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A GENERAL PERTURBATION FORMULA FOR ELECTROMAGNETIC FIELDS
IN PRESENCE OF LOW VOLUME SCATTERERS

ROLAND GRIESMAIER!

Abstract. Inseveral practically interesting applications of electromagnetic scattering theory like, e.g.,
scattering from small point-like objects such as buried artifacts or small inclusions in non-destructive
testing, scattering from thin curve-like objects such as wires or tubes, or scattering from thin sheet-like
objects such as cracks, the volume of the scatterers is small relative to the volume of the surrounding
medium and with respect to the wave length of the applied electromagnetic fields. This smallness
typically causes problems when solving direct scattering problems due to the need to discretize the
objects and also when solving inverse scattering problems because small objects have very little effect
on electromagnetic fields. In this paper we consider an asymptotic representation formula for scattered
electromagnetic waves caused by low volume objects contained in some otherwise homogeneous three-
dimensional bounded domain, assuming only that the scatterers are measurable and well-separated
from the boundary of the domain. The formula yields a very general asymptotic model for electro-
magnetic scattering due to low volume objects that can either be used to simulate the corresponding
electromagnetic fields or as the foundation of efficient reconstruction methods for inverse scattering
problems with low volume scatterers. Our analysis extends results originally obtained in [Y. Capde-
boscq and M.S. Vogelius, A general representation formula for boundary voltage perturbations caused
by internal conductivity inhomogeneities of low volume fraction. Math. Model. Numer. Anal. 37 (2003)
159-173] for steady state voltage potentials to time-harmonic Maxwell’s equations.
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1. INTRODUCTION

In this work we study time-harmonic electromagnetic waves in a smoothly bounded domain filled with a ho-
mogeneous medium, which we call the background domain and accordingly the background medium. Supposing
that this domain contains a penetrable object, the scatterer, that is a subdomain on which the electromagnetic
properties of the medium differ from that of the background medium, we want to describe the influence of this
object on electromagnetic fields under the additional assumption that its volume is small. Our main motivation
to do so stems from inverse scattering problems, where one aims to recover the position and the shape of the
scatterer from measurements of electromagnetic waves that are scattered by this object. If the volume of the
object is small, it is well known that it has very little effect on electromagnetic fields, i.e., on the measurement
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data given in the inverse scattering problem. Therefore it is advisable to include all available a priori informa-
tion on the structure of perturbations of electromagnetic fields due to low volume scatterers, when designing
methods to reconstruct such objects from scattering data.

The aim of this article is to provide such a priori information for a very general class of low volume scatterers.
For this purpose we consider the asymptotic behavior of scattered electromagnetic fields, i.e., the difference
between the fields with and without scatterer, as the volume of the scatterer tends to zero. Our only regularity
assumptions on the scatterer are that it is measurable and well separated from the boundary of the background
domain. Observing that away from the scatterer the scattered field decreases at the same rate as the volume
of the scatterer, we derive an analytic expression for the leading order term in the corresponding asymptotic
expansion. Due to the generality of this formula higher order terms or even their precise order in terms of the
volume of the scatterer are not obtained. For time-harmonic Maxwell’s equations such an expansion has so far
only been studied for the special case of diametrically small scatterers by Ammari, Vogelius, and Volkov [9]
(see also [28] for a corresponding result for perfectly conducting scatterers in an unbounded layered background
medium and Ammari and Kang [4] or Ammari and Khelifi [6] for higher order expansions in a two-dimensional
setting).

Our analysis extends the work of Capdeboscq and Vogelius [18], where a similar representation formula has
been established for perturbations in electrostatic potentials due to low volume conductivity inhomogeneities
(cf. [19-21] for further studies in this direction). This formula generalizes and unifies earlier results obtained
for the special case of diametrically small conductivity inhomogeneities (see, e.g., Friedman and Vogelius [26],
Cedio-Fengya, Moskow, and Vogelius [22], or Ammari and Kang [3]) as well as for conductivity inhomogeneities
of small thickness (see, e.g., Beretta et al. [15,16]). Similarly, the general formula for time-harmonic Maxwell’s
equations discussed in this article allows to recover the formula for diametrically small scatterers from [9] but
also yields new asymptotic formulas for practically important cases like thin tubes or thin penetrable cracks
mentioned before. Furthermore, our results can be extended to unbounded domains straightforwardly as done
for diametrically small scatterers by Ammari and Volkov in [11].

The asymptotic formulas for diametrically small conductivity inhomogeneities and scatterers known so far
form the foundation of several efficient reconstruction methods for inverse conductivity problems (see, e.g.,
Ammari, Moskow, and Vogelius [7], Ammari and Seo [8] or Briihl, Hanke, and Vogelius [17]) and inverse
scattering problems for Maxwell’s equations (see, e.g., Ammari et al. [2], Takovleva et al. [33], Volkov [42],
or [28,29,31,32]). In addition the general formula for electrostatic potentials from [18] has recently been used
to investigate inverse conductivity problems for wires and tubes (see Beretta et al. [13] or [30]). Similarly, the
general formula for electromagnetic fields considered here gives a new approach to develop efficient reconstruction
methods for practically interesting inverse scattering problems, such as, e.g., inverse scattering for penetrable
cracks (cf., e.g., Beretta and Francini [14] and Park and Lesselier [39] for an earlier study in this direction in a
two-dimensional setting) or inverse scattering for thin tubular scatterers.

The arguments we use to establish the asymptotic representation formula rest on those applied in [18],
suitably modified for the non-coercive Maxwell’s equations and vector-valued functions. Among others the
proof involves a representation formula for the scattered electromagnetic field in terms of Green’s functions,
energy estimates for electromagnetic fields obtained by duality arguments, so-called corrector potentials and
polarization tensors, and an integration by parts technique that goes back to Murat and Tartar [38]. Applying
two types of Helmholtz decompositions to the electromagnetic fields the gradient parts can be treated similarly
to [18], while the main contribution of this work is the analysis of the divergence free parts that requires different
techniques and is slightly more involved. In case of homogeneous background media, the polarization tensors
turn out to be equivalent to the polarization tensor appearing in the electrostatic case, and thus earlier results
on the properties of these tensors (see, e.g., [5,18,19,21]) immediately carry over to our setting. For historical
remarks on polarization tensors and alternative approaches to establish asymptotic expansions of similar type
as considered here we refer to the monographs by Ammari and Kang [5] and II'in [34].

For several particular geometries of the scatterer explicit characterizations of the polarization tensor are
known. Then the asymptotic representation formula yields a fast way to approximate the scattered field due
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to such low volume objects without meshing the scatterer itself. This is, e.g., the case for small ellipsoidal
scatterers (see [5]), thin cylindrical scatterers (see [13]), or thin sheet-like scatterers (see [15,16]).

This article is organized as follows. In the next section we specify our mathematical setting and state the
main result of this work, the asymptotic perturbation formula for the electromagnetic field. In Section 3,
we collect some estimates for the scattered magnetic field, estimates for corresponding asymptotic corrector
potentials, and the definitions of the electric and magnetic polarization tensors that will be used in the proof of
the asymptotic formula. This proof is carried out in Section 4. In Section 5 we discuss three particular examples
and comment on how the corresponding formulas can be used to solve inverse scattering problems. Finally, in
Section 6 we outline possible generalizations of our findings.

2. THE MATHEMATICAL SETTING

Suppose ©Q C R? is a bounded domain with smooth boundary 92 and unit outward normal v. We consider
a homogeneous background medium with constant electric conductivity oy > 0, constant electric permittivity
gp > 0, and constant magnetic permeability po > 0. A time-harmonic magnetic background field in this medium
at a frequency w/2m > 0 corresponding to boundary data

g e H\?(00) .= {f € H?09,C%) | divon f € H/?(99,C)}

is governed by the boundary value problem

1
curl(g—curlHo) —wgHy =0 in Q, (2.1a)
0
1
g—(curlHo) Xv=g on 0€. (2.1b)
0
Here and in the following we write £y := &g + iog/w. Accordingly the electric background field is given by

E = (i/wép)curlHy.

