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Abstract

We classify the finite primitive permutation groups which have a
cyclic subgroup with two orbits. This extends classical topics in per-
mutation group theory, and has arithmetic consequences. By a theo-
rem of C. L. Siegel, affine algebraic curves with infinitely many inte-
gral points are parametrized by rational functions whose monodromy
groups have this property. We classify the possibilities of these mon-
odromy groups, and give applications to Hilbert’s irreducibility theo-
rem.
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1 Introduction

The aim of this paper is twofold: First, it provides the group theoretic and arith-
metic classification results to obtain sharpenings of Hilbert’s irreducibility theorem,
like the following:

Theorem 1.1. Let f(t,X) € Q(¢)[X] be an irreducible polynomial with Galois
group G, where G is a simple group not isomorphic to an alternating group or Cs.
Then Gal(f(t, X)/Q) = G for all but finitely many specializations t € Z.

More results of this kind are given in Section [6]

The second purpose is to obtain a group theoretic classification result, namely
to determine those primitive permutation groups which contain a cyclic subgroup
with only two orbits. This classification completes and generalizes previous results



about permutation groups. The list of possibilities is quite long and involved, we
give it in Section [3.2

In the following we explain how these seemingly unrelated topics are connected.

Let k be a field of characteristic 0, and f(X) € k[X] be a functionally inde-
composable polynomial. Let ¢t be a transcendental over k, and A the Galois group
of f(X)—t over k(t), considered as a permutation group in the action on the roots
of f(X) —t. It is easy to see that this group action is primitive. Furthermore, A
contains a transitive cyclic subgroup I, the inertia group of a place of the splitting
field of f(X) — t over the place ¢t — oo. By classical theorems of Schur and Burn-
side, it is known that a primitive permutation group A with a transitive cyclic
subgroup is either doubly transitive, or a subgroup of the affine group AGL;(p)
for a prime p. Using the classification of the doubly transitive groups, which rests
on the knowledge of the finite simple groups, these groups have been determined,
see [13, Theorem 4.1], [25]. Furthermore, if k is algebraically closed, then one can
determine the subset of these groups which indeed are Galois groups as above,
see [45], which completes (and corrects) [12]. Besides the alternating, symmetric,
cyclic and dihedral groups only finitely many cases arise. For applications of these
results see [15], [26], [47], [49].

A more general situation arises if one considers Hilbert’s irreducibility theorem
over a number field k. Let O be the integers of k, and f(¢,X) € k(t)[X] an
irreducible polynomial. Then f(¢,X) is irreducible over k for infinitely many
integral specializations t € Oy. Using Siegel’s deep theorem about algebraic curves
with infinitely many integral points, one can, to some extent, describe the set
Redf(Oy) of those specializations t € Oy, such that f(f, X) is defined and reducible.
There are finitely many rational functions ¢;(Z) € k(Z), such that |g;(k) N Ok| =
oo and Red;(Oy) differs by finitely many elements from the union of the sets
9i(k)NOy. Thus, in order to get refined versions of Hilbert’s irreducibility theorem,
one has to get information about rational functions g(Z) which assume infinitely
many integral values on k, see [48]. We call such a function a Siegel function.
A theorem of Siegel shows that a Siegel function has at most two poles on the
Riemann sphere P!(C). Suppose that g(Z) is functionally indecomposable, and
let A be the Galois group of the numerator of g(Z) —t over k(t). It follows that A
is primitive on the roots of g(Z) — t, and the information about the poles of g(Z)
yields a cyclic subgroup I of A such that I has at most two orbits.

This generalizes the situation coming from the polynomials, where I has just
one orbit. In the two-orbit situation not much was known. There is a result by
Wielandt [61] (see also [62], V.31]), if the degree of A is 2p for a prime p, and both
orbits of I have length p. Then A is either doubly transitive, or 2p — 1 is a square,
and a point stabilizer of A has three orbits of known lengths. Another case which
has been dealt with is that I has two orbits of relatively prime lengths i < j. If
i > 1, then a classical result by Marggraf [62, Theorem 13.5] immediately shows
that A contains the alternating group in its natural action. The more difficult
case ¢ = 1 was treated in [46]. In Section [3| we classify the primitive groups with



a cyclic two-orbits subgroup without any condition on the orbit lengths.

As in the polynomial case, we again want to know which of these groups indeed
are Galois groups of g(Z) —t over k(t), with g(Z) a Siegel function as above. This
amounts to finding genus 0 systems (to be defined later) in normal subgroups of
A, see Section As a result, we obtain a complete list of monodromy groups
of rational function g(Z) € k(Z) which have at most two poles on P!(k), where
k denotes the algebraic closure of the characteristic 0 field k. See Theorem
Note that Laurent polynomials share this property, so in particular we obtain a
classification of their monodromy groups too.

Finally, for applications to Hilbert’s irreducibility theorem over the rationals,
we classify the Galois groups of g(Z) — t over Q(t) of those rational functions
9(Z) € Q(Z) with |g(Q) NZ| = oo. Section [5| is devoted to that. In contrast
to the other mostly group theoretic sections, we need several arithmetical and
computational considerations related to the regular inverse Galois problem over

Q).
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2 Permutation Groups — Notations and some
Results

Here we collect definitions and easy results about finite groups and finite permu-
tation groups, which are used throughout the work.

General notation: For a,b elements of a group G set a® := b~'ab. Furthermore,
if A and B are subsets of G, then A°, «® and AP have their obvious meaning.
If H is a subgroup of G, then for a subset S of G let Cy(S) denote the
centralizer of S in H and Ny(S) denote the normalizer {h € H| S" = S} of
Sin H.

If A,B,... is a collection of subsets or elements of G, then we denote by
<A, B, ...> the group generated by these sets and elements.

The order of an element g € G is denoted by ord(g).

4



Permutation groups: Let G be a permutation group on a finite set 2. Then |Q]
is the degree of G. We use the exponential notation wf to denote the image
of w € Q under g € G. The stabilizer of w in G is denoted by G,,. If G is
transitive and G, is the identity subgroup, then G is called regular.

The number of fixed points of g on  will be denoted by x(g).

Let GG be transitive on §2 of degree > 2, and let GG, be the stabilizer of w € €.
Then the number of orbits of G, on 2 is the rank of GG. In particular, the
rank is always > 2, and exactly 2 if and only if the group is doubly transitive.
The subdegrees of G are defined as the orbit lengths of G, on (2.

Let G be transitive on €2, and let A be a nontrivial subset of 2. Set § :=
{A9] g € G}. We say that A is a block of G if S is a partition of §2. If this
is the case, then S is called a block system of G. A block (or block system)
is called trivial if |[A] =1 or A = Q. If each block system of G is trivial,
then G is called primitive. Primitivity of G is equivalent to maximality of
G, in G. Note that the orbits of a normal subgroup N of G constitute a
block system, thus a normal subgroup of a primitive permutation group is
either trivial or transitive.

Specific groups: We denote by C,, and D,, the cyclic and dihedral group of order
n and 2n, respectively. If not otherwise said, then C,, and D,, are regarded
as permutation groups in their natural degree n action. The alternating and
symmetric group on n letters is denoted by A, and S,,, respectively.

We write S(M) for the symmetric group on a set M.

Let m > 1 be an integer, and ¢ be a power of the prime p. Let F, be the field
with ¢ elements. We denote by GL,,(q) (or sometimes GL,,(F,)) the general
linear group of Fy', and by SL;(q) the special linear group. Regard these
groups as acting on Fy*. The group I' := Gal(FF,/FF,) acts componentwise on
7", This action of I' normalizes the actions of GL;,(¢) and SLy,(q). We use
the following symbols for the corresponding semidirect products: I'L,,(q) :=

<GLn(q),I'> = GL;,(q) x T, XLy, (q) := <SL;(q),I'> = SL;,(q) x T.
Note that if ¢ = p®, then we have the natural inclusion I'L,,(q) < GLjy(p).

Let G be a subgroup of I'L,,(¢q), and denote by N the action of Fy" on
itself by translation. Then G normalizes the action of N. If G = GL,,(q),
SL(q), TL.,(q), or XL,,(g), then denote the semidirect product of G with
N by AGL,,(q), ASL,,(q), AT'L,,(q), or AXL,,(q), respectively. A group A
with N < A < AT'L,,(q) is called an affine permutation group.

Let G < I'Ly,(q) act naturally on V' :=Fj*. We denote by PY(V) the set of
one-dimensional subspaces of V. As G permutes the elements in P! (V), we
get an (in general not faithful) action of G on P(V'). The induced faithful
permutation group on P!(V) is named by prefixing a P in front of the group
name, so we get the groups PGL,,(q), PSL,,(¢), PT'L,,(q), or PXL,,(q),
respectively.



The group GL,,(¢) contains, up to conjugacy, a unique cyclic subgroup which
permutes regularly the non-zero vectors of Fg'. This group, and also its
homomorphic image in PGL,,(q), is usually called Singer group. Existence
of this group follows from the regular representation of the multiplicative
group of Fym on Fym = Fr, uniqueness follows for example from Schur’s
Lemma and the Skolem-Noether Theorem (or by Lang’s Theorem).

For n € {11,12,22,23,24} we denote by M,, the five Mathieu groups of
degree n, and let Mg be a point stabilizer of M1; in the transitive action on
10 points.

2.1 The Aschbacher—O’Nan—Scott Theorem

The Aschbacher—O’Nan—Scott Theorem makes a rough distinction between several
possible types of actions of a primitive permutation group. This theorem had first
been announced by O’Nan and Scott on the Santa Cruz Conference on Finite
groups in 1979, see [53]. In their statement a case was missing, and the same
omission appears in [4]. To our knowledge, the first complete version is in [I].
Very concise and readable proofs are given in [19] and [37], see also [11].

Let A be a primitive permutation group of degree n on 2. Then one of the
following actions occurs:

Affine action. We can identify 2 with a vector space F)', and F' < A <
AGL,,(p) is an affine group as described above.

Regular normal subgroup action. A has a non—abelian normal subgroup which
acts regularly on Q. (There are finer distinctions in this case, see [37], but
we don’t need that extra information.)

Diagonal action. A has a unique minimal normal subgroup of the form N =
S1 X S X - -+ x S, where the S; are pairwise isomorphic non—abelian simple
groups, and the point stabilizer N, is a diagonal subgroup of N.

Product action. We can write Q = A x A--- x A with ¢ > 2 factors, and A is
a subgroup of the wreath product S(A)1S; = S(A)! x S; in the natural
product action on this cartesian product. In such a case, we will say that A
preserves a product structure.

Almost simple action. There is S < A < Aut(S) for a simple non-abelian
group S. In this case, S cannot act regularly.



3 Elements with two cycles

3.1 Previous Results

Our goal is the classification of those primitive permutation groups A of degree n
which contain an element ¢ with at most two cycles. If o actually is an n—cycle,
the result is a well-known consequence of the classification of doubly transitive
permutation groups.

Theorem 3.1 ([13| 4.1], [25]). Let A be a primitive permutation group of degree
n which contains an n—cycle. Then one of the following holds.

(a) A <AGL1(p), n =p a prime; or
(b)) A=A, orS,; or

(¢) PSLi(q) < A <PTLk(q), k > 2, q a prime power, A acting naturally on the
projective space with n = (¢ —1)/(q — 1) points; or

(d) n =11, A =PSLy(11) or My;; or
(6) n = 23, A:Mgg.

If o has two cycles of coprime length, say k and [ = n — k with £ <[, then it
follows immediately from Marggraf’s theorem [62, Theorem 13.5], applied to the
subgroup generated by ¢!, that A, < A unless k = 1. The critical case thus is
k = 1. We quote the classification result [46, 6.2].

Theorem 3.2. Let A be a primitive permutation group of degree n which contains
an element with exactly two cycles, of coprime lengths k < 1. Assume that A, £ A.
Then k =1, and one of the following holds.

(a) n=q™ for a prime power q, AGL,,(q) < A < ATL,,(q); or
(b) n=p+1, PSLy(p) < A <PGLs(p), p > 5 a prime; or

(¢) n=12, A =My or Mys; or

(d) n=24, A= Moy.

In the remainder of this chapter, we deal with the case where k and [ are not
necessarily coprime. The assumptions in the Theorems and quickly give
that A is doubly transitive (or A < AGL;(p), a trivial case) — this is clear under
existence of an (n — 1)-cycle, and follows from Theorems of Schur [62], 25.3] and
Burnside [24], XII.10.8] under the presence of an n—cycle. So one basically has to
check the list of doubly transitive groups.

In the general case however, A no longer need to be doubly transitive. Exclud-
ing the case A < AGL;(p), we will obtain as a corollary of our classification that A



has permutation rank < 3, though I do not see how to obtain that directly. I know
only two results in the literature where this has been shown under certain restric-
tions. The first one is by Wielandt [62, Theorem 31.2], [61], under the assumption
that k£ = [, and k is a prime, and the other one is by Scott, see the announcement
of the never published proof in [54]. In Scott’s announcement, however, there are
several specific assumptions on A. First k = [, and A has to have a doubly transi-
tive action of degree k, such that the point—stabilizer in this action is intransitive
in the original action, but that the element with the two cycles of length £ in the
original action is a k—cycle in the degree k action.

3.2 Classification Result

Recall that if ¢ is a divisor of m, then we have I'L,, /t(pt) naturally embedded in
GL;,(p). We use this remark in the main result of this chapter.

Theorem 3.3. Let A be a primitive permutation group of degree n which contains
an element with exactly two cycles of lengths k and n — k > k. Then one of the
following holds, where Ay denotes the stabilizer of a point.

1. (Affine action) A < AGL,,(p) is an affine permutation group, where n = p™
and p is a prime number. Furthermore, one of the following holds.

(a) n=p", k=1, and GLm/t(pt) <A< FLm/t(pt) for a divisor t of m;
(b)) n=p™, k=p, and A1 = GL,,(p);
(c) n=7p% k =p, and Ay < GLa(p) is the group of monomial matrices
(here p > 2);
(d) n=2" k=4, and Ay = GL,,(2);
(e) (Sporadic affine cases)
i.n=4, k=2, and Ay = GL1(4) (so A= Ay);
ii. n=28, k=2, and Ay =TLy(8);
iii. n=9, k=3, and Ay =TL1(9);
. n =16, k =8, and [['L;(16) : A;] =3 or Ay € {I'L1(16), (C3 x
C3) x Cy,XLo(4),TLa(4), As, GL4(2)};
v. n=16, k=4 or8, and A; € {(S3 xS3) x Co,S5,S6};
vi. n =16, k=2 or 8, and A1 = A7 < GL4(2);
vii. n =25, k=5, and [GLa(5) : A1] = 5;

2. (Product action) One of the following holds.

(a) n =12 withl <r €N, k=ra with gcd(r,a) =1, A = (S, x S;) x Oy,
and A1 = (Srfl X Srfl) A CQ,‘



(b) n = (p+1)% withp > 5 prime, k = p+1, A = (PGL2(p) x PGL2(p)) x
02, and A1 = (AGLl (p) X AGLl(p)) X 02.

3. (Almost simple action) S < A < Aut(S) for a simple, non—abelian group S,
and one of the following holds.

(a) n>5, A, <A<S, in natural action;

(b) n = 10, k = 5, and A5 < A < S5 in the action on the 2-sets of
{1,2,3,4,5};

(c) n=p+1, k=1, and PSLa(p) < A < PGLa(p) for a prime p;

(d) n=(¢™—1)/(q—1), k =n/2, and PSL;,,(q) < A < PTL,,,(q) for an
odd prime power q and m > 2 even;

(e) n=19, k=2, and Mo < A < PI'Ly(9);

(f) n=21, k=7, and PSLy(4) < A < PTLs(4);

(9) n=12, k=1 or4, and A = M1 in its action on 12 points;

(h) n=12, k=1, 2, 4, or 6, and A = Mia;

(i) n=22, k=11, and May < A < Aut(Maa) = Mag x Ca;

() n=24, k=1, 3, or 12, and A = Ma,.

The proof of this theorem is given in the following sections. We distinguish the
various cases of the Aschbacher-O’Nan-Scott theorem, because the cases require
quite different methods. The almost simple groups comprise the most complex
case. We split this case further up into the subcases where the simple normal
subgroup S is alternating, sporadic, a classical Lie type group, or an exceptional
Lie type group.

We note an interesting consequence of the previous theorem which generalizes
several classical results on permutations groups. It would be very interesting to
have a direct proof, without appealing to the classification of the finite simple
groups.

Corollary 3.4. Let A be a primitive permutation group which contains an element
with exactly two cycles. Then A has rank at most 3.

3.3 Affine Action

We need the following well-known

Lemma 3.5. Let K be a field of positive characteristic p, and o € GL,,(K) of
order p® > p. Then p?~! <m — 1. In particular, ord(c) < p(m — 1) if m > 2.

Proof. 1 1is the only eigenvalue of o, therefore o is conjugate to an upper triangular
matrix with 1’s on the diagonal. So o—1 is nilpotent. Now (c—1)7""" = %" —1 +
0, thus p*~! < m, and the claim follows. O



We note the easy consequence

Lemma 3.6. Let A be an affine permutation group of degree p™. Let A contain
an element of order p” for r € N. Then p"~' < m. In particular, if r = m, then
m <2, andm=1 forp>2.

Proof. Without loss A = AGL,,(p). We use the well-known embedding of A
in GLy+1(p): Let g € GL;(p), v € N. Then define the action of gv € A on

the vector space N x F, via (W, wpm41)?" = (WG + Wpmt1V, Wmt1) for w € N,
Wm+1 S Fp.

This way we obtain an element o of order p" in GL;,+1(p). The claim follows
from Lemma 3.5 O

In the following we use the notation X* := X \ {0} for the nonzero elements
of a vector space X.

Lemma 3.7. Let G < GLy,(p) act irreducibly on V. = F}'.  Suppose that G
contains a subgroup which fixes a nonzero element from V, and acts transitively

on the nonzero elements of a hyperplane in V. If m > 3, then G acts doubly
transitively on PL(V); or p=2, m =3, and G = I'L{(8).

Proof. Let H be the subgroup which fixes pointwise a line U < V, and acts
transitively on the nonzero elements of a hyperplane W < V.

The orbits of H on V* consist of {u}, 0 # u € U, and the sets W# + u, u € U.
Since U is 1-dimensional, we see that H has three orbits on P!(V), of lengths 1,
(™=t —1)/(p — 1) (corresponding to W) and p™~! — 1 (corresponding to u + W
for some fixed 0 # u € U).

Assume m > 3. We contend that G is transitive on P}(V). Since G is irre-
ducible, neither U nor W are G—invariant, so none of the two smaller orbits of H
is a G-orbit. So if G is not transitive on P*(V), then U U W is G—invariant. Pick
g € G with W9 # W. From W9 C W UU we get W9 = (W NW9I)U(UnNW9I),
hence p" ! = p™=2 4+ p—1, so m = 2, a contradiction.

We see that G is even transitive on V#: Pick vy, v € VE Choose g1, g2 € G
with vf" € W, and h € H with (v{")" = v§?. Thus glhggl maps vy to vs.

Since H has 3 orbits on P!(V), one of size 1, we see that the action of G' on
PL(V) is either doubly transitive or has rank 3. Thus assume that the action has
rank 3. We are going to use consequences from Higman’s eigenvalue techniques
for rank 3 permutation groups. Let {a}, A, and T" be the orbits of H of size 1,
k=@ t=1)/(p—1),and [ = p™~ ! —1 = (p— 1)k, respectively. By [22, Lemma
2] there are A and p such that A = |[A N AY| for any g € G with a9 € A, and
p=|ANAIifa? €T. If a9 € A, then AN A9 is the image in P*(V) of two
distinct hyperplanes in V. Thus A = (p" 2 —1)/(p — 1). By [22, Lemma 5],
pl =k(k—X—1),hence p = (p™2—-1)/(p—1) = \.

First suppose that |G| is even. Then [22, Lemma 7] shows that d = (A —
1)? 4+ 4(k — p) is a square, and v/d divides 2k + (A — p)(k +1). In our situation,

10



d=4(k—p)=4p™ 2 and 2k + (N —p)(k+1) =2(1 +p+--- +p™ 2). Again, we
get the contradiction m = 2.

If |G| is odd, then, by transitivity of G on V¥, we have p = 2. Note that G is
solvable by the odd order theorem. As a consequence of Huppert’s classification of
the finite solvable transitive linear groups (see e.g. [24, Theorem 7.3], we get that
G < TL;(2™), where we identify V' with Fam. The stabilizer in I'L; (2™) of 1 is
I' = Aut(Fym). We get m = |T'| > |[W¥| = 2™~ — 1, hence m = 3 and G = T'L;(8).
This case arises indeed, as one can see by the action of I' on a normal basis of
Fg /Fs. 0

Proposition 3.8. Let m > 5, and G < GL,,(2) be irreducible on V := F5.
Suppose that there is an element T € G and decomposition V. = U & W into 7—

invariant subspaces with dimU = 2 such that T is a Singer cycle on W and an
involution on U. Then G = GL,(2).

Proof. We first show that G is transitive on Vi Set H = <r>. Let uj and us
be the two elements from U which are interchanged by 7, and us be the third
element from Uf. The orbits of H on V* are {us}, {u1,us}, W¥ W* + u3, and
(W 4 uy) U (WE + ug).

If C, and Cy are subsets of V*# such that each C; lies completely in an G—orbit,
then we say that C; and Cs are connected if they lie in the same G-orbit. The
latter is equivalent to the existence of g € G with C; N C§ # 0. Each of the
H-—orbits from above lies in an G—orbit. Consider the graph with vertex set these
orbits, and let two vertices be connected if and only if the corresponding orbits
are connected. The aim is to show that this graph is connected.

We first show that for each u € U there is v # u' € U such that W# 4 v« and
W* 4+ 4 are connected. Suppose that were not the case. Then, for each g € G,

(WE+u)9 C (W4 u) UU?,

SO

W9 C (W +u—uf)U (U —uf).

Not each element of U —u9 can be contained in W9, for this would imply (U*#)9 ' c
W 4u. But by irreducibility of G, the union of the sets (U ﬁ)f1 generates V', while
W* + u does not generate V. Thus we get

WIN(W +u—ud)| >2m2 -3,

Let r be the dimension of W9 N (W 4+ u — u9) as an affine space. It follows that
21 >2m2_3 sor =m—2asm > 5. Thus W9 = W for all g € G, again contrary
to irreducibility of G.

Let u € U be such that W# and W¥ 4 u are connected. We show that these
two sets must also be connected to another W# + o/ for v’ € Ut different from w.
Suppose that this were not the case. Let W’ be the (m — 1)-dimensional space
W U (W + u). Then, similar as above, (W)9 C W/ U U for all g € G, hence
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(WHI\NU C W' n(W')9. Pick g € G with (W’')9 # W'. Then comparing of
dimensions yields 27! — 4 < 2m~2 5o m < 4, a contradiction.

