate the above in 1-d:

need to update 
๏ point values 
๏ cell averages

1-d non-linear Euler, arbitrary order

etc.

x

x

x

xx xx x

x

etc.

low Mach, vorticity preserving, stationarity preserving
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{q(k)i }i2Z0 k=0,...

  convergence by Lax-Wendroff ⟹

SPP 2410 Hyperbolic Balance Laws in Fluid Mechanics:
Complexity, Scales, Randomness (CoScaRa)

Christian Klingenberg,

Dept. of Mathematics, University of Würzburg

cooperation partner in France: Wasilij Barsukow,

CNRS, University of Bordeaux
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Motivation

Quisque ullamcorper placerat ipsum. Cras nibh. Morbi vel

justo vitae lacus tincidunt ultrices. Lorem ipsum dolor sit

amet, consectetuer adipiscing elit. In hac habitasse platea

dictumst. Integer tempus convallis augue. Etiam facilisis.

Nunc elementum fermentum wisi. Aenean placerat. Ut

imperdiet, enim sed gravida sollicitudin, felis odio placerat

quam, ac pulvinar elit purus eget enim. Nunc vitae tortor.

Proin tempus nibh sit amet nisl. Vivamus quis tortor vitae

risus porta vehicula.

The Mathematical Problem

Our main interest is in a hyperbolic system of the form

ut +

d’
i=1

fi(u)xi
= 0.

For background on hyperbolic balance laws we refer to the

seminal book [?].

Suspendisse vel felis. Ut lorem lorem, interdum eu, tincidunt

sit amet, laoreet vitae, arcu. Aenean faucibus pede eu ante.

Praesent enim elit, rutrum at, molestie non, nonummy vel,

nisl. Ut lectus eros, malesuada sit amet, fermentum eu, so-

dales cursus, magna. Donec eu purus. Quisque vehicula,

urna sed ultricies auctor, pede lorem egestas dui, et convallis

elit erat sed nulla. Donec luctus. Curabitur et nunc. Aliquam

dolor odio, commodo pretium, ultricies non, pharetra in, velit.

Integer arcu est, nonummy in, fermentum faucibus, egestas

vel, odio.

Preliminary Work

We have made some contributions to the topic of this project.

The work in this publication [?] is not related to the project but

leads to a bold-face citation of one applicant’s name.

Suspendisse vitae elit. Aliquam arcu neque, ornare in, ullam-

corper quis, commodo eu, libero. Fusce sagittis erat at erat

tristique mollis. Maecenas sapien libero, molestie et, lobortis

in, sodales eget, dui. Morbi ultrices rutrum lorem. Nam ele-

mentum ullamcorper leo. Morbi dui. Aliquam sagittis. Nunc

placerat. Pellentesque tristique sodales est. Maecenas im-

perdiet lacinia velit. Cras non urna. Morbi eros pede, sus-

cipit ac, varius vel, egestas non, eros. Praesent malesuada,

diam id pretium elementum, eros sem dictum tortor, vel con-

sectetuer odio sem sed wisi.

Sed feugiat. Cum sociis natoque penatibus et magnis dis par-

turient montes, nascetur ridiculus mus. Ut pellentesque au-

gue sed urna. Vestibulum diam eros, fringilla et, consectetuer

eu, nonummy id, sapien. Nullam at lectus. In sagittis ultrices

mauris. Curabitur malesuada erat sit amet massa. Fusce

blandit. Aliquam erat volutpat. Aliquam euismod. Aenean vel

lectus. Nunc imperdiet justo nec dolor.

The Numerical Approach

Quisque ullamcorper placerat ipsum. Cras nibh. Morbi vel

justo vitae lacus tincidunt ultrices. Lorem ipsum dolor sit

amet, consectetuer adipiscing elit. In hac habitasse platea

dictumst. Integer tempus convallis augue. Etiam facilisis.

Nunc elementum fermentum wisi. Aenean placerat. Ut

imperdiet, enim sed gravida sollicitudin, felis odio placerat

quam, ac pulvinar elit purus eget enim. Nunc vitae tortor.

Proin tempus nibh sit amet nisl. Vivamus quis tortor vitae

risus porta vehicula.

Some illustration related to [?].

Nunc sed pede. Praesent vitae lectus. Praesent neque justo,

vehicula eget, interdum id, facilisis et, nibh. Phasellus at pu-

rus et libero lacinia dictum. Fusce aliquet. Nulla eu ante

placerat leo semper dictum. Mauris metus. Curabitur lobor-

tis. Curabitur sollicitudin hendrerit nunc. Donec ultrices lacus

id ipsum.

The Project’s Research in the Context of SPP 2410

The project aims at understanding turbulent model hierachies

by analytical and numerical techniques from the field of con-

servation laws.

Planned cooperations within SPP 2410
0 Project-Name1: Comparison of different solution con-

cepts

0 Project-Name2: Joint development of a-posteriori error

estimates using the relative entropy framework

0 ...
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