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Abstract. Esisteiicr and uiiiqueiiess is p roxd .  in tlic (,lass of functiolis 
satisfying a wave entropy condition. of weak solutions to w c,ol~irrvatioi~ lan- 
n-ith a flus function that may depend discontiauous1~- on tl-ic~ spacc var i ;~hk.  
The large time liiiiit is then studied, arid cxplicit forniulas f ' i ~ i .  this h i t  is 
give11 in the  case n-here tlie initial data as well as the .c deperdenc. of tlic 
flux vary periodically. Tlirougliout the paper, froilt tracking is used as a 
nietliod of analysis. A iiumerical example ~i-liich illustrates thc~ rr,sults and 
iiietliotl of proof is also presented. 

0.  Introduction. This papcr is conc,eriitd ~vitli sralar c:oiise~~-atioii laws of 
tlir, form 

wlicrc I L  = u( ,x .  t )  is rlie l~rikiiomii funrtioii. This cquatiorl (.:<presses that 
i~ is rollserved with a fills dcnsity givcii b!. k ( z )  f (11). Such conservation 
laws arise in n diversity of contcxts. rarlgirig froili iriotlcls of tr~iffic flow [31]. 
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1960 KLINGENBERG AND RISEBRO 

via models of flow in porous media [20], to hydrodynamic limits of nearest 
particle processes [21]. 

Independently of the smoothness of the coefficient k(x). and of the initial 
data u(x. 0). discontiiluities will generally develop in u(z, t). Therefore (0.1) 
is interpreted in the distributional sense, this means that one has to impose 
additional conditions in order to ensure uniqueness of a solution. In anal- 
ogy with gas dynamics. these conditions are usually referred to as en t ropy  
condz t zom  

If k(x) is continuous with bounded derivative, one can use the Kruikov 
entropy condition which says that 

should hold distributionally for every constant c. Kruikov showed in [12] 
that there is a unique function u of bounded variation which satisfies (0.2)) 
and takes the correct initial data. If k(x) is not continuous. (0.2) does not 
make sense. and other entropy conditions must be considered. 

In tlie present paper we use a "smallest jump" entropy condition. intro- 
duced by Gimse and Risebro in [4]. when constructing approximate solutions 
to (0.1). TYe show that the approximate solutions lie in a compact set, and 
that any limit also is a weak solution to (0.1). The "smallest jump" entropy 
condition is shown to imply that a limit satisfies the wave entropy condition 

for soinc co~~sta i l t  I<. And. via estimates for an adjoint problem. we show 
that n-rali solutiol~s of (0.1) satisfying (0.3). are unique if their initial data 
i i(n.. 0) coincidr. 

\Ye then proceed to study the large time behavior of solutions to (1.1). 
This is done by analyzing the behavior of the approximate solut~ioizs gener- 
ated hy the froi~t tracking method. 14% show that for a periodic coefficient 
k(n . ) .  and periodic initial data u(x. 0). the solution does not converge to zero, 
but to a "stai~ding S-wave". whose shape resembles a roman 'N': in contrast 
to thr  stantlard S-wave which resembles a cyrillic 'B' .  

Existence of solutions to scalar conservation lams of type (0.1) have often 
l~een  established using difference methods. [19. 11, but a straightforward 
grileralization of t l l e s ~  techniques is not possible if k(x) is not continuous. 
Instead we choose to write (0.1) as a 2 x 2 system of equations. the first 
cqiation bping (0.1). the second expressing -conservation" of k .  that is 
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1962 KLINGENBERG AND RISEBRO 

(0 .6)  I / ( . L . .  f )  < c011st . t - l ~ ' ~  

for iiiitial cl;rt;i i11 L1 Î  L,. Gci~eral izat io~is  of this rcsult n-as t11ei1 obtainctl 
I)!. L i ~ s  (14: ;1iit1 lili\il>. o ther  nu t l~ors  [8. 21. 17. 31 t o  i ~ i e ~ i t i o i ~  just ;I ~PTZ- .  

For ;I w~. io\ \ -  of' tllo r ~ s u l t s  011 asy~llptot ic  Ix~l~avior  of solutions t o  scalar 
r c i i ~ s c w x t i o ~ ~  law-,. we, t h e  article 1,). Kruikov a i d  Petrosyau [13]. 

If' X . ( . l r )  is i~o i~ t i~ iuo l l s .  oiie can i~~t roducc> a lien. ~.arial)les y = J; d z / k ( z )  
i l i l t I  i ,  = i i  ' k [ . ~ r ) .  iilltl writ? (0 .1 )  as 

Silc.li ('(l~lirtio~lh ill.( '  (~01111110111~. calletl hoiic~cr l i ~ u a .  since i .  is ~ i o t  c,oliser~.etI. 
i~litl tlir cl('\-i;itioi~ fro111 c~oilscrvatio~l is g i ~ m  1,- tlic> ~ o u r c c  tcrili - f ( X . ( I / ) I ~ )  
$ 10:: /k(  !/ 1 .  .L!-~iiptotic. l)c,l~a~.ior for 11ala1lc.c l a m  n-a.: h t l ld i~d  111. Daferirios 
::3]. I . y l ~ ( ~ ~ ~ l ) ~ ~ l ~ o ~ ~ l o ~  : lb : .  ;1i1c1 recciitly 1)y Si~i(>strtiri 125. 26;. All t l l ~ e  ; ~ i ~ t l i ~ r s  
c ~ o i i s i t h i ~ ~ l  the, ('iir(-' n'llcrt~ tllc h o l l r ( ~  t~1.111 do(':, IlOt rkpeiid 011 thc spnti;tl 
1)o.sit i o ~ ~ .  L~-Ii(~1)01)oulo.. jlS] nssuiiicd t l ~ t  tlw source term was equal to  1,. 

;~ i i ( l  t'oi~ml tliiit if' t 1 1 ~  iiiitial da ta  was periodic with ilieail 0. then the  solutioii 
tcwds t o  ;I tr;\~-c\liiig wilve wliose anlplitlld(' elo(>s i ~ o t  ( i ~ c v  wit11 tiille. This  
is t o  I ) ( '  c .oiitr;~stc~l wit11 tilt' bcl~;~vior  of ~ O l l l t ~ ~ l l s  to  c.oi~srn.iltioii larr-s nlicrc 
X. is ro~i : t ; i~~r  (O.( i j .  ;iiitl is siinilar to  tlic rcwllts oh ta i l~ed  in this I)apc,r. 