From these two steps we see that all the W¥ + u for u € U are connected.
Finally, let u’ € U*. Then also {u'} is connected to some and hence all the W# 4 u,
because (u/)“ generates V' by irreducibility, so (u')¢ C U* cannot hold.

Thus G is transitive on V%, Note that 7 has odd order 22 — 1 on W. Thus
72" =1 ig a transvection on V. Let X be the normal subgroup of G which is
generated by the conjugates of this transvection. By an easy result of Hering, we
get that X is irreducible, for otherwise |X| would be odd by [21, Lemma 5.1],
contrary to the assumption that X contains a transvection.

Thus X is irreducible, and we can apply McLaughlin’s classification of irre-
ducible subgroups of GL,,(2) which are generated by transvections, see [44]. Either
X = GL(V); or m = dim(V) is even and one of the following holds: X = Sp(V),
X = O(V) for some nondegenerate quadratic form, or X is isomorphic to the
symmetric group Sm+1 or Spt2.

We have to rule out all the possibilities but the first one. Note that X is
normal in the transitive group G, so G permutes transitively the orbits of X on
VE, in particular they all have the same size. This excludes the orthogonal case
X = O(V). For if @ is the nondegenerate quadratic form describing X, then by
Witt’s Theorem, X has the two orbits {v € V#|Q(v) = 0} and {v € V#Q(v) =1}
(see also [30, Lemma 2.10.5]). But the sizes of these orbits are distinct because
they add up to 2™ — 1.

Next we show that X = Sp(V') cannot happen. Suppose that X = Sp(V).
By [30, Lemma 2.10.6], X acts absolutely irreducibly on V. In particular, the
centralizer of X in G is trivial. So G = X, because the outer automorphism group
of Sp(V) is trivial, see e.g. [30, Chapter 2]|. Let (-,-) be the associated symplectic
form on V. If v € V is non—zero, then the stabilizer of v in Sp,,(2) has two orbits
on V#\ {v} — the orbit of length 2™~ — 2 through those v’ with (v,v’) = 0, and
the orbit of length 2™~! through those v' with (v,v") = 1, see [23] 11.9.15]. Since
<72> is transitive on W* and fixes U pointwise, we get that for each u € U either
(u, W#) = 0 or (u, W#) = 1. We aim to show that the restriction of the symplectic
form to W is not degenerate. This is clear if (U, W) = 0. So suppose there isu € U
with (u, W#) = 1. The orthogonal complement W intersects U non-trivially (for
if u; and ug are different elements in U with (u;, W) = 1, then (u1 + ue, W) = 0).
So the radical of W has dimension < 1, hence in fact is trivial, because W has
even dimension.

Therefore W is a non-degenerate symplectic space, where 72 acts irreducibly
on. So ord(r2) divides 20m=2)/2 4 1 = 2dmW/2 4 1 see Lemma contrary to
ord(7?) =2m2 — 1.

It remains to exclude the symmetric groups. So X = Sp41 or X = Spppo is
normal in G < GL(V), where V' = F3'. First note that the centralizer of X in
G is X. For otherwise, the centralizer of X in End(V') would be a proper field
extension E of Fo. But then X would have a linear representation over E of degree
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< m/2, contrary to the lower bounds of degrees of 2-modular representations of
symmetric groups, see e.g. [60]. Since m > 6 (recall that m is even), we have
X = &; with ¢ > 7. In this case it is well known that Aut(X) = X. Thus G = X.

The element 7 € G = X has order 2(2™~2—1). On the other hand, the element
orders in the symmetric group S;,+2 are at most e(mt2)/e gee Proposition
From 2(2™~2 — 1) < e(™*2)/¢ one quickly gets m < 4, a case excluded here. O

We need to know the doubly transitive permutation subgroups of the collineation
group of a projective linear space.

Proposition 3.9 (Cameron, Kantor [6, Theorem I]). Let m > 3, p be a prime, and
H < GLn(p) be acting doubly transitively on the lines of F'. Then SLy,(p) < H
or H= A7 < SL4(2).

Several years ago, the proof (and finer versions of the results) have turned out
to be false. In [5] the authors have begun to fix the proof. The main interest of
their approach is that they get a very deep classification result without using the
classification of the finite simple groups. If one is willing to to use the classification
of the finite simple groups and, as a consequence of that, the classification of the
finite doubly transitive groups, then it is not hard to prove Proposition [3.9]

In order to handle the case m = 2, we need the following

Lemma 3.10. Let p be a prime, and let H < GLa(p) act irreducibly on IFIQ,. Let w
be a generator of the multiplicative group of ), and suppose that T := ((1) g) € H.
Then one of the following holds.

(a) H = GLa(p).

(b) H is the group of monomial matrices.

(¢) p=0>5, and [GLa(5) : H] = 5.

(d) p=3, and H is a Sylow 2—subgroup of GL2(3).
(e) p=2, and H = Cs.

Proof. The cases p = 2 and 3 are straightforward. So assume p > 5. If SLy(p) < H,
then H = GLa(p) and (a) holds, because the determinant of 7 € H is a generator
of I},

So we assume in the following that H does not contain SLa(p). We first contend
that p does not divide the order of H. Suppose it does. Then H contains a Sylow
p—subgroup P of H. If P is normal in H, then H is conjugate to a group of upper
triangular matrices, hence not irreducible. Therefore P is not normal in H, thus
H contains at least 1+p Sylow p—subgroups of GLa(p) (by Sylow’s Theorem). But
GL2(p) has exactly p + 1 Sylow p-subgroups, so H contains all the p + 1 Sylow
p-subgroups of GLa(p). But these Sylow p—subgroups generate SLa(p), contrary
to our assumption.
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Set ' = <>, and let S = F; be the group of scalar matrices. So CS is
the group of diagonal matrices. First assume that H normalizes C'S. Then, by
irreducibility of H, some element in H must switch the two eigenspaces of C. It
follows quickly that H is monomial.

So finally suppose that C'S is not normalized by H. Then there is a con-
jugate (CS)" with h € H, such that (CS) N (CS)" = S. So we have |[HS| >
(CSCS" = (p—1)® and (p — 1)? | |HS|. First note that we cannot have
|HS| = (p—1)3 simply because (p—1)? does not divide |GL2(p)| = (p—1)%p(p+1).
So |HS| > p(p — 1)2. But again equality cannot hold, for we noted already that
p does not divide |H|. So |[HS| > (p+ 1)(p — 1), hence [GL2(p) : HS] < p. But
PGL2(p) = GLa(p)/S acts faithfully on the coset space PGLy(p)/(HS/S) and has
an element of order p, hence [GLa(p) : HS] = p. A classical theorem of Galois [23]
11.8.28] says that if PSLy(p) has a transitive permutation representation of degree
p, then p < 11. But one checks that GL2(p) does not have a subgroup of index p
for p =7 and 11, thus p = 5. So |[HS| =96 = 16 - 2 - 3. Therefore C'S (of order
16) has a proper normalizer in HS. By an argument as above, we thus obtain
an element h € H which switches the eigenspaces of C. So <C,C"> < H is the
group of diagonal matrices, in particular S < H. The claim follows. O

The proof of the following lemma is straightforward, we leave it to the reader.

Lemma 3.11. Let m > 2, p a prime, and F' =U @ W with U and W invariant
under 7 € GLy,(p). Assume that T acts as a Singer cycle on W.

(a) Let dimU =1, and suppose that T act as the identity on U. Choose u € Ut.
Then (1,u) € AGLy,(p) acts as an element with cycle lengths p and p™ — p
on F™.

P

(b) Let dimU = 2, p = 2, and suppose that T act as an involution on U. Choose
u € U with u # u”. Then (1,u) € AGL,,(2) acts as an element with cycle
lengths 4 and 2™ — 4 on F3'.

3.3.1 Proof of Part [1] of Theorem [3.3

We may assume that A < AGLy,(p), acting on V' = F;*. So A is a semidirect
product A = A; x V, where A; is a subgroup of GL,,(p) in its natural action on
V.

Let o be the element with the cycle lengths k£ and /. First note that k£ divides
1, for otherwise o would fix p™ > | > p™ /2 points, which of course cannot happen
because o' is conjugate to an element in GL,,(p), so the number of fixed points is
a power of p. Thus k =p", l =p"(p™ " — 1) for some r € Ny.

If kK = I, then of course p = 2 and k = | = ord(c) = 2™~ !. Lemma gives
2m=2 < m, hence r = m — 1 < 3. The subgroups of AGL,,(2) for m < 2 are easily
handled with the computer algebra systems GAP [17] or Magma [3], yielding the
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cases from the theorem. Also the other possibilities for the pairs (k,l) can be
quickly done with these systems.

So if p = 2, we assume m > 5.

From now on we assume k < [. Then o fixes exactly k = p” points on V. We
may assume that o% € GL,,(p), so the fixed point set of o* is a subspace U of V.
Thus the elements of U constitute the k—cycle of o, so o acts as an affine map of
order p” on the r—dimensional space U. Apply Lemmato see that r € {0,1,2},
and r <1if p> 2.

We need to determine the possible groups A.

If k = 1 we use a result of Kantor [27] which classifies linear groups over a
finite field containing an element which cyclically permutes the non-zero elements.
Note that o is just such an element.

Now suppose k = p. The element 7 := oP € GL,,(p) fixes a line U = F,
pointwise. As ged(ord(7),p) = 1, Maschke’s Theorem gives a complement W of
U which is 7-invariant. As 7 has cycles of length ord(7) = p™~! —1 = |W¥ on
W*, we see that 7 permutes the elements of W# cyclically. If m > 3, then Lemma
[3:7 together with Proposition [3.9 handles the possibilities. If however m = 2, then
apply Lemma [3.10

It remains to analyze the case p =2, 7 = 2,80 k = 4, | = 4(2™2 — 1). Recall
that m > 5.

Let o be the element with cycle lengths 4 and 2™ — 4. We may assume that
0% € GL,,(2). Similarly as above, we get V = U @ W with dim(U) = 2, such that
ot is a Singer cycle on W and fixes U pointwise. Write o = 7t with 7 € GL,,(2)
and t € V. Note that 7 € A since t € A. The action of o on V is given by h? = h"t
for h € V. Thus the 4—cycle through 0 is {0, ¢,t"¢, t72t7t}. These four elements are
just the elements of the Klein four group U. The sum of the elements in U is 0, this
gives t™" = t, s0 U = {t,t",¢"t}. So 7 induces an involution on U. Next we want to
see that W is 7—invariant. For v € V one has v = o™ t7 t7 t7t = o7 (t7t)2 = o7 .
We have W™ = W, for otherwise W/ = W™ NWis a proper subspace of W
of positive dimension (since m > 5) which is 72-invariant. But then W’ is also
invariant under o* = 7%, contrary to the fact that o* is a Singer cycle on W. But
W™ =W implies that W™ N W is 7—invariant, and the same reasoning as before
shows that W™ = W. Thus 7 itself is a Singer cycle on W, and we have exactly
the situation given in Lemma [3.§

We have covered all possibilities. Use Lemma to see that the groups listed
in and [Id| indeed have an element of the required cycle type.

3.4 Product Action

Set A = {1,2,...,r} for r > 2, and let m > 2 be an integer. Then the wreath
product §; 1Sy, = (Sp X Sp x-+- x §;) X S;, acts in a natural way on Q := A X
A x -+ x A. We say that a permutation group A acts via the product action, if it
is permutation equivalent to a transitive subgroup of §,1S,, in this action.
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In order to avoid an overlap with the affine permutation groups, we quickly
note the easy

Lemma 3.12. Let A be a primitive subgroup of Sy1Sy, where v < 4. Then A is
affine.

Proof. Let N be the minimal normal subgroup of §;1S,,. Then N is elementary
abelian of order r™. If A intersects N non-trivially, then NN A is a minimal normal
subgroup of A, and the claim follows. So suppose that |[ANN| = 1. Then A embeds
into (8, 1Sm)/N. But r™ divides |A| by transitivity, so r" divides (r!)™m!/r™.
We get that 2™ divides m! if r = 2 or 4, and 3™ divides m! if r = 3. But if p
is a prime, then the exponent of p in m!is ) -, [}%] < >0 » =g Sma
contradiction. O
Remark. One might expect that any primitive subgroup of an affine group is
affine. However, that is not the case. There seem to be very few counter-examples.
The smallest is as follows: Set A = AGL3(2) = C3 x Aj. Then it is known (see
e.g. 23, page 161]) that H1(GL3(2),C3) = Cs. So there is a complement U of Cj
in A which is not conjugate to A;. One checks that U acts primitively on the 8
points via U = GL3(2) = PSLy(7).

The following two lemmas are trivial but useful.

Lemma 3.13. Let Ay, Ao, ..., Ay, be finite sets, and g; be in the symmetric group
of A;. Let o; be the cycle length of g; through 6; € A;. Then the cycle length of
(91,92, - - -, gm) through (01,02, ...,0m) € A1 X Ag XX Ay, islem(o1,02,...,0m).
In particular, 5797 x 55927 x -+ x 6577 is the orbit of <(g1, 92, - -, gm)> through
(01,09, ...,0m) if and only if the o; are relatively prime.

Lemma 3.14. Let Ay, Ao, ..., A, be finite sets, and g; be in the symmetric
group of A;. Let ¢; be the number of cycles of gi on A;. Then (g1, 92,...,9m) has
at least c1co -+ - ¢y cycles on Ap X Ag X -+ X Ay,.

Lemma 3.15. Supposer > 5 and m > 2. Let g = (01,09,...,0m)T be an element
of Sy 1Sm, with o; € Sy and 7 € Sy, an m—cycle. Then g has at least 3 cycles in
the product action.

Proof. Set g := ¢™ = (61,02,...,0m) € S;". Then
0j = 0041 Om01 " 0i—1,

so in particular the @; are pairwise conjugate in S,.. Suppose that g has at most 2
cycles. Then g has at most 2m cycles.

Let A be the number of cycles of a7. Then g has at least A" cycles by Lemma
hence \™ < 2m. This gives A =1 unless m =2 and A =2. If A\=1, then g
has r™~! cycles by Lemma so r™~1 < 2m, hence r < 4, a contradiction. So
suppose that m = 2 and &1 has two cycles. Then g has obviously at least 6 > 2m
cycles, a contradiction. O
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3.4.1 Proof of Part [2] of Theorem (3.3

We assume that A < S§,1S,, with » > 5 (by Lemma and m > 2. Let
g=(01,09,...,0m)7 with 0; € S;, T € Sp,.

Assume that g has exactly 2 cycles. By the previous lemmas, we get that
m = 2 and 7 = 1, one of the o; must be an r—cycle, and the other o; has two
cycles, with lengths relatively prime to 7.

We need to determine the groups which arise this way. The description of the
product action as in [37] shows that there is a primitive group U with socle S
acting on A = {1,2,...,r}, such that S xS <A < (U xU) xCs. Let g = (01,02)
be the element with the two cycles from above. Then (o2,01) € (U x U) x Cs.
Thus U contains an r—cycle, and an element with two cycles of coprime lengths.
In particular, U is not contained in the alternating group .4,, and so is not simple.
Furthermore, U is not affine. Taking Theorems and together gives that
either U = PGLqy(p) for a prime p > 5, or U = S, for r > 5. The element g shows
that U x U < A, but U x U is not primitive, so A = (U x U) x Cq, and the claim
follows.

Remark 3.16. Case [lc| of Theorem that is A < AGLy(p) for a prime p > 2
and Ay the group of monomial matrices, can also be seen as a product action,
namely as A = (AGL1(p) x AGL1(p)) x Cy on p? points.

3.5 Regular Action

As an immediate consequence of the previous section we obtain

Theorem 3.17. Let A be a primitive non—affine permutation group with a reqular
normal subgroup. Then A does not contain an element with two cycles.

Proof. Let N be a regular normal subgroup of A. Then, by regularity, N is a
minimal normal subgroup of A, so N = L™ for some simple non—abelian group L
and m > 2. Identify N with the set of points A is acting on, and let C be the
centralizer of N in the symmetric group S(N) of N. If N acts from the right on
N, then C =2 N acts from the left on N. Set H = L x L, and let the first and
second component act from the left and from the right, respectively. Then A is
contained in the wreath product H1S,, in product action, see [37, page 392]. Now
apply Theorem to see that this cannot occur, a distinguishing property of H
being that it is not doubly transitive (in contrast to PGLa(p)). O

3.6 Diagonal Action

Let S be a non—abelian simple group, and m > 2 an integer. Set N := S§™. Let N
act on itself by multiplication from the right. Furthermore, let the symmetric group
Sm act on N by permuting the components, and Aut(S) act on N component-
wise. Define an equivalence relation ~ on N by (l1,l2,...,ln) ~ (cli,cla, ... clpy)
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for ¢ € S. The above actions respect the equivalence classes, so we get a per-
mutation group D acting on the set N/~ of size |S|™~!. Note that the diagonal
elements of N in right multiplication induce inner automorphisms of S on N/~
for (i= My, i g, ..., i i) ~ (11,12, . . ) (3,4, . ., 4).

We say that a permutation group A acts in diagonal action, if it embeds as a
transitive group of D with N < A.

We begin with a technical

Proposition 3.18. Let S be a non—abelian simple group, m > 2 be an integer,
and D be the group in diagonal action as above. Let o(Out(S)) and o(S) be the
largest order of an element in Out(S) and S, respectively. Then each element of
D has at least WQS\/O(S))’" cycles.

Proof. Choose an element in D. Raise it to the smallest power such that the
contribution from Out(S) disappears. Let ¢ € N x S,, be this element. Set
o = 0(S). We are done once we know that o has at least |—él(]S|/0)m cycles. Write
o = (01,09,...,0,)7 with 7 € S, and 0; € S. Let 7 have u cycles of lengths
P1s P25 -+ Pu-

Without loss assume that the first p; coordinates of N = S™ are permuted in
an p1—cycle (12 --- pp). Write p for p;. Then o acts by right multiplication with

(01,02,...,0p) = (0102 0),0203 - 0,01,...,0,01 - 0p—1) € S’

on these first p coordinates. Note that all the elements &; have the same order
o' because they are conjugate in S. So, by Lemma o induces |S|P/o" >
|S|?/o cycles on SP, thus o induces at least |S|?/(po) cycles on SP. Apply this
consideration to the other 7—cycles and use Lemma to see that the number
of cycles of o on N is at least

u u

S|P |S|™ 4 1
[, =501l

=1 Pi° =1 Pi

> s (=),
mo
where we used the inequality between the arithmetic and geometric mean in the
last step. But the function (x/(mo))* is monotonously decreasing for 0 < z <
mo/e. Note that o > 5 (because a group with element orders < 4 is solvable), so
mo/e > m, but u < m. So the above expression is > (|S|/0)™. Furthermore, the
number of cycles of o on N is at most |S| times the number of cycles on N/~.
From that we get the assertion. O

Theorem 3.19. Let A be a primitive permutation group in diagonal action. Then
A does not contain an element with at most two cycles.
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Proof. Suppose there is a counterexample A, with associated simple group S.
Proposition [3.18| gives, as m > 2,

|S| < 20(S)%0(Out(S)).

If S is sporadic, then use list [3| on page along with the group orders given
in the atlas [9] to see that this inequality has no solution. Next suppose that
S = A, is alternating. Then Out(S) = Cy if n # 6, and Out(Ag) = Cy x Ca, so
0(Out(S)) = 2 in any case (see e.g. [23, I1.5.5]). Use the bound o(S) < ¢™¢ from
Proposition to see that only n = 5 is possible with m = 2. But it is easy
to take into account the possible outer automorphism and show along the lines of
the previous proposition that the minimal number of cycles of an element in A is
4 (all of length 15), or one checks that with a GAP computation.

So we are left with the case that S is simple of Lie type. Using the information
about Out(S) and o(S) in the Tables [2| (page and 1| (page and in Section
together with the order of S given for instance in the atlas [9], one sees that
the only group which does fulfill the above inequality is S = PSLy(7). (One also
has to use the atlas [9] in some small cases where the given bounds for o(S) are
too coarse in order to exclude S.)

However, the proof of the proposition above shows that we have m = 2, u = 2,
and ord(o7)ord(az) > 168/4 = 42, hence ord(o7) = ord(a2) = 7, so o has at least
1682/(7 - 168) = 24 cycles on S?/~, a clear contradiction. O

3.7 Almost Simple Action

By what we have seen so far, the only remaining case is the almost simple action.
The aim of the following sections is to show that only the cases listed in part
of Theorem appear. See Section where all the results achieved in the
following sections are bundled to give a proof of this assertion.

Many cases of almost simple permutation groups can be ruled out by compar-
ing element orders with indices of (maximal) subgroups of almost simple groups,
though some other require finer arguments.

We make the following

Definition 3.20. For a finite group X let u(X) be the smallest degree of a faith-
ful, transitive permutation representation of X, and o(X) the largest order of an
element in X.

We use the trivial

Lemma 3.21. Let A be a transitive permutation group of degree n, and let o € A
have two cycles in this action. Then

n < 2ord(o) (1)
n < 3ord(c)/2, if n is odd. (2)
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3.7.1 Alternating Groups

Using methods and results from analytic number theory, one can show that the
logarithm of the maximal order of an element in S, is asymptotically \/nlogn,
see [34] §61]. Here, the following elementary but weaker result is good enough for
us — besides, we need an exact bound rather than an asymptotic bound anyway.

Proposition 3.22. The order of an element in S,, is at most "¢ for all n € N,
and at most (n/2)V™? forn > 6. (Here e = 2.718. .. denotes the Euler constant.)

Proof. Let v1,v9,...,v, be the different cycle lengths > 1 of an element g € S,,.
Then
ord(g) = lem(vy,va, ..., 1) < vivy - Uy,

and
m+uve+--+v <n. (3)

The inequality between the arithmetic and geometric mean yields

ord(g) = lem(vy,va,...,vp)

S Uy
< (ZmY
o T
n\"
<(7)-
r
The function x — (n/x)” is increasing for 0 < x < n/e, and decreasing for z > n/e.

From that we obtain the first inequality.
Suppose that vy < 19 < --- < v,.. Then v; > 7+ 1, and we obtain

r2+3r>ﬁ
2 2"

N>y v =243+t (rt1) =

If n > 2% = 14.7..., then r < v2n < n/e, and the claim follows from the
monotonicity consideration above. Check the cases 6 < n < 14 directly. 0

Now suppose that A, < A < Aut(A,) for n > 5. Note that except for n = 6,
Aut(A,) = Sy, by [23] I1.5.5]. We exclude n = 6 in this section, and treat this case
in Section about classical groups, because Ag = PSLy(9).

