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Lecture 1
by Prof. Jiirgen Wolfart

1 Riemann Surfaces and Algebraic Curves

Riemann surfaces are Haudorff spaces with a countable base topology, where
chart maps to C are defined with biholomorphic transition functions where
they coincide. We are discussing here only connected Riemann surfaces.

1.1

1.

Examples

Riemann sphere C = C U {oo} = P'(C): Take two charts U; and Uy,
for example U; = C and U, = (C — {0}) U {oc}. Then z — L is a
holomorphic mapping between the charts.

F = {(z,y) € C*|2" +y* =1}, n > 1 is a "Fermat curve”. Take
as charts for example (z,y) — vy, which is homeomorphic in suitable
neighboughoods of all points except x = 0, y* = 1, and (x,y) — =z
which is homeomorphic in suitable neighbourhoods of all points except
y = 0, 2" = 1, with holomorphic branches of x = /1T —y" and y =
V1 — x™ as transition functions.

More general: all "smooth” affine algebraic curves

Xti={(z,y) € C*| f(z,y) = 0}
for some polynomial f with the property that in all p € X2
of of
5, P) # 0 or a—y(p) 7# 0.
The implicit function theorem says that locally around p all solutions

of f(z,y) = 0 are of the shape (h(y),y) or (z,g(z)) where h and g are
holomorphic. Then the projections serve as charts.

Affine hyperelliptic curves: y*> = (z —ay) - ... (r — a,) with pairwise
distinct ay, .. .,a,. For example f = y* — II(x — a;) and we have
of
9 () =2y =0
3y () =2y
in all (a;,0) only, but
of
- 0
5y D) 7

in these (a;,0).



Theorem 1.1 Let X,Y be connected Riemann surfaces, f: X — Y a non-
constant holomorphic mapping, p € X, f(p) = p' € Y. Then there ezist
charts z : U(p) =V C C and w : U'(p/) — V' C C with z(p) =0, w(p/) =0
such that

f
U U
Ciz—w=2":C
s commutative for some choice n € N independent of the choice of the charts.
The constant n := mult, f is the multiplicity of f in p.

If n = 1 then f is locally biholomorphic ("unramified at p”) otherwise
"ramified” of order n.

1.2 Important Consequences

1LIff: X — Cis meromorphic, then if it’s non-constant, then the zeros
and poles form a discrete subset of X.

2. Ramification points of f are discrete in X.
3. Identity theorem, maximum principle, open mapping theorem are valid.

4. On compact Riemann surfaces we have for f: X — C (meromorphic,
non-constant function) only a finite number of zeros or poles, and also a
finite number of ramification points. Holomorphic functions f : X — C
have to be constant.

5. If f: X — Y is holomorphic and non-constant, X compact, then f is
surjective and Y is compact as well.

6. Under the same hypothesis deg f := Zpef_l(y) mult, f is independent
of yev.

1.3 More Examples

1. Fermat curve:
Foi={[r.y,d € P(O) 2" +4" = 2"}

better (symmetric) z™ + y" 4+ 2" = 0, covered by affine curves with
z=1,y=1, 2 =1. We'll get different affine Fermat curves, when we
take charts of the form ﬁ, Y Z. This’s a typical example of a "smooth



projective algebraic curve”. Of course, because P?(C) is compact, then
F,, is compact.

2. Try to compactify also hyperellictic curves
y: = I (x — a;) = Y222 = (x — a;2).

Now if z = 1 then we’ll have an affine curve, or if z = 0 then 2" = 0
and so on x = 0, normalizing by y = 1 we get affine equation

22 =(z — a;).

The implicit function theorem isn’t applicable in situations n > 3.
Here, write y? = ¢(x) with

{29—1—1,
degq =
29 +2
and with

z:=— and w:= Y

with degk = 2g + 2. So then y* = ¢(z) & w? = k(z) in all points
x#0, #z...

w =0, for degg=2q+1

=y=00&2=0&
e : {w:j:\/k(O) for degq=2q+2

1.4 Fact

Riemann surfaces are orientable! That is an implication from the fact that the
transition functions are biholomorphic respecting the orientation. Surfaces
can also be triangulated: Suppose you have X triangulated. Then we have
the Euler characteristic

X(X)=f—-e+uv,

with f, e and v counting "faces”, "edges” and "vertices”, and x does not depend

~

on the triangulation. For example x(C) = 2 and x(Torus) = 0.