Next, let Q¢ CC 2 be well separated from 99, i.e., dist(Q, Q) > dy for some constant dy > 0, and denote by
(Dp,, )nen a family of measurable subsets of Q satisfying lim, .o |D,, | = 0, where |D,, | denotes the Lebesgue
measure of D, . Each D, is considered as a scatterer contained in {2 causing a discontinuous permeability and
(complex-valued) permittivity

w(z), €D, B éi(x), x€D,,,
Ho, (T) 1= pa— Ep, () =1 _ —
140, zeQ\D,,, o, zeQ\D,,,

where 11 € C°°(Q,R) satisfies 0 < Cuy < 1 < Oy, < 00 and €1 = €1 +i(01/w) with &1 € C>=(Q,R) and
o1 € C®(,R) such that 0 < ¢, <e1 <, <ooand 0 < o1 < Cy, < oo for some constants ¢, ,Cy,, ¢y, Csy,
and Cy,. The magnetic field in presence of these scatterers corresponding to the same boundary data as above
satisfies

1
curl(g—curaln) —w?u, H, =0 in €, (2.2a)
pn
1
g—(curaln) Xv=g on 0€. (2.2b)
Pn

Introducing the sesquilinear forms ag and a,, , n € N, on H(curl, Q) x H(curl, Q?), where

H(curl, Q) := {u € L*(2,C?) | curlu € L*(Q,C?)},
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by
1 — ) _
ap(u,v) := | —curlu-curlvde —w tow - vde,
Q €o Q
1 -
ap, (u,v) = [ —curlu - curlvde — w2/ Kp, - U de,
Q Epy Q

the weak formulations of the boundary value problems (2.1) and (2.2) ask to find Hy, H,, € H(curl, ) such
that

ao(Ho,v) = /ang -vds, for all v € H(curl, ), (2.3)
ap, (H,,,v) = /(mg -ods, for all v € H(curl, Q2), (2.4)

respectively. Throughout we assume that (2.3) has a unique solution. In this case
HHOHH(Curl,Q) < C”gllH;i/z(aQ)

and regularity results for Maxwell’s equations (cf., e.g., Weber [43]) guarantee that H is smooth in Q. It
has been shown in [9] for the special case of diametrically small scatterers that uniqueness of solutions to (2.3)
implies existence and uniqueness of solutions to (2.4) provided that |D,,, | is small enough, i.e., n is large enough.
The proof of this result in [9] carries over to our setting straightforwardly.

Proposition 2.1. Assume that (2.3) has a unique solution. Then, there exists an upper bound R > 0 such
that for any g € H(;ii/Q(@Q) and any n € N with |D,,,
H,, € H(curl,Q) satisfying

< R the variational problem (2.4) has a unique solution

1 H .,

H (curl,Q) < C”g”H;‘}//?(aQ)a
where the constant C' is independent of n.

We are interested in the asymptotic behavior of v x (H,,, — HO)‘GQ as |D,, | — 0. Following [18] we start
by observing that for all n € N the positive regular Borel measure

tn(E) := / |Dp. | xp, da, E C 2 Borel measurable, (2.5)
E

satisfies |, | < 1, where |p1,,| denotes the total variation of p1,, and x,, is the characteristic function of D, . This
means that the sequence (fi,)nen is bounded in the space M (€2, C) of complex regular Borel measures on 2. By
Riesz’s representation theorem M (2, C) is isomorphic to the dual space of Cp(£2, C) of continuous functions on
Q that vanish on 99 (cf., e.g., Rudin [40], Thm. 6.19). Thus the Banach-Alaoglu Theorem (cf., e.g., Rudin [41],
Thm. 3.15) guarantees the existence of a subsequence, also denoted by (D, )nen, and a complex regular Borel
measure p such that for every ¢ € Cp(2, C),

li du,, = dp. 2.6
im beu /Qd)u (2.6)

n—00

Another ingredient of the asymptotic perturbation formula established in Theorem 2.2 below, is the dyadic
Green’s function for time-harmonic Maxwell’s equations corresponding to the homogeneous background medium,

1

5 Vedive(Pr(@ —y)ly), 2y cR’ @y,

G(x,y) := Pp(x — y)I5 +
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where @y (z — y) := *l®=¥l/4x|x — y| is the fundamental solution of the Helmholtz equation with wave
number k := y/w?Eouo (if &g ¢ R, then k is taken to have positive imaginary part) and I3 denotes the 3 x 3-
identity matrix. Here and throughout this work we let scalar operators operate on vectors component-wise and
vector operators on matrices column by column. Note that for any y € R? the dyadic Green’s function is the
distributional solution of

curl,curl,G(z,y) — k*G(z,y) = dy(x), x € R3.

In the following theorem L? (2, K3*3; 1), K = R or K = C, denotes the space of real or complex matrix-valued
functions on (2 that are square integrable with respect to the regular Borel measure p, respectively.

Theorem 2.2. Suppose (D, )nen is a sequence of measurable subsets of Qo CC Q as introduced above and

assume that |D,, | < R for all n € N, where R is the upper bound from Proposition 2.1. Given g € H(;ii/Q(@Q)
let Hy and H,,, n € N, denote the corresponding solutions of (2.3) and (2.4), respectively. Then, there
exists a subsequence, also denoted by (D, )nen, a positive reqular Borel measure pi and matriz-valued functions
ME e L? (,C33; 1) and M* € LQ(Q,R3X3; ), called electric and magnetic polarization tensors, respectively,
such that for y € 010,

v(y) x (H,, — Ho)(y) —2 /6 (o) % curl, G- ) (v x (H,,, ~ o)) ds

- g1y 1 1 -
= |Dy,[2&0 (—/Q é(g - 5—1> (v(y) x curl,G(-,y))M curlH dy

+w2/(uo — 1) (v(y) x G(-,y))M"H, du) +o(|Dp. 1) (2.7)
Q

The subsequence (D,, )nen and the functions M? and M* are independent of g. The last term on the right hand
side of (2.7) satisfies

Tim ([o(| D, )| L= @0.08)/|Dp, | =0
for any g € H;iiﬂ(@(l), uniformly on bounded subsets of H;&/Q(@Q).

Although in this work we consider the magnetic field only, we note that an asymptotic perturbation formula
similar to (2.7) can be established for the electric field as well.

Remark 2.3 (Polarization Tensors). Before we give a precise definition of the electric and magnetic polarization
tensor in Section 3.3 below, we recall in the following two important properties of these matrix valued functions.
It has been shown in [18], Section 4, that the magnetic polarization tensor M¥ (and similarly the electric
polarization tensor M?, provided that £y, & € R, i.e., 09 = o1 = 0) is symmetric and positive definite in the
sense that for p-a.e. x € (),

M*T () = MH (), (2.8a)

win {1, 2050 g2 < €Taat )¢ < maox {1, L1} g (2.80)

for all £ € R3. For dissipative media, following the proof for real-valued coefficients in [18], Section 4, we obtain
that for p-a.e. & € Q the electric polarization tensor M*(x) satisfies

M? ' (a) = MF (),



1198 R. GRIESMAIER

i.e., it is symmetric but not Hermitian, and

(Re(él — &) —

gD €2 < €T Re (61 — 20)MF (2)) £ < Re(&1 — &) €],

(1 —é0)?

(Im(él — &) —

)l < €7 (61 - (@) € < T 20)leP
for all £ € R?, i.e., it is uniformly bounded.

3. PRELIMINARY CONVERGENCE ESTIMATES

In this section we derive energy estimates for the difference H,, — Hgy, n € N, of the magnetic fields with
and without scatterers and for the difference of corresponding asymptotic corrector potentials introduced below.
Moreover, we define the electric and magnetic polarization tensors used in this work and discuss their relation
to the polarization tensor appearing in the asymptotic representation formula for electrostatic potentials from
[18,19,21]. Throughout we assume that (D, )nen is a sequence of measurable subsets of 29 CC 2 as in Section 2
such that |D,, | < R, where R is the upper bound from Proposition 2.1, and that (2.6) is satisfied.