So A; is a maximal subgroup of A not containing A,. Let ¢ € A have at
most two cycles on A/A;. We regard A; as a subgroup of S,, > A in the natural
action on {1,2,...,n} points. There are three possibilities for A; with respect to
this embedding: A; is intransitive, or transitive but imprimitive, or primitive. We
treat these three possibilities separately.
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A; intransitive. A; leaves a set of size m invariant, with 1 < m < n. Denote
by M,, the subsets of size m of {1,2,...,n}. By maximality of A; in A and
transitivity of A on M,, we see that A; is the full stabilizer in A of a set of m
elements, thus the action of A is given by the action on M,,. If m = 1, then we
have the natural action of A, leading to case [a]in Theorem[3] So for the remainder
assume m > 2.

First consider the case that ¢ is an n—cycle in the natural action. One of the

two cycles of ¢ has length at least ()/2, son > (")/2 > n(n—1)/4, thus n = 5.
This case really occurs, and gives case in Theorem
Next suppose that o is not an n—cycle. Then o leaves (on {1,2,...,n}) a

set S of size 1 < |S| < n/2 invariant. Without loss m < n/2 (as the action on
the m-—sets is the same as the action on the (n — m)-sets). Note that o cannot
be an (n — 1)-cycle by an order argument as above. So we can assume |S| > 2.
For i = 0, 1,2 choose sets S; of size m, such that 7 points of S; are in .S, and the
remaining m — 4 points are in the complement of S. Then these three sets of course
are not conjugate under <o>.

A; transitive but imprimitive. Let 1 < u < n be the size of the blocks of a
non-trivial system of imprimitivity. Then v := n/u is the number of blocks, and
Al = (SulSy) N A= ((Sy)" xSy) N A in the natural action (not to mistake with
the product action).

The index of A; in A thus is n!/((u!)?v!). We will use the bounds in Lemma
and Proposition to see that this case does not occur. The proof is based
on the following

Lemma 3.23. Let u,v > 2 be integers, then

1 (uw)!
v
wlv! < 2 guvje’

(4)
except for (u,v) = (2,2), (3,2), (4,2), and (2,3).

Proof. We contend that if the inequality holds for (u,v), then it holds also for

(u,v+1). First
3\ 3 \"
= _ < _
3<431... <€1/6> _(61/6) ,

eu/e < 3u—1 < (U—|— 1)u—1.

hence

This implies
(v41)e"® < (v+ 1) (5)

But .
uv +1

v+1<
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fori=1,2,...,u, so taking the product over these i yields
(04 1) < (uv—i—u)’
U

SO

(U+1)€u/e < <uv+u>

u
by . Multiply the resulting inequality

(uv + u)!

| - 7
ul(v +1) < (wv)le/e

with to obtain the induction step for v.
Next we show that holds for v = 2 and u > 7. As (277) appears as the

biggest binomial coefficient in the expansion of (141)2%, we obtain (2;‘) > 2u1+1 22u,
Inequality for v = 2 reduces to

<2u> > 4e2u/e,
U

So we are done once we know that

22u > 4 2u/e’
2+ 1 ¢

which is equivalent to

9 2u
(el/e> > 4(2U + ].)

But it is routine to verify this for u > 7.
In order to finish the argument, one verifies directly for u < 7 and the least
value of v where the inequality is supposed to hold. O

As uv > 5 and wv # 6 by our assumption, we have the only case u =4, v = 2.
But 8!/(4!%2!) = 35, and the maximal order of an element in Sg is 15, contrary to

Lemma 3271

Aj primitive. Now suppose that A is primitive on {1,2,...,n}, hence ["TH]' <
[Sr : A1] by a result of Bochert, see [2] or [62, 14.2]. Here [z] denotes the biggest
integer less than or equal z. As A has index at most 2 in S,,, we obtain from
Lemma [3.21] and Proposition |3.22

[n—i—l

]! < 2[A: Ay < 4eme.

However, one verifies that for n = 9 and 12 the following holds

n+1
2

]! > 4™, (6)
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But if @ holds for some n > 9, then it holds for n + 2 as well, as the left
side grows by the factor [(n + 3)/2], whereas the right side grows by the factor
e?e < [(n+3)/2].

So we are left to look at the cases n € {5,7,8,10}.

Suppose n = 5. The only maximal transitive subgroup of S5 not containing
As is A := C5 x Cy, and the only maximal transitive subgroup of As is AN As =
Cs x Cs. So the index is 6, and these cases indeed occur and give |[3c/in Theorem
for p=5.

Now assume n = 7. The only transitive subgroups of S7 which are maximal
subject to not containing A7 are AGL1(7) and PSL3(2). Of course, the index of
AGL4(7) in S7 is much too big. The group PSL;3(2) is contained in A7, and has
index 15. But the maximal order of an element in A7 is 7 < 15/2, so this case
does not occur by Lemma [3.21

Now assume n = 8. Similarly as above, we see that the only case which does
not directly contradict Lemma is A1 = AGL3(2) inside PSL4(2) = Ag. But
then A = PSL4(2) in the natural degree 15 action on the projective space. Lemma
[3:48| shows that this case actually does not occur.

Finally, if n = 10, then we keep Bochert’s bound, but use Proposition to
see that the order of an element in Spg is at most 5V5 = 36.55. .. , hence at most
36. (The exact bound is 30.) So 5! < 2-36 by Lemma a contradiction.

3.7.2 Sporadic Groups

Let S be one of the 26 sporadic groups. Table [3] on page [48] contains information
about small permutation degrees, big element orders, and the outer automorphism
group. The atlas [9] contains all this information except for the maximal subgroups
of the Janko group Jy, the Fischer groups Flige, Fis3, and Fi},, the Thompson
group Th, the baby monster B, and the monster group M. For the groups Jy,
Figy, Figg, and Th we find the necessary information in [33], [32], [31], and [39],
respectively. The bounds for the groups Fib,, B, and M are not sharp, and have
been obtained as follows from the character tables in [9]: If M is a proper subgroup
of S with index n, then the permutation character for the action of S on S/M is
the sum of the trivial character and a character of degree n — 1 which does not
contain the trivial character. Thus n — 1 is at least the degree of the smallest
non-trivial character of S. (In view of the applications we have in mind we could
have used this argument in most other cases as well.)

Now § < A < Aut(S) for a sporadic group S. Let o € A be an element
with only two cycles in the given permutation action. By Lemma [3.21] we get
w(S) < 2|0ut(S)|o(S). We see that the only possible candidates for S are the five
Mathieu groups.

The atlas [9] provides the permutation characters of the simple groups of not
too big order on maximal subgroups of low index. In the case of the Mathieu
groups in the representations which are possible, we thus can immediately read
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off the cycle lengths of an element. Namely the atlas also tells in which conjugacy
class a power of an element lies, so we can compute the fixed point numbers of all
powers of a fixed element.

S = Mjy;. Then A = My, either in the natural action of degree 11, or in the
action of degree 12. The degree 11 case cannot occur for the following reason. By
Lemma [3.21) ord(o) > (2/3)11, so ord(c) = 8 or 11. An element of order 11 is an
11-cycle. An element of order 8 has a fixed point, so if it would have two cycles,
the other cycle length had to be 10, which is nonsense. Now look at the degree
12 action. Then of course an element of order 11 has cycle lengths 1 and 11, and
one readily checks that an element of order 8 has cycle lengths 4 and 8, whereas
an element of order 6 has a fixed point, hence must have more than 2 cycles.

S = Mj2. The smallest degree of a faithful primitive representation of Aut(M;2)
is 144 (see [9]), which is considerably too big. So we have A = M;s in its natural
action. As M1 < Mjo, the elements of order 11 and 8 in My; with only two cycles
appear also in Mjs. Besides them, an element of order 10 has cycle length 2 and
10, and an element in one of the two conjugacy classes of elements of order 6 has
cycle lengths 6.

S = Maa. We have the natural action of S of degree 22, and A < Moo x Ch.
An element of order 11 has two cycles of length 11. An element in S of order 8 has
cycle lengths 2, 4, 8, 8, so this element cannot be the square of an element with
only 2 cycles. An element of order 7 has one fixed point, so it cannot arise either.
And an element in S of order 6 has 6 cycles, so is out too.

S = Mas. Here A = Mss in the natural action of degree 23. An element of
order 23 is a 23—cycle. Looking at the fixed points of elements of order 3 and 5
we see that an element of order 15 has cycle lengths 3, 5, and 15. Similarly, an
element of order 14 has cycle lengths 2, 7, and 14. So this group does not occur
at all.

S = Moy. Here A = Moy in the action on 24 points. One quickly checks that
the elements of order 14 and 15 have a fixed point, so they do not occur. The
elements of order 23, 21, and from one of the two conjugacy classes of elements of
order 12 have indeed two cycles of the lengths as claimed.

3.7.3 Element Orders in Classical Groups

Suppose that S is a classical group. Our goal is to show that S = PSL,,(q), and
that except for a few small cases, the action is the natural one on the projective
space over [F,. The main tool for doing that are good upper bounds for element
orders in automorphism groups of classical groups.

The following lemma controls the maximal possible orders of elements in linear
groups, if they are decorated with a field automorphism.

Lemma 3.24. Let q be a power of the prime p, F, be an algebraic closure of Fp,
and G < GL,,(Fp) be a connected linear algebraic group defined over F,,. For E a
subfield of F,,, denote by G(E) the group G N GL,(E) of E-rational elements.
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Suppose that E is finite, and let v € Aut(E). Then G(E) is normalized by
<v>. Take g = vh in the semidirect product of <vy> with G(E), where h € G(E).
Let f be the order of v, and F the fized field in E of v. Then gf is conjugate in
G to an element in G(F).

Proof. Clearly <> normalizes G(E), as G is defined over F,. We compute
g =n" o,

thus
(97)7 = hg'h™".

Extend v to IETP, and denote the induced action on G also by . By Lang’s Theorem
(see [57, Theorem 10.1]), the map w + w w~! from G to G is surjective. Thus
there is b € G with

h=bb""
Therefore
(b~1g"b) = b7g7h,
so b~ 1g7b is fixed under =, hence contained in G(F). O

In order to apply this lemma, we need the following easy estimate:
Lemma 3.25. Let q, f,r be positive integers such that 27 < q. Then f-¢"/f < ¢".

Proof. We have
qr(lfl/f) > or(f=1) >of-1> 1,

and the claim follows after multiplying with ¢"/7. O

Lemma 3.26. Let g be a power of the prime p. Let o € GL,(q) act indecomposably
on V :=TFy. Then the order of o divides pb(q“ —1), where u divides n, and p?~! <
n/u—11ifb> 0. Furthermore, o?"(¢"=D/(a=1) 45 g scalar, and p®(q* —1) < ¢" — 1.
So in particular ord(c) < ¢" — 1, and the order of the image of o in PGLy,(q) is
at most (¢" —1)/(¢ — 1).

Proof. Write o = o,0p, where o,y and o, are the p’~prime part and p-part of o,
respectively. Let
V:UI@UQ@”@UTN,;

be a decomposition into irreducible o,—modules. Such a decomposition exists by
Maschke’s Theorem.

Let U be the sum of those U; which are o,y~isomorphic to U;. As o, commutes
with o,/, we get that Uf " is o,y—isomorphic to U; for each i. By Jordan-Holder, U
is a o—invariant direct summand of V. The indecomposability of V with respect
to o gives U =V, so all U; are o, —isomorphic.

Let v be the common dimension of U;, so n = uwm. By Schur’s Lemma, the
restriction of o,y to each U; can be identified with an element of the multiplicative
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group of Fgu. As o commutes with o,/, we can consider o and o, as elements in
GLy(g%). So either o, = 1, or p := ord(s,) < p(m — 1) by Lemma Also,
with respect to this identification, o, is a diagonal matrix. So o;?u_l)/ @1 Jets
as a scalar \; € F; on U;. However, the )\; are independent of ¢, because the U;
are o,—isomorphic.

To finish the claim, we need to show that p®(¢* — 1) < ¢*™ — 1. This is clear
for b= 0. For b > 1, this follows from p’ < p(m — 1) and

qum -1
pr— =14+q"++ ¢ > 14 ¢%(m—1) > pP.
(Note that b > 1 implies m > 1.) O

We obtain the following consequence
Proposition 3.27. Let g be a prime power, and n > 2.
1. If 0 € I'Ly(q), then ord(c) < ¢" — 1.
2. If 5 € PT'L,(q), then ord(c) < (¢" —1)/(q¢ — 1), except for (n,q) = (2,4).

Proof. First assume that o € GL,(q), and denote by & the image of o in PGL,(q).
Let Fy =V = Vi @& --- @V, be a decomposition of V' into o-invariant and o—
indecomposable modules V;. Let n; be the dimension of V;. By Lemma the
order of the restriction of ¢ to V; divides a; := p® (¢" — 1), where u; divides n;;,
and a; < ¢™ — 1. The order of ¢ divides the least common multiple of the a;. First
suppose that r > 1. Then ¢ — 1 divides each a;, so

ord(o) < lem(ay,...,a,)
<(a1---ar)/(g—1)
< (¢ =1)---(¢" =1)/(g—1)
<(¢"-1/(g-1).
If however r = 1, then Lemma applies directly. So in either case, (a) and (b)
hold for GL,(q) and PGL,(q), respectively.

Now assume that ¢ € I'L,(q) \ GLy(g), and let f be the smallest positive
integer with o/ € GL,(q). Note that f > 2. By Lemma 7 := o/ is conjugate
to an element 7/ € GL,(r), where r := ¢'/f. (We take the natural inclusion
GL,(r) < GL,(q).) Part (a) is clear, as, by what we saw already, ord(c) <

ford(a/) < fr™ < ¢, where we used Lemma in the last step.

Part (b) requires a little more work. We have, similarly as above,
r*—1
r—1"~

ord(e) < f

and are done once we know that

r*—1 rnf -1 q" —1
< —

r—1 = rf-1 qg—1

f
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which is equivalent to

rf—1 rnf 1
<

r—1 — m—1"

f (7)

Note that (zf —1)/(xz—1) = 1+ 2+ -4z~ is strongly monotonously increasing
for z > 1, so inequality holds once it holds for n = 2. In this case, we have
to show that f < (rf +1)/(r +1). It is easy to see that this last inequality holds
except for f = 2, r = 2. But then is equivalent to 6 < 2" + 1, which is clearly
the case for n > 3. O

Remark. PT'Ly(4) is indeed an exception for part (b) of the previous theorem.
Note that PI'Ly(4) = S5, so this group contains an element of order 6 > 5 =
(42 -1)/(4—1).

1

Lemma 3.28. Let V' be a vector space of dimension n > 2 over Fy with a non—
degenerate bilinear form r = (-,-). Let T € Isom(V, k) be an isometry with respect
to this form, and assume that T is irreducible on V. Then n is even and the order
of T divides ¢/ + 1.

Proof. By Schur’s Lemma we have V' = Fyn, and the action of 7 induced on Fy»
is by multiplication with A € Fyn, where Fy[A] = Fgn. The eigenvalues of 7 then
are the powers 2 for i = 0,1,...,n—1. Let v; € V ® Fyn be an eigenvector to
the eigenvalue A", The form (+,-) extends naturally to a non—degenerate form on
V @ Fgn. Thus there exists ¢ with (vp,v;) = ¢ # 0. This gives ¢ = (vf,v]) =
(Mo, AT ;) = A (g, v;) = AT9¢, so A1F? = 1. Thus A € F2i, so n | 2i. But
1 < n, hence 2¢ = n, and the claim follows. ]

Lemma 3.29. Let V' be a vector space over the finite field F' with a non—degenerate
symmetric, skew-symmetric, or hermitian form k = (-,-). Write F = Fy if k is
bilinear, and F' = F 2 if k is hermitian. Let o € Isom(V, k) be an isometry with
respect to k. Suppose that o is semisimple and orthogonally indecomposable, but
reducible on V. Then the following holds:

V =72&Z, where Z and Z' are o—irreducible and totally isotropic spaces of
the same dimension. Let A and A’ be the set of eigenvalues of o on Z and Z',
respectively. Then

A — {INY XNe A} if k is bilinear,
{ATY X e A} if k is hermitian.

Furthermore, if k is not skew—symmetric, then Z is not o—isomorphic to Z'.

Proof. Let Z be a o—invariant subspace of minimal positive dimension, in particu-
lar Z is o-irreducible. Also Z+ is o—invariant. Furthermore, Z is totally isotropic,
for otherwise V' = Z1Z' by irreducibility of Z. As o is semisimple, there is a
o-invariant complement Z’ of Z+ in V. From dim(Z’) = dim(V) — dim(Z+) =
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dim(Z) and the minimality of dim(Z) we get that Z’ is o—irreducible as well. We
get V. = Z @ Z' once we know that Z & Z’ is not degenerate. But this follows from

ZezZ)n(ZaeZ)Yr=Zaez)nztn(z)*t
=zZn(z)*
= {0},

where the latter equality holds because Z’ is a complement to Z+, therefore Z is
not contained in (Z)*.

Next we show the assertion about the eigenvalues if x is bilinear. Let A\ be
an eigenvalue of o with eigenvector v € Z @ F,. Let w € Z’ ® F, be such that
V® E is the span of w and v', and that w is an eigenvector of o. Let i be the
corresponding eigenvalue. By construction, p := (v, w) # 0, hence

p=(v,w) = (v7,w) = (Av, pw) = Aup,

and the claim follows, as we can also switch the role of Z and Z’ in this argument.

The case that x is hermitian is completely analogous.

Finally, suppose that x is not skew—symmetric, and assume in contrary that
there is a o—isomorphism ¢ : Z — Z'. Let R = Fy[o] < End(V) be the algebra
generated by . As k is not skew—symmetric, there is an element v € V with
(v,v) # 0. Write v = 2+ 2’ with 2z and 2’ in Z and Z’, respectively. Clearly z and
2" are non—zero. By Schur’s Lemma, R acts sharply transitively on the non—zero
elements of Z’, in particular, there is p € R such that (2?)? = 2. Let ¢ : Z — V
be the homomorphism defined by w¥ := w + (w?)?. This map is clearly injective,
) commutes with o, so the image Z¥ has the same dimension as Z, and of course
is o-irreducible as well. By construction, the element v = 2% is not isotropic,
so Z¥ is not totally isotropic, thus s restricted to Z¥ is not degenerate. We get
V = Z¥1(Z%)*, contrary to indecomposability. O

Remark. Let V' be 2-dimensional with a non—degenerate skew—symmetric form,
and o the identity map. As V is clearly not the orthogonal sum of two 1-
dimensional spaces, we cannot dispense of the assumption that s is not skew—
symmetric in the last part of the lemma.

We now extend the previous lemma to those o which are not necessarily
semisimple.

Lemma 3.30. Let V' be a vector space over Fy with a non-degenerate symmetric,
skew-symmetric, or hermitian form k = (-,-). Let o € Isom(V, k) be an isome-
try with respect to this form. Assume that o is orthogonally indecomposable, but
reducible on V. Denote by o, the p'-part of o. Then the following holds:

V=ULlUsl...lU)L((Z1® Z})L... L(Zs® Z))),

where the U;, Z; and Z{ are o, —irreducible, the U; and (Z; ® ZZ’) are not degen-
erate, the Z; and Z| are totally isotropic and the U;, Z; and Z] have all the same
dimension. Also, r + 2s > 2.
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Proof. Choose an orthogonal decomposition of V' into non-trivial o,/ —invariant
subspaces of maximal length, so these subspaces do not decompose orthogonally
into smaller o,/—invariant spaces. Let the U; be those subspaces which are o, —
irreducible, and let the (Z; & Z!) be the remaining ones according to the previous
lemma.

The o,;~homogeneous components Hy, H», ... are o—invariant as a consequence
of Jordan—Holder. Let H be the sum of those H;, where the irreducible summands
of Hi have the same dimension as those of Hy. Then Z; appears in H if and only
if Z! appears in H. The orthogonal indecomposability of o forces H = V.

Suppose that r + 2s < 2. Then s = 0 and r = 1, that is o is irreducible on

V = Uy, a contradiction. O
Lemma 3.31. Let ¢ > 2 and m1, ma,...,m, be distinct positive integers with sum
m. Then )

[T +1) <et/etgm.

=1

Proof. For x real we have 1 + x < e®. Substitute x = 1/¢™ and multiply by ¢"*
to obtain
g™+ 1< el

Multiply these inequalities for ¢ = 1,2, ..., p to obtain

[T@™ +1) <qme”,

with
=1 1
E — < _— = —
Z i T Z k -1’
i=1 " =14 ¢—1
as the m; are distinct. The claim follows. ]

Lemma 3.32. Use the notation from Lemma[3.30 with k bilinear, and let z be the
common dimension of the spaces Z;, Z!, U;. Set w :=r + 2s, thus v := dim(V) =
wz. Then there is a non-negative integer b, such that ord(c) divides p®(¢* — 1).
Furthermore,

2q[”/ 2 n any case,
ord(c) < < q"/2 if ord(c) is odd,
g2 if g is even, and (¢, w, 2) # (2,2,2) or (2,3,2),

Ifqg =2 and v = 4 or 6 and ord(c) > 2V/2, then ord(c) = 6 if v = 4, and
ord(c) =12 if v = 6.

Proof. As the spaces Z;, Z/, and U; are all o,y—irreducible of dimension z, it follows
that the order of o, divides ¢ — 1. Let p® be the order of the p-—part of o. As
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w > 2, hence z < [v/2], the stated inequalities clearly hold for b = 0. Thus assume
b > 1 from now on.
First assume p > 2. We are clearly done except if

p°(¢* — 1) > 2¢[w2/2, (8)

From we obtain
pqu > 2q[wz/2]'
As each factor except 2 is divisible by p, we obtain from that even sharper

pqu > pq[wz/Q]’

hence
pb—lqz > q[wz/2]‘ (9)

Let w’ be the number of elements in a maximal subset of the summands Z;, Z,
and U; which are pairwise o,,—isomorphic. Then the restriction of o, to the sum of
these spaces can be seen as an element in GL,,(¢*), so the order of this restriction
is bounded by p(w’ — 1), see Lemma Clearly w’ < w, hence p*~! <w —1. So
with @ we obtain further
w—1> q[wz/2]—z‘

We first contend that w < 5, and that z = 1 if w > 2. For suppose z > 2. Then
[wz/2] — 2 > w—2,as w > 2. Sow— 1 > ¢*2, which gives w = 2. Is is
easy to see that w —1 > glw/2-1 gives w < 5. Suppose w = 4 or 5. We obtain
g = 3. Furthermore, b < 2, so b = 2 for otherwise we are done (check @) AsV
decomposes into 1-dimensional eigenspaces for oy, the eigenvalues are in F3\ {0},
so we have that ord(cs/) is at most 2, hence the order of o is at most 2 - 32 = 18,
the exact bound we wanted to prove (and which is sharp indeed).