Tlicl r ~ h t  of' tliis 11ilpc~ is organized as follon-h: 111 section 1 n-e clefiiir tile 
frolit tl'~l(~lii11g lil~~tllo(1 iIll(1 COllstrUct the  ~ l ~ ~ l ~ r O ~ i l l l ? l t ( ~  ~ d l l t i 0 1 1 ~ .  T h e  h i i t  
t r ,  < I (  , I - '  ,mg s ( ~ l i o ~ i ~ ( ~  is 1 ) i i s ~ l  oil t11v ~ o l u t i m  of' t11c R i ( ~ ~ i i a i u ~  problem, a ~ l  wc3 
tlic~roforc~ rc'ht;itc' tlic, holution of this finill 14:. Tllcii n-c show that  tlic front 
t r .  ,I( ,I: \ill; 11ic~lioc1 ia 1 ~ 1 1  dcfined, a d  tha t  tllc f'~ulc.tioiis geiicratcd by front 
trt\clii~ig liv ill ii c , o ~ ~ l ) a ( , t  sct.  \\-c, tlien p r o r c ( ~ 1  t o  >lio~v tha t  any limit is a 
1~c'i11< s o h ~ t i o ~ i  n-l~ic,ll ;ilso satisfics ii WRIT e i l t rop-  (wlditioil. Iii t 1 1 ~  i t i am~er  
11sc~1 ill  jl(ij. nc >lion tha t  this nave  entropy c o i ~ d i t i o ~ l  iiilplies ui~iqllencss. 

S(~(~ t io i i  2 is ~ , i ) i i w r ~ i c d  xvitli tllc asyi~iptotic limit for l x g c  tiilles. In t h e  
( . i ~ x  \ ~ - l i ~ ~ ( t  X.!.!.) iiml t l i ~  initial data  [ / ( . I , .  0) 110th vaq-  periodically, we s11ow 
(xpli(,it f'ori~i~diih for this limit. This is dolie 11v c x ~ ~ i i i i ~ i i ~ i g  t11c co~~respo~id ing  
l iu~i t  5 f ; i i ,  tl1c9 ;il)l)rosiiiiatc sol~ltioiis. T h r  i i l ~ l ) r o s i n ~ a t ~  sohltions have the  
1 ) r q ~ w t ~ -  rli;rt tlic.~- ; \ IT t a t i o ~ ~ ; u . y ,  i.?.. k ( . r ) f ( ~ O  is ( ~ ~ i i s t a ~ i t ,  after some finitc. 
t i i~i( ,  ~ ~ l i k l i  (l(qmi(1s 011 t l ~  1 ~ 1 . ~ 1  of ; ~ l ) ~ ~ r ( > x i ~ ~ l > ~ t i o ~ i .  This  iii(~iiis that  the  large 
tiilw liiiiir of the, ; i ~ ~ l ~ i n x i ~ i i a t c .  solutions a c t d l ~ .  is n t ta i~ ied  after some finite 
timc3. 

Si~ic,c' f'ro~it triicki~ig illso is il ~ . i i i l ~ l ~  practical iiu111erir;il ~i le thod.  in sectioli 
3 \v(, gi1.c. ;I ii~ui~oric,;rl cwuilple 11-1iic.h illlistriit~h t l ~ e  rrslllts froill t l i ~  previous 
sc>c.tici~l>. 
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CONVEX CONSERVATION LAWS 1963 

1. Coilst,ruction of the weak solution. \I;> ~ I I > Y I '  . t ~ l t l y  -c.;rl;rr i ~ o ~ ~ s c ~ x . ; r -  

t i o i l  I ; I I \ - ~  of' ! I IP  f'ollowiiig t ~ y c  

HIW I , , !  I , ' ,  i< ;I f 1 1 1 ~ t i o i 1  o f  1 )o1111 ih l  t o t i 1 1  ~ x i i ~ t i l ~ i ~ .  i ~ o t  i ~ m ~ , w r  il!. . S I I I ~ I O T ~ I .  

I I O I I I I I ~ I , I ~  ;III.;I!. f ' ~ o 1 1 i  0. i 1 i ~ 1  f i h  ;I s t r i ( T l y  U I I I V ( X  01,  I . O ~ I I , ; I I Y ,  ~ ' I I I ~ I , ,  i o i i ,  \ I - (>  ;I>- 

s11111o T l l i i t  t l i i ' r l '  t11.1' 1~011st ; \11ts  ( I  < /). > I I I . ~ I  t11i11 , f (  (I ) = ,ti / ) )  = 0. .111(1 t l i a t  t l 1 1 3  
i11i t i ; r l  h ~ i ~ ~ , r i o ~ i  o l i ( . t , ~  t d < 1 3 <  ~ x 1 1 1 i ~ ~  i l l  : o ~  14. h j 1 1 1 t i o t l ~  of I I .  1  ill i l l  ~ P I I C ' Y ~ I  

l w  i . ~ q 1 1 1 < 1 r  1 l i h t 1 , i l ) u t i o 1 1 5 .  ; I I I ( ~  ;w ; I S ~ I I I I I ~ ( ~  1 1 )  > i ~ t i . . f ~ -  11 ,  1 1  i1i.1 i ~ i l ~ ~ ~ t i o i i ; ~ l l ~ ~ .  

l . l ' . .  