3.1. Two decompositions of H(curl, )

The energy estimates will be formulated in terms of two types of Helmholtz decompositions of H (curl, )
related to the variational formulations (2.3) and (2.4), respectively. Following [9], we define the spaces Y :=
VH(Q,C),

Yy :={u € H(curl,Q) | div(pou) =0 in Q, v-u =0 on Q},
and for all n € N,
Y/J;n ={u € H(curl,Q) | div(g,,u) =0in Q, v-u =0 on 9Q}.

It is well known that the subspace Y is closed in H (curl, Q). Furthermore, Yé and Yj" are the orthogonal
complements of Y in H(curl, Q) with respect to the inner products

(u,v)g := /Quou -vdx and (u,v),, = /Q,upnu -vde,
u,v € H(curl, ), respectively. This yields decompositions
H(curl,lQ)=Y&Y;=YaY,, neN,
and corresponding orthogonal projections
Py : H(curl,Q) — Yé and P, :H(curl,Q) — Yﬁn, (3.1)

given by Pyu := u — Vpg and P, u = u — Vp,, , where po, p,, € H}(Q,C) := {¢p € H'(Q,C) | [, ¢ds =0}
satisfy

/ woVpo - Voda = / pou - Vo dx for all ¢ € H*(Q,C), (3.2a)
Q Q

/ Lo, VDp, - Vo dx = / o, u - Vo da for all ¢ € H*(Q,C), (3.2b)
Q Q
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respectively. For v € YS‘ the Friedrichs inequality
ull2(0,c3) < Clleurlul| g2 c3) (3.3)

follows directly from [37], Corollary 3.51 in the book of Monk and using the compactness result [9], Proposition 3
it can be shown that (3.3) holds for u € Yﬁn as well.
Accordingly we can decompose

Hy=: hy+ Vq and H, =h, +Vq,,, neN, (3.4)

such that hg € Y, h,, € Yﬁn, and qo, q,, € H1(Q,C). Combining the weak formulations (2.3), (2.4), and

(3.2) it follows immediately that gy and g, are weak solutions of

div(uoVgo) =0 in £, (3.5a)
#0% = %divagg on 01, (3.5Db)
and
div(pp, Vgp,) =0 in £, (3.6a)
Epn 6;;” = %divagg on 012, (3.6b)

respectively. Thus, regularity results for elliptic equations show that the solution ¢ is smooth in Qg (cf.
McLean [36], Thm. 4.18).
Sometimes we will also use the slightly different decompositions

Ho=:h{" +Vey" and H, =h"+v¢?, neN, (3.7)

with hép”) € Yﬁn, hE,?L) € Yé, and q(()p”), qég) € H1(Q,C). Note that q(()p") and qég) are weak solutions of

div(,, Vi) = div(u,, Ho) in Q, (3.8a)
Lo, 8118(()::") = %divagg on 012, (3.8b)
and
div(poVg?) = div(uoH,,) in Q, (3.9a)
140 6;%”) = %divagg on 912, (3.9b)
respectively.

3.2. Estimates for the magnetic field

To estimate the difference H, — Hy, n € N, we consider its gradient part and its divergence free part
according to the decompositions (3.4) and (3.7) separately. As already mentioned in the introduction, the
analysis for the gradient part in this and the following sections follows closely the corresponding analysis for
the electrostatic case from [18], while the divergence free parts require different arguments and techniques.
Throughout we use generic constants C' and Cy,, n € [1/5,1/2], the values of which might change from line to
line.
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Lemma 3.1. Let qo and q,, be as in (3.4). Then, there exists a constant C' such that for any n € N,

s, = dollirs 0,6) < C1Dp, 17211g 1720y (3.10)
and for any n € [1/5,1/2] there exists a constant C, such that
4. — woll (@) < Col D[Nl 1725 (3.11)

Proof. Since qo and gq,, satisfy (3.5) and (3.6), respectively, this lemma is a special case of [18], Lemma 1. O

Lemma 3.2. Let ho,hé 2 h,,, and hgi) be as in (3.4) and (3.7), respectively. Then, there exists a constant
C such that for any n € N,

”hﬂn - h(()p")HH(curl,Q) < C|Dpn UQHQHH;f]/?(BQ)v (3123“)
Iho = b llrrceurtsy < C1Dp 2 lgll g 1/2 g (3.12b)
1o, = rceurte) < ClDp Y29l g2 o (3.12c)
Furthermore, for any n € [1/5,1/2] there exists a constant C,, such that
1B~ holl o) < ColDp [Nl gy-1/2 00y (313)

Proof. Step 1 (proof of (3.12a)). From the weak formulations (2.3) and (2.4) we find that Hy = hép") + Vqép")
and H, = h, +Vq,, satisfy

1 -
—curl(H,, — Hy) - curludx — w2/ Hp, (Hp, — Hp) -udz
Q €pn Q

1 1
= / (— — —)curlHO curlu dz — w? / (o — pp, ) Ho -wde
QN0 Ep, Q

for all w € H(curl, Q). The regularity results for weak solutions of Maxwell’s equations mentioned before show
that || Ho|ly1.0 (q,c5) < CHg||H71/2(6Q), and we may estimate
div

}/ S —— curlHo curludx — 2/(uo—,upn)H0'ﬁd33
EﬂL Q

< C|D,, |2 (|leurlH | o (o, ¢ lcurlu| g2 o cs) + [ Holl Lo (o, l1ul L2(0.c2))

< C|Dﬂn 1/2”9”1_[(3‘1//2(39) ||u||H(cur1,Q)~
So, using orthogonality we obtain that h,, — hép”) satisfies
ap, (hy, —h"” v) =1, (v) forallveY:, (3.14)

where [, is a bounded conjugate linear form on Y/J;n such that

sup | pn( )| < C|Dpn

vl & (cur1,0) =1

1/2HQHH 1/2(59)'
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Hence, (3.12a) is a consequence of the well-posedness of (3.14), which follows directly from the proof of [9],
Lemma 1 recalling that we assumed |D,,, | < R.

Step 2 (proof of (3.12b)). Since div(poho) = 01in Q and pov-ho = 0 on 0N2 there exists a vector potential zg €
H(curl, Q) satisfying div(pozo) = 0 in Q such that poho = curlzg (cf. [37], Thm. 3.41). Moreover (see [37],
Thm. 3.38), zg = curl(A) for some A € H(curl, ), which means zy € curl(H (curl,?)). Analogously, we

can find zép") € curl(H(curl, ©2)) such that su,, hgp") = curlzép"). Now, following an idea used in [37], p. 173,

where it was attributed to Arnold et al. [12], we introduce sesquilinear forms a on H (curl, 2) x H(curl, §2)
and (3 on curl(H (curl,Q)) x H(curl, Q) by

alu,v) ::/,upnu-ﬁda: and B(w,v) ::—/ w - curlv dz,
Q Q

respectively, and observe that (hg — hép ”), zo — zép ”)) solves the mixed variational problem

alhg — hép"), v) + B(z0 — zgp"),v) = / (tp, — to)ho - vde, (3.15a)
Q
B(w, by — h{™) =0 (3.15b)

for all v € H(curl,Q2) and w € curl(H (curl, 2)). Note that a and 3 are bounded, « is coercive, and [ satisfies
the Babuska-Brezzi condition

w - curlv dx ||wH2 :
sup _|B(w, v)| = sup o | 2 Lo > Cllw|zzo,c9)
veH (curl,Q) HUHH(CUI‘I,Q) veH (curl,Q) H'UHH(curl,Q) ||U||H(Cur1,Q)

for all w € curl(H (curl,Q)), where u € Y§ C H(curl, Q) has been chosen such that w = curlu, and we used
(3.3) to estimate |lu||g2(q c3) < Cllw|[g2(q,cs). Therefore (cf. [37], Thm. 2.25), solutions to (3.15) are unique

and (ho — hgp"), z0 — zgp")) satisfies

(pn)

(Hp, — po)ho - wde
H(curl) + |20 — 20 " [|z2(0,c3) < sup ot |

u€eH(curl,Q) HuHH(curl,Q)
< O1Dp, ["2[[ho]| L= (0g,c3) < C|D,,

o — R

1/2HgHHd7ii/2(8Q).