Now suppose w = 3. Clearly b = 1. We have either r = 3, s = 0, or r = 1,
s = 1. In the first case o, restricts to an element of order at most 2 on each Uj;,
so the order of ¢ divides 2p, and the claim follows. Thus assume r = 1, s = 1.
Let A be the eigenvalue of 0,y on Uy. Clearly A = 1. Also, A is an eigenvalue on
Zy or Zj, for otherwise U; were o—invariant, contrary to orthogonal irreducibility.
By Lemma the eigenvalues on Z and Z’ then are %1, so the order of o, is at
most 2, and we are done again.

Finally, we have to look at w = 2. Here we have not necessarily z = 1. First
suppose that s = 0, that is V' = Uy @ Us. The order of o,y on V divides g#A 4 1.
The claim follows as p(ql*/2 4+ 1) < 2¢* = 2¢[/2l. Thus suppose that r =0, s = 1,
soV =271 @ Z]. Let A € Fg: be an eigenvalue of o,y on Z;. By irreducibility, the
eigenvalues of o,y on Z; are X fori=0,1,...,2—1. By Lemmam the inverses
of these eigenvalues are the eigenvalues of o,y on Z;. We contend that these two
sets are the same. Namely as ¢ is not semisimple, it cannot leave invariant both
Zy and Z]. So without loss pr # 7y, and we obtain that Z; and Z| are o, —
isomorphic by Jordan—Holder. So the set of eigenvalues on Z; is closed under
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inversion, in particular there is an i such that A™! = \?". This gives 21— 1,
so A € Fpi. We obtain that z divides 2i < 2z, as Fg= = Fy[A\]. If i = 0, then
A = %1, so oy has order at most 2, and the claim clearly follows, as b = 1. If
¢ > 0, then z = 2, so the order of o,y divides qz/ 2 +1, and the claim follows again
from (¢*/% 4+ 1)p < 2¢*/2q < 2¢7 = 2¢1"/2.

We are left to look at the case p = 2. As the form is not degenerate, we have
necessarily v = wz even. We proceed similarly as above. Recall that b > 1. We
are done unless

2(¢* — 1) > q»*/2. (10)
From that we obtain
2b > qwz/sz
hence
gb—1 > qwz/2—z
and

w—1> qwz/sz’ (11)

as 2071 <w —1. If 2 > 2, then w — 1 > ¢%~2, hence either w =3, ¢ =2, z = 2;
or w = 2. The first case gives 21 < w — 1 =2, s0 b < 2, hence ord(c) = 12 or
<6< 2% =2v/2

Thus we have z = 1 except possibly for w = 2. First assume w > 2, so w > 4
is even. We obtain w < 6 from . Suppose w = 6. Then ¢ =2 and b < 3, and
we obtain a contradiction to . Next suppose w = 4. Again ¢ = 2. From
we obtain 20 > 22 hence b > 3, a contradiction to 4 < -1 <—1=3.

Finally, suppose w = 2. Clearly b = 1. The argument from the last paragraph
in the case p > 2 shows that the critical case is when z is even and ord(o) divides
2(¢*/? +1). Now

2(¢*? +1) = ¢" — ((¢7* = 1) = 3) < ¢* = ¢I"/?
except for ¢q =2, z = 2. O

Proposition 3.33. Let 0 € GL,(q) be an isometry with respect to a non—degenerate
skew-symmetric or symmetric bilinear form on Fy. Then

2¢"/? if q is odd,
ord(c) < g/ if ¢ and ord(o) are odd,
T et lgin/2l < 2gln/2if g £ 2 ds even,
(3¢/2)2/2 faz2.

Proof. Choose a decomposition of V' into orthogonally indecomposable o—invariant
subspaces. The order of ¢ is the least common multiple of the orders of the
restriction of o to these subspaces. Lemmas |3.28| and give upper bounds for
these orders.
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In the following we use several times the trivial inequality
[u1 /2] + [ug/2] + - - - + [ug/2] < [(ur +ug + - - 4+ ug)/2]

for integers u;.

First suppose that ¢ is odd. Let U be such a subspace of dimension u. If
U is o-irreducible, then ord(c|y) is at most ¢l*/2 4 1, so the order is at most
(¢4 +1)/2 < ¢/ if ord(o|y) is odd, and at most ¢[*/2 +1 < 2¢[*/2) otherwise.
The assertion follows if U = V. So suppose U < V. By induction, the stated
bound holds for the restriction of o to U+. Let @ = dim(U~). If the orders of the
restriction of o to U and U™ are relatively prime, then at least one of the orders
is odd, and we obtain the claim by multiplying the corresponding upper bounds.
If these orders are not relatively prime, then the product of these orders divided
by 2 is an upper bound for the order of o, so the claim holds as well.

Now suppose that ¢ is even. Let W; be those subspaces from above on which
o acts irreducibly, and let W be the sum of these spaces. Set w := dim(W), and
let 1 < wy < wg < ... be the distinct dimensions of the spaces W;. Note that if
dim(W;) = 1, then the restriction of o to Wj is trivial. By Lemma the w; are
even, and the order of the restriction of o to the associated space divides ¢%i/2 +1.
Thus the order of o|y divides the product of the ¢“i/2 + 1. This product is less
than e'/(@=Dg/2 by Lemma If ¢ # 2, then apply the bounds in Lemma
to the summands of W to get the claim. Finally suppose ¢ = 2. We are
done except if one of the summands Q of W+ has dimension 4 or 6, and o|g has
order 6 or 12, respectively. The stated inequality then holds for W_1@Q. If there
are more such summands @’ in W+, then they do contribute at most by a factor
2 < 2ldim(@)/2] 6 the order of o. All other summands of dimension r contribute
by a factor of at most 2"/ so the claim follows. O

At a few places we need the following trivial

Lemma 3.34. Let 1 <i<m and q > 2 be integers. Let € be —1 or 1. Then

(@™ +e) (g™t —e) 2m—1—i

- >
q'—1 !
Proof. Clearly ¢™~* — 1 > &(q — 1). Multiply by ¢™~! to get ™17t — g~ >
e(g™ —q™ 1), hence ¢?" 171 —1 > ¢(¢™ — ¢™ ). But this inequality is equivalent
to the stated one. O

As before denote by p(S) and o(S) a lower bound for the degree of a faith-
ful permutation representation and an upper bound for the order of an element,
respectively. The minimal permutation degrees u(S) have been determined by
Cooperstein and Patton — we use the “corrected” list [30, Theorem 5.2.2] which
still contains a mistake (giving the wrong u for PQj (3)). We exclude the group
PSLa(5), as PSLa(5) = As, a case we already dealt with. Besides that, the list
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[30, Theorem 5.2.2] contains a few duplications. Accordingly, we drop PSp,(3) in
view of PSp,(3) = PSU4(2) and Sp,(2) in view of Sp,(2)" = PSLy(9).

Assume that the almost simple group A acts primitively and contains an el-
ement with at most two cycles. We consider the case that the minimal normal
subgroup S of A is a classical group. The aim of this section is to show that S is
isomorphic PSL,,(g), a case to be handled afterwards.

3.7.4 S Symplectic

Lemma 3.35. Let S = PSpy,,(q) be the simple symplectic group, and o € Aut(S).
Then

4q™ if q is odd,

et/a=Dgm  if g+ 2 is even, m > 3,

2e1/a=Dg2  if g+ 2 is even, m = 2,

(3e/2)2™  ifq=2,m>3.

ord(o) <

In particular, ord(c) < 4¢™ if q # 2.

Proof. Let ¢ = p" with p a prime. If ¢ is odd, then Out(S) = Cy x C,, see [30,
Theorem 2.1.4, Prop. 2.4.4], where C, comes from a field automorphism. Thus
0? has a preimage 7 in Sps,,(q) x Aut(F,). Let f be the order of the associated
field automorphism. By Lemma 71 is conjugate to an element in the group
Sps,,(q"/ 1), whose element orders are bound by 2¢"/f by Proposition Thus
7 has order at most 2f¢"// < 2¢™, where we used Lemma The claim follows
in the odd case.

If g is even, then Out(S) = C, if m > 3. Argue as above. If m = 2, then
Out(S) is cyclic of order 2r, and the square of a generator is a field automorphism,
see [8, Chapter 12]. The claim follows as above. O

Now we rule out the symplectic groups in the order as they appear in Table
on page [46]

m>2 q>3, (m,q)#(2,3). Let 0 € Aut(S). The minimal faithful permu-
tation degree of S is (¢*™ — 1)/(q — 1). As q¢ > 3, we get ord(c) < 4¢™ by the
previous Lemma. So Lemma [3.2]] gives

2m

g™ -1
q—1

< 2ord(c) <2-4-q¢™.

Note that the left hand side is bigger than ¢!, so it follows that ¢™~! < 8.
Thus m =2 and ¢ < 7. But (74 —1)/(7 — 1) = 400 > 392 = 8 - 7%, so ¢ = 7 is out.
Thus ¢ = 4 or 5. But ord(o) < 20 for ¢ = 4, and ord(o) < 30 for ¢ = 5, see the
atlas [9]. These improved bounds contradict the above inequality.

m >3, q = 2. Weget u(S) =2m"1(2m—1) < 2(3¢/2)2™, hence 2™ —1 < 6e, so
m = 3or4. If m = 4, then the atlas gives ord(¢) < 30, contrary to u(S) < 2ord(o).
Thus m = 3. The atlas gives ord(o) < 15, and the next biggest element order is
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12. Also, there is a maximal subgroup of index 28, and the next smallest has index
36. So ord(c) = 15 and n = 28. But 15 = lem(k, 28 — k) has no solution, therefore
o must have more than 2 cycles in this representation.

3.7.5 S Orthogonal in Odd Dimension

Lemma 3.36. Let S = Qopy1(q) be the simple orthogonal group with q odd,
m >3, and o € Aut(S). Then

ord(o) < 2¢™.

Proof. Set V = Fgmﬂ, V=V ®E, and let x be the standard bilinear form on V.
The algebraic group G := SL(V) NIsom(V, k) is connected. Let o be in Aut(S).
By the structure of the automorphism group of S (see [30, Prop. 2.6.3]), we find a
preimage 7 of ¢ in Isom(V, k) x Aut(F,). As Isom(V, k) is an extension of G(IFy)
by the scalar —1, we may assume that 7 € G(F,) x Aut(F,). Now use Lemma
together with Proposition and Lemma to get the conclusion. O

m >3, q > 5 odd. We get a stronger inequality as in the previous case S =
PSps,,,(q), where we saw that there is no solution for m > 3.

m >3, q=3. We get 3™(3™ —1)/2 <2-2-3™ hence 3™ <9, som <2 a
contradiction.

3.7.6 S Orthogonal of Plus Type

Lemma 3.37. Let S = PQ;m(q) be the simple orthogonal group with Witt defect
0, and o € Aut(S). Write ¢ = p’ for p a prime. Then

4fq™ < 2¢™m 1 if q is odd, m > 5,

8fq* < 4¢° if q is odd, m = 4,

2fq™ < g™t if ¢ # 2 is even, m > 5,
ord(o) < A ) ,

(9/2)fg* < (9/0)¢° if q#2 is even, m =14,

(3e/2)2m ifg=2,m>5,

30 ifq=2, m=4.

\

Proof. Let k be the bilinear form associated to S. First suppose that m > 5.
Assume ¢ odd first. Then o2/ has a preimage in Isom(IFgm, k), this follows from
the structure of the automorphism group of S, see [30, Theorem 2.1.4, Table 2.1.D].
Now apply Proposition @, and note that 2f < ¢. If ¢ is even, then ¢/ already
has a preimage in ISOHI(Fgm,K,), hence if ¢ # 2, then ord(c) < fel/le-Dgm <
2f¢™ < ¢™*! by Proposition or ord(o) < (3e/2)2™ if ¢ = 2.

Now suppose that m = 4. We have Out(PQg (¢)) & S5 xC} if ¢ is even, and
= Sy xCf if ¢ is odd, see [30, p.38]. Thus if ¢ is odd, then either o3f or 0% has a
preimage in Isom(Fzm, k), so ord(o) is at most 4f times the maximal order of an
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element in Isom(F 27”, k), and we use Proposition again. If ¢ # 2 is even, then
analogously ord(c) < 3fe'/(T=Dg* < 3el/3fg* < (9/2)fq*. If ¢ = 2, then use the
atlas information [9]. O

m > 4, q > 4. First suppose that m > 5. We get

("= D™ +1)
q—1

The left hand side is bigger than ¢~ 2 by Lemma so we obtain further
¢>™ 2 < 4¢g™H hence ¢® < ¢™ 3 < 4, a contradiction.

Next assume m = 4. First assume ¢ odd. Similarly as above we obtain
¢® < 16f¢* < 8¢°. Note that if f = 1, then ¢ < 4, a contradiction. Thus assume
f > 2. We obtain ¢ < 8, so f = 2, hence ¢*> < 32, thus ¢ < 5, giving the
contradiction f = 1.

Now assume that ¢ # 2 is even. We obtain ¢® < 2-(9/4)¢°, hence ¢ = 4. But
ord(c) < (9/4)4° = 2304, whereas u(S) = 5525 > 2 - 2304, a contradiction.

m >4, q = 3. First consider m = 4. One verifies that o(PQ (3)) = 40, so
ord(c) < 4-40 = 160, because Out(PQg (3)) = Sy4. In view of u(S) = 1080 this
case is out. Suppose m > 5. We obtain 3™~ (3™ —1)/2 < 2-2-3™*! hence m < 5,
a contradiction.

m>4, q=2. If m = 4, then ord(c) < 30, whereas p(S) = 120, so this
case is out. Suppose m > 5. We obtain 277 1(2™ — 1) < 2 (3¢/2)2™, hence
2Mm < 6e+1=17.3..., thus m < 4, a contradiction.

< 2ord(o) < 4¢™HL.

3.7.7 S Orthogonal of Minus Type

Lemma 3.38. Let S = PQ,, (q) be the simple orthogonal group with Witt defect
1, and o € Aut(S). Write ¢ = pf for p a prime. Then

4fq™ < 2¢™Y if q is odd, m > 4,
2fq™ < ¢m™tY if g # 2 is even, m > 4,

ord(o) < ¢ (3e/2)2™ ifq=2, m>4,
60 ifqg=2, m=>5.

Proof. The proof follows exactly as in Lemma [3.37 except that for m = 4, there
is no exceptional (graph) automorphism of order 3. For ¢ = 2 and m = 4 or 5 use
the atlas [9]. O

Now S = P, (q) for m > 4. From Lemma we get u(S) > ¢*™ 2. First
suppose q # 2. We obtain ¢~ 2 < 2-2¢™*!, hence ¢™ 3 < 4. Thus m = 4 and
q = 3. But this contradicts the sharper bound ord(c) < 4 -3* = 324. If ¢ = 2,
then 2272 < 2. (3¢/2)2™, hence 2™~2 < 3¢ = 8.1..., so m < 5. Arrive at a
contradiction using the upper bounds for ord(c) from Lemma m
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3.7.8 S Unitary

Lemma 3.39. Suppose that o € GU,(q) acts irreducibly on Fy. Then n is odd,
and ord(o) divides ¢" + 1. The order of the image of o in PGU,(q) divides (¢" +

/(g +1).

Proof. Let A be an eigenvalue of 0. Then Fp2[A] = F2n. All the eigenvalues of o

are A\ with i = 1,---,n. Similarly as in the proof of Lemma there exists
an index ¢ in the given range such that A7 = )\qm, SO

AT (12)

41—2

It follows that AX¥ 1 =1, s0 )\ € IF;”*. Therefore n|2i —1 < 2n, son = 2i — 1.
The assertion about the order of o follows from . By the irreducibility, the
element ¢ is a subgroup of a Singer group of order ¢*® — 1 on IFZQ. The (unique)
subgroup of order ¢ + 1 of this Singer group consists of scalars, because ¢ + 1
divides ¢ — 1. Also, ¢ + 1 divides ¢" + 1, so modulo scalars ¢ has order at most
(¢"+1)/(g+1). O

Lemma 3.40. Let 0 € GU,(q), and denote by @ the image of o in PGU,(q). Let
q = p! with p prime. The following holds.

1. If n =1, then ord(o) divides g+ 1.
2. If n = 2, then ord(c) divides ¢*> — 1 or p(q + 1).

3. If n = 3, then ord(c) divides ¢> + 1, ¢*> — 1, or p"(q¢+ 1) with r < 2 and
r =1 if p > 2. Furthermore, ord(c) divides ¢*> —q+1, ¢*> —1 or p(q + 1).
For p =2, there is the additional possibility ord(c) = 4.

4. Ifn =4, then ord(c) divides > +1, ¢> —q*+q—1, or p"(¢*> —1) where r < 2
and r =1 if p > 2. For p =3, there is the additional possibility ord(c) = 9.

Proof. Denote by o,y the p'—part of . Set F' = F2, so GUp(q) is the isometry
group of the unique hermitian from on F™.

The case n =1 is trivial.

Suppose that n = 2. By Lemma [3.39 ¢ is reducible on V = F". If o is
semisimple, then the eigenvalues of o are in F, so ord(c) | ¢> — 1. If o is not
semisimple, then o,/ is the centralizer of an element of order p, hence o, is a
scalar, and the claim follows again.

Now assume n = 3. If ¢ is irreducible, then apply Lemma If o is
orthogonally decomposable, then apply (a) and (b) to get that ord(o) divides ¢>—1
or p(q+1). Next assume o reducible, but orthogonally indecomposable. Choose
a maximal orthogonal decomposition of V' in o,y —invariant subspaces. By Lemma
and the notation from there, either V.= Uy LUy LUs, or V = Uy L(Z1 & Z1).
Assume the first possibility. By orthogonal irreducibility of o, the U; are pairwise
oy —isomorphic, thus o, is a scalar on V, with order dividing ¢ + 1. Let p" be
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the order of the p—part of . Then p"~! < 2 by Lemma and we get the
divisibilities as stated. If we have the latter orthogonal decomposition, then Uj
must be o,—isomorphic to Z; or Zj, say to Z;. On the other hand, Z; and Z]
are not o, —isomorphic by Lemma [3.29] We get that o, leaves invariant U L7,
and Zs, thus the order of 0, divides p. The order of o,y divides ¢ + 1, because the
restriction to U; satisfies this, so this holds also for the restriction to Z;, and then
also for the restriction to Z; by Lemma

Now assume n = 4. Let p? be the order of op. First assume that o, is
orthogonally decomposable. From (a), (b), and (c), we get that ord(c,/) divides
¢> — 1 or ¢® + 1. If the latter occurs, then b = 0. If b > 2, then b = 2, and
either p = 3, and o3 acts indecomposably on V, or p = 2. In the former case
oy must be a scalar, so ord(7) divides 9. Next assume that o,/ acts orthogonally
indecomposably on V. Then V = Z; @ Z] with dim(Z;) = 2. Let A € F 4 be an
cigenvalue on Z;. Then the other eigenvalue is A?°, and Lemma tells us that
the eigenvalues on Z] are A~¢ and A=, Set m = ¢ — ¢®> + ¢ — 1. Raising these
4 eigenvalues to the m—th power gives equal values (use £ = A), hence ag} is a
scalar. Also, o, = 1, because Z; and Z| are not o, —isomorphic by Lemma
We get the stated divisibilities. O

Lemma 3.41. Let g = p! > 3 for a prime p. Then each element in Aut(PSUy(q))
has order at most maxz(2, f) - (¢ +1).

Proof. Let 0 € GUy(q) x Gal(F,2/F,) be a preimage of a given element o €
Aut(PSU4(q)). Let r be smallest positive integer with o” € GUy4(q), so r divides
2f. If r < 2f, then r < f, and " € PGU(4,q), so the claim follows from
ord(7) < ford(¢") and Lemma Also, if f = 1, we are obviously done.
Therefore we are concerned with r = 2f with f > 2.

By Lemma we get that 0%/ is conjugate to an element in GLy4 (p), and an
upper bound for the element orders in the latter group is p*, see Proposition
Thus ord(c) < 2fp*. From f > 2 we obtain 2fp* < f(p® +1) < f(¢* +1), and we
are done. O

Lemma 3.42. Let S = PSU,(q) be the simple unitary group with n > 3, and
o € Aut(S). Then

2q™ if q is odd,
(3e/2)q™ in any case.

ord(o) < {

Proof. Write ¢ = p/ with p a prime. Then ¢ has a preimage 7 in GU,(q) x
Gal(F2/F,). Under restricting the scalars to ), we obtain an embedding of the

latter group into Isom(IFgf " k), where £ is a symmetric non-degenerate F,-bilinear
form. Now apply the bounds in Proposition to obtain the claim. ]

We rule out the unitary groups in the order as they appear in the list |1} on
page So suppose that S = PSU,,(q).
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m = 3, q # 2,5. First suppose that f > 2, so ¢ > p. By Lemma [3.40| and
the structure of the automorphism group of PSU,,(¢q) given in [30, Prop. 2.3.5] we
get ord(o) < 2f(¢®> —1). But u(S) = ¢+ 1,50 ¢ +1 < 2-2f(¢*> — 1), hence
@®> —q+1<4f(qg—1). This shows ¢*> — ¢ < 4f(q — 1), so 3/ < q < 4f, contrary
to f > 2.

Next suppose f = 1, so ¢ = p. We obtain ord(c) < 2p(p + 1). Thus p3 +1 <
4p(p+1), so p?> —p+ 1 < 4p, therefore p — 1 < 4, so p = 3. Check the atlas [9] to
see that ord(c) < 12, so this case is out by 3% +1 > 2 - 12.

m = 3, g = 5. Then Out(S) = S35 and o(Aut(S)) = 30. Thus the degree is at
most 60. But the only representation of S with degree < 60 has degree 50, see [9].
Now o(S) =10, s0 A > S. As 5.3 does not have a permutation representation of
degree 50, we have A = S.2. However, 0(S.2) = 20, and this case is out too.

m = 4. Suppose ¢q # 2 for the moment. First suppose f > 2. Then ord(c) <
f(¢® +1) by Lemma We obtain (¢ + 1)(¢> + 1) = u(S) < 2f(¢® + 1), hence
g+1<2f Butgq>2f > 2f, so there is no solution. Next suppose f = 1, so
q = p. We obtain p+ 1 < 4, so p = 3. However, the maximal element order in
Aut(PSU4(3)) is 28, see the atlas [9], a contradiction. Similarly, if ¢ = 2, then
o(Aut(PSU4(2))) = 12, which is too small.