T i 1 ( 8  ;ii111 of' \ v x i t i i i g  ; I  . - ( , i i l i ~ r  ( ' i ~ i ~ ; i r i i ) ~ i  ; I>  ; I  ~ I . \ ~ I ' I I I  of' 1 n . o  ~ , i ~ i l , l t i o i ~ .  i5 111i i t  

t h i ,  I J ( , ~ I ~ I I . ~ I I L  01' I I \ , I , ,  t ' !  ; i t  ~ l i s ( ~ o i ~ t i i ~ ~ ~ i t i ~ ~ s  of 1,,[,1,] i5 111o i . 1~  ( ' ; 1 5 i l ~ .  ; i t1  r l \ . ~ w l  i 1 > i 1 1 ~  

I 1 ,-l i ,  l I o r ( ,  l ~ r ~ ' ~ , i + i , l ! . ,  ~111 ,  Rii>i11;it111 ~)ro1)1( '111 for ( 1 . A  1 ~ v i r . \  >II(II\:II 111 . L . t o  I I : I \ Y ~  
;I 1 1 ~ i i ( l 1 1 1 ~  ~ o 1 1 l t i o 1 1  l ) ~ ~ o l - i i I ( ~ ( l  i l l1  i i ~ I ( l i t i o ~ ~ ; ~ I  , , I > I I ~ ~ I ) ~ ) I . ' .  ( , o 1 1 1 1 i i i o 1 1  v,.;I. ; I > S I I I I I I Y ~  

t o  111 ~ l t l .  \\' will t i o ~ v  l)~ic,fi!- ~ I I I ~ I I I ~ ; I I % X ~  r l ~ c '  I.I!II>I r11(.1 i o l l  I if t I I ~ .  I? i l ' l ~ ~ ; ~ ~ i i i  

I ) L I ) I ) I I ~ ~ ~ I  -0111t io1i  ~ 1 ' 1 ) i ) 1 , t i ~ l  i i i  1.1:. 
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1964 KLINGENBERG AND RISEBRO 

Figure 1. Solution of the Riemann problem 

11. define 1.- a i d  (.+ to he the left and right lianti liniits of' the solutiori 
of (1.5) iis . I ,  - 0- m d  . I ,  - 0- respectively. The quantities u= and k= 
;\re siniilnrl~~ defined. The additional entropy conditioll which is required in 
order to obtain ~~niqueness.  says that u -  and 11-  should be chosen such that  
the ,jump i i -  - 1 1 -  is the smallest possible jlmlp satisfying the Rankine- 
Hugoniot coliclition 

(1.6) k -  f  ( u p )  = k L f  ( u - ) .  
111 [4]  it is slionii that this jump solidition is equivalent to a T-iscous profile 
m t r o p ~ .  cc~iitlitioii for t lie ciilarged systein ( 1 . 4 ) .  If equation r 1 .1 )  is viewed 
as the i!xein (1.4). n-e see that n-e have two types of waves: a 11 wave. 
over which k is constant. and a k  Ivave. The systein (1.L) is non-strictly 
liyperbolic, k wi~vcs always have zero speed. and u waves may have both 
positivc x i d  negative speeds. Note that by (1.G). k f ( u j  is constant along k  
naves, so that if' we picture the solution as a curve i11 (11. k )  space. k  waves 
will 11e contour lines of k  f  ( u ) .  111 order to simplify our calculations and 
tiiagranls. we n-ill not use ( n .  k )  coordinates. hut rather ( 9 ( u ,  k ) .  k ) .  where 
9 is tiefineti 111. 

( 1.7)  C J ( U .  k l  = sgll [U - i] k (1 - d u ( 1  - 10). 

\\+ see that rlie rontour lines of k f ( u )  is mapped to straight lines with slope 
+1 if u > 1,'' a i d  slope -1 if u < 112. Xote that 9 is injective, and regular 
every~vhere cscepr oil u = 112. I11 the following let z = Q(u.  k ) ,  so that  a 
Rieniann problem is solved b!. a combination of ,--waves and k-waves. The 
solutioii of cacli Rie~nanrl problem is indicated in figure 1. To read how a 
Rieniann problem is solved. follow the arrovis from ( z , .  ki) until the desired 
( z , . .  k,) is reached. 
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CONVEX CONSERVATION LAWS 1965 
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1966 KLINGENBERG AND IUSEBRO 

detailed descriptio~i of Dafermos' metliod the reader is referred to either [2] .  
or [Ci]. wllcre coin-ergence properties are shon-11. 

Lct non ~ . " ( . r )  be some function taking values in tlie rectangle [O. 11 x (0. K]. 
TT'e will approxiniate 1'0 in L1 with a step fiu~~ction 1.60 taking values in the 
finite set { 7 , , J ) .  such that 

TIP shall  low p~oc ceti to constr~lct a n-eak solution I ' ~ ( T .  t )  to the mt ia l  value 
pl ohlcni 

The initial value fiuiction defines a series of Riemann probleais. these can be 
solved i~ltlc~x~ndeiltly. aiitl the solutions consist of constant states separated 
by disrontinuitics which 11mve lincarly in (.c. t ) .  TYe track these discontinuities 
imd t l l ~ r ~ l 2 y  propagate the solution forward in time until t~vo  discoiltinuities 
c.ollitlc. At the c.ol1ision point a new Rie~rlaim problem is defined by the state 
to tlic lcft of tlw left~iiost colliding discontinuity and tlic state to the right 
of tllc riglitniost. Tlius tlic tracking call coutiiiue up to the next collisio~i 
a 1 ~ 1  ho on. For 1 1 1 0 1 ~  details on this type of front tracking sclirmes see [ti. 22.  
23j and tllc rckrcilces therein. In analogy with the terminology used in the 
solution of t l l ~  Ricnlmii problem. TW label the ciiscontinuitics in i , ; i  either z 
w m ~ s  or k n-;~v(>s. 

Non KP 1 i ; n ~ ~  t l ~ ,  f'ollon-ing leninla whicli ilnplies that tlir front tracking 
l)roc.(di~rc is 1vc.11 tlc4incd: 

Tliis lellli~ia ills(> has parts (b) and ( c )  rvllic.11 will be iiec~dctl latcr n-lien 
wc co~isitlcr uiliqucwcss anti asy~liptotic bcliavior. the proof of the lemma is 
R stri~iglitfornxrcl ht~ldy of casm ant1 is therefore contained in a11 appendix. 
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CONVEX CONSERVATION LAWS 1967 

! .L  t o  I'H if the l d t  s ta te  of the  first segincilt i:, ( , I .  iilitl the. l , igl~t s ta te  of 
the last :,egliiwt is ! , I < .  11-r will write ail I ( , ~ ~ r v ( ,  c,onsisting of' ,- nild k 
wives a I = :1X.12r . . . 2.y. This terminology alid tllc. s ~ i I j s q ~ ~ ( ~ l ~ t  tt~(~llili(ll~es 
arc  ~dr i l i~n tc ly  l ~ o r r o n e d  from Teiiiple [2S]. w e  iil.\o [5j. \I-(, ilon- cicfilip a 
f ' l~~~rr io i ia l  F on I curves. this functional ih  c10fi1i(~l :,o that  it (I( ~ i i i i ~ ~ t ~ t c b  r l ~  
total ~ w i a t i o l i  of' r r .  anti F ( L . ~ ( . .  t ) )  vil l  h r  sllon-11 t o  I I C  ~ ioni i ic~i~casi~ig ill t .  