The last inequality follows from the definition of hg = Hy — Vqp and the interior regularity of ¢y and Hy
mentioned before.

Step 3 (proof of (3.13)). Similar to Step 1 we find by subtracting the weak formulations (2.3) and (2.4) that
for all u € H(curl, Q),

1 -
—curl(H,, — Hy) - curludx — w2/ po(H,, — Hy)-udx
Q€0 Q

1 1 -
= / <~— - ~—)cur1Hpn -curlu dx — w? / (po — pp, JHp, -wdz.  (3.16)
Qe Ep, Q

Using a duality argument inspired by the proof of [18], Lemma 1 we denote by z € Yé the solution of the
adjoint problem

T -
—curlz - curludx — w2/ toz -udx = / uo(hgo) — hy) -udx (3.17)
Q €0 Q Q "

for all w € Y5 . Uniqueness of solutions to (2.3) implies existence and uniqueness of a solution to (3.17) with

2]l E (curr,0) < CH’"EB) - hOHL2(Q,C3)-
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Recalling that in Y3 the norm || - | 71 (@,c3) is equivalent to || - || f(curt,0) (¢f. Dautray and Lions [25], Thm. 3,
p. 209), this shows that ||z|| g1 (o,c3) < C’thi) hollL2(q,csy- Similarly, since curlz satisfies curl((%)curlz) =
po(w?z+h,, — h! ")), i.e., curlz € H(curl, ), div(curl(z)) = 0 in 2, and v X curlz = 0 on 012, we find that
curlz € H'(Q,C?) and [[curlz|| g1 (o,cs) < C’||h§,(i) — hol|L2(0,cs) as well. Substituting this z into (3.16), using
orthogonality, (3.17), and Hélder’s inequality we obtain that

1 -
/ |h§)OW) — ho|*dz = ‘/ Tcurl(hg? — hy) - curlzdx — w2/ uo(héow) — hy) ~Ed:1:‘
Q ) Q 0 Q '

= ‘/ - - — curaln -curlzdx wa/(uo — o ) H ~Edm‘

< ClleurtHy oy, colleutlzlanco, e+ VELy oo co<lasco,, )

where 1 < p,q < oo are such that 1/p+1/¢ = 1. Assuming that 2 < p <6, i.e., 6/5 < ¢ < 2, the boundedness
of the embedding of H'(€,C?) into LP(Q, C?) (¢f. Adams [1], Thm. 5.4) implies that
lcurlz||zr(p,, c3) < Cllcurlz| g1 o cs) and lzllzr(p,, c3) < Cllzllmr (0,c8)-

Pn Pn

Thus,
1Y) — holl 2,08y < C(lleurlH,, ||po(p, . o) + | Hy, lza(p,, c)- (3.18)

Since 6/5 < ¢ < 2, we can use the triangle inequality and embed L*(D,, ,C?) and L>°(D,, ,C?) into LY(D,, ,C?)
applying Hoélder’s inequality (cf. Gilbarg and Trudinger [27], Eq. (7.8), p. 146) to see that

Pn>

3) S |Dp7,,|1/q_1/2HHpn - HOHH(curl,Q) + |Dpn|1/q||HO||W1’°°(QO,C3)'
(3.19)

Hp, lLap,, c3) + llcurlH || ep

Pn

Recalling that || Holly 1.0 (0,,c3) < Cllgll 5-1/2 we use (3.4) to obtain
div

(09)’
H,, — Hollz(curr,0) < [|hp, — hollz(curr,0) + 125, — q0ll 51 (0.0)
which together with (3.10), (3.12a), and (3.12b) gives

HHPn - HOHH(curl,Q) S C|Dpn|1/2HgHH;i/2(8Q)

Therefore, combining (3.19) and (3.18) we find that

IR — k|l L2008y < C|D,,

Pn

l/qu”Hd*ii“(aQ)

and writing 7 := 1 — 1/q yields (3.13).
Step 4 (proof of (3.12c)). As in Step 2 we can find z,, ,zE)n) € curl(H (curl, Q)) such that p,, h,, =curlz,,
and Mohg,? = curlzgi). Then (h,, — hff?, Zp, — zgi)) satisfies

a(h,, — hgi), v)+ B(zp, — sz?,v) = /Q(,uo — upn)hg? -vdx,

ﬂ(wv h’Pn - h<p?3) =0
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for all v € H(curl,Q) and w € curl(H (curl, Q?)), where « and 3 are the sesquilinear forms introduced in the
second step. Therefore, using (3.13) we obtain that

rr.c) < (ko = 160, )R L2 (009

< (1o — ko, )holl L2000y + (10 — tp,, ) (o — )
< CID,, M2 ol (@) + Col D[l g1/

e, = B | (cure) + 125, — 2

Pn

‘L2(Q,(C3)

(09)

< 1D, gy -1200 -

Lemma 3.3. Let qq, q(()p"), dp,» and qé?

such that for any n € N,

) be as in (3.4) and (3.7), respectively. Then, there exists a constant C

)

lao — a5l @.¢) < CIDp, 72119 117200 (3.20a)

95, — 42 lr2@.0) < 1D 2] 117250 (3.200)
Furthermore, for any n € [1/5,1/2] there exists a constant C,, such that

lao = a6 2000 < Cal Do I "Mlgl gy 172 (3.21a)

45, — 42 lz2@.0) < Cal Do Mgl g2 0 (3.21b)

Proof. These estimates are no direct consequences of [18], Lemma 1 because the source terms in (3.8) and (3.9)
are discontinuous and do not agree with the source terms in (3.5) and (3.6), respectively. However, the lemma
can be shown following the same strategy as used in the proof of [18], Lemma 1. Therefore, we comment on
differences to this proof only, without including all details.

Step 1 (proof of (3.20a)). From the weak formulations of (3.5) and (3.8) we find that

/ 1oVao - Voda = / poHo -V da for all ¢ € H*(Q,C), (3.22a)

Q Q

/ 1, Vg™ -V dao = / pp, Ho -V da for all ¢ € H'(Q,C), (3.22D)
Q Q

and therefore
/QMM,V(QO — qépn)) -V_¢dw = /Q(MO - :upn)hO 'V_¢d1’

for all ¢ € H*(2,C). Using the smoothness of hg in Qg, which follows from the smoothness of H( and qo, we
can proceed as in the proof of [18], Lemma 1 to obtain (3.20a).
Step 2 (proof of (3.20b)). Similar to the first step we find from (3.6) and (3.9) that

/ 1o Va,, - Vodz = / oo Hp, - Vodz for all ¢ € H'(Q, C), (3.23a)

Q Q

/ 1Vq? - Védr = / poH,, -Védx for all ¢ € H'(Q,C), (3.23b)
Q Q

and thus
/Q 100,V (@, — q')) - Vo dw = /Q (tp, — ho)hY - Vo da

= [ (0, = )W)~ ha) TGda + [ (s, ~ po)ha - Tode
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for all ¢ € H(,C). Using (3.13) and the smoothness of hq in {2y mentioned before we estimate

‘/Q(Mpn — 10) (A — ho) -V_¢dw+/9(upn — po)ho - Vo da

< C||h§;(i,) — holl 2,090l ma,c) + ClDp, |2l Roll Lo (o, 6]l 2 (0,0)
< C|D,,

Y2 g1l 1200 16l )
Therefore, ¢,, — q,(,?L) € Hl1(Q,C) satisfies

A(dp, — 4t

div (1, V(4p, — qg(i))) =Gp, inQ, Ko, £ ) =0 on 01,

for some G,, € H=1(Q,C) with |Gy, | -1 (a.c) < C|D,, |'/?| This implies (3.20D).

Step 3 (proof of (3.21a)). From (3.22) we obtain that

|gHH;i/2(6Q)

/ oV (g0 — g)) - Vo da = / (o — 1, B - T,
Q Q

Therewith (3.21a) follows using a duality argument as in the second part of the proof of [18], Lemma 1.
Step 4 (proof of (3.21b)). Using (3.23) we find that

/Q 10V (G, — 42)) - Vg dz = /Q (p, — o)y, - V.