Theorem 1.2 (Riemann-Hurwitz) If f : X — Y is non-constant holo-
morphic mapping of compact Riemann surfaces, then

29(X) —2=deg f(29(Y) —2) + > _(mult, f — 1).

peX



Several applications, e.q: g(Y) < ¢(X) with ”=" only if f is isomorphism
(unramified) or g = 1 and f is unramified. If g(X) > g(Y) =0 or 1, then f
is ramified.

Now F), (n>2) has genus W, and we consider f : F, — C :
[z,y,2] — £: For example z =1, 2" +y" = 1, f : (2,y) — x and deg f = n.
Exceptionally, f has only one preimage in points with ™ = 1: n points with
mult, f =n. If then 2 =0, 2" +y" =0, y = 1, n points on F},, f has n poles
and it’s unramified. Now Riemann-Hurwitz implies that

2g(F,) — 2 =n(-2) +n(n — 1) = n® — 3n.

Exercise 1.1 Find as many automorphisms of F,, as possible! (if possible,
find 6n* automorphisms.) Determine the structure of Aut F,.

Exercise 1.2 Apply Riemann-Hurwitz to determine the genus of the (com-
pact) hyperelliptic curves.

Theorem 1.3 There is an equivalence between the categories "compact Rie-
mann surfaces” and “smooth projective algebraic curves”.



Lecture 2

by Prof. Gareth Jones

2 Introduction to Riemann Surfaces and Alge-
braic Curves

Compact cat. |Smooth Projective
Riemann Surfaces | equiv. | Algebraic Curves

defined over

with maps on them <— algebraic number fields

‘ Galois Theory ‘

Special case: Riemann surfaces of genus 1.

Elliptic curve: algebraic curve y*> = p(x), where p is a cubic polynomial
on C[z] with distinct roots ej, e, e3. Discriminant A = 16(e; — e3)?*(e2 —
e3)*(es — €1)?. Here p has distinct roots if and only if A # 0. Applying an
affine substitution of ax + b for x we can put the equation in Weierstrass
normal form

y? = 4a® — cor —c3, (ca,c3 € C).

Then A = ¢§ — 27¢3 (easy exercise).
Alternatively, applying affine substitutions to x and z, we get Legendre
normal form

v =x(x—1)(z -2 (A€ C\{0,1}).
Exercise 2.1 Find A and these normal forms for the elliptic curve
y* = 2% — 927 + 231 — 15.

Now write the elliptic curve E as y = y/p(x), a 2-valued function of x.
The projection (x,y) — x is in general 2-to-1, showing that E is a 2-sheeted
covering of the Riemann sphere C = P'(C) = CU {0 }. Special cases: if
x =e;, 7 =1,2,3, then only y = 0 is possible, and if z = oo then only y = oo
is possible. FE is a branched covering of @, with branch-points at eq, e, e3
and oo.



If 2 = ¢; +re”, let 2 rotate once around e; (but not the other roots)
in the positive directions (anti-clockwise). Then /(2 — e;) is multiplied by
e’™ = —1. This means that a point (z,y) on E above x moves to (z,—y),
i.e. we pass from one sheet of E to the other. The same happens if we
follow a circle around oo, where x = re?, with large constant r: each of the
three factors \/(z — e;) is multiplied by —1, and hence so is y. Construct
the Riemann surface of E by taking two copies of C (one for each branch of

p(z)), and joining them across two disjoint cuts between e; and e, and e3
and oco. The result is a torus, of genus 1.

2.1 Alternative Approach to Riemann Surfaces of
genus 1

Let w; and wy be elements of C which are linearly independent over R. They
generate a lattice

A = Awy,ws) = {mwy +nws |m,n €Z}.

We call w; and ws a basis for A. A is a subgroup of C, and A is discrete
(every w € A has an open neighbourhood containing no other element of A).