11. first dc+iile F on simple n-aye segnients. L P ~  fiwt I = r. 1)c xvavc 
roiiliectil~g 2 /  ant1 z,.. let 1: = 2 ,  - z)  . tlieii 
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1968 KLINGENBERG AND RISEBRO 

Therefore we have tliat VarZk L I ~  is uniformly bounded if F ( r E O )  is bouiided. 
For ally r . ,  and P,., we see froni figure 1 that [ I % ,  I,,.] consists of a finite number 
of' ~i-avps (< 3) n-liicli intersect transversally in the ( 2 .  k )  plane. Furthermore. 
n c  sce tliat iii all cases F ([ri I:,]) 5 5 (121 - z,i t k j  - k , . ) .  Thus 

For pcriodic initial data. we have that the total variation over a period is 
uiiifornlly l~ouiltletl. Now we may use the I~ol~nded~iess  of the total variation. 
tuid tlic fi1c.t t l ~ t  (1.13) has finite speed of propagation. to show the following 
Lipsliitz c,ontinuity of the L1 ilorili of the solution 

Tllc iiitegratioii liiilits n ant1 b are x x  if the iiiitial data are of hounded vari- 
atioii. a i d  tlic' iiitcyption is over one period if the initial data are periodic. 
Tlic. proof of this iiieqliality may be foliild in [ 5 .  Leiliina 4.11. \\e can then 
I I W  Hclly's tllcorciii ailti stantlard arguments as in e.g, j27] to sho~v: 

Pwoj. *As iiiciitioiicd above the conipactness of tllc sequence follows from 
staiichrd arguiii(wts. TO slion- that the liniit is a weak solution ~ v e  exploit the 
fact that tlic approsiiilations are weak solutioils to tllc approximate problems 
(1.13). Let (1 ailti O 1)c. as in (1.1'3). for simplicit;\. let r l , ~  denote the com-ergtLiit 
h~ll)sc~clllelic,o. m t l  lvt 11 t h o t e  the limit of (16 .  \I> have for a huitable test 
f'illrtioli u 
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CONVEX CONSERVATION LAWS 

~v(,;ikl\- for ;dl c~oliitiiiith i.. Tliih ('~llliltioll n-ill iill~lc~st .~iiti+(vl fo1. (';l(,ll i lr  

1vit11 , f p  r(>l)lit(,il~g ,f ill i 1.23 1 .  tho ( l i s ( , r ( y ~ l i q .  is limit ( ~ 1  I)!. (,oil51 . 1 A,,\ - x. 

Fro111 t-lii5 i t  L'ollo\vs tliat tli(, limit ( ~ > i i s t r ~ ~ c , t ( ~ l  I?? f'1.011t t ~ a ( , i i i g  ;rl>o wtisfios 
(1.231. i.ct.. it 1)ololigs to  t l 1 ~  "riglit" ~ l i i > s .  If'n-c, Iliivc ;i A . ( . i , ]  n-liic.1, i> ilot roll- 
t i i i~ lo~ l> .  XI-(> Iiitv(1 s i w ~  tliat \YO 1111l.it ilupost~ mi t ~ ( l d i t i o ~ i d  w t ~ . o j ~ \ .  r o i ~ d i t i o ~ ~  
i ~ t  tlic ~ l i > r ~ i i ~ t i i ~ ~ l i t ~ .  poilits of k ( . i )  ill o r ~ l ( ~  t o  S ~ T Y  t l i r  Rioii1~1:111 pr(1111c~1r1 
~ ~ t i i ( ~ w l ~ - .  T l h  ( u t ~ o l ) > .  c~oil(1itiijii h t t r t ~  t l ~ t  ~iii1011g all (lixmnt i1111itic.b i l l  11  

nliirli  s>itisfii.> tlic~ Railliii~c-I-I~lgoi~iot rol~tlitioil ( 1.6) ;ic.ro+ tlic> 1 1  w o ~ i t i ~ ~ l ~ i t y  
ill /i. t l ~  (,orro(.t ( l i sco i i t i~ iu i t~  ill  1 1  k- tho s ~ ~ ~ d l ( ~ t  s11c11. 
I\;, ~vil l  lion- ~ l lon .  t l~i i t  t l~ ib  c%l i t~o~) \ -  ( ~ o ~ i t l i t i o ~ ~  i~ i ip l iw tli(x tlli' hili t  frui(~tioli 

s i ~ t i > f i ( > ~  ?I 1vi11.1' wr ropv  u ~ ~ i ~ l i t i o i i  (1.33).  ; ~ i i ~ l  t l i ( ~ i ~  slio~v tliat t1ii.Y imp1ic.b 
~ m i ( l t l ( ~ ~ i ( ~ > > ,  This  ~ ) r < ~ o f '  ib  11iotiv;it ( , ( I  I ) > .  a r(v'11t r(>.\111t of' L(~F10:~li ill111 Xi11 
. l G ] .  \v l i (w~ ; I  ;wvr c w t r i q ~ ~ ~  c~o~i(litioli i> I I S ( Y ~  ti >ILOIT- ~ i ~ i i ( l ~ l ( w ~ w  4 )f ~ 1 1 ~ t i o 1 1 5  
to  a wr t t l i~ i  ( , l i i~ .  of ~ ~ ~ ~ t ~ w i > .  