Therewith (3.21b) can be shown using a duality argument as in the second part of the proof of [18],
Lemma 1. O

3.3. Asymptotic correctors and polarization tensors

(@ )

In this section we introduce scalar-valued functions v , v, , 1 < j < 3, vector-valued functions w9, w?

€o épn ’
1 <5 <3, and the so-called electric and magnetic polarization tensors that will be used to derive the asymptotic
perturbation formula in Section 4.

For 1 < j < 3, denote by v,(f[.)) vif;,)n € H!(Q,C) the weak solutions of

div (Vo)) = div(poe;) in 0, (3.24a)
()
o agio = [loVj on 092, (3.24b)
and
div (p, Vo) ) = div(poe;) in 0, (3.25a)
8U(j)
Ko, 5’:"” = [oVj on 012, (3.25b)

in H!(Q, C), respectively, where (e1, ez, €3) is the standard basis of R? and v; := v-e; denotes the jth component
of the unit outward normal vector on 0€2. Observe that vf{o) is given by the explicit formula

; 1
vffo) =x; — m/ﬂ% ds(zx). (3.26)
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Lemma 3.4. Let v(]) and vfi)n, 1 < j < 3, be the solutions of (3.24) and (3.25), respectively. Then, there
exists a constant C such that for alln € N,

[0 = v | mrac) < CID,, V2, (3.27a)

and for any n € [1/5,1/2] there exists a constant C,, such that

05 — vl L2 ,c) < CylDp, ' (3.27b)
Proof. This lemma is a direct consequence of [18], Lemma 1. O

Lemma 3.5. For 1 < j < 3 denote by U,(fp)n, n € N, the solution to (3.25). Then, there exists a subsequence,
also denoted by (D, )nen, and a matriz-valued function M* := (Mj3)1<; j<3 € L?(Q,R3*3; 1), called magnetic
polarization tensor, such that for 1 <i,j <3 and all ¢ € Cy(Q2,C),

a,U(J)
/ ¢ a;p" pn|_1XDpn de — / oM}, dp as n — oo. (3.28)
i Q
Proof. This lemma has been shown in [18], pp. 165-166. O

Remark 3.6. The definition of the magnetic polarization tensor M* in (3.28) is equivalent to the definition
of the polarization tensor appearing in the general perturbation formula for steady state voltage potentials
established in [18]. This means that all results for polarization tensors obtained in [18,19,21] remain valid for
the magnetic polarization tensor M#; in particular (2.8a) and (2.8b) hold.

Next, for 1 < j < 3 denote by w( 9 ¢ YO and w(ﬂ) € Yj" the weak solutions of

1 1
curl (—curlw(])> = curl <Tej) in Q, (3.29a)
€o €0
1 v) 1
—curlwy’ xv=—e; xv on 012, (3.29b)
€0 €0
and
1 (J) 1 .
curl | —curlw; =curl { —e; in Q, (3.30a)
Eﬁw n €0
1 G) 1
—curlwy’ xv=_—e; xv on 0f), (3.30b)
Eﬂn Pn €0

respectively. Introducing the sesquilinear forms

1 -
af!(u,v) ;= [ —curlu - curlvdez, u,v € H(curl, Q),
Qo
, 1 -
a;tat(% v):= | —curlu - curlvde, u,v € H(curl,Q),
" Q €pn

and the conjugate linear form

1
lp(v) := /89 B (ej x v)-vds, v € H(curl,Q),
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the weak formulations of (3.29) and (3.30) ask to find w(]) € YJ‘ and w(]) € Y/J;n such that

a3t (Y v) = L, (v) for all v € Y, (3.32a)
ate (wd) v) =1, (v) for all v € Y7, . (3.32b)

stat

Note that both equations are trivially fulfilled for any v € Y. The sesquilinear forms a§'* and a;,.*" are bounded

and recalling (3.3) we find that they are also coercive on Yé as well as on Ypl". Thus we obtam existence and

uniqueness of solutions w (J ) e Yl and wff,? ey p{ . from the Lax-Milgram Lemma and these solutions satisfy

||wg))||H(cur1,Q) < C and || Epn HH(curl Q) < C
where C' is independent of p,,. In addition we define

w(~j pn) = Ppww( eyt and wi? = Po'wg) eYy,

Pn €on

where P, and P, are the projection operators from (3.1). Observe that these function solve

agtat(wgﬂnhv) = 1,(v) forallv ey, , (3.33a)
ast @ (wl v) = 1,(v) for all v € Y7, (3.33Db)
respectively, and therefore,
||wg;pn)”H(curl,Q) < C and || (J, )HH(CUTI Q) < C

where C' is again independent of p,,.

Lemma 3.7. Let w; ) w(]’p"), wgp , and w(J’ ) denote the solutions of (3.32) and (3.33), respectively. Then,

E n

there exists a constant C such that for any n € N,

lw? —w | sy < CID,, /2, (3.34a)
||’LU(]) w(j on) H(curl,Q) < C|Dpn|1/2a (334b)
|| g,)n - w§p77l)||H(curl,Q) < C|Dpn|1/2' (334C)

Furthermore, for any n € [1/5,1/2] there exists a constant C,, such that

0
||“’i]pn) m”L?(Q czy < CylDp, '~ (3.35)
Proof. This lemma can be shown using similar arguments as in the proof of Lemma 3.2. (]

To construct an explicit expression for curlwg ) similar to (3.26) we observe that dive; = 0 in © and thus
there exists a function z9) € H(curl, Q) such that curlz) = e; (¢f. [37], Thm. 3.38). The projection Pyz()

(J)

of this function onto YS‘ satisfies (3.29), which means that w; = Pyz") and consequently

curlwm e;. (3.36)
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Lemma 3.8. For 1 < j < 3 denote by w(]) , n € N, the solution to (3.30). Then, there exists a subsequence,

also denoted by (D,, )nen and a matmx-valued function MF := (M;)1<i j<3 € L?(Q,C3%3; 1), called electric
polarization tensor, such that for 1 <i,5 <3 and all ¢ € Cp(2,C),

/ o— curlw(J) -e;|D,, | 'xp, dz — / qSMf; dpe as n — oo. (3.37)
" Q

Proof. Proceeding as in [18], pp. 165-166, we use (3.34) and (3.36) to obtain

11Dy, |7 xD,, curlw~ <C|Dpn|’1(|\C“f1wi~i) _Curlu“ HLl(DL )—i—chrlw HL1 Dy <c3))

HLl(Q C3)

§C|Dpn|_1(”1”L2(D C)chrlwg) —curl'w HLQ(Q c3) +|Dpn|> < C.

Pn>

Therefore the Banach-Alaoglu Theorem yields a complex regular Borel measure ij and a subsequence, again
denoted by (D,, )nen, such that for all ¢ € Cy(£2,C),

lim d)—curlw(]) -e;|D,,
n—oo o &1 n

“xp,, dz = / ¢ AM;;.
Q
Applying (3.34) and (3.36) once more we estimate

[ oans| <

—1
XD, dx

<lim inf/ |¢||(curlwg)n — curlwg)) -ei||D,,

+ lim/|¢||curlw(]) ei||D,, |

XDmldm)

1/2
o))

< C<linrg iogf(lenl‘” [ (curlw?) —curlw?)) - i 12 ( /Q ERI

/Q|curlwm eil|¢| du)

< CH¢||L2(Q7C?H)’

where L?(Q,C; 1) denotes the space of complex-valued square integrable functions on € with respect to the
measure pu. Therefore, ¢ — fQ (;Sd/\/lfj can be extended to a bounded linear functional on L?(£, C; u) and from
the Riesz Representation Theorem (cf., e.g., [36], Thm. 2.30) we obtain a unique Mf; € L?(Q,C; u) such that

for all ¢ € Cy(Q2,C),
/ pdMS; = / oM dp. O
Q Q

Remark 3.9. For constant background permittivities £ as considered in this work the definition of the electric
polarization tensor M® from (3.37) is equivalent to the definition of the magnetic polarization tensor M* from
(3.28) with p,,, replaced by £, in the following sense: From (3.30) we find that

1 1
F = —curlw — —e; € H(curl, Q)
Epn Epn €0

satisfies curlF' = 0 and v x F|sq = 0. Therefore, F' = Vp for some p € H}(Q,C) := {f € H'(Q,C) | floa = 0}
(¢f. [37], Thm. 3.41), and accordingly
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satisfies
div(s,, Vi¥ ) =0 inQ, oY =z; onoQ,

Pn 1

which is of the same structure as (3.25) except for the boundary condition. Therewith,

0 _ g0
B curlwépn = Vvépn
and for any ¢ € Cy(£2,C) (3.37) reduces to
oY) )
/ ¢%|D,Jn “xp, dz — / oM dp asn — oo. (3.38)
Q Li Q

It has been shown in [21], Lemma 1, that (3.38) (and therefore also (3.37)) yields the same polarization tensor
as (3.28) with o) replaced by ’Ug)) , where ey

" N~
Hon n €pn

denotes the solution to (3.25) with p,, replaced by £, .