6| m, q=2. Use Lemmato get 2m~1(2m —1)/3 < 2(3e/2)2™ = 6e2™ L,
hence 2™ — 1 <18 =48.9..., so m < 5, a contradiction.

m > 5, (m,q) # (6m’,2). From Lemma [3.34| we obtain u(S) > ¢*™~3. On the
other hand, ord(c) < (3¢/2)¢™ by Lemma s0¢*> < g™ 3 <3e=8.1..., thus
g =2and m = 5. (Also m = 6 would fulfill the inequality, but this is excluded
here.) However, in this case pu(S) = 165, whereas o(Aut(S)) = 24, see the atlas
[9], a contradiction.

3.7.9 Projective Special Linear Groups

Now we assume that S = PSL,(¢q), and show that except for some small cases, only
the expected elements can act with at most 2 cycles in the natural representation.

In this section, we use results by Tiep and Zalesskii [58, Section 9] on the three
smallest faithful permutation degrees for the simple groups PSL,(¢q). Unfortu-
nately, their result is mis—stated. Apparently they mean to give the degrees of the
three smallest faithful primitive permutation representations. In order to make
use of their result, we need a little preparation.

Lemma 3.43. Let S be a simple non—abelian group, and n = u(S) be the degree
of the smallest faithful permutation representation. Let A be a group between S
and Aut(S). If A has a primitive permutation representation on € such that S is
imprimitive on Q, then |Q| > 3n.

Proof. Suppose that S acts imprimitively on 2, and assume that |2] < 3n. Let
A be a non—trivial block for S, and M be a setwise stabilizer in S of this block.
Primitivity of A forces transitivity of S on €2, in particular S is transitive on the
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block system containing A. As there must be at least n blocks by assumption,
nlAl < 10| < 3n,

hence |A| < 3, s0 |A| = 2. Let A; be the stabilizer of a point in A. Set S} = SNA;,
a point-stabilizer in S. Clearly [M : Si] = |A| = 2, so Sy is normal in M. Also,
S is normal in A;, and maximality of A; in A forces A1 = N4(S1). So M < Ay,
a contradiction. O

Lemma 3.44. Let S = PSL,(q) with (n,q) # (4,2), (2,2), (2,3), (2,4), (2,5),
(2,7), (2,9), or (2,11). Let A be a group with S < A < Aut(S). Suppose that A
acts primitively, and there is o € A with at most two cycles in this action. Then
S is primitive as well.

Proof. In these cases the natural action of S on the u = (¢" — 1)/(q — 1) lines
of Fy is the one of smallest possible degree. Let N be the degree of the action
of A. Suppose that S is imprimitive. From Lemma [3.43] we obtain N > 3u. If
o € PI'Ly(q), then ord(c) < p by Proposition [3.27] contrary to Lemma[3.21} Thus
o involves a graph automorphism of PSL,(¢), hence also n > 3.

As 0% € PT'L,(q), we have ord(c) < 2u, hence N < 4u. Let A; be a point—
stabilizer in A, and set S; = A1NS. Let M be a maximal subgroup of .S containing
Si. Then [S: M] < [S:51]/2 < 2u, so it follows easily from [58] Section 9] that
M fixes a line (or hyperplane) with respect to the natural action, except possibly
for (n,q) = (3,2). Exclude this single exception for a moment. As A = A;S by
transitivity of S, also Ay involves a graph automorphism 7. As A; normalizes Sy,
and the action of 7 on S interchanges point—stabilizers with hyperplane—stabilizers,
we get that there is a hyperplane H < [Fj and a line L < Fy, such that S fixes
H and L. Clearly, S acts transitively on the ¢"~!(¢" — 1)/(q — 1) non-incident
line-hyperplane pairs, and also transitively on the (¢" — 1)(¢"~! — 1)/(q¢ — 1)?
incident line~hyperplane pairs. The latter size is smaller than the former, so
N> (¢"-1)(¢"'-1)/(¢g—1)? = (¢" ' -1)/(¢g—1)p. From N < 2ord(c) < 4u we
obtain 1 4+¢q+---4¢" 2 < 4. Hence n = 3 and ¢ = 3 or 2. However, for ¢ = 3 we
have ord(c) < 13 by [9], contrary to N > 52. If ¢ = 2, then Aut(S) = PGL2(7),
so ord(o) < 8, but N > 21, a contradiction.

It remains to check the case (n,q) = (3,2). Then Aut(S) = PGLy(7),
ord(c) < 8, hence N < 16. But this contradicts the above estimation N > 3u
21.

SO

ol

Lemma 3.45. Let S = PSLy(q) with (n,q) # (4,2), (2,2), (2,3), (2,4), (2,5),
(2,7), (2,9), (2,11) and S < A < Aut(S). Assume that A acts primitively on SQ.
Suppose that o € A has at most 2 cycles on Q. Then either A < PT'L,(q) and
A acts naturally on the lines of Fy, or (n,q) = (3,2), and A < Aut(PSL3(2)) =
PGLs(7) acts naturally of degree 8.

Proof. Let N = |Q] be the permutation degree of A, and suppose that we do not
have the natural action of S = PSL,(q) on the points of the projective space.
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As 02 € PTL,(q), we get ord(c) < 2(¢" — 1)/(¢ — 1) by Proposition

S is primitive by the previous lemma, so we can use the results by Tiep and
Zalesskii [58, Section 9] on the three smallest primitive permutation degrees for
the simple groups PSL,,(¢), see the comment before Lemma

First suppose that n > 4, and if n = 4, then ¢ # 2. Then

(" —1)(¢"*t—-1)
Ny

(This second smallest primitive representation is given by the action on the 2—
spaces in F'.) Now use N < 2ord(c) to obtain ¢" ! —1 < 4(¢* —1). Son =4
and ¢ = 3. (Note that (n,q) = (4,2) is already excluded from the statement of the
lemma.) But o(Aut(PSL4(3))) = 40 by the atlas [9], whereas N = 130 > 2 - 40, so
this case is out.

Next assume n = 3. Using [58, Section 9], one easily verifies that N > ¢3 — 1
except for ¢ = 4 and 2. Exclude ¢ = 2 and 4 for a moment. So ¢ — 1 <
4(g®—1)/(g—1), hence ¢ = 3 or 5. But for ¢ = 5, we actually have N > 52(5% —1),
but ord(c) < 2(5% — 1)/(5 — 1), clearly a contradiction. If ¢ = 3, then N > 144,
contrary to ord(c) < 2(3% —1)/(3 — 1) = 26. Now suppose ¢ = 4. The atlas [9]
gives ord(c) < 21, whereas N > 56 > 221 by [58, Section 9], a contradiction.
If ¢ = 2, and we do not have the natural action, then necessarily N = 8, which
corresponds to the natural action of PGLy(7) = Aut(PSL3(2)).

Finally we have to look at n = 2. As A < PI'Ly(q) now, we have ord(o) <
@-1f(g-1) =q+1.

We go through the cases in [58, Section 9]. If ¢ > 4 is an even square, then
2(g+1) > N > ,/q(q + 1), hence ¢ < 4, a contradiction. If ¢ is an odd square
#9, 49, then 2(¢ +1) > N > /q(q + 1)/2, hence ¢ < 16, a contradiction. If
q € {19,29,31,41}, then 2(¢+1) > N > q(¢*> —1)/120, so ¢ < 16, a contradiction.
If g =17 or ¢ = 49, then N = 102 or 175, respectively, so these cases do not
occur. If ¢ is not among the cases treated already (and # 7, 9, and 11,) then
N >q(qg—1)/2,s0 q(qg—1) < 4(g+ 1), hence ¢ < 5, a contradiction. O

Lemma 3.46. Let S = PSLy(q) with g =9 or 11 and S < A < Aut(S). Assume
that A acts primitively on Q, and that there exists o € A with at most 2 cycles
on Q. Then either A < PI'La(q) and A acts naturally on the lines of Fy, or
qg=9, A< 8¢ < Aut(PSL2(9)) acting naturally on 6 points, or ¢ = 11, || = 11,
A = PSLy(11), and o is an 11-cycle.

Proof. Suppose ¢ = 9. We have S = Ag, and the maximal subgroups of S have
index 6, 10, and 15, respectively. Of course, the degree 6 occurs. Degree 10
corresponds to the natural action of S. The degree 15 corresponds to Ag acting
on 2-sets. Then A < Sg, and one verifies easily that each element has > 3 cycles.
This settles the case that S is primitive. If S is imprimitive, then N > 3 -6 = 18
by Lemma but also N < 2ord(c) < 20. As A contains no element of order
9, we actually have N = 20. Hence ord(c) = 10, so PGL2(9) < A. But neither
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PGL2(9) nor PI'Ly(9) act primitively on 20 points, e.g. by the argument in the
proof of Lemma [3.43

Next suppose ¢ = 11. As ord(c) < 12, we have N < 24, but 24 < 33 = 3- u(95),
so S is primitive. The maximal subgroups of S of index < 24 have index 11 and
12, and correspond to the actions covered by the claim. ]

Lemma 3.47. Let PTL,(q) act naturally on the lines of Fy for n > 2. Suppose
that an element o € PI'Ly,(q) \PGL,(q) has at most 2 cycles. Then (n,q) = (3,4),
(2,4), (2,8), or (2,9).

Proof. Let vg € GLy,(q) x Aut(IF,) be a preimage of such a o, with v € Aut(F,)

and g € GL,(g). Then
d(vg) > 1¢q"—1
or = .
19 =9 qg—1
Let f > 2 be the order v. By Lemma (vg)! is conjugate to an element in
GL,(¢"/7), and the orders of elements in this latter group are at most ¢"/ — 1 by

Proposition [3.27] Thus

1¢"—1

n/f 1) > ord > . 13
fla ) = or (79)_2(1_1 (13)
This gives
2fq>2f(g—1) > qni_l > qn—n/f
= qn/f—l )
hence
2f > qnfn/ffl_
Now use 2f < 2/ and ¢ > 2/ to obtain
of > onf—n=f
hence of Fo9
<o =42l S <y 14
n _ f—l - ( )
son <3.

First suppose n = 3. Then shows f < 3, hence f = 2. Set r = ¢'/2.

Then (13)) gives 2(r3 — 1) > %:Z:}, so 4(r? — 1) > r3 + 1, hence r < 4. One

verifies easily that » = 3 is not possible, because the maximal order of an element
in PT'L3(9) \ PGL3(9) is 26, see e.g. [9].

Next assume n = 2. Again set r = ¢'// > 2. Let h be an element in GLy(r) <
GLa(g) which is conjugate (in GLa(F,)) to (vg)/. Denote by h the image of h in
PGL2(q). There are three possibilities for h: If h is irreducible on Fi, then ord(h)

divides r2 — 1, so ord(h) divides (r? — 1)/ged(r? — 1,q — 1). But r — 1 divides

the denominator, so ord(h) divides r + 1. Next assume that A is reducible. If h is

semisimple, then clearly ord(h) | ord(h) | r — 1. If however h has a unipotent part,
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then this p—part has order p, and its centralizer is the group of scalar matrices.

Hence in this case, ord(h) =p <.

We have seen that ord(h) < r + 1 in any case, hence ord(c) < f(r +1). We
obtain

g+1 rf+1
1) > — =
hence 7
1
4+ <of.
r+1

The left hand side is monotonously increasing in r. For r = 2 we obtain 2/ +1 < 6,
hence f < 4. For f = 3 and 4 there are only the solutions » = 2. If r > 2, then
f =2and r = 3 or 4. In order to obtain the claim, we have to exclude the
possibility ¢ = rf = 16. The previous consideration shows that each element in
PI'Ly(16) \ PGL2(16) has order at most 12. But then we clearly cannot have at
most 2 cycles in a representation of odd degree 17. O

Lemma 3.48. Let 2 < n € N. Suppose that o € PGL,(q) has at most 2 cycles in
the action on the lines of Fy. Then one of the following holds:

1. q is a prime, n = 2, and o has order q.
2. o is a Singer cycle or the square of a Singer cycle.

Proof. For a subset S of Fj denote by P(S) the “projectivization” of S, namely
the set of 1-dimensional spaces through the non—zero elements of S. Denote by
¢ € GL,(q) a preimage of 0. If ¢ is irreducible on F ¢ then Schur’s Lemma shows
that (b) holds. Thus assume that & is reducible, and let 0 < U < Fy be a 6—
irreducible subspace. The assumption shows that <o> permutes transitively the
elements in P(U), as well as those of P(Fy \ U). The transitivity of this latter
action shows

q“ divides ord(d), where u = dim(U). (15)

Denote by ¢, and &,y the p—part and p’—part of &, respectively. Let W be a 6,/
invariant complement to U in Fy. As ¢ is transitive on P(U) and P(Fy/U), we
have in particular that ¢ is irreducible on the quotient space Fy /U, so &, is trivial
on this quotient, hence &, is irreducible on W. From we get that &, is not
trivial, in particular W is not 6;,~invariant. Then we see from Jordan-Hoélder that
U and W are G,y—isomorphic, so 6, € GLa(¢"). Thus ord(G,) = p. Combine this
with to get n = 2u = 2, and ¢ = p. Finally, 6,/ centralizes 6,, so must be a
scalar, that is ¢ has order p. O

3.7.10 Exceptional Groups of Lie Type

Here we rule out the case that S is an exceptional group of Lie type. Table
on page (47| contains the exceptional group of Lie type S, a lower bound u(S) for
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the degree of a non-trivial transitive faithful permutation representation, an upper
bound o(S) for the orders of elements, the order of the outer automorphism group,
and finally restricting condition on ¢. In the list ¢ = p/ for a prime p.

The lower bound for 1(.S) has been computed as follows. If S has a permutation
representation of degree m, and F' is any field, then the permutation module of S
over F' has a submodule of dimension m—1. So m—1 is at least the dimension of the
lowest—dimensional projective representation of S in characteristic different from
the defining characteristic. But these minimal dimensions have been determined
by Landazuri and Seitz in [35]. We use the corrected list [30, Theorem 5.3.9].
Note that if S does not have a doubly transitive representation, then the (m —1)-
dimensional module is reducible, so one summand has dimension at most (m—1)/2,
see [I8, 4.3.4]. This is the case for all S except for 2By(q) and 2G2(q). So u(S) is
then at least 1 plus 2 times the minimal dimension of a representation of S.

The upper bound for o(S) has been obtained as follows. Each element of S is
the product of a p—element with a commuting p’—element, so we multiply upper
bounds for each. If ¢ is the Lie rank of S, then the order of p’—elements is at most
(g +1)¢, see [38, 1.3A]. The order of a p—element g is bounded as follows. Suppose
S < PGLy/(F) for a field F' of characteristic p. Then the order of g is a p-—power
at most p(w — 1), see Lemma Small values w with an embedding as above are
classically known, see [30, Prop. 5.4.13]. However, for the Suzuki groups 2Bs(q)
we used [24, XI, §3] to determine p and o. To determine u for Go(g) and 3Dy(q)
we use the papers by Kleidman [28] and [29] respectively.

Now assume that S < A < Aut(S) and 0 € A has at most two cycles in a
transitive action of A. Then u(S) < 20(A) < 2|0Out(S)|o(S). Comparing with the
information in the Table [2| on page rules out all but a few little cases, which
require extra data obtained from the atlas [9].

S =2Ba(q). We get 1+¢? < 2f(q++/2q+1). As g > 8, we have \/2¢+1 < %q.
So we get ¢ < 1+ ¢® < 2f(q+ %q), hence 2/ < 13 f. This implies f = 3. But
o(Aut(?B2(8))) = 15 (see the atlas [9]), contrary to u(?Bs(8)) = 65 > 2 - 15.

S =2Ga(q). We get 1 +q(q—1) < 2f-9(¢+1). Now ¢+ 1 < Z¢, which
gives 3/ = ¢ < 53—6f + 1, hence f = 3. But u(*G2(27)) = 19684, see [9], whereas
0(%G(27)) = 37, so this case is clearly out.

S = G2(q). Obviously ¢ > 5. First assume that ¢ is odd. Bound (¢5—1)/(¢—1)
from below by ¢°, and ¢+ 1 from above by 6¢q/5. We then obtain ¢° < 2-2f-6p(q+
1)2 < 24¢(6¢/5)2, hence p?/ < 864f/25, which gives ¢ = 5. But then Out(S) has
order 1, and when we use the estimations in the table, we get a contradiction. The
case p =2 and f > 3 also does not occur by a similar calculation.

S =3Dy(q). We get (¢ + 1)(¢® +q¢* +1)/2 <2-3f-8p(q+ 1) One quickly
checks that this holds only for ¢ = 2. But u(3D4(2)) = 819, whereas 0(°D4(2)) = 28
(see [9]), so this case does not occur.

S =2F4(2). This clearly does not occur.

S =2F4(q). One gets 1+ q¢*\/2q(q— 1) < 2f-32(¢+1)2, and one easily checks
that this inequality has no solutions.
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S = F4(q). The case ¢ = 2 does not occur. We have 1 + 2¢5(¢®> — 1) <
2(2,p)f - 25p(q + 1)*, which implies that ¢ = 3 or 4. However, Theorem [30, 5.3.9]
for even g shows that the minimal degree of a 2'—representation of Fy(4) is 1548288,
so p(S) > 3096577. But this violates the estimation o(F4(4)) < 31250. So ¢ = 3.
The maximal order of a 3'-element is < 73, see [7, page 316]. Furthermore, the
3-order is at most 27. Thus o(S) < 1971. But u(S) > 11665, a contradiction.

S =2Eg(q). We get quickly ¢ = 2. But o(*Eg(2)) = 35, which is much too
small compared to u(2Eg(2)) = 3073.

S = Eg(q). We quickly get that ¢ = 2, 3, or 4. The p'—part is bounded by 91,
949, and 5061, respectively (again by [7, page 316]), and the p—part is bounded
by 32, 27, and 32, respectively. So o(S) is at most 2912, 25623, and 161952,
respectively. If we compare this with the estimation for u(S), then only ¢ = 2
survives. We get n(S) < 2-2-2912 = 11648. However, E4(2) contains Fy(2), and
w(Eg(2)) > u(Fy(2)) = 69615 ([9]), a contradiction.

S = Er(q). We get ¢ = 2. Use [7, page 316] to obtain o(S) < 171-64 = 10944.
But from the table we have u(S) > 196609, which is clearly too big.

S = Eg(q) gives also no examples.

3.7.11 Proof of Part [3] of Theorem [3.3

Now we are ready to prove part |3 of Theorem by collecting the information
achieved in the last sections. Thus suppose that A acts primitively, § < A <
Aut(S) for a non—abelian simple group S, and that A contains an element o which
has exactly 2 cycles.

If S is sporadic, then Section [3.7.2] gives the possibilities. This is the easiest
case, as the result can be directly read off from the atlas information [9]. Only the
Mathieu groups Mi1, Mi2, Mao, and Mgy give rise to examples.

Section treats the case that S = A, the alternating group with n > 5.
The case n = 6 has been excluded there, and postponed to the analysis of the
linear groups, in view of Ag = PSL2(9). The only examples coming not from the
natural action of S are as follows: S = Aj acting on the 2-sets of {1,2,3,4,5},
hence of degree 10 (case , or S = Aj acting on 6 points (case [3c|for p = 5, note
that A5 = PSLQ(E))).

By Section S cannot be of exceptional Lie type.

In Section [3.7.3] it is shown that if S is a classical group, then S is isomorphic
to some PSL,(q).

This is dealt with in Section We can exclude a couple of small pairs
(n,q) in view of exceptional isomorphisms, see [30, Prop. 2.9.1]. As S is simple,
(n,q) # (2,2), (2,3). Also, (n,q) # (2,4), (2,5), as S = A5 has been dealt
with already. Also (n,q) # (4,2), as As had been ruled out in Section [3.7.1]
Furthermore, we assume (n,q) # (2,7) in view of PSLy(7) = PSL3(2).

Suppose that ¢ # 9, or 11, if n = 2. Then A < PT'L,,(¢) acting naturally on the
projective space, or (n,q) = (3,2), and we have the natural action of PSLy(7) =
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PSL3(2) of degree 8, see Lemma [3.45] Lemma shows that for (n,q) = (2,9)
the action is either the natural one, or the natural one of Ag = PSL2(9), and for
(n,q) = (2,11), only the natural action is possible.

In conclusion, we are left to look at the natural action of PSL,(q) < A <
PT'L,(q), and to determine the possibilities for 0. By Lemma we have actually
o € PGL,(q), except possibly for (n,q) = (3,4), (2,8), or (2,9). The case (n,q) =
(3,4) accounts for [3ff in Theorem One easily verifies that PI'Ly(8) does not
contain an element with just 2 cycles (but it does contain 9—cycles not contained
in PGL2(8)!). Similarly, if an element in PT'Ly(9) \ PGL2(9) has only 2 cycles,
then o € Myg, and the cycle lengths are 2 and 10. This gives case [3¢] of Theorem
Bl

So in addition to the assumption that A < PI'L,(q) acts naturally, we may
finally assume o € PGL,(¢). Lemma finishes this case: Either ¢ is a prime,
n =2, ord(c) = q (so o has cycle lengths 1 and ¢, case [3d of Theorem [3), or o is
the square of a Singer cycle (case [3d| of Theorem [3.3)).

By the classification theorem of the finite simple groups, we have covered all
possibilities of S.