111 orilrr t o  tlcfilie tlic, n - a~ i ,  i ' ~ ~ t r o p ~ .  cmiditioii ;11it1 t o  41on- tll it tlir, l i i i~it  
fiui(~tiini 1 1  \i~tisfi(>> this roii(iiti(11i. \v? f k t  >tilt(' >0111(~ ~)r?lil l i i i i~iry rixsIdt>~ 
I\?. \;I\. t l ~ .  t lit, iruict ion l i p  hiis ; I I I  i i l~~)l.[>sill~ii  tc. (~0111 (~r(v1 1,ai.d'; c.t i o i ~  n-an3 
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1970 KLINGENBERG AND RISEBRO 

at sonic. point (rc. f). if (:c, t )  is a point of collision between discoiitinuities in 
I , ~ .  or t  = 0. and tlie solution of the Rieniann problein at ( 2 ,  t )  involves a z 
wave larger tliaii 6 a i d  such that 21 > z,. In other words, the solution of 
tlic Rieiilann probleiii with f replacing f 6  would involve a rarefaction wave, 
aiid this rarefartion wave is approximated with inore than one discontinuity. 
Rcgnrding approximate rarefaction waves: we have: 
Lemma l . lb .  Tl~ere are no approximate centered rarefaction waves in ug 
fo1, t > 0. 

Fro111 IIOK 011 we assume that k(x) is discoiitinuous at  finitely inany points: 
{ . I , , ) .  and lias uiiifornily bounded derivative at all other points. \Ve will also 
llialie tlic, approsiination k6( .r)  such that if a discontil~uity in k is larger than 
bo also k r  has a discontinuity at the same point for all 6 5 cia 

] IF  will i~ow tltrfii~c. an approximate cliarartcristir speed o;\, and then show 
that cry: s a t i ~ f i ~ s  all catropy inequality. This will tlien imply that the charac- 
twistir specd of t lie front tracking limit v satisfies a siniilar inequality. 

111 the follonii~g TT-e use the ~iotat,ioii that a tiiscontinuity in 2.6 separates 
lwtwcwi a lef't stilt? (ui k , )  or ( q .  k l )  and a right state (u,. k,) or ( z , .  k , ) .  
For c.ac.11 t I\-e let oF(.r. t )  be a piecewise linear fimctioii in .r. and ae(x. t )  is 
ilefii~etl to be linear l~etxeen the discontiiiuities of C E .  IVe then define the 
riglit aiitl left liluits of os( .c ,  t )  as x approaclics a discontinuity i11 cn from 
i11)ov~ or helon-. Asslliiie first that vc: has a z  nave lorated at !/ for some time 
f .  Tll(\n 

Not(, that if tlic 2 wave is such tliat lzi - t, 1 = h. tlieii 06 (.r. f )  is coiitiiiuous 
at ! I .  Flutlieriiiorc. 06 is noniiicreasiiig be twen  two consecutive z  waves 
wlic11 tlip lef't way(, lias a speed larger or equal to the right. and increasing 
if tlic left n-nvc' lias a sninller speed than the right wave. For k  waves the 
liii~itilig valws of (T,C is clefiiied as follows. Alssuim that 1'6 has a k  wave at 
. I ,  = )/. tllcll 

11111 IT+ ( 1 .  t )  = k ,  max { lim f ;  ( u ,  + s) . liin fJ  (u, J- s )  .} 
~ - i / l  s-O+ a-0- 

Siil(xr f 1  is mi~ti i iuo~ls.  wc have tliat lo6 (y+, t)-a6 (y-, t )  1 5 o (& + k i  - k , ~ ) ,  
Notc' tlint or; is defined so that if a6 is increasing on an interval between two 
tlisc,oiitiiiuities of r b .  then these two discontinuities coiistitute part of an  
~ p l ) ~ O ~ i l l l ~ t ~  l'ill.('fil(.ti~ll WavC. 

Tlic followiiig le~niiia justifies the t ~ r m  ..approsiniatc cliaracteristic speed" : 
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CONVEX CONSERVATION LAWS 

L e n m ~ a  1.5. Tl l (3  f ' o l l o n ~ i ~ l g  i i ~ ( > ( l ~ z i l l i t ~ -  l10l( l> \ ~ . i ' i i l i l ~ .  i l l  , I ,  i l l  oii(.ll j ~ ~ r o ~ ~ \ x l  
. I ' , , . I , , -~ . i i 1 ~ ~ 1  ~ O I '  i i l l  t > 0 
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1972 KLINGENBERG AND RISEBRO 

I 1 : 1 1 t  I I I f '  1 i t  0 1  I f  t i l t e  of :. itlid . I , ( - )  

tloliorc~.. r h r  ~ m ~ i r i o i i  of':. niid k,,,,,, tic'l~otc+ tlir iiiillim1ll11 of 'h . ( .~r) .  
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CONVEX CONSERVATION LAWS 1973 

(1.U) T ~ ( . c .  t )  = n ,  t1.r - ( k ( . r ) f  (u,)) d t .  

for i = 1.2. Tlic n-ell defiilediiess of p, follon-s from (1.1). fiirt-herir~orc~ 9, 
are I~o~liitlrtl a i d  ~miforrnly Lipsliitz c.ontin~iom fimctions which satisfy 

for 0 < f ,  n-11c.r~ thc coefficient (i is givcii by 
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1974 KLINGENBERG AND RISEBRO 

n-here [(s) is some strictly decreasing function taking values i11 [O. 11. (1.37) 
holds since f is a strictly concave function. 

lye temporarily fix J and define the "stretched" coordinate y, as 
j 1.39'1 

1 - 1 
y, (x) = - (dx + €5)  . where d = - ( x , + ~  - 2, ) . ~ x , ) .  d + € 2 
Sote  that g, (;c, - F )  = xJ and that y, (x,+l + t )  = x,-l. For x E (r, . x,+1) 
we defiiie the smoothed coefficient a' as 

(1 .-LO) a t ( z ,  t )  = a (ye( . ) ,  t )  * dE (x) .  

n-llrie d' is a 5tandard inollifier in the n. variable with support in [ - F .  ~ j .  The 
smoothed coefficient satisfies the following entropy inequality 

Lemma 1.7. 

rwakk for .r E (.c,. . T ~ - I ) .  