4. THE PERTURBATION FORMULA

In this section we give the proof of Theorem 2.2. Throughout we assume that (D, )nen is a sequence of
measurable subsets of Qg CC Q as in Section 2 such that |D,, | < R, where R is the upper bound from
Proposition 2.1, and (2.6), (3.28), and (3.37) are satisfied. We start by proving an integral representation for
the trace of H,, — H( on 0.

Lemma 4.1. Let Hy and H,,, n € N, be the solutions of (2.3) and (2.4), respectively. Then, for any y € 0Q,

v(y) x (H,, — Ho)(y) — 2/89 (v(y) x curl,G(-,y)) (v x (H,, — Hy)) ds

= 250(—/9(i - L) (v(y) x curl,G(-,y))curlH,, dz + w? /Q(Mo — tp)(v(y) x G(-,y))H,, dw)-

€0 gﬂn
(4.1)

Proof. First let y € \ Qo be a point close to the boundary 9 and choose 7 > 0 small enough such that
B, (y) C Q\ Qp. Using integration by parts we find that

1
0= / (curl(TCurlH0> - W2M0H0> -G(-,y)dz
Q\B,(y) €o

1
= / (TcurlHo ~curl,G(-,y) — w?uoHo - G(- ,y)) dx
Q\B,(y) ‘€0

1
f/ g.((}(-,y)ds+/ <TCUFIH0XV)'G('ay)d5
o0 8B, (y) €0

and similarly

1
0= / (~—cur1Hpn ccurl,G(-,y) — w?u, H, -G(- ,y)) da
O\Br(y) “Epn

1
_/ g-G(-,y)ds—i—/ (~—cur1Hpn><V)-G(-,y)ds.
o0 OB, (y) \Epn
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Subtracting these formulas we obtain

1
/ (Tcurl(Hpn — Hy) - curl,G(-,y) —w?uo(H,, — Hy) - G(- ,y)) dz
N\ B.(y) €0

1 1
~ [ (5~ = )ewlH,, - curl.G(y) - (a0~ o, Hy, - G(-.3) de
B, (y) 0 Epn

1 1
+ / —(curlHo x v) - G(-,y)ds — / —(curlH,, xv) -G(-,y)ds. (4.2)
0B, (y) €0 0B, (y) Epn

Integrating by parts once more the left hand side of (4.2) can be rewritten as

1
[ (GeulH,, - Ho) curl,&(-,y) - *mo(H,, - Ho)-G(-.p)) de
Q\B,(y) ‘€0

:—/ i((Hp"fHO)><1/)~curlz((}(~,y)ds+/ i
o

— ((H,, — Hoy) xv)-curl,G(-,y)ds.  (4.3)
Q €0 dB,(y) €0

Combining (4.2) and (4.3), observing that &y and &,, as well as uo and p,, coincide on B, (y), and applying
the Stratton-Chu Formula (see, e.g., [37], Thm. 9.2) we find that

1 1
/ ((T - ~_)curlHﬂn ceurl, G (-, y) — w?(po — ton ) H p, - G(- 7y)) de
QN0 Ep,
1
=— ((curl(Hpn - Hy)) xv)-G(-,y)+ ((H,, — Ho) xv) - curl,G(- 7y)) ds
€o 0B, (y)
1
-z (H,, — Ho) x v) - curl,G(-,y)ds
0 Jon
1 1
= 2 (H,, ~ Ho) () & / ((H,, — Ho) x v) - curl,G(-, y) ds.
0 €0 Joq

Now letting y — 02, using the trace formula for curls of vector potentials (see Colton and Kress [24], Thm. 2.26),
and recalling that G(-,vy) is symmetric while curl,G( -, y) is skew symmetric yields (4.1). O

Next, inspired by the proof of [18], Lemma 2, we use an integration by parts technique to decompose the
influence of the boundary data and of the geometry of the scatterer on the magnetic field H,, as n — oo.

Lemma 4.2. Let Hy and H,, be the solutions of (2.3) and (2.4), respectively. Then, for 1 < j < 3 and all
OES CO(Qa (C);

71XDpn dae — WQ/ (o — 1) Hp, - €5 Dy,
Q

1 1
lim (/ d)(T — ~—)cural" -ej|D,, 71XDP dm)
n—o0 O €0 €1 "

15 1 1 -
= /Q qbé(g —é—l)curlHo-Mij dp — w? /Q $(uo — w1)Ho - M" dp, (4.4)

where Mij and M‘ij denote the jth column of the electric and magnetic polarization tensor, respectively.
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Proof. Subtracting the weak formulations (2.3) and (2.4) with test function v = wg)qb and applying (3.4) and
(3.7) gives

1 1 .
Q \€o Epn Q

1 ] 4
= Jp 7o ouri(Hy — Ho)- curl(wé? 6)de - o / po(H,, — Ho) - wd)da
Q Q
1 .
= é—curl(hﬁ)‘? — hyg) - curl(w (0)¢) de —w / po(H,, — Hy) 'wg))z,bdm (4.5)
Q €o ;

and similarly for v = ng ’O)d),

1 1
/ (— - —)curlHo curl(w; G 0)(;5) de —w /(,uo — ppo ) Ho - 'w <Z>dm
QN0 Ep, "

1 . .
= | z—curl(H,, - Ho)- curl(w?"”¢) dz — w? / tip, (Hp, — Ho) - wéﬂ’%dm
Q Cpn n Q n
]_ .
— E—curl(h(o) ho) - curl(w? " ) da — w? / o, (H,, — Ho) - wl%¢dz. (4.6)
Q Epn " Q

On the other hand, using the test function v = (vffo)(,zb) we obtain that

/ (o — o) H 5., - V(0D 6) dar = / wo(H,, — Hy) - V(o)) dae
Q Q
= /Q 10V (g = qo) - V(07 ¢) da (4.7)

and similarly, applying (3.4) and (3.7) we find for v = V(v,(fp) ¢) that

/Q (o — 1, ) Ho - V(0 ¢)dz = /Q o (H,, — Ho) - V() ¢)dz
- /Q o V(00 — o) - V(o) §)dz + /Q (i, — 10) (A — ho) - V(09) §) dz

4 /Q o, (B — o) - V(00— 00))6) da

- /Q 1, V(4 = 40) - V(@ 6)dz + (| D, ).