45



3.7.12 Tables on Minimal Permutation Degrees, Maximal
ment Orders, etc.

Table 1: Classical Groups

S

IE))

[Out(S)| m,q
PSLim (q) (@™ -1)/(g—1) 2(m,q—1)f, m>3 | (m,q) # (2,5),
(qu_l)fv m=2 (277)7(27 )7
(2,11),(4,2)
PSL2(7) 7 2
PSL2(9) 6 4
PSLy(11) 11 2
PSL4(2) = Ag 8 2
PSp,,, () @™ -1/(g-1) (2,q—-1)f, m>3 m>2,q>3,
2f, m=2 (m,q) #(2,3)
SPam (2) 2m T2 — 1) 1 m >3
Qam+1(q) @™ -1/(g-1) 2f m >3,
g > 5 odd
Qoms1(3) 3m (3™ — 1)/2 2 m> 3
PO (@) | (@ —D@ T+ 1/a—1) | 2(4,¢"-1)f;m#4 | m>4,g>4
6(4,gm—1)f,m=4
PQJ (2) om=1l(gm _1) 2,m #4 m>4
6,m =14
PQI (3) 3m=1(3m _1)/2 4,m > 4 odd m >4
8,m > 4 even
24,m =4
PQ;(9) (@™ + (g™t -1)/(g—1) 2(4,qm + 1)f m >4
PSU3(q) ¢ +1 2(3,g+1)f q#2,5
PSU3(5) 50 6
PSUa(q) (¢+1)(¢> +1) 2(4,9+1)f
PSU, (2) 2m—Tom _1)/3 6 6| m
PSUn(q) | @ -GN T-CD™) 2(m,q+1)f m > 5,
(m,q) # (6m’,2)
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Table 2: Exceptional Groups

pn(S) > 0o(9) < [Out(S)] q
1+¢° q++2¢+1 f qg=221>2
1+q(g—1) 9(q+1) f q=3"*"">3
351 13 2
416 21 2
(¢°=1)/(¢g—1) 8(q+1)? f q > 8 even
(°—1)/(g—1) 6p(q + 1) <2f q>5odd
(¢+D(®+¢*+1)/(2,9—1) | Tp(g+1)? 3f
1600 16 2
1+q*v2q(g —1) 32(q +1)? f q=2%"">2
69615 30 9
1+2¢°(¢* = 1) 25p(q+1)* | (2,p)f q>3
1+42¢°(¢> — 1) 26p(q+1)* | 2(3,q+1)f
14+2¢°(¢* — 1) 26p(q+1)° | 2(3,q—1)f
142¢"(¢> - 1) 55p(g+1)" | (2,q—1)f
14+ 2¢*(¢> — 1) 247p(q + 1)8 f
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Table 3: Sporadic Groups

Group S | Orders of Indices of ma- |Out(S)]
elements ximal subgroups
M, 11, 8, 6, <5 11, 12, > 55 1
M, 11, 10, 8, 6, < 5 12, > 66 2
Mys 11, 8, 7, 6, <5 22, > 77 2
Mys 23, 15, 14, <11 23, > 253 1
Moy 23, 21, 15, 14, 12, < 11| 24, > 276 1
J1 <19 > 266 1
Jo <15 > 100 2
Js3 <19 > 6156 2
Ja < 66 > 173067389 1
HS <20 > 100 2
Suz <24 > 1782 2
McL <30 > 275 2
Ru <29 > 4060 1
He <28 > 2058 2
Ly <67 > 8835156 1
O’N <31 > 122760 2
Coy < 60 > 98280 1
Coy <30 > 2300 1
Cos <60 > 276 1
Fizy < 30 > 3510 2
Figg < 60 > 31671 1
Fij, < 60 > 8672 2
HN <40 > 1140000 2
Th <39 > 143127000 1
B <70 > 4372 1
M <119 > 196883 1
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4 Genus (0 Systems

4.1 Branch Cycle Descriptions
4.1.1 Algebraic Setting

Let k£ be a subfield of the complex numbers C, ¢ be a transcendental over C, and
L/k(t) be a finite Galois extension with groups G. We assume that L/k(t) is
regular, that means k is algebraically closed in L. Let p1,po,...,p, be the places
of k(t) which are ramified in L. Then, by a consequence of Riemann’s Existence
Theorem (see [43], [59]), we can choose places 3; of L lying above p;, i = 1,2,...,7,
and elements o; € G such that og; is a generator of the inertia group of 3;, so that
the following holds:

The 0;,i=1,2,...,r generate GG, and o102...0, = 1.

We call the tuple (01, 09, ..., 0,) a branch cycle description of the extension L/k(t).
Now let E be a field between L and k(t), and consider G' as a permutation
group on the conjugates of a primitive element of E/k(t). Set n := [E : k(t)]. For
o € G let ind(o) be n minus the number of cycles of . We call ind(c) the index
of 0. This notion obviously applies to any permutation group of finite degree.
Let gg be the genus of the field E. The Riemann-Hurwitz genus formula gives

2(n—1+gg) =Y _ind(0;). (16)
=1

We will frequently use this relation for the case that E is a rational field, so
that in particular gg = 0, and will call the corresponding equation genus 0 relation,
and the tuple (01, 09,...,0,) a genus 0 system.

The process of constructing a branch cycle description from the extension
L/k(t) can be reverted to some extent. Namely let G be any finite group, generated
by o1,09,...,0., such that o109...0, = 1. Then there exists a finite extension
k/Q, and a regular Galois extension L/k(t), such that the o; arise exactly as
described above. This again follows from (the difficult direction of) Riemann’s
Existence Theorem. Modern references are [43] and [59], where the latter one
contains a self-contained treatment.

4.1.2 Topological Setting

For explicit computations and a conceptual understanding of branch cycle descrip-
tions, the topological interpretation of the o; is indispensable. Also CL/C(t) has
Galois group G. Again let E be a field between k(7") and L. There is a composition
of ramified coverings of Riemann surfaces X — X - P1(C), such that the natu-
ral inclusion of the fields of meromorphic functions C(t) = M(P(C)) C M(X) C

A

M (X) is just the extension C(¢t) C CE C CL. If we identify the places of C(t) with
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the elements in P!(C) in the natural way, then the branch points of X — P'(C)
are exactly the places of C(t) ramified in CL. Choose a point py € P!(C) away
from the branch points p;, and choose a standard set of generators vi,7vo, ...,V
of the fundamental group I' of P1(C) \ {p1,...,p,} with base point pg, where 7;
comes from a path starting and ending in pg, winding clockwise around p; just
once and not around any other branch point, see the diagram.

V2

Al

Po

The ~; generate I' with the single relation v1ys...7 = 1. Clearly I' acts
on the fiber 77!(pg). The induced action gives the group G, and the images of
the ~; are the elements o; as above. Furthermore, the cycle lengths of o; on the
fiber m7=!(pg) are the multiplicities of the elements in the fiber 7=!(p;), and these
cycle lengths are the same as for the corresponding action on the conjugates of a
primitive element of E/k(t).

For more details about this connection we refer again to [43] and [59].

4.2 Branch Cycle Descriptions in Permutation Groups

Let G be a transitive permutation group of degree n, and & := (01,09,...,0,) be
a generating system with o102...0, = 1. For 0 € G define the index ind(o) as
above. Let the number gg be given by

T

2(n—14g¢) = Zind(ai).

=1

The topological interpretation from above of the o; as coming from a suitable
cover of Riemann surfaces shows that ge is a non—negative integer, because it is
the genus of a Riemann surface. This topological application in a purely group
theoretic context was first made by Ree, see [51]. Later, Feit, Lyndon, and Scott
gave an elementary group theoretic argument of this observation, see [14].
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In this chapter we will determine such systems & for g¢ = 0 in specific groups
G. According to the previous section, we will call such systems genus 0 systems.
If we look for o; in a fixed conjugacy class C;, then it does not matter in which way
we order the classes, for if o; and ;41 are two consecutive elements in £, then we
may replace these elements by o;11 and o] "', respectively.

The strategy of finding such genus 0 systems in G (or proving that there are
none) depends very much on the specific situation. For many small groups, we
simply check using a program written in GAP [17]. For bigger groups, especially
certain sporadic groups, we can use the character tables in the atlas [9]. Here, and
at other places, the following easy observation (see [45, 2.4]) is useful.

Lemma 4.1. Let 0 € G, where G is a permutation group of degree n, then

ind(oc) =n — L oF M
1) = iy, 2 M)

where x(7) is the number of fized points of T € G, and ¢ is the Euler p—function.

4.3 A Lemma about Genus (0 Systems

Lemma 4.2. Let (01,09,...,0.) be a genus 0 system of a transitive permutation
group G. Suppose that all cycle lengths of o1 and oo are divisible by d > 1. Then
G admits a block system of d blocks, which are permuted cyclically.

Proof. Let n be the degree of G. Let X — P!(C) be a connected cover of the Rie-
mann sphere, such that (o1, 09,...,0,) is the associated branch cycle description.
Without loss of generality let 0 and co be branch points corresponding to 1 and
o9, respectively. As our tuple is a genus 0 system, X' has genus 0, thus X = P!(C)
and the cover is given by a rational function f(X). We may assume (by a linear
fractional change) that oo is not mapped to 0 or oo. Let a; be the elements in
f71(0), and denote the multiplicity of a; my m;. Similarly, let 3; have multiplicity
n; in the fiber f~!(occ0). Thus, up to a constant factor, we have

[1(X — a;)™
[T(X =B

As the m; and n; are the cycle lengths of o1 and o3, respectively, we get f(X) =
g(X)?, where g(X) € C(X) is a rational function. From that the claim follows. [

f(X) =

Remark. The completely elementary nature of the lemma makes it desirable to
have a proof which does not rely on Riemann’s existence theorem. We sketch
an elementary argument, and leave it to the reader to fill in the details: First
note that if the claimed assertion about the permutation action holds for a group
containing G (and acting on the same set), then it holds for G as well. For i > 2
write o; as a minimal product of transpositions, and replace the element o; by
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the tuple of these transpositions. This preserves the genus 0 condition. Also, the
product of a k—cycle with a disjoint [—cycle with a transposition which switches a
point of the k—cycle with one of the [-cycle is a (k + [)—cycle. This way, we can
assume that all cycle lengths of 01 and o9 are d, at the cost of extra transpositions,
but still preserving the genus 0 property. Write n = md. Clearly, there are m — 1
transpositions in our system, such that they, together with o, generate a transitive
group. Let 7q,...,T;m—1 be these transpositions. As we have a genus 0 system, the
total number of transpositions is 2(m — 1). Using braiding we get an equation of
the form
o171 .- Tm—1 = 0/27'{ . 'Tvlnfl =IpP,

where o, is conjugate to o, !, and the 7/ are transpositions. As ind(zy) < ind(z)+
ind(y) and (o1, 71,...,Tm_1,p 1) is a genus > 0 system of a transitive subgroup
of G, we obtain it must be a genus 0 system, and ind(p) = n — 1. Thus p is an
n—cycle. Inductively, we see that A := 017y ... Ty—2 is a product of an (n—d)—cycle
and a d—cycle, and that these two cycles are fused by 7,,—1. Now, by induction
on the degree of G, we get that the group generated by the transitive genus 0
system (01,71, ..., Tm_2,A"!) with respect to the support of size n — d admits a
block system of d blocks being permuted cyclically. Now extend each block A by a
single point from the remaining d points as follows: Choose j such that 7,1 moves
a point w from A%l. Now append w™ 191" to A. One verifies that this process
is well-defined, and gives a block system for (01,7, ..., Tm—1) with d blocks being
permuted cyclically. It remains to show that this block system is preserved also by
(64, 71,...,7),_1). At any rate, by symmetry we get a block system for this tuple
too, with d blocks being permuted cyclically. The point is that the product of the
elements in this tuple is the same n—cycle as the product of the elements in the
former tuple, and an n—cycle has a unique block system with d blocks. Therefore
the block systems are the same, so are respected by G.

4.4 The Siegel-Lang Theorem and Hilbert’s Irreducibil-
ity Theorem

Let k be field which is finitely generated over Q, and R a finitely generated subring.
The Siegel-Lang Theorem about points with coordinates in R on algebraic curves
over k has the following application to Hilbert’s irreducibility theorem, see [48]
2.1]:

Let f(t,X) € k(t)[X] be irreducible, and Redf(R) the set of those ¢ € R, such
that f(¢, X) is defined, and reducible over k. Then, up to a finitely many elements,
Redf(R) is the union of finitely many sets of the form g(k) N R, where g(Z) € k(Z)
is a rational function.

In view of this result, it is important to know which rational functions g(Z%)
have the property that g(k) N R is an infinite set. By another theorem of Siegel-
Lang (see [306] 8.5.1]), this property implies that there are at most two elements of
kU {oc} in the fiber g~ (c0).
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The converse is true if we allow to enlarge R. More precisely, we have the
following

Lemma 4.3. Let k be a finitely generated extension of k, g(Z) € k(Z) a non-
constant rational function such that the fiber g~ (c0) has at most two elements.
Then there is a finitely generated subring R of k with |g(k) N R| = occ.

Proof. A linear fractional change of the argument of g allows to assume that g(Z2)
has the following shape: There is m > 0 and a polynomial A(Z) € k[Z], such that
either g(Z) = A(Z)/Z™, or g(Z) = A(Z)/(Z* — d)™, where d € k is not a square.
In the first case let R be the ring generated by 1/2 and the coefficients of A(Z),
then g(z) € R if z = 2" for r € Z, hence g(k) N R is an infinite set.

The second case is a little more subtle: For «, 8 € k, define sequences «,, B, € k
for n € N by a,, + ,Vd = (a + $v/d)". Suppose for the moment that 3, # 0
for all n. Define z, = a,,/B,. Then the z, are pairwise distinct, for if z; = z; for
J >, then B;/8; = (o + BVd)y = aj—; + 5]-_2-\/8, so Bj—; = 0, a contradiction.
Let R be the ring generated by the coefficients of A(Z) and 1/(a? — 5%d). Note
that (a? — 82d)" = o2 — 32d, so g(z,) € R for all n.

It remains to show that we can choose suitable a, 8 € k. Write v = a + BVd.
Then #, = 0 is equivalent to v* € k. Thus we have to find + such 4" ¢ k
for all n € N. Suppose that v & k, however v* € k. Let o be the involutory
automorphism of k(v/d)/k. The minimal polynomial (X —v)(X — o(v)) of v over
k divides X™—~", so0 () = ¢y for ¢ an nth root of unity. In particular, ¢ € k(v/d).
But k(v/d) is finitely generated, so this field contains only finitely many roots of
unity. For a fixed v € k(v/d) \ k consider the elements  + i, for i € Z. For each i
there is n; € N with (v 4 4)™ € k. By the above, each element (o () +14)/(y + 7)
is a root of unity. One of these roots of unity appears for infinitely many ¢, which
of course is nonsense. O

If k& = Q, then one is mainly interested in the special case R = Z. Then
|g(Q) N Z| = oo has another strong consequence, see [56]: If [g7(c0)| = 2, then
the two elements in g~!(c0) are real and algebraically conjugate.

Motivated by these results, we make the following

Definition 4.4. Let k be a field which is finitely generated over Q, and ¢(Z) €
k(Z) a non-constant rational function. We say that g(Z) is a Siegel function over
E, if there is a finitely generated subring R of k with |g(k) N R| = oo. If k = Q,
then we require more strongly that |g(Q) N Z| = oc.

In the analysis of Siegel functions we will make use of the fact about g~!(oc0).
For this it will not be necessary to assume that k is finitely generated. Thus we
define a more general property, which holds for Siegel functions.

Definition 4.5. Let k£ be a field of characteristic 0, and ¢g(Z) € k(Z) a non-
constant rational function. We say that g(Z) fulfills the Siegel property, if |g~1(c0)| <
2.
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If k= Q, and |g~!(c0)| = 2, then we additionally require the two elements in
g~ !(c0) to be real and algebraically conjugate.

4.5 Siegel Functions and Ramification at Infinity
To ease the language, we start to define monodromy groups of rational functions.

Definition 4.6. Let k be a field of characteristic 0, and g(Z) € k(Z) be a non-
constant rational function. Denote by L a splitting field of g(Z) — t over k(t).
Set A = Gal(L/k(t)), considered as a permutation group on the roots of g(Z) —t.
Denote by k the algebraic closure of k£ in L, and let G < A be the normal subgroup
Gal(L/k(t)). Then A and G are called the arithmetic monodromy group and
geometric monodromy group of g(Z), respectively. Note that A/G is naturally
isomorphic to Gal(k/k).

Our goal is to determine the genus 0 systems and the monodromy groups of
functionally indecomposable rational functions with the Siegel property. Liiroth’s
Theorem shows that functional indecomposability of g(Z) (over k) implies primi-
tivity of A. The following lemma summarizes the properties we will use.

Lemma 4.7. With the notation from above let D < A and I < D be the decom-
position and inertia group of a place of L lying above the place t — oo of k(t),
respectively. Suppose that g(Z) has the Siegel property. Then the following holds.

(a) The cyclic group I has at most two orbits, with lengths equal the multiplicities
of the elements in g~!(c0).

(b) A=GD and I < GND. In particular, A = Ns(I)G.
(¢) If A is primitive, then G is primitive, too.
(d) G has a genus 0 system, with a generator of I belonging to it.

Proof. For (a) and (b) see |48, Lemma 3.4], for (c) see [48, Theorem 3.5], and (d)
follows from Section (4.1l O

4.6 Monodromy Groups and Ramification of Siegel Func-
tions

The main result of this section is

Theorem 4.8. Let g(Z) be a non-constant, functionally indecomposable rational
function over a field k of characteristic 0. Suppose that |g~'(co0)| = 2. Let A
and G be the arithmetic and geometric monodromy group of g(Z), respectively,
and (01,09,...,0.) a branch cycle description. Let T be the unordered tuple
(ord(o1), ord(o2), ..., ord(oy)). Then either A, < G < A < S, with many possi-
bilities for T, or one of the following holds, where G < A < Anaz:
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1. A acts as an affine group, and one of the following holds:

n G Az T
5 AGL4(5) G (2,4,4)
7 AGL(7) G (2,3,6)
8 ATL,(8) G (3,3,6), (3,3,7)
8 AGL3(2) G many cases
9 ATT,(9) G (2,4,8)
9 AGLy(3) G (2,3,8), (2,6,8), (2,2,2,8)
16 | C3 x (Cs5 x Cy) G (2,4,8)
16 | index 2 in Apaz | (SaxSa) X Cs | (2,4,8)
16 C4 x Ss G many cases
16 AT'Ly(4) G (2,4,15)
16 C3 x Ay G (2,4,14)
16 AGL4(2) G many cases
32 AGL5(2) G several cases
2. (Product action) n = m?, G = A = (S;, X Sy) x Ca, many possibilities for
T.
3. A is almost simple, and one of the following holds:
n G 2 P T
6 | PSL2(5) | PGL2(5) | many cases
6 | PGLy(5) G (2,4,5), (4,4,5), (4,4,3)
8 | PSLy(7) | PGLa(7) | (2,3.7), (3,3,7), (3,3,4)
8 | PGLy(7) G (2,6,7), (2,6,4)
10 As Ss (2,3,5)
10 Ss G (2,4,5), (2,6,5), (2,2,2,5)
10 | PSLa(9) | PT'L2(9) | (2,4,5)
10 | PSLy(9) | PTLy(9) | (2,6,5), (2,2,2,5)
10| My PI'Ly(9) | (2,4,8)
10 | PI'Ly(9) G (2,8,8)
12 My, G many cases
12 Mo G many cases
14 | PSLy(13) | PGLy(13) | (2,3,7), (2,3,13)
21 | PXLs(4) G (2,4,14)
21 | PI'Ly(4) G (2,3,14), (2,6,14), (2,2,2,14)
22 M22 M22 X 02 (2, 4, 11)
92 | May 3t C G (2,4,11), (2,6,11), (2,2,2,11)
24 Moy G many cases
40 | PSL4(3) | PGL4(3) | (2,3,20)
40 | PGL4(3) G (2,4,20)
For completeness, we state the analogous result if |g~!(o0)| = 1. The proof

follows immediately from Lemma and the classification result in [45].
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Theorem 4.9. Let g(Z) be a non-constant, functionally indecomposable rational
function over a field k of characteristic 0 with |g~*(c0)| = 1. Let G be the geometric
monodromy group of g(Z), and (o1,09,...,0,) be a branch cycle description. Let
T be the unordered tuple (ord(oy), ord(os), ..., ord(o,)). Then one of the following
holds holds:

1. Infinite series:

(a) n=p, G=Cp, T = (p,p), p a prime.
(b) n=p, G=D,, T =(2,2,p), p an odd prime.
(¢) G=A, (n odd) or S,, many possibilities for T.

2. Sporadic cases:

(a) n =16, G=PGLa(5), T = (2,4,6).

(b)) n=7,G=PGL3(2), T = (2,3,7), (2,4,7), or (2,2,2,7).
(¢) n=8, G=PCLy(T), T = (2,3,8)

(d) n=9, G =PILy(8), T = (2,3,9) or (3,3,9).

(e) n =10, G = PT'Ly(9), T = (2,4, 10).

(f) n=11, G = PSLy(11), T = (2,3,11)

(9) n=11, G =My, T = (2,4,11).

(h) n =13, G =PGL3(3), T = (2,3,13), (2,4,13), (2,6,13), or (2,2,2,13).
(i) n=15, G =PGL4(2), T = (2,4,15), (2,6,15), or (2,2,2,15).
(j) n=21, G =PI'Lg(4), T = (2,4,21).

(k) n =23, G =My, T =(2,4,23).

() n=31, G=PGCL5(2), T = ( 4,31).

4.7 Proof of Theorem [4.§]

The strategy is as follows. Functional indecomposability of g(Z) implies that A is
primitive. By Lemma (a) we can apply Theorem It remains to find normal
subgroups G of A for which (b) and (d) of Lemma hold. For that it is useful
to know that G is primitive as well by Lemma c).

The proof is split up into three sections, according to whether A acts as an
affine group, preserves a product structure, or is almost simple.
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4.7.1 Affine Action

The proof is based on work by Guralnick, Neubauer, and Thompson on genus 0
systems in primitive permutation groups of affine type.

Suppose that A is affine. The cases that A has degree < 4 are immediate, so
assume n > 5.

G is primitive by Lemma [£.7] Let o, be a generator of I, so o, has two cycles.

Let N be the minimal normal subgroup of A. First suppose that G” = 1. As G’
is abelian, we have G’ = N, and primitivity of G forces that G/N acts irreducibly
on N. But G/N = G/G’ is abelian, so G/N is cyclic by Schur’s Lemma. More
precisely, we can identify G as a subgroup of AGL;(q), where ¢ = |N| = p™ for
a prime p. As ¢ > 4, we have necessarily that o fixes a point and moves the
remaining ones in a (¢ — 1)—cycle. An element in N has index ¢(1 — 1/p) > ¢/2,
whereas an element in AGL;(q) of order t|g—1 has index (¢—1)(1—1/t) > (¢—1)/2.
The index relation gives = 3 and that neither o nor s is contained in N. So
2¢—-1)=q—-24(q-1)A—-1/t1+1—-1/ta) > q¢—2+ (¢—1)(1/2+2/3), where
t; is the order of o;. It follows ¢ < 7.

Next suppose that G” > 1. Write n = p™. We use [20, Theorems 4.1, 5.1].
If p > 5, then p = 7 or 11, and m = 2. Furthermore 7' = (2,4,6) for p = 7, or
T = (2,3,8) for p = 11. So this does not occur in view of ord(c,) > n/2 = p?/2.
Next suppose p = 5. We use [50, Theorem 1.5] (the statement is already in [20],
but only parts are proven there). Again compare ord(o,) > n/2 with the possible
genus 0 systems given for p = 5. Only n = 25 with G = (C5 x C5) x (SL2(5) x C2)
could arise. However, this group does not have an element with only two cycles
by Theorem

So we have p = 3 or 2. Suppose that p = 3. Use [50, Theorem 1.5] to see that
necessarily n = 9. Check directly that only the listed degree 9 cases occur.

Now suppose p = 2. By [50], we get n < 2. Except for the cases A =
AGL7(2) and A = AGLg(2), these cases are small enough to be checked with
the computer algebra system Magma [3], giving the possibilities as stated. In
order to see that there are no examples in AGL7(2) and AGLg(2), one also needs
some character theoretic arguments based on [52, Theorem 1] to exclude potential
generating systems, and [55, Theorem 7.2.1] in order to see that elements from
certain conjugacy classses cannot multiply up to 1. The nonexistence of cases for
AGL7(2) and AGLg(2) follows also from [40)].