Define z; = 29 mod A if z; — 25 € A. Equivalence classes = cosets z + A
of A in C. Quotient space is then C/A.

The parallellogram P = {zw; + yws|z,y € [0,1]} is a fundamental
region for A, i.e. each z € C is equivalent to an element of P, and if two
elements of P are equivalent, then they lie on the boundary dP. Form C/A
by identifying equivalent points z;, 2o € dP. The holomorphic structure on
C yields a holomorphic structure on C/A. Also C/A is a group, structure
inherited from C.

To show the link between these two approaches, we need elliptic functions.
These are doubly periodic meromorphic functions. Doubly periodic means

f(z+w) = f(z) forall ze C andallwe A.

Meromorphic: holomorphic or a pole of finite order at each point in C. Equiv-
alently, f(z) =3_7°, a,(z — a)" near each a (Laurent series).

For a given A, such functions form a field F/(A). Think of these as the
meromorphic functions on C/A by defining f(z + A) = f(z) (well-defined).
C/A is compact, so the theory of such functions works nicely.

We need some non-constant examples: Weierstrass function

-5+ 2. ()

7



where Z, means the sum over w # 0 in A. This is uniformly convergent on
compact subsets of C\A so g is meromorphic, with poles of order 2 at the
lattice-points. To show g is double periodic, first consider

1
/ J—
@@%“QE:@t;g
This is meromorphic, with poles of order 3 at the lattice-points.

Exercise 2.2 Show that ¢’ is doubly periodic with respect to A. Deduce that
o is also doubly periodic (Hint: g is an even function).

Thus g, o' € F(A) so the field C(p, ¢') of rational functions of p and ¢ is
contained in F'(A). In fact, FI(A) = C(p, ¢'). p and g’ are not algebraically
independent: they satisfy

(9)? = 49" — g2 — g3,

where gy = 60G,4 and g3 = 140G¢, and where G, = Z; w™* is the Eisenstein
series. Comparing this equation with the Weierstrass normal form y? =
43 — cow — c3 for E, we can write x = p(z), y = ¢(z) for an appropriate
lattice A. (Given any cs, c3 with A 2 0, one can find a lattice A such that go
and g3 for A are equal to ¢y and c3.) Identify each point (z,y) € E with the
corresponding point z + A € C/A. Thus we identify E with C/A. (Compare
with parametrising 22 +y? = 1 by x = sin z and y = cos z, where 2z € R/277Z.

Suppose that A and A’ are lattices in C. The Riemann surfaces C/A and
C/A’ are isomorphic (as Riemann surfaces) if and only if A and A’ are similar
lattices, in the sense that A’ = pA for some p € C\{0}.

If A has basis wy, ws, then elements w/,w) of A form a basis for A if and
only if w, = aws+bw; and w| = cwy+dwy with a, b, c,d € Z and ad—bc = £1.
The 2 x 2 integer matrices with ad — bc = £1 form a group GL(Z) under
multiplication and those with ad — bc = 1 form SLy(Z), a normal subgroup
(of index 2).

The modulus 7 = i—f of a basis is invariant under the similarity trans-

formation of multiplying A by p. Changing basis by <Ccl Z) € GLy(Z)

transforms 7 = g—f to

,  wy  awy+bw  ar+b

g W cwytdwy et +d

These transformations form a group PGLy(Z) = GLy(Z)/{£1}. Transposing
wy and ws necessary, we can assume that Im7 > 0, i.e. 7 is the upper half
place H={7 € C|Im7 >0}



This allows us to restrict to transformations 7 — Z::S with ad — bc = 1.
These form the modular group

' = PSLy(Z) = SLo(Z) J{£1}.
Then
C/A=C/N <& 7 and 7 are equivalent under the action of I" on H

and
Isomorphism classes

of elliptic curves C/A Orbits of I on H.

How does I' act on H?

For example the region F' defined by |7| > 1, |Re7| < 5 is a fundamental
region for I'. Every orbit of I' contains a point in F. If two points in F' are
in the same orbit, they lie on the boundary. The element X : 7 — _71 fixes
7 = 1, and this value of 7 corresponds to the square lattice. The element
Z : 7+ 741 also pairs sides of F. The element Y : 7 +— =Z=L fixes w = ¢2™/3
corresponding to the hexagonal lattice A.