(J)

Here we used orthogonality, (3.13), (3.27a), and the smoothness of v,y in Q.
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Recalling (3.12) and (3.35) we can calculate

1 , 1 ,
—curl(h(o) ho)-curl(w?? ¢) dz = —curl(h — h) - curl(w? )¢ da
Q Epn pn Q Epn pn
1
+ E—curl(h(o) ho) - (Vo x w?))dz + o(|D,, )
Q Epn

1 i 1 i
= E—curl(h( ) — hg) - curl(wé]) Ypdx + —curl(h( ) — hg) - (Vo x wg))) dx
Q €pn o Q¢€o

+/ <L_i>curl(h(0) ho) - (V¢ x wl)) da + o(| D, ).
Q

€pn €0

Integrating by parts and using (3.30), (3.13), and (3.34) yields

1 )
—curl(h() hy) - curl(wg’o)qb)dw

Q Epn
= / () — hyg) - curl Lcurl(w(j) )¢ | dx +/ () — hy) - L (curlw(j) ) X vo | ds
Q Pn gpw Epn 90 Pn épn Epn
1 11 :
+/ —curl(hl? — ho) - (Vo x w) da +/ <— - T> curl(hl”) — ho) - (Vo x w) dz + o(|D,, |)
a €o " Q \€pn €0 "
:/ — (b — hy).- (w) x curlw? ) dm+/ (A — hy) <—e] x u> dds
Q €pn 2Q 0
1 1
+/ —curl(h?) — hy) - (ws X wm) dz +/ ( - T) curl(h) — ho) (w) x w(”) dz + o(|D,, |)
Q €0 Q \Epn €0 "
1 1
= / (h,(o) ho) - (V¢ X curlwi~ ) de+ | (h E,n) — hg) - (~—ej X I/) ¢ds
Q €pn oQ €0
1 11
—curl(h{”) — hy) d / — 1R — h W) q D, .
+ A EOcur ( 0) ( ¢ X w ) x + ER curl(h,, 0)- ( ¢ X wg ) x+o(|D,,]|)

Analogously,

1 .
—curl(hY) — hy) - curl(ng)@ dx = /

1 .
0) ()
a €o pn é_(hpn —hg) - (V(Z) x curlwg ) dz

Q <0

1 1 -
+/ (R — ho) - (g—ej X V) ods+ | —curl(h{f) — ho)- (w X ng) de.
of) 0

Q€o

Combining these two equations we find that

1 ; 1 .
| -curl(h) — ho) - curl(w V9 dw = | —curl(hf) —ho>-cur1<wéi><z>> da
Pn
1
" (?; curl(hy) — ho) - (V¢ x w]') de +o(|D,, ). (4.9)
Pn
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Similar arguments give

/Q o, V(@) — q0) - V(0 6) da = / 1oV (q® — g0) - V(o) dee

+ / (o, — 1)V (@ — q0) - (V) dz + o(|D,, [}, (4.10)

(see the proof of [18], Lem. 2 for details).
Now substituting (4.9) into (4.6) and applying (4.5) we find that

1 1 i
/ <— — —) curlHj - curl(w; U O)(,zb) da — w? / (o — tp, ) Ho - wé]’o)d)da:
Q n Q Pn

o Ep,

o /Q g (Hp, — Ho) - w0 da

1 11 ,
= / curl(h(o) ho) - curl(w (])(,b) de +/ (— - > curl(h(o) ho) - (V¢ X wéﬂ)) da + o(|Dp, |)
Q EO Q \&p 50
1 1 )
- / (_ B _) curlH,, - curl(w J )¢) dz —w /(NO — tp, ) Hp, 'wg))¢d33
Q €o Epn Q
. 1 1 .
+ [ mo(H,, - Ho) wloda— [ (— - —) curlH,, - (V6 x ) do
Q o \¢o €p
1 1 0)
— — ~ )eurlH,- (V d D
# [ (2= euntrta- (voxwl?) o+ o,
(4.11)

In the last step we used (3.35) to obtain

‘/ (— — —> curlH - (V(,b X (wgo) — wg))) daz‘ < Cn|Dpn|3/2*".
Using (3.10), (3.12), and (3.35) we can estimate

‘_w2/ﬂ(luo _Mpn)HO.wéi’f)(bdw+w2/Q/’[/pn (Hpn _HO) wgﬁ’f)¢d$
+w2/§l(MO_an)Hpn 'wg)(bdw_wQ/QNO(Hpn _HO)'wg)(bdw
= |- — pp, ) H <JO> wipd o VHe - wP e d
w? (Mo tp, ) Ho - (wg Mo de — w? (uo o) Ho - w) ¢ da
+w2/ﬂpn(Hpn *Ho)(wg}f) (J))¢dm+w /‘upn(Hpn *HO)'wg)(ﬁdm
Q

= | [ (0= 0 ) E, w0 dn — 2 [ polH, ~ Ho) 0l de
Q Q
= o(ID,. ).
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Thus, after rearrangement and rescaling (4.11) reduces to

1 1
/ (— - —) curlHy - curl( ¢|Dp |"'Xp,, dz
Q

€o €1

1

1 .
= / — — — | curlH,, curl(wéj))q§|Dpn|_1XD dz +o(1). (4.12)
Q EO 51 0 Pn

Similarly, substituting (4.10) into (4.8) and applying (4.7) yields

/Q (1o — i) Ho - V(o) ¢) da

/ 1V (g — qo) - V(v ¢) dw + / (tp, — 10)V () — qo0) - (V$)v?) da + o(|D,,|)

- / (1o — g ) H ., ¥ (07) 9) dax — / (0 — 19 )V (@ — o) - (V)0 daz + o(|D,, ).

From (3.13) we observe that

/Q (o — 11, ) (B — ho) - (Vo)) dz = o(|D,. )

and use (3.27b) to obtain

[ 0= )80 V2, 00w = [ (o= ) H VR0 0z = [ (10 =) H - (V)] da

Q

+ [ (0= 10, ) Ho - (F90i2) da + (D).
Q
Therefore, rearrangement and rescaling gives

—ldx

Pn

*wQ/(uo —m)Ho - (Vo) Yéxp,, |D
Q

= —WQ/(MO —w)H,, - (Voi))éxp,, D, | " dz +o(1). (4.13)
Q

Letting n — oo in (4.12)—(4.4) follows by applying (3.28), (3.37) and the formulas (3.26) and (3.36). O

Proof of Theorem 2.2. Let (D, )nen be a sequence as in Theorem 2.2. Then we can extract a subsequence,
also denoted by (D, Jnen, for which (2.6), (3.28), and (3.37) hold. Rescaling (4.1) we find that for y € 992 and
any n € N,

v(y) x (H,, — Ho)(y) — 2 /8 () % curl G-, y)) (v x (H,, — Hy) ds

= |D,, D

“'Xp,, dz

Pn P

250< /Q (i - i) (v(y) x curl,G(-,y)) curlH,,

€0 €1

+0? [ (0= ) (9) X G 9) H D, v, dw)-
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Since v(y) x G(-,y) and v(y) X curlG(-,y) are smooth in Qy for any y € 99 and their restrictions to 2y can
be extended to continuous functions in Cy(£2), we can apply (4.4) to obtain (2.7). O

5. EXAMPLES AND APPLICATIONS

Given an arbitrary sequence (D, )nen of low volume scatterers as introduced in Section 2, Theorem 2.2
guarantees the existence of a limiting measure  and of polarization tensors M? and M* corresponding to an
appropriate subsequence such that the representation formula (2.7) holds, but neither the limiting measure nor
the polarization tensors are independent of the particular subsequence in general. However, as we discussed
in Remarks 3.6 and 3.9, p as well as M* and M° are equivalent to the corresponding limiting measure and
polarization tensor appearing in the representation formula for voltage perturbations caused by low volume
conductivity inhomogeneities from [18]. These have been very well studied in the past twenty years and explicit
characterizations of the limiting measure and of the polarization tensor are known for several practically inter-
esting examples. In the following we consider three of them, show how these earlier results apply to our setting,
and discuss how the corresponding asymptotic representation formulas have been used or can be used to solve
inverse scattering problems. Throughout let (p,)nen be a sequence of sufficiently small positive real numbers
converging to zero.

Example 5.1 (Point Scatterers). In our first example we consider a collection of m diametrically small scatterers
D, := U, (z1+pnB;) that are well separated from each other and from the boundary of 2. Here By, ..., By, C
R? are bounded smooth domains containing the origin that determine the relative shape of the scatterers. The
location of the scatterers is given by the points z1, ..., 2z, € ), and their diameter is specified by p,,.