Proof, Since x H yC(x) is a linear change of variable. the following inequality 
llolds wealtly for .I: E (x3 . xJ + I  ) 

Let H(x) Ise a nonnegative test function with support in (mJ  . , r j f l ) .  then 

( i ) ,  a'.  0) = - ( a t .  0') = - L l 1 + l  ac(.c)Qf(r)  dx 

r  x-t 
a ( ~ ' ( 2 ) )  ~ ' ( z  - 2)0'(2:) d idz  

= -1, i-. 
O'(x)uE (r  - i) clr dz 
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CONVEX CONSERVATION LAWS 

If' t i l  tilltl 112 i ~ r ~  pcriotlic with t l i ~  saliic. p o ~ i o d .  n.r ler R = 0. PI. n-llcro 
F' is t 1 1 ~  (~)111111011 period of' 111 illl(1 112 If TT.C (10 iiot liavc p(~rio(!it. s ~ ~ l ~ i t i c ~ l i s .  
IW l(3t I? = .--I7 - .\It. &I7 + ? I t ] .  n-lit.1.e .\- trliti -11 ;rr(, consttili~s n-liicl~ arc, 
i.1iosc~11 so l;lrp,(> tlint 111 = 112 oil ijR. Tlii:, is always possil-)I(' si11c.f. (1.1) 
11irs filliti' s p c i ~ l  of' 11rop)rgatioll. autl k is rol~t i i iuow with l)oluiil(d ilcrivati~c, 
oi~tsitl(, ;i l~o111i(l(~l i n t ~ r v a l .  Tlius tlic sohitioil of (1.1) outsicli~ R d o ~ s  iiot 
(l('pc>i~(l 011 k iii t110 iutwior of R. a ~ i d  t l i ~ r d o w  111 = 112 for ?lllilO~t all .I, t11i(1 

f o ~ ~ t \ i ( l r  R. 
i i~~l l t ip ly  (1.43) ivitli py^fi-'. n-llcrc? 11 i:, soiiic ~ Y Y I  p o s i t i v ~  int(~gcr .  illid 

ilitc'ci,atc. o\.(\r I? t o  o l ~ t a i i ~  
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1976 KLINGENBERG AND RISEBRO 

foi some nonnegative coilstant E. and where Y ( t )  denotes the pth power of 
the L, norin of ;. i.e.. Y ( t )  = JR ' j P  dx.  Groii~val!'~ inequality now gives 

foi 0 < i < t. But as s -+ 0-. the Lipshitz continuity of ; implies that 
17(i) = 0 (s" ). Therefore 

for some constant I?. and by clloosing p sufficiently large we get that Y ( t )  = 
0. i.e.. 111 = u2 for almost all z and t .  

Using the inetllods and estimates from this sectioii. with some slight gen- 
eralizations 11-here appropriate. it is now straightforward to prove: 

Theorem 1.2. Assume that k(x'1 is a houl~cied. piwenrise continuous f'unc- 
ti011 with a finite number of discontinuities. such that k l ( . c )  is un i fo ldy  
i1o1lnded a t  all poillts of c o a t i ~ ~ u i t ~ :  and X - ( . I : )  is either strictly positive or 
~lpg.ati\-e. Let f ( 1 1 )  be a twice diffe~,entiable fw~ctioa such that f' and f" 
11oth i w  h o ~ ~ n d ~ d .  and f 1 I ( u )  # 0. Furthermore assume that there is an 
i11t~r1.d [a. 11; .s1!c11 that ilo(z) E [a. b] and f ( o )  = ,f ( 1 1 ) .  

If '  iio(,i,) is s i d l  that iI.l(no) E BV, the11 there rsists one. and o111v one. 
ni~vili >ol~!tio~l 11(.1,. t ) ,  to thr  follon%g ii~itial n-itl~~e p ~ d ~ l e ~ n  

ni.llirli also satisfies tlic' elitropj- col~ditioll 

2. Asymptotic behavior. In this scction n.e s t l~dy  tlie l~eliavior of tlie 
init i d  value probleiii for large times. Leninia 1. l a  iiiiplies that the iiulriher 
of tiiscoiltiliuities in the fi.ont tracliing approsimaiits 1.6 is constant aftw 
soiiic tiiiic t:. Also. since the "Gliliiin functioilal" F is iionnegative. ;111d 
ilt ci i~ll  collisioil. F is either coiistant or changes hy at least h .  i~ftpr sump 
t i iw t i .  F [ I S , $ )  is constant. Let t r  = i i iax{t~.  t y ) .  \Ye refer to a collision of 
tliscontinuities ill 7 '6  as R z k  collision if a a wave is colliding with a k wave 
froin the left, siniilarclj- as a k z  collsioil if the 2 ~ v i l v ~  cdlides from the right. 
Tlic, tliirtl part of leinilla 1.1 describes tlic bellavior of 7.6 after t i :  
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CONVEX CONSERVATION LAWS 1977 

Lemma 1.1~. I f f  > t r .  t h m  it z X .  colhioll n d l  git.~, i t  X.3 sollltioll. and i t  k r  
c~oliisio~l will gi1.e a zX. s o l ~ l t i o ~ ~ .  

\\? will 11ot pllrsue tlic care of' nonpcriodic initial tlata f u r t l ~ r r .  hut  instwil  
t1c~ri.i.t~ csplirit  fonuulas for the  aqmpto t ic .  solut io~i  in tlic ( ,ax,  wllcri. 1)otll 
t I I C  cwff i r iwt  X ( , r )  mcl i i o ( . ~ . )  arc periodic nit11 t l r  sanw peric,c:. 

111 this  as(^ xvi> alsc ~ i i a k c  the  a p p r o s i ~ ~ l a t c ~  iiiitial d a t a  i , b o  pei,~oilir.  t l i (w-  
f ' o ~ ~ ,  rc will for111 a closctl I curve. Leirl11i;i I .I(. uon- i~~ip l i ( ' s  tliiii i i f ' t~ r  S O ~ I I C  

t i i l~c .  c.it11c.r ;ill ,: nx1.c.s will 11a1-r zero spcwl  positi~.t, s p c ~ t l .  or ~lcg:tti\.i~ 
sl)wtl.  si1ic.c. IK zt cd l i s io l~s  oc.c.ur after t b .  