One can show that I' has a presentation I' = (X, V| X2 =Y3 = 1)
Cs % (3, the free product of Cy and Cs.

Reduction mod (n) : Z — Z, (ring-homomorphism) induces group ho-
momorphisms SLy(Z) — SLo(Z,) and hence I' = PSLy(Z) — PSLy(Z,) =
SLa(Z0) /{£1}.

I

['(n) := ker ¢,

is the principal conquence subgroup of level n.

E.g. T'(2) is a free group of rank 2, generated by 7 — —— (fixing 0)

and 7 — =2 (fixing 1).

Exercise 2.3 Show that I' acts transitively on Q = PY(Q) = QU {o0}, and
that T'(2) has three orbits on Q. Deduce that I'/T'(2) = Ss (symmetric group
of degree 3).



Lecture 3

by Prof. Jiirgen Wolfart

3 Continued from Lecture 1

3.1 Why Riemann Surfaces are Projective Algebraic Curves?

Sketch of ideas:

1. On a compact Riemann surface there are non-constant meromorphic
functions f : X — C. "<=” by the theorem of Riemann-Roch.

2. All functions g : X — C constant on fibers of [ are rational functions,
in C(f). (Fiber means the points in f~*(g) for ¢ € C.)

3. Riemann-Roch: There are h: X' — C separating points of the fibers of
f for generic ¢q € C.

4. Consider elementary symmetric combinations

Sy = h(p1) + h(p2) + ...+ h(p,), if {p:} = f(q) outside ram. pts of f,

Sp=h(p1) ... h(pn).
(1)

These are meromorphic functions on X, constant on fibers of f.

5. There exists an algebraic equation between h and f, i.e.
R™ — Sih" T+ Soh" T — L+ (=1)"S, =0, (2)
where the left side is in C(f)[h].

6. Algebra = every meromorphic function on X lies in a field extension

C(X) of C(f) of degree at most n.

7. Function fields determine equations = use values of f and of h as
coordinates for the curve equation 2 for the curve, resolve singularities,
pass to projective equations = .

10



4 Belyi functions

Theorem 4.1 Let X be a compact Riemann surface, i.e. a smooth projective
algebraic curve from PN(C). X can be defined over Q if and only if there
exists a meromorphic non-constant function 3 : X — C ramified above at
most 8 points (critical values are without loss of generality 0,1 and o).

There functions are called "Belyi functions” (Belyi 1980)

4.1

1.

2.

3.

. X =F,:2"+y" = z". Then for example 8: F, — C : [z,y, 2] — .

Existence of Belyi Functions: Simple Examples
C=PYC), :C — C: z — z (unramified).
ﬁ:@—%@:zrﬁznisramiﬁedinzzoandz:oo.

Recall Tchebychev polynomials

Thi1(2) =22T,(2) — Th—1(2)

Now cosnd =: T,,(cos ) with properties T,, : [-1,1] — [—1,1], deg T}, =
n, T, has simple zeros in points cos %W, where £ = 1,...,n and dou-
ble 1 in between. Also simple 41 values at points +=1. Now the square
T2 has double zeros, double 1-values in between, simple 1-values at +1.

Therefore T? (for n > 0) is a Belyi function.
#ramification points in C = #zeros of (T?) = 2n— 1.

The picture of 371([0,1]) is - ° o -+ ending the both
sides with e if the zeros of 3 are shown as o and zeros of 7 — 1 as e.

n

On the affine part z = 1, 8 : (z,y) — 2", deg 3 = n®. Less than n?
points in 471(2") occur in

e points with 2" = 0 = y = ¢* (n points with 3(x,y) = 0, ramifi-
cation order is n),

e points with 2" =1 =9y =0, 5: (z,y) = (
is n.

0) — 1, ram. order

n’

11



1_

e 2 = (), consider 3

n.

=51 take x = 1, gives n zeros, all of mult, § =

Therefore (3 is a Belyi function.