As mentioned before, this particular example has already been studied for time-harmonic Maxwell’s equa-
tions in [9]. It follows straightforwardly from (2.6) that in this case the limiting measure p is given by
W= m 2?;1 | Bi]6z,, where 0., denotes the Dirac measure with support in z;, and that it is not necessary

to consider a particular subsequence. The asymptotic representation formula (2.7) reduces for any y € 9% to

v(y) x (H,, — Ho)(y) — 2 /8 () % curl G-, y)) (v x (H,, — Hy) ds

€0 €1

= pn32§0; | B | ( - (i—; (i - i)) (z1) (v(y) x curl,G(z;,y)) M curl H(2;)
0 = )20 (4(0) X B, ) MEHo20)) +0(p%). (5.1)

where M/ and Ml€~ , 1 <1 < m, are the polarization tensors associated with the sequence of single scatterers
(21 + pnBi)nen defined similar to (3.28) and (3.37), respectively. The sequences (3.28) and (3.37) have been
shown to converge without extracting a particular subsequence for this example (see, e.g., [9,22]), i.e., the
asymptotic formula (5.1) holds without extracting a subsequence. Explicit formulas for M’ and Mlé , 1<l <m,
are available if By is a ball or an ellipsoid (¢f., e.g., [5]).

Extensions of this formula to unbounded domains have been considered in [11,28], and reconstruction methods
for the corresponding inverse scattering problem in unbounded domains have been studied in [2,28,29,31-33].
Assuming that the diameter of the scatterers described by p,, is small, these methods neglect the o(p,*) term
in (5.1) and describe the measured electromagnetic fields by the leading order term in this formula. Then,
observing that the unique continuation of the leading order term to the interior of 2 has singularities at the
locations z1,..., 2, of the small scatterers, the inverse problem to reconstruct the positions of the scatterers
reduces to the inverse problem to recover the singularities of this unique continuation from its boundary data.
A popular method to do so is the so-called MUSIC algorithm (see, e.g., Cheney [23]).
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Example 5.2 (thin tubes). Let K, ..., K, be a collection of m simple smooth curves in  that are well sepa-
rated from each other and from the boundary of Q. We consider a family of scatterers D, :=J;~; D, such
that D, ;== {x € Q| dist(x, K;) < pn/2} is a tubular neighborhood around K; and p,, determines its diame-
ter. These thin tubular scatterers can be used to model the practically interesting problem of electromagnetic
scattering from thin wires or pipes.

The limit measure y for this example has been derived in [13,30]. Convergence takes place without extracting
a particular subsequence and p = m 27;1 dx,, where |Kj| denotes the length of the curve K; and the
measure dg, is defined by -

/ o(x) dik, () = o(x) d\(x) for all ¢ € Cy(Q2,C).
Q K,

Here the right hand side has to be understood in the sense of curve integrals. So, for any y € 99, formula (2.7)
reduces to

v(y) x (H,, — Ho)(y) — 2/89 (v(y) x curl,G(-,y))(v x (H,, — Ho))ds

m ~

11 ]

- 22~§/ —i(———) x curl,G( -, y))Mécurl H
Pn”4€0 2 i, 7\ (V(y) curl, G( ,y)) jeurlfdo

20 = ) (v1y) X G )M ) 3+ ofp?), (52)

where MJ" and M, 1 <1 < m, are the polarization tensors associated with the sequence of single scatterers
(Dp, 1)nen defined similar to (3.28) and (3.37), respectively.

For the special case when Ki,..., K,, are straight line segments and the medium is non-conducting, the
polarization tensors M) and Ml€~ have been characterized in [13]. For any @ € Kj, the matrix M (x), v € {u, &},
is symmetric and positive definite with eigenvalue 1 of multiplicity one and eigenvalue ((270)/(v0 + 1)) (x) of
multiplicity two. The eigenvector corresponding to the eigenvalue 1 is tangential to K; in . In this special
case the polarization tensors are independent of the particular subsequence, i.e., (5.2) holds without taking a
subsequence.

First reconstruction methods for the corresponding inverse problem have recently been studied for the elec-
trostatic case. In [13] a collection of appropriately chosen input data has been used to recover the position and
orientation of a single thin straight cylindrical conductivity inhomogeneity directly from the formula for the
leading order term in the asymptotic expansion of the perturbation of electrostatic potentials similar to (5.2).
On the other hand in [30] the position of multiple arbitrarily curved thin tubular conductivity inhomogeneities
has been detected by reconstructing the singularities of the unique continuation of leading order term of the
asymptotic formula to the interior of the domain. A variant of the factorization method (see, e.g., Kirsch and
Grinberg [35]) has been used to find these singularities. Based on (5.2) a similar method can be developed for
the corresponding fully three-dimensional inverse electromagnetic scattering problem.

Example 5.3 (thin sheets). Let Si,...,S, be a collection of m simple hypersurfaces in € that are well
separated from each other and from the boundary of Q. We consider a family of scatterers D, :=J;"; D,
such that D, ;= {x € Q| dist(x,S;) < pn/2} is a neighborhood of the hypersurface S; and p,, determines its
thickness. These thin sheet-like scatterers can be used as a model for thin penetrable cracks in non-destructive
testing.
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The limiting measure p for this example has been derived in [15,16,21], where a corresponding electrostatic
problem has been considered (see also [14]). The sequence of measures (2.5) converges without extracting a
subsequence to u = ﬁ 2?;1 Jds,, where |S;| denotes the area of the surface S; and the measure dg, is

=1

defined by
/ o(x) dds, () = / o(x) ds(x) for all ¢ € Cy(Q2, C).
Q Sy

Here the right hand side has to be understood in the sense of surface integrals. So, formula (2.7) reduces for
any y € 01 to

v(y) x (H,, — Ho)(y) — 2 / (v(y) x curl,G(-,y)) (v x (H,,, — Hy)) ds

o0
Ui g1 /1 1
- 1 g
.9 et o1 L.G(- ¢curl H
Pn €ol§:1 /Sl< % <é'o §1>(V(y)><cura (+,y)) MjcurlH,

(0 — u2) (w(y) x G- ,y»MfHo) ds +o(pn), (5.3)

where MJ" and Mf , 1 <1 < m, are the polarization tensors associated with the sequence of single scatterers
(Dp, 1)nen defined similar to (3.28) and (3.37), respectively.

For real-valued coefficients these tensors have been characterized in [15,16,21]. In this case, for any € S; the
matrix M (x), v € {u, €}, is symmetric and positive definite with a two-dimensional eigenspace corresponding
to the eigenvalue 1 that is tangential to S; in « and a one-dimensional eigenspace corresponding to the eigenvalue
(vo/71)(x). In particular, the sequences (3.28) and (3.37) have been shown to converge without extracting a
subsequence for this example and therefore the asymptotic formula (5.1) holds without extracting a subsequence.

Although no reconstruction methods for this inverse scattering problem have been considered so far, (5.3)
suggests a starting point to do so.

6. CONCLUDING REMARKS

Throughout we restricted our attention to homogeneous background media with constant parameters ¢y,
09, and pg. To extend our analysis to inhomogeneous background media with smoothly varying parameters
€0, 00, o € C(Q,R) that are uniformly bounded from above and below (i.e., 0 < Cuo < o < Cyy < 00,
0 < ¢y <9 <0 <00,and 0 < 09 < Cyy < oo for some constants ¢y, Cuy, €y, Cey, and Cyy) only
Lemma 4.1 and its proof need to be modified. The estimates in Section 3 and their proofs remain true without
changes, and also the proof of Lemma 4.2 carries over straightforwardly. However, if £y is non-constant, the
arguments used in Remark 3.9 to relate the definition of the electric polarization tensor M? to the definition of
the magnetic polarization tensor M* and the polarization tensor appearing in the electrostatic case fail.

A closely related open problem is to prove an asymptotic formula for perturbations in the eigenfrequencies
of the Maxwell system (2.1) caused by general low volume scatterers as considered in this work. Corresponding
results for diametrically small scatterers as in Example 5.1 have been established by Ammari and Volkov [10].

Acknowledgements. The author is pleased to thank Prof. Peter Monk and Prof. Michael Vogelius for their support and
for interesting discussions in the course of this project.
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