-4ssu11i~ first tliat for all t l q , ~ r  tliti11 soliit~ t i ~ ~ i c ~  t - .  all 2 ~vmx's of 1.8 11avc) 
11o4tivo s l ) c ~ t l .  Siiicc. nll -; n-nvcs lial-r positive spi'rtl. tl~ercl 111ust 111, 2 n.avc>s 
o v a  n.liic,l~ tlii, AIIX f'uiicrion k6,f6 cliaiigcs. Siiscc' I is i\ closrd I . I I ~ ~ C .  t l ~ c r e  
1111l?t a t  hiist tn-o of t l l ~ ~ i .  If tlicrc, are 0111>- ~ T V O .  t l ~ ~ l i  t l ~ ( ,  c l ~ i i ~ i g ~  ill 3 

o\-(>r ciic.ll Kil1-c is ~ 6 .  ;mtl they n-ill ha\-? t l i ~  sn1111, spcctl ~ I I  c>ac.h i i~tcrval  
n.11cr~ k r  ( x )  is ~ ~ l l ~ t i l i ~ t .  Thus  t l ~ e r e  n-ill be> 11o c~olIisio~~s. 111 gi ncral. thew 
will i )c l  ~ i o  c,ollisio~~s if' tlic n ~ ; i s i n ~ l u n  vnlllc of tlic fhlx fiuictio~i ( A .  f ( 7 ~ )  ) ir~imls 
its i ~ i i ~ ~ i ~ ~ l ~ u i i  is 1 e s  t l i m  b .  \ \ t x  call such ;I sccl~~eiice of 2 n - a ~ ~ s . .  cac.11 of' 
ri-1iic.h c.;11.1.i<>. ;I t tliffcwiic,c of b .  with the' .six11 of the diK'wiw(.o i \ l t ~ ~ . ~ l i i t i ~ ~ g .  
f o ~ .  i ~ i p 1 ) l i s .  T l ~ r > r  n-;\~c,s arc  moving f ro~i i  lci't t o  riglit, 1)ilt I ~ C T  er c~olliilirig. 
siiic.c\ t h r y   ill 1ial.c the  same speed oii rac.11 illt('rvii1 of c O I I S ~ ~ I I . ~  k 6 .  If th(' 
~ ~ ~ i i x i i u l u u  \.iilil(' of' t l~c'  fills f ' l u i c t i ~ ~ ~  ( X . j ' ( u ) )  111i11iis its liiiiiimllin is l i l~g i '~ .  
t11t1i1 ? ,  ,siii(~c I is :I r los~(1  c~in-c,,  t here n d l  1 ) ~  ~ 0 1 1 1 ~  pair of 1ic~iglih)ring wav(,s 
~vhi(,li  ~I;I!-C> I he, 1)ropc)rty tha t  t h ~  left l i ~ ~ n l h o r  111t1Vc+ filstcr tllilll th(l right 
t l i  ( i i t 1  of o i t i i t  1 Tliis 1);lir will of' c ~ ~ l u s ~ ,  ~ ~ . i ~ i i t u : l l l y  
c.ol1itle. Si l~cy rvcJ l i i t ~ ~ '  110 t ( , o l l i i i ~ ~ ~ s  after t,. tllc? lilrgc,st c!iff'mc~iw ill f ius  
V ~ I I P ,  ih h .  
-1 si111ilar < l i s c ~ ~ ~ s . ~ i o ~ i  sl~o\vs t l ~ t  tliis is ;11>o THIP if for all t 1;1rg(>r t l i a ~ i  

sinl~c, I . - .  n-r o1i1y 11;irc. nt,vcli: of ~lrgativc. s p c ~ t l .  111 ~ ) a r t i c ~ l l t ~ r ,  t l ik  111(wi1s 
tl~iir ;~f'rc,r >1,111(~ t ~ ~ I I C  e i f l i ~ r , .  (a). the  sollltiou t ~ o ~ i s i s t ~  of ripples 111ovi11g t o  
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1978 KLINGENBERG AND RISEBRO 

the left or right. 111 this case tlie I curve determined by zr; does not cross the 
k asis. Or. (b). the solution is stationary, and the flux k f ( u )  is everywhere 
constant. 

From now on we assume that k(x) has only one minimum in each period. 
that is: In each period there is a closed interval [xl. x2]. possibly consisting 
of one point. such that k(x) = k,,,i, for z E [.rl.  x2j. and k(x) > k,ni, for x @ 
ixl .  . c ~ ]  The reason for this simplifying assumption is that the asymptotic 
I curve ran only cross the k: axis where k(z) has a minimum. therefore it 
f'ollows that this can happen at most once. 

Consequently. after some finite time T6 ,  the approximate solutions vs 
ronsist either of 

(a) k waves and small 2 waves of size at  most 6. 
or 
(b) k waves and at  most one stationary z wave. 

I11 case (a). r's will form an I curve with only nonnegative or nonpositive z 
values, and in case (b), r'6 will form a triangle-like curve which is traversed 
in the clockwise direction. In particular. I can only cross the k axis at  global 
mininluin values of k. so since k has a minimum which is attained once in each 
period. tlie k axis can only he crossed once per period. See the illustration 
I~elow. 

Figure 2 .  Asymptotic I curves 

If {so)  is some sequence such that so > Tg, and if u is the weak solution of 
(1 1) with periodic initial data and periodic k. we have 

(2.1) lim u o  ( .  . .56) - 1~ (. . s & )  111 = 0 .  6-0 
and. since convergence in L1 implies pointwise convergence almost every- 
where. LL, (x) = limt-, u j x ,  t )  will either he: 
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CONVEX CONSERVATION LAWS 1979 

Theorem 2.1. 

n-lirrcl k is so1110 culistalit X, < X~,,,,,,. i i~ld tlw wgative s ig~i  is c.lloseii i i ~ r  the 
part to tlic Ic't't of tlii, k axis. ant1 the positivr sign for tlip part 011 the right. 
If n-c :ire ill (.as(, b there will of course 11c a liorizoiltal part of t l i ~  I c.ur1.e 
rcyrc~sr~it i~ig t l i ~  sllock from negative 2 vducs to positivc. SSF c.lioose .L. so 
t l ~ t  tlic, X~(.l~) achieves its i~iiiiiiiillili for n. = 0. Xssuniiiig , f ( i i )  = i1(1 - 1 1 ) .  