4.7.2 Product Action

Let A be a non-affine group which preserves a product structure. Again let o, be
the element with two cycles.

By Theorem [3.3] we have have A = (U x U) x Cs in product action, where
either U = S,,, or U = PGLy(p) for a prime p > 5. By primitivity of G we cannot
have G < (U x U). On the other hand, the presence of o, forces U x U < G, see
the proof of Theorem [3.3] so G = A.
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Let A be the set U is acting on, and let Q := A x A be the set G = A acts on.

We show the existence of a genus 0 system of the required form for U =
Sm. Write A := {1,2,...,m}. Let 7 € G be the element which maps (i, j)
to (4,7). Let 1 < a < m be prime to m. For a := (1,2,...,m) € S,, and
g = (a,a—1,...,2,1)(m,m —1,...,a+2,a+ 1) € Sy, set 01 := (a, ) € A,
09 =T, 03 := (0109) . We show that (o1, 092,03) is a genus 0 system of G.

First we show that o1 and o5 generate G. Note that a, m—a, and m are pairwise
prime. Let  and s be integers such that m =1 (mod a(m—a)) and sa(m—a) =1
(mod m). Then clearly o7 = (1, ) and Jfa(m_a) = (a,1). Conjugating with 7
shows that also (3,1),(1,a) € G. We are done once we know that «, 3 generate
S.n,. But this is clear, because it is easy to see that the generated group is doubly
transitive and contains the transposition a8 = (a,m).

We compute the index of ;. The element o1 has a cycle of length ma, and
another one of length m(m — a). So ind(o;) = m? — 2. Furthermore, ind(oy) =
(m?—m)/2, because oo = T has exactly m fixed points, and switches the remaining
points in cycles of length 2. Next, o3 := 7(a™!,37!). The element (i,j) € Q is a
fixed point of o3 if and only if j = i* and i = j%, hence j =i + 1 with ¢ # a,m.
Thus there are exactly m — 2 fixed points. Now 02 = ((a,m), (a + 1,1)) has order
2 and exactly (m — 2)? fixed points. Lemma |4.1| gives

ind(os) = m? — 3 (¢(4)(m — 2) + @(2)(m — 2)° + p(1)m?)

= (m® +m)/2,

so the genus of (01, 09,03) is 0.

We now show that U = PGLa(p) does not occur. Again, let 7 be the element
which flips the entries of 2. At least two of the elements in o1, ..., 0,_1 must be of
the form o = (a, B)7, with «, 8 € PGLgy(p). This o is conjugate in G to (1,a8)7. If
af =1, thenind(c) = ((p+1)2—(p+1))/2. Otherwise, ind(c) > 2((p+1)%—4)/3,
because o2 ~ (a3, a) has at most 4 fixed points.

If o has the form (a, 8), then o has at most 4(p + 1) fixed points, so ind(o) >
(p+1)° —4(p+1))/2.

As Z:;ll ind(o;) = (p + 1)2, it follows from these index bounds that r = 3, so
o1 and o9 have the 7—part. Because not both o1 and o9 can be involutions (for G
is not dihedral), we obtain (p+1)> > ((p+1)2 = (p+1))/2+2((p+1)2—4)/3, so
p < 5, a contradiction.

4.7.3 Almost Simple Action

Let S be the simple non-abelian group with S < G < A < Aut(S5), and o, again
the element with two cycles. We have to check the groups in Theorem (IH) for
the existence of genus 0 systems of the required form.

If S = A, (n even) in natural action, then it is easy to check that there are
many such genus 0 systems, and it is obviously not possible to give a reasonable
classification of them.
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Next, the cases except the infinite series [3c| and [3d] of Theorem are easily
dealt with, using the atlas [9] and some ad hoc arguments, or more conveniently
using [17].

Now assume PSLy(¢) < G < PI'La(g) in the natural action, with ¢ > 5 a prime
power. Note that ¢ is odd. As n = ¢+ 1 and ind(c,) = n — 2, the index relation

gives
r—1

qg+1= Zind(ak).
k=1
We distinguish two cases.
First assume G < PGLa(q). For o € PGLy(q) we easily obtain (see e. g. [45])
that ind(¢) > (¢ — 1)(1 — 1/ord(o)). So the index relation gives

r—1
S0 - 1/ord(o)) < 51

k=1 q—1

As G is not dihedral, either » > 4, or » = 3 and o1 and o9 are not both involutions.
In the first case, we obtain ¢ = 5, and in the second case, Zizl(l —1/ord(oy)) >
(1-1/2)+(1—1/3) gives ¢ < 13. Check these cases directly.

Next suppose that G € PGLa(q), but G < PI'Lia(q). Check the case ¢ = 9,
o, ¢ PGL2(9) directly and exclude it in the following. Thus o, € PGLa(gq) by
Lemma Denote by 7}, the image of oy, in the abelian group PT'Ly(q)/ PGL2(q).
Then the elements 63 for kK = 1,...,7 — 1 are not all trivial and have product 1.
Thus the order of two of the elements o1,09,...,0,_1 have a common divisor
> 2. Furthermore, for ¢ € PI'La(q), we have the index bound ind(c) > (1 —
1/ord(0))(q — /), see [45]. This information, combined with the index relation,
gives

5 1 1
1:(1—5)‘“1—1)
r—1
<301 - 1/ord(o)
k=1
1 r—1 '
= va Elnd(ak)
q+1

q—/q

Hence ¢ < 5,/q+4,s0 q=9,25,0r 27. If ¢ =27 = 33, then the above argument
shows that the common divisor can be chosen to be 3, so the analogous calculation
gives 4/3 < (27+1)/(27—+/27), which does not hold. Similarly, refine the argument
(using [45]) or simply check with GAP [17] that ¢ = 25 does not occur.

The main case which is left to investigate is case III(d) of Theorem namely
that PSL,,(¢) < G < PT'L,,(q) acts naturally on the projective space, ¢ is an odd
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prime power, m > 2 is even, and o, is the square of a Singer cycle. The case
m = 2 has been done above. The case m > 4, which is somewhat involved, will
be handled in the remaining part of this section. In order to finish the almost
simple case, we need to show that m = 4, ¢ = 3, giving the degree n = 40 cases in
Theorem [4.8

For this we need the following index bounds.

Lemma 4.10. Let q be a prime power, and 1 # o € PI'L,,(q), where m > 4.
Then the following holds:

1. ind(0) > (1 — 1/ord(c)) (g™ ' — 1).

2. If ord(o) is a prime not dividing q(¢ — 1), and o € PGL,,(q), then ind(c) >
(1—1/ord(0))g™ (g +1).

3. If ord(o) is a prime dividing q, and o € PGLy,(q), then ind(c) = (1 —
1/ord(a))(¢™ — ¢7)/(q — 1) for some 1 < j <m — 1.

Proof. For (1] see [45].
Set N := (¢™ —1)/(qg — 1), and let s be the order of o.
Now assume the hypothesis in Let x(o) be the number of fixed points of
o. Then clearly ind(c) = (N — x(0))(1 — 1/s). Let 6 € GL,(q) be a preimage of
o of order s. For o € Fy, let d(c) be the dimension of the eigenspace of ¢ with
eigenvalue . Clearly
g — 1
x(0) = Z Ta—1
a€clF, =
So x(0) < (¢ —1)/(qg — 1), where d = 5" d(a). On the other hand, as s does
not divide ¢ — 1, & must have eigenvalues not in F,. So d < m — 2, and the claim
follows.
To prove |3, note that a preimage of order s of o in GL,,(q) admits Jordan
normal form over F,,. O

Recall that N = (¢™ —1)/(¢ — 1). Note that ind(o,) = N — 2, so the index

relation gives
r—1

> ind(oy) = N. (17)

k=1

Claim 4.11. r = 3.

Proof. Suppose that » > 4. From [I| in Lemma we have ind(og) > (1 —
1/ord(o))(¢™ ! — 1), hence
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k=1
1 1
=1 18
R (18)
crp oyt
- -1 ¢-1
1+ —.
<1+ 7

First note that if » > 4, then 3/2 < 1+ q%l? so ¢ < 5 and hence ¢ = 3. We get
more precisely S 7_3 (1—1/ord(0y)) < 1+1/(3—1)+1/(27—1) = 20/13. However,
2(1—-1/2)+(1—-1/3) =5/3 > 20/13, so besides ¢ = 3 we obtain r = 4, and oy,
o9, o3 are involutions. Note that o4 has cycles of even length, as 4| N. So these
involutions do have fixed points by Lemma Let 6 be a preimage in GL,,(3)
of an involution in PGL,,(3) with fixed points. Thus 62 has eigenvalue 1 on the
one hand, but is also scalar. So & has only the eigenvalues 1 and —1, and both
eigenvalues occur. This shows x(o) = 2 (mod 3), hence ind(c) = (N —2)/2 =1

(mod 3). So
3

1=N-= Zind(ak) =0 (mod 3),
k=1
a contradiction. O

Claim 4.12. ¢ < 7.

Proof. From and r = 3 we obtain

1 1 1 1
>1-— - >1-— =
ord(oq) + ord(og) — g—1 g 1-17 g—1 ¢ -1

(19)

o1 and oy are not both involutions (because G is not dihedral). This gives 1/2 +
1/3>1-1/(¢g—1)—1/(¢® — 1), 50 ¢ < 8. O

In the following we assume ord(o;) < ord(o2).
Claim 4.13. ¢ # 7.

Proof. Suppose ¢ = 7. From we obtain 1/ord(c1) + 1/ord(o2) > 1 —1/6 —
1/(7® — 1) > 3/4, hence ord(c;) = 2, ord(oy) = 3. Again, as 2|(N/2) = ord(o3),
we get that o) has fixed points, and so x(o1) = 2 (mod 7), hence ind(c1) = 3
(mod 7). From 3 + 2(N — x(02))/3 = 3+ ind(o2) = N =1 (mod 7) it follows
that x(c2) =4 (mod 7). So a preimage 62 € GL,,,(7) of o9 has exactly 4 different
eigenvalues )\ in F7. Let 63 be the scalar p. The equation X3 — p has at most 3
roots in [y, a contradiction. ]
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Claim 4.14. q # 5.

Proof. Suppose ¢ = 5. The proof is similar to the argument in the previous claim,
so we only describe the steps which differ from there. We obtain ord(c;) = 2 and
ord(og) = 3 or 4.

First assume that ord(o2) = 3. As 3|N, we obtain that oy has fixed points by
Lemma so a preimage g3 € GL,,(5) has eigenvalues in F5. Suppose (without
loss, as ged(q — 1,3) = 1) that 1 is one of the eigenvalues. As (X2 —1)/(X — 1)
is irreducible in F5, this is the only Fs—eigenvalue of d3. So x(o2) = 1 (mod 5),
hence ind(o2) = 0 (mod 5). This gives x(o1) = 4 (mod 5), which is clearly not
possible.

Now assume that ord(c2) = 4. The index relation together with Lemma
gives

2x(01) + 2x(02) + x(03) = N. (20)

Clearly, x(03) > x(02). If x(03) = 0, then x(01) = 3 (mod 5), which is not
possible. Thus o3 has fixed points.

First assume that o9 has no fixed points. Then oy has fixed points by Lemma
so x(01) =2 (mod 5). From that we obtain

257 —1)+ (B =)+ (B -1+ B -1)=5m -1

for suitable 1 < a,b < m — 1. However, 5% 4+ 5™~% < 5 + 5™~1 and similarly for
b, 50 3(5+ 5™71) > 5(5™~1 +1). This gives 5™~ ! < 5, a contradiction.

So o9 has fixed points as well, therefore all eigenvalues of a preimage o €
GL,,(5) are in F5. Without loss assume that 1 is an eigenvalue of g, and denote
by a, b, ¢, d the multiplicity of the the eigenvalue 1,2, 3,4 € 5, respectively. Clearly
b+c > 0, as &2 has order 4. Also, a > 0 by our choice. We obtain that x(03) =
(5914 —1) /44 (5°+¢ —1)/4, hence x(02) =2 (mod 5). Relation gives x(o1) +
X(02) =2 (mod 5). If 01 has fixed points, then x(¢1) =2 (mod 5), hence x(02) =
0 (mod 5), which is not the case. Thus x(o1) = 0 and x(02) =2 (mod 5),s0d =0
and either b = 0 or ¢ = 0. Suppose without loss ¢ = 0. Hence x(o2) = x(03), and
we obtain

5 —1 5 —1 5Hm7*—1
N= = 2x(02) + x(03) = 3x(02) = 3 + :
4 4 4
SO
5M 45 =3(5%4+5m"%) < 3(5+ 571,
a contradiction as previously. O

Claim 4.15. If ¢ = 3, then m = 4 and (ord(o1), ord(o2)) = (2,3) or (2,4).

Proof. As ind(oy) > (3m~! —1)/2, and ind(oy) > 2(3™"2 — 1) unless oy, is an
involution in PGL,,(3) of minimal possible index, we obtain from the index relation

62



that

m—1 :
3 in any case,

ind(0) < { (21)

% for k = 2 if o1 has not minimal possible index.

We first note that no prime s > 5 does divide ord(oy), for and Lemma
would give
1
(1-— g)3’”*24 < ind(oy) < 3™ 1,

which is nonsense.

Similarly, we see that 9 does not divide ord(cy). Let o € PGL,,(3) have order
9, and let 6 € GL,,(3) be a preimage of order 9. So ¢ admits Jordan normal form
over [F3, and there must be at least one Jordan block of size > 4 by Lemma [3.5
Thus x(o) < (3m~2 —1)/2, and also x(0%) < (3™~ —1)/2. Now

ind(0) = (1= )N ~ >x(0) = x(0")

by Lemma Use the above estimation to obtain after some calculation that
ind(c) > 32-3™* > 3m~1 contrary to (21).

Now suppose that 4 divides the order of 0. Let o be a power of o of order
4. As o must have a cycle of odd length by Lemma o must have a fixed
point. Thus there is a preimage & € GL,,(3) of ¢ with 6% = 1. Let a and b be the
number of Jordan blocks of size 1 with eigenvalue 1 and —1, respectively, and let
j be the number of square blocks of size 2. The square of such a block matrix is
a scalar with eigenvalue —1. We have a +b+2j =m,and 2 <a+b <m — 2.
Also, x(0) = (3¢ = 1+3*—1)/2 and x(c?) = (3%7? — 14 3% — 1)/2. From that
we obtain

. 3 1 1
ind(0) = TN — 2x(0) — x(0?)

_3y 3¢4+3v—2 3etbqgmma~b_9

4 4 8

m—2 _ m—2

- §N 3 1 3" 247

=4 4 8

=31 -1

Note that ind(ox) > ind(o). From that we see that k = 2, and by it follows
that o is an involution with minimal possible index. Thus ind(o2) = 3™~ ! again
by (21). This shows that ord(o?2) is not divisible by 3, because then a cycle of o2
of length divisible by 3 would break up into at least 3 cycles of o, so ind(o3) >
2+ind(c) > 1+ 3™!, a contradiction to (21)).

Similarly, we see that 8 does not divide ord(cg). Suppose otherwise. Then
we get the same contradiction unless ord(oy) = 8 and o9 has exactly 1 cycle of
length 8. But then o has N — 8 fixed points, however x(o3) < (3™~ +1)/2, so
(3™ —1)/2 -8 < (3™ 1 +1)/2, 50 3™~ ! <9, a contradiction.
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So ord(o3) = 4, and ind(cy) = 3™~ ! by what we have seen so far. Express
ind(o3) in terms of a and b as above. As &1 fixes a hyperplane pointwise, and
<01, 09> is irreducible, we infer that a,b < 1. Also, a+b > 0,s0a =b =1
because a + b is even. Substitute a = b = 1 in the relation ind(o3) = 3™~! to get
3m~1 =27, so m = 4. This case indeed occurs.

Next we look at elements of order 6. Let ¢ € PGL,,(3) have order 6, and
6 € GL;,(3) be a preimage. We have

5 1 1 1

ind(0) = gN - gX(U) - gX(UQ) - EX(U3)-
Clearly
3=l —1
2
X(0%) £ —
and .
meL41
o) < *L
2
If & has no fixed points, then 6% = —1, and therefore o3 has no fixed points as well.

In this case, we thus obtain ind(c) > 5N/6—x(0?)/3 > (13-3m~1 -3)/12 > 3m~1,
This, in conjunction with (21)), shows that if ord(c) = 6, then o} has a fixed
point. Suppose that ¢ = o, has order 6 and a fixed point. Then & admits Jordan
normal form over F3, and one realizes easily that

3m=2 143t -1 3" 241
2 2

x(0) <
Using this, one obtains after some calculation

17-3m 1 -9
18 '

However, (17-3™71 —9)/18 > (5-3™72 +3)/2, so we get from that k = 2 and
o1 is an involution with minimal index. So ind(c9) = 3™~ ! by , and o1 leaves a
hyperplane invariant. The irreducibility of <o, o2> forces that 2 has eigenspaces
of dimension at most 1. On the other hand, the Jordan blocks of 69 have size at
most 3. As m > 4, there is thus exactly one Jordan block with eigenvalue 1, and
exactly one with eigenvalue —1. Let u and m — u be the size of these blocks,
respectively. Clearly x(02) = 2, x(02) = 4, and x(03) = (3% + 3™~ % — 2)/2. From
that one computes

ind(o) >

5. 3™ — 3% — 3m 97

ind(ag) = 12

Now ind(o2) = 3™~ yields the equation 3™ = 3%+ 3™~“ 427, which gives 3" % =
(3" + 27)/(3" — 1). Check that the right hand side is never a power of 3 for
u=1,2,3.
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It remains to look at ord(o2) = 3. Then ord(o1) = 2 or 3. Note that ind(o2) =
3m=1 _372~1 by Lemma where j2 is the number of Jordan blocks. Suppose
that ord(o1) = 3, and let j; be the number of Jordan blocks. The index relation
yields 3™~ 4+ 1 = 2(3117! 4 3/271), Looking modulo 3 shows that j; = j» = 1.
But this gives m = 2, a contradiction.

Finally, suppose ord(c;) = 2. As the cycles of o3 are divisible by 2, Lemma
shows that o1 has fixed points. Then ind(o1) = (3™ — 3¢ — 3™~% + 1) /4, where
1 <4 < m —1 is the multiplicity of the eigenvalue 1 of an involutory preimage of
o1 in GLy,(3). The index relation yields

gm-l =3l 4 gm=iggq.30271 _3,

If i =1 or m — 1, then the right hand side is bigger than the left hand side.
Thus 2 < ¢ < m — 2. Looking modulo 9 then shows that jo = 2, so we get
3m—1 =374+ 3™ 1 9. Looking modulo 27 reveals that 3 = 3™~¢ = 9, thus m = 4.
This occurs indeed. O

5 Siegel Functions over the Rationals

5.1 Monodromy Groups and Ramification

The main arithmetic constraint on monodromy groups is given in the following
lemma, see [48, Lemma 3.4]:

Lemma 5.1. Let g(Z) € Q(Z) be a rational function of degree n = 2m > 2,
such that g~ (c0) consists of two real elements, which are algebraically conjugate
in Q(v/d), for d > 1 a square-free integer. Let t be a transcendental over Q, and
L a splitting field of g(Z) — t over Q(t).

Let D < A and I < D be the decomposition and inertia group of a place of L
lying above the place t — oo of Q(t), respectively.

Then I = <o> for some o € G, and the following holds.

1. o is a product of two m—cycles.
2. ¥ is conjugate in D to o for all k prime to m.
3. D contains an element which switches the two orbits of I.

4. D contains an involution T, such that o™ = o1, and T fizes the orbits of I
setwise.

5. If Vd & Q(Cm) (with G a primitive m—th oot of unity), then the centralizer
Cp(I) contains an element which interchanges the two orbits of I.

The main result about the monodromy groups of Siegel functions over Q is.
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Theorem 5.2. Let g(Z) € Q(Z) be a functionally indecomposable rational func-
tion of degree n > 2 with |g7'(c0)| = 2. Let A and G be the arithmetic and
geometric monodromy group of g, respectively. Let T be the ramification type of g.
Then one of the following holds:

1. nis even, A, < G < A <S8, many possibilities for T'; or
n =6, G =PSLy(5), A=PGLa(5), T = (2,5,3) and (2,2,2,3); or
n=6, G=PGLy(5) =A, T = (4,4,3); or

n=28,G=AGL3(2) = A, T =(2,2,3,4), (2,2,4,4), and (2,2,2,2,4); or

v e e

n =10, S <G < A < Aut(S), where S = As or Ag, with many possibilities
forT; or

6. n=16,G=(SyxS4) xCo=A,T=(2,6,8), (2,2,2,8); or
7. n=16,G=03xS5=A, T=(2,58), (2,6,8), and (2,2,2,8).

The analogue of the previous theorem for Siegel functions with |g~!(c0)| =
1 follows from the classification of the monodromy groups of polynomials. For
completeness, we give the result from [45].

Theorem 5.3. Let g(Z) € Q(Z) be a functionally indecomposable rational func-
tion with |g~(c0)| = 1 and of degree n > 2. Let A and G be the arithmetic and
geometric monodromy group of g, respectively. Let T be the ramification type of g.
Then one of the following holds:

1. nis a prime, C,, = G < A= AGLy(n), T' = (n,n).

n >3 is a prime, D, =G < A= AGLi(n), T = (2,2,n).
n>4, A, <G<A<LS,, many possibilities for T.
n=6,G=PGLy(5) = A, T = (2,4,6).

n=9, G=PI'Ly8)=A,T=(3,3,9).

S & e

n =10, G =PI'Ly(9) = A, T = (2,4, 10).

5.2 Proof of Theorem 5.2

Let & = (01,09,...,0,) be a genus 0 system of G, and T its type, such that o,
is the element o from Lemma [5.1] So n = 2m, where o, has two cycles, both of
length m.

We denote by L a splitting field of g(Z) —t over Q(¢), and if U is a subgroup
of A= Gal(L/Q(t)), then Ly is the fixed field of U in L.
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First suppose that A is an affine permutation group (different from A4 and
S4). Theorems and gives the candidates for G and A and genus 0 systems.
The only possible degrees are 8 and 16.

Suppose n = 8. The only possible candidate with a genus 0 system is G =
AGL3(2) = A. The rational genus 0 systems in G have type (3,4,4), (4,4,4),
(2,2,4,4), (2,2,3,4), or (2,2,2,2,4).

The (3,4, 4)-tuple must have all branch points rational. By [41], the minimal
field of definition of such a cover has degree 2 over (Q, so this case is out.

In the (4,4, 4) case, a minimal field of definition has degree 4 over Q if all branch
points are rational. There could possibly be two of the branch points conjugate,
which would lower the degree of the minimal field of definition by at most a factor
2, so this does not occur as well.