A surjective Belyi function of a compact Riemann surface 5 : X — C in-
o )
divides X in simply connected cells. It gives a bipartite graph embedded in
X, which is called "dessin d’enfant” (by Grothendieck).

If 5 is a Belyi function, then also %, 1—0,1- %,
functions. These permute the critical values 0, 1, cc.

If 3 is a Belyi function, then also is 43(1 — 3): that’s because oo — o0,
0— 0,10, % — 1. Also f — 45(1 — () from C — C is a Belyi function.
This last action induces a new bipartite graph, which can be reduced to a
simpler one—colour one. This corresponds to the theory of "maps”.

duces a natural triangulation by 3~!(R) where the preimage §( ©

8

ﬁ, 57 are Belyi

4.2 Another Example

%) elliptic function
defined /Q. Start with (z,y) — =, study ramification points: this mapping
is ramified in (oo, 00), (0,0), (1,0), (%, 0). The preimage of the unit interval
under 57! will finally be of the following shape:

For the construction of Belyi functions y? = z(z—1)(z —

(459 (10 (33 )
[ ] O [ ]
(C2,ya) (¢3,—v3)

O (o]

2
(55 22) / \ ()
[ ] [ ]
o/ % \0(00)
0,0) \ (00,00) / ’
() o
%’ \ / (S_ﬁﬂ_y~)
(@] (e)
(¢3,y3) (¢2,—va)
[ ] O [ ]
(30 (1,0) (350

12



Now
(z,y) — z+— 2° — 423 (1 — 2%)
00 > 00
0—0
1—1
1 1

— H —.
V2 o2

This step (using polynomials sending algebraic critical values) may induce

new ramifications, here z — 23 ramiﬁes inx = 0and x = oo, so the composite

(z,y) — z? is ramifield above 0, 1,00, 2. The composite map will be a Belyi

function sending

(00, 00) > 00 (pole of order 12)
(0,0) — 0 (multiplicity 6)
(1,0) — 0 (multiplicity 2)

1
( 0)—1 (multiplicity 4).

Belyi algorithm to construct [ systematically: Take an equation defined

/Q some function X — (C ramified over ayq,...,an € Q and co. Combine
with a polynomial p : C—C sending oy, ...,a, — Q; if new ramifications
arise, repeat the procedure. .. All critical points will ﬁnally be in QQ, suppose
that 0,1,00 C are critical points. For example if 0 < -~ < 1 is a critical
point, apply z — %z”(l — 2)". Then
0—20
1—0
00 — 00
LN 1.
m+n

For this step, the only ramification occurs in 0, 1 0.

’ +m’

Exercise 4.2 (continued from 2.) Find a Belyi function and a nice dessin
picture for y*> = ™ — 1, n > 3.

Exercise 4.3 Find a Belyi function and a dessin for the elliptic curve
+1

Y =a(x—1)(z - 22).

V2

13



Lecture 4

by Prof. Gareth Jones

5 Continued from Lecture 2

5.1 More on Tori

Recall the correspondence between the isomorphism classes of elliptic curves
and the orbits of I' on H.

We would like a "nice” function on H, taking a single value on each orbit
of T, and different values on different orbits. We can regard ¢,, g3 and
A = g3 — 27g3 as functions of 7 € H by evaluating them for the lattice
A = A(1l,7) with we = 7 and w; = 1, and with modulus 7. Difficulty: if
replace A with a similar lattice A’ = pA then g, g3 are multiplied by p=4
and ;% and A by p~'2. But if we define

L )
T =20 = 6y - 21507

then the powers of p cancel, so J(7) depends only on the similarity class
of A. Also, g2, g3 and hence J are independent of the basis of A. So J is
invariant under the action of I' on H, i.e.

for all 7 € H and T € T'. J is the elliptic modular function (but not an
elliptic function!). J is holomorphic on H, and it induces a bijection between
the orbits of I" on H and complex numbers, i.e. '\H < C.

Exercise 5.1 Evaluate J(7) at 7 = i and 7 = w = €*™/3 and find the
corresponding elliptic curves.

5.2 Alternative Approach to Finding a ”Nice” Function
Put each elliptic curve F into