;iiid writill:, ( 2 . 2 )  ill c.oortliliates givrs 
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C 0 a a Ci 8 
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KLINGENBERG AND RISEBRO 

for I; < k,,, ,,,, and 1; zr, (z. 0 )  drc = 0. there is a unique 0 5 < k,,,,,, 
sucli that 

1 Siniilarl?- if m > 1, u& (.c. k,,,,,) (12 WP can find a unique constant A.. 
O < I; < k,,,,,, sucli that 

cwriparilig tliis with ( 2 . 9 ) .  we sre that this means that thcrc is a 
~uiiyuc. .I,,,. 0 < . I . ,  < 1 such that 

In t liis case n, ( . I . )  = r~ (x. I;,,,i,,. ,x . .>)  

3. A numerical example. 111 tliis sectio~i n-e present an esalriple wllrw 
tllc, front ti.ac.ltilig c,olistruction is llserl to  c m q ) ~ l t ~  >ill approximate solution. 
and w sliall src that the stationar>- solutio~i is ol~tainctl after a finite nuirilxr 
o f  ilitc.ractioiis (ill this rase 4982) .  

As I~ci'orc. lct f ( 7 1 )  = 11(1 - 11) .  T l i ~  initial f ~ u i c t i o ~ ~  1c0j.r) slid tlie cot$fi- 
c.icwt kj.1.) arc gis-ell by 
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CONVEX CONSERVATION LAWS 1983 

ns~mptot ic  ~olut ion  is reached. T l ~ e  p;irametrr 6 = 0.03. 111 figure 3 
n-1. +lion. tllc. >rep function approsirnation to the initial f'uncrion uo and tlie 
cxjsfficimt 1;l.t 1 '3 in the upper lcf't corner. I11 tlic upper right ~ o r n e r  we see 
;ill z n-avils ill the ( . I . .  t )  plane. In the l o w r  left corner we see the approximate 
i\svl~lptt>tic liiiiit u + ,  and the true wsyinptotic solution calculated from (2 .11)  
illit1 ( 2 . 3 ) .  Fillall!. ill the lox-er riqlit corner n-r slma the Glirnm functional 
PIT( i )  ) plottcd iigainst time. 

Lemma 1.1. 
a J i 1  of l i i i t i i i t i  i 1 i ,  i i i i . i i  l - h  cacli (,(I!- 

li,<ioll of' tli~c.oi~til~iiitir..-. F~r t l i e~x lo i~c .  tho i i~i i11l j~1.  of c l i ~ c ~ ~ l t i ~ l i ~ i t ~ s  
t l c ' c ~ i ~ ~ i ~ , ~ ~ ~ .  /I,\-  ;1t I(1ait ollr' if tn-(1 : rr-iil.i,,\ c,dlitic. ;~rltl i i  ,.ollstallt if' i t  
: I \ . ~ I I Y '  c~olliil(~,~ 11.it11 is ,A' I1.it\-<'. 

k> 'Tl~(>l,t' ; IK  110 ; I J J ~ I I ~ O X ~ I I ~ ~ I ~ C  ( ~ ' ~ l t ( ~ ~ ( l  ~ . i ~ w f k f i o i ~  ll-itL.t7S j11 ! I ,< f'(11' t > 0. 
c If t > I',\. 111~ii ? I  : A ,  c d i i ~ i o ~ l  ndl  g j ~ ~  il A,; , d ~ l r i o : ~ <  ~ I I U  C L  k: ( , o l l i s i t~~~  

11-ill air.r. ; I  21; ,sol~iriori. 
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1984 KLINGENBERG AND RISEBRO 

result of such a collision is either a transmitted wave. or if rR = 0. a reflected 
wave. In this case AF = 0. See the figure below. 

Case A a l  

This rase has the following special subcase. if a,  = 0 and ,-I = a, + (4. 

then the iesult of the collision xi11 be a ieflected 2 n-ave, and F will decrease 
hv 6.  we the illustration below 

Case A a l ,  special 

Aa2. ~iow z.11 > 0 which implies z~ 2 0. Since the colliding 2 wave has 
posirive speed 2~ must 11e such that a~ 5 -z.!l - (5. and the solution of the 
Rieniann problem gi~ren at the collision is a transmitted shock. and AF = 0. 
See the figure on the next page. 
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CONVEX CONSERVATION LAWS 

Case Aa2 

A b l .  1ion- .-;n < 0 nhicli inipli~s Z J ~  < 0. In this case zi, < mi11 [;,\, + 6. 01. 
iund the wmlt  of the collision nill l>e a traiisrrlittetl shock, illid AF = 0. SCP 
tile fiqurc IAow. 

Case ~ b l  1 / 

Ab2. mn. > 0 which iliiplies r,\l 2 0. 111 tliis c . ; ~  :i < -: 11 - 0. arid tlic' 
1.css1ilt of tlic> c,ollisioll nill be w translriittcd sl1oc.k. ;llljcit i)f n lir~xc,r ~ri;~giiiti~cic~ 
tliall tlw i l i ~ o m i n ~  oii(>. iilso 1 1 ~ 1 ~  -1F = 0. SCP tlic figii~c' on thc xst page. 
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1986 KLINGENBERG AND RISEBRO 

C a s e  Ab2 

Bal ,  nov the L wave is colliding from the right. \Ye have that zr < O and 
k L  > A n .  this implies that 2.11 5 0. Since the speed of the z wave is negative. 
2~ > -:\I + 6. The result of this collision is again a transmitted shock. and 
1F = 0. See the figure below. 

Case  ~ a l  f k  

Ba2. now z~ > O which implies z l i  > 0. Now t~ > max [ z . , ~  - 0.01. and the 
result of the collision is a transnlitted shock. and J.F = 0. See the figure 
on the next page. 
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CONVEX CONSERVATION LAWS 

Bb2.  ion- > O wliic.11 illip1ir.s 21, > 0. 111 this rase-‘. zii 2 m a  K [ ~ i  - ('. 01. 
iiiici t 110 w.lilt is a traiisliiittctl s l~ock .  mid 1F = 0. S w  t l ir  figur.4~ on the nest 
page. 

Case Ba2 !! 

A 
k 

hi 

I 

L 

+ 
I 7. 
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1988 KLINGENBERG AND RISEBRO 

Case Bb2 

In this case there is a special subcase where 21 = 0 and t, = 2, - 6 This 
is similar to the special case in Aal.  and the result here is also a reflected t 
wave. I11 this case AF = 6. 
This exhausts the types of z k  or kt collisions which can occur, and we have 
seen that in no case does an approximate centered rarefaction wave arise. 
Also in each case the collision reulted in two discontinuites, and F remair~d 
constant precisely in those cases n-here the z wave .'passed th rough  the k 
wave. C 
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