The cases with 4 and 5 branch points all occur, see Section [5.3

Now suppose n = 16. The only cases where GG has a genus 0 system of the
required form, and o, fulfills the necessary properties in Lemma are the fol-
lowing;:

(a) G hasindex 2 in (S84 x Syq) x Co, T = (2,4,8).

(b) G = A= (S4x84) xCo, T = (2,6,8) or T'= (2,2,2,12). (This is case
m = 4 in [2] of Theorem [4.8])

(c) G=A=C3 %S5 T=(25,8),(2,6,8), and (2,2,2,8).

We start excluding case (a), where G; = (C3 x C3) x Cy4, and € has type
(2,4,8). Here [A: G] < 2. The group G has, up to conjugacy, a unique subgroup
U of index 8. Set U := N4 (U). Then A = UG, so the fixed field L is a regular
extension of Q(t). Look at the action of A on A/U. With respect to this action,
the elements in £ have cycle types 2 — 2, 2 — 2 — 4, 8. From that we get that
L has genus 0, and because of the totally ramified place at infinity, we have
L = Q(x) where t = f(z) with f € Q[X]. Now A, in this degree 8 action,
preserves a block system of blocks of size 4, and the last element in & leaves
the two blocks invariant. Suppose without loss that oy corresponds to 0. Then
this yields (after linear fractional changes) f(X) = h(X)? with h € Q[X], where
h(X) = X?(X? + pX + p), where the ramification information tells us that h has,
besides 0, two further branch points which are additive inverses to each other.
This gives the condition 27p? — 144p + 128 = 0, so p € Q(v/3) \ Q, a contradiction.

Cases (b) and (c) however have the required arithmetic realizations. As the
proof involves a considerable amount of computations, we postpone the analysis
to Section

None of the product action cases in [2| with m > 5 can occur, because by
there is no element with two cycles of equal lengths.

Now assume that A is an almost simple group. Suppose that A is neither the
alternating nor the symmetric group in natural action. Theorem lists those
cases where a transitive normal subgroup G has a genus 0 system. In our case,
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the permutation degree n = 2m is even, and one member o, of the genus 0 system
is a product of two m—cycles. The condition (b) in Lemma namely that o,
is rational in A, already excludes most examples. The two biggest degrees which
survive that condition are n = 22 with G = Mgy, A = Mgy x Cy and n = 24 with
G = A = Myy. However, o, violates condition (d) of Lemma in both cases.

Excluding the case n = 12, G = Mj, for a moment, the next smallest cases
with rational o, have degree n < 10. We go through the possibilities which fulfill
the necessary properties from Lemma [5.1} starting with the small degrees.

Let n = 6. Then A = PGL2(5), and G = PSLy(5) or G = PGLy(5). If G = A,
then 7' = (4,4, 3), and an example is given by

741322 — 1087 + 225)

9(%) = (Z2—15)3

Next suppose G = PSLa(5). There is the possibility T' = (2, 5, 3), with an example

ZNZ -2
02) = T,

or T =(2,2,2,3), where

72 —27 4+ 2)(Z? —16Z + 14)?
Q(Z) = ( +(Z)2(_2)3 ki )

is an example.

Let n = 8. Then A = PGLy(7), and [A : G| < 2. First suppose G = PSLa(7).
Then T = (3,3,4). Suppose the required g(Z) exists. Without loss assume that
oo is the branch point corresponding to 3. The two finite branch points could be
algebraically conjugate. But there is a Galois extension K/Q of degree dividing 4,
such that the branch points are in K, and g~ !(co) C K. So, by linear fractional
twists over K, we can pass from g to

(Z%+ a1 Z + ap)(Z2 + p1 Z + po)?
74 ’

If a1 # 0, then we may assume that a; = 1. If however a; = 0, then p; = 0 cannot
hold, because § were functionally decomposable. Thus if a; = 0, we may assume
that py = 1. Thus we have two cases to consider. Together with the obvious
requirement agpg # 0, and the ramification information in the other finite branch
point, this gives a O—dimensional quasi affine variety. See [43], Sect. 1.9] where this
kind of computation is explained in detail. By computing a Grobner bases with
respect to the lexicographical order we can solve the system. We obtain an empty
set in the second case, and a degree 4 equation over QQ for p; in the first case.
However, this degree 4 polynomial turns out to be irreducible over Q with Galois
group Dy, hence p; € K, a contradiction.

Now assume G = A. Then T' = (2,6,4). The corresponding triple is rationally
rigid and o9 has a single cycle of length 6, so there exists a rational function

9(2) =
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9(Z) with the required ramification data. Still, we need to decide about the fiber
g (c0). We do this by explicitly computing g, getting g(Z) = %. So
the fiber g~!(00) is not real, contrary to our requirement.

Let n = 10. Then S < A < Aut(S) with S = A5 or § = Ag. In view of the
results we want to achieve, there is little interest in investigating these cases more
closely.

Finally, we have to rule out the case n = 12, G = A = Mjs. We have the
following possibilities for 7 (2,5,6), (3,4,6), (3,3,6), (4,4,6), (2,6,6), (2,8,6),
and (2,2,2,6).

In the cases with three branch points, explicit computations are feasible, and it
turns out that only the two cases (3, 3,6) and (4,4, 6) give Galois realizations over
Q(t). However, in both cases the subfields of degree 12 over Q(t) are not rational.
Indeed, in the first case, we get the function field of the quadratic X2 +Y?+1 = 0,
and in the second case, the function field of the quadratic X2 +3Y2 +5 = 0. In
Section we give explicit polynomials over Q(t) of degree 12 with Galois group
Mjs and ramification type (3,3,6) or (4,4,6), respectively. However, a variation
of the argument below could be used as an alternative.

So we need to worry about the ramification type T = (2,2,2,6). The criterion
in Lemma [5.1] is too coarse in order to rule out that case. However, we still get
rid of this case by considering the action of complex conjugation, and what it does
to a genus 0 system. Let £ be a genus 0 system of type T, and suppose that a
function g(Z) exists as required. By passing to a real field k containing ¢! (c0),
we may assume that g(Z) = h(Z)/Z%, where h[Z] € k[Z] is a monic polynomial of
degree 12 and h(0) # 0. If h(0) < 0, then h(Z) — toZ% has exactly 2 real roots for
to < 0 (by a straightforward exercise in calculus). However, My, does not have an
involution with only 2 fixed points, so this case cannot occur.

Thus h(0) > 0. Then, for ¢ty > 0, h(Z) — t9Z5 has precisely 4 real roots.
Choose such a ty € k with Gal(h(Z) — t9Z%/k) = Mj2. By a linear fractional
change over k, we can arrange the following: to is mapped to #g, the branch points
of the corresponding rational function g are all finite, and the real branch points
of § are smaller than 3. Let fy be the base point of a branch cycle description
o = (01, 09,03,04) coming from the “standard configuration” as in [43, Sect. I.1.1]
or [16, §2]. Note that the order of the conjugacy classes here must not be chosen
arbitrarily. So the element of order 6 is one of the o;. As k C R, complex
conjugation p leaves the set of branch points invariant, but reflects the paths at
the real axis, inducing a new branch cycle description o”. For instance, if all
branch points are real, we get

1 1

o? = (a7 (05 1)71 (03 1) o1, or

(0471)03—102— oy ),

and a similar transformation formula holds if there is a pair of complex conjugate

branch points. For this old result by Hurwitz , see [43, Theorem 1.1.2], [16].
Identify the Galois group Gal(§(Z) — t/k(t)) with Gal(g(Z) — to/k), so that

they are permutation equivalent on the roots of §(Z)—t and §(Z)—1y, respectively.

69



Let ¢ be the complex conjugation on the splitting field of §(Z) — to. Then, under
this identification, 0¥ = o”. (Here ¢¥ means simultaneously conjugating the
components with ¢.) This is a result by Debes and Fried, extending a more
special result by Serre [55, 8.4.3] (which does not apply here), see [16] and [43]
Theorem 1.10.3].

Now, for instance using GAP, one checks that in all possible configurations for
o and possibilities of real and complex branch points, an element 1 as above either
does not exist, or is a fixed point free involution. However, as we have chosen tg
such that §(Z) — o has precisely 4 real roots, the case that 1) has precisely 4 fixed
points should also occur. As this is not the case, we have ruled out the existence
of Mo with this specific arithmetic data.

5.3 Computations

This section completes the proof of Theorem [5.2] in those cases which require or
deserve some explicit computations besides theoretical arguments. We continue to
use the notation from there.

5.3.1 n =28, G =AGL;(2).

Here n = 8, and G = A = AGL3(2). We have already seen that the only possible
ramification types could be T' = (2,2,2,2,4), (2,2,4,4), and (2,2,3,4). We will
establish examples for all three cases. While deriving possible forms of g(Z) we
do not give complete justification for each step, because the required properties of
9(Z) can be verified directly from the explicit form. Thus the description of the
computation is only meant as a hint to the reader how we got the examples.

In the construction of examples we employ a 2—parametric family of polyno-
mials of degree 7 over Q(t) with a (2,2,2,2,4) ramification type and Galois group
PSLy(7). This family is due to Malle, see [42]. Define

(X428 - )X+ (a+ B2 - 4B)X — 2a)
fogX) = X2(X —2) ‘
(X'~ 2(8+2)X2 + 48X — a).

One verifies that for all (a, 3) € Q? in a non-trivial Zariski open subset of Q?, the
following holds: f, g has arithmetic and geometric monodromy group PSLy(7) with
ramification type (2,2,2,2,4). The elements of order 2 are double transpositions,
while the element of order 4 has type 1—2—4. We take the composition f, g(r(X)),
where r € Q(X) has degree 2, and is ramified in 0 and 1. Multiplying r with a
suitable constant (depending on « and (), one can arrange that the discriminant
of the numerator of f, g(r(X)) — ¢t is a square. This can be used to show that
the arithmetic and geometric monodromy group of f, g(r(X)) is AGL3(2) in the
degree 14 action. One can now pass to the fixed field £ of GL3(2) < AGL3(2) in a
splitting field L of f, g(r(X)) —t over Q(t). A minimal polynomial F,, 3(X,t) for
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a primitive element of E/Q(t) can be computed, we do not print it here because
it is very long. For that we used a program written by Cuntz based on KASH][I0]
which computes subfields in algebraic function fields.

It turns out that the degree in t of F, g(X,t) is 2. So we can easily derive a
condition for the genus 0 field £ to be rational. In this case, we get that E is
rational if and only if —a is a sum of two squares in Q. For instance, the choice
a:=—1/2, =1 yields

(1324 + 6023 + 10022 + 727 +20)(1124 + 823 — 1222 — 16Z + 12)

g(Z)z (Z2—2)4

Next we want to see how to get the cases with 4 branch points. Let A, 5(t)
be the discriminant of a numerator of f, 3 — ¢t with respect to X. A necessary
condition for having only 4 branch points is that the discriminant of A, g(t) with
respect to t vanishes. This gives a condition on o« and 3, and if one performs the
computation, it follows that this condition is given by the union of two genus 0
curves which are birationally isomorphic to P}(Q) over Q. For the computation of
such a birational map, we made use of the Maple package algcurves by Mark van
Hoeij (available at http://klein.math.fsu.edu/ hoeij, also implemented in Maple V
Release 5).

An example for the ramification type (2,2,4,4) is

(322 —15Z + 20) 2>
(725t

9(Z) =

whereas
(1122 4+ 30Z + 18)(322 + 30Z — 46)3

P

is an example of ramification type (2,2,3,4).

9(Z) =

5.3.2 n= ].6, G = (34 X 84) X 02

Here n = 16, and G = A = (S4 X S4) x Cy in product action of the wreath product
S41Cs. First suppose that £ has type (2,6,8). There are two such possibilities,
both being rationally rigid. The first has fine type (2—2—-2—-2,3—-6 —6,8 — 8),
and the second one has fine type (2—-2—-2-2-2-22-3-3-6,8—238).
From this we can already read off that there is a rational function g(Z) € Q(Z) of
degree 16 and the ramification data and monodromy groups given as above. Let
o3 correspond to the place at infinity. One verifies that the centralizer C'4(03) is
intransitive, so g7!(0c0) C K U {00}, where K is a quadratic subfield of Q((s), so
K = Q(V/-1), K = Q(v/—2), or K = Q(+/2). The first two possibilities cannot
hold, because complex conjugation would yield an involution in A, which inverts
o3, and interchanges the two cycles of o3. One verifies that such an element does
not exist. Let D be the normalizer in A of I := <o3>. Then D contains a
decomposition group D of a place of L lying above the infinite place of Q(¢). Also,
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[D : I] > 4 by rationality of o3. On the other hand, [D : I] = 4. Thus D = D. But
D interchanges the two cycles of 073, so the elements in g~! (o) cannot be rational.
This establishes the existence of g of the required type.

In this situation, we were lucky that theoretical arguments gave a positive
existence result. However, it is also quite amusing to take advantage of the specific
form of A and compute an explicit example from the data given here.

Recall that G = A = §41C5 is in product action. To this wreath product
there belongs a subgroup U of index 8, which is a point stabilizer corresponding to
the natural imprimitive action of A. The fine types of the two (2,6, 8)-tuples with
respect to this degree 8 action are (2,2—6,8) and (2—2—2—2,2—3, 8), respectively.
One verifies immediately that Ly is a rational field, indeed Ly = Q(z), where
t = h(x)? with h € Q[X]. The idea is to compute this field, and then extract from
that the degree 16 extension we are looking for.

In the first case, we may assume h of the form h(X) = X3(X — 1), whereas
h(X) = X3(X — 8) + 216 (note that h(X) + 216 = (X — 6)3(X* +4X +12)) in
the second case.

We have h(z)? =t. Set y := h(z), and let 2’ be a root of h(X) = —y. Then
also h(z2")? = t. However, x + 2’ is fixed under a suitable point stabilizer of A with
respect to the degree 16 action of the wreath product §4:C in power action.

Take the first possibility for A. Using resultants, one immediately computes a
minimal polynomial H(W,t) of w := z + 2’ over Q(t):

HW,t) = WO 8w 42w — 50w 4 5512 — 36wt 4 13W1°
—2WY + 136tWS — 544tW 7 + 892tW 6 — T44tW> + 315¢tW*
—54tW3 + 16¢°2.

Here, however, t appears quadratic, so this does not immediately yield the function
g we are looking for. However, it is easy to write down a parametrization for the
curve H(W,t) = 0:

_ Z(2Z +3)
W=="m"3
1 Z25(Z +2)%(27Z + 3)3
t=—— =:9(2).
16 (22 — 2)8 9(2)

The function g(Z) parameterizing t is the function we are looking for.
Similarly, the second possibility of A gives a function

Z2 447 +6)(Z —2)%(32% — 42 + 2)3
o2y~ Briz ><(ZQ_>2)<8 +2)*

By Theorem there is, for this setup, also the possibility of a (2,2, 2, 8) sys-
tem. This is no longer rigid. But even if we could show, for instance using a braid
rigidity criterion as in [43, Chapt. III], the existence of a regular Galois extension
L/Q(t) with the correct data, we would not be able to decide about rationality
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of the degree 16 subfield we are after. However, the following computations will
display and solve the problem.

With s € Q arbitrary set h(X) := X*+25X2 + (85 +32) X + s — 45 —24. One
verifies that the splitting field of h(X)? —t over Q(t) is regular with Galois group
A, and that we have the ramification given by the (2,2,2,8) system, provided
that s ¢ —4,—3,—12. (The cases s = —3 and s = —12 give the first and second
possibilities from above, whereas for s = —4 the monodromy group of h is D4 rather
than S4.) Again, let x be with h(z)? = t, and 2’ be with h(z') = —h(x). As above,
derive a minimal polynomial H(W,t) for x + 2’ over Q(¢). One calculates that the
curve H(W,t) = 0 is birationally isomorphic to the quadratic U? —2V? = 4s + 16.
Of course, it depends on s whether this quadratic has a rational point, which in
turn is equivalent that Ly (U from above) is a rational function field. But if one
chooses s such that 4s+16 = u% —21)8 for ug, vy € Q, then Ly is rational, and from
the explicit choice of a rational point on the quadratic we get g(Z), parametrized
by (ug, vo), where two such pairs give the same function if ud — 2v% = u62 - 21}62.
Up to the details which are routine, this shows that the ramification type (2, 2,2, 8)
appears as well.

5.3.3 n=16, G=ClxS;

Now G = A = C3 x S5, where the action of S5 is on the Ss—invariant hyperplane
of the natural permutation module for S5 over Fy. We verify that the genus 0
systems of type (2,5,8) and (2, 6,8) are rationally rigid, also, it follows from the
ramification type, that the degree 16 field we are looking for is rational. As in the
previous case, we can recognize the decomposition group (belonging to the inertia
group [ := <o3>) as the normalizer of I in A, and from the properties of N4 (1)
we can read off, exactly as in the previous case, that g(Z) = h(Z)/(Z% —2)® exists
as required.

Explicit computation is different from the previous case. Suppose we have the
ramification type (2,5,8). As an abstract group, A = V x S5, where V < F3 is
the hyperplane of vectors with coordinate sum 0, and S5 permutes the coordinates
naturally. This interpretation of A as a subgroup of the wreath product C2? S5
gives an imprimitive faithful degree 10 action of A. Let U be the corresponding
subgroup of index 10. One verifies that Ly is the root field of h(X?) — ¢, where
h(Y) = (Y—1)3/Y. Let y; be the roots of h(Y)—t, i = 1,...,5, and for each i, let z;
be a square root of y;. Set w = x1+x2+- - -+x5. We compute a minimal polynomial
H(W,t) for w. Namely consider H(W,t) := [[(X + €121 +e2x2+ - - - +€525), where
the product is over ¢; € {—1, 1}, such that the sum of the entries for each occurring
tuple is 0. Obviously, H(w,t) = 0, and H(W,t) € Q[W,t]. As to the practical
computation, we computed the solutions of h(X) — t in Laurent series in 1/¢'/5
around the place with inertia group order 5. Eventually, after calculations similar
as above, we get

7y = (Z —1)(Z2%+ Z —1)°
g( ) - (Z2 o 2)8
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If the ramification type is (2,6,8), then L is the splitting field of h(X?) — t,
with h(Y) = (2Y2 — 27)2(Y2 — 1)3/Y2, and after similar computations we get

(522 +4Z —10)(Z +2)*(52% — 12Z + 6)3

9(Z) = (72— a2y

Also, the case (2,2,2,8) is not hard to establish by the procedure described
above. An example (as part of a 1-parameter family) is

(7) = (1524 — 7423 + 14022 — 1247 + 44)?
T (Z2 =2

(4778 — 47277 +19122° — 427275 + 48402% — 182473 — 2887% — 64Z — 16).

5.3.4 n=12, G =M,

In order to rule out the ramification types T' = (3, 3,6) and (4,4, 6), we computed
explicitly polynomials F'(X,t) of degree 12 over Q(¢), such that the splitting field
L has Galois group Mis over Q(t), and the ramification type 7". From the explicit
form of FI(X,t) we can read off that a degree 12 extension E in L of Q(t) cannot
be a rational field. Nowadays such computations are routine, so we just give the
polynomials.

For T = (3,3,6) we obtain

F(X,t) = X2 4+396X'" +27192X° 4 933174X® 4 20101752X 7 +
(=2t + 169737744) X5 + 16330240872X° +
(8820t + 538400028969) X* + (92616t + 8234002812376) X3 +
(—3895314¢ + 195276967064388) X 2 +
(—48378792t + 3991355037576144) X +
12 4 62267644t + 30911476378259268,

and for T' = (4,4,6) we get

F(X,t) = X' 444088X" +950400X° + 721955520X° +
31696106112X 7 + (2t 4 5460734649920) X6 +
393700011065856.X° +
(—120180¢ + 20231483772508800) X * +
(—2587680t + 911284967252689920) X > +
(137561760t + 21295725373309787136) X 2 +
(4418468352t + 183784500436675461120) X +
t* + 31440107840t + 3033666001201482093568.

As t is quadratic in both cases, it is easy to compute a quadratic @ such that
FE is the field of rational functions on ). Then F is rational if and only if ) has
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a rational point. However, in both cases there is not even a real point on ). This
actually indicates that the argument we used to exclude T' = (2,2,2,6) might be
applicable here as well. One can verify that this is indeed the case.

6 Applications to Hilbert’s Irreducibility The-
orem

Immediate consequences of Theorems and [5.3] are

Theorem 6.1. Let k be a field of characteristic 0, and g(Z) € k(Z) a rational
function with the Siegel property. Then each non-abelian composition factor of
Gal(g(Z) — t/k(t)) is isomorphic to one of the following groups: A; (j > 5),
PSLs(7), PSLy(8), PSLy(11), PSLy(13), PSLs(3), PSL3(4), PSLy(3), PSLs(2),
PSLg(2), Mi1, Mig, Moy, Moz, Moy.

Theorem 6.2. Let g(Z) € Q(Z) be a Siegel function over Q. Then each non-
abelian composition factor of Gal(g(Z) —t/Q(t)) is isomorphic to one of the fol-
lowing groups: A; (j >5), PSLa(7), PSLa(8).

Theorem 6.3. Let g(Z) € Q(Z) be a Siegel function over Q. Assume that A =
Gal(g(Z) — t/Q(t)) is a simple group. Then A is isomorphic to an alternating
group or Cs.

In [48] we showed that this latter theorem implies

Corollary 6.4. Let f(t, X) € Q(¢)[X] be irreducible with Galois group G, where G
is a simple group not isomorphic to an alternating group or Co. Then Gal(f (¢, X)/Q) =
G for all but finitely many specializations t € Z.

Similarly, Theorems and have the following application to Hilbert’s
irreducibility theorem. See [48], where we also have results of this kind which do
not rely on group-theoretic classification results.

Corollary 6.5. Let f(t,X) € Q(t)[X] be irreducible, and assume that the Galois
group of f(t, X) over Q(t) acts primitively on the roots of f(t, X) and has a non-
abelian composition factor which is not alternating and not isomorphic to PSLy(7)
or PSLy(8). Then f(t, X) remains irreducible for all but finitely many t € Z.

Corollary 6.6. Let k be a finitely generated field of characteristic 0, and R a
finitely generated subring of k. Let f(t,X) € k(t)[X] be irreducible, and assume
that the Galois group of f(t,X) over k(t) acts primitively on the roots of f(t,X)
and has a non-abelian composition factor which is not alternating and is not iso-
morphic to one of the following groups: PSLa(7), PSLa(8), PSLa(11), PSLa(13),
PSL3(3), PSL3(4), PSL4(3), PSL5(2), PSL(;(Q), MH, M12, MQQ, M23, M24. Then
f(t, X) remains irreducible for all but finitely many t € R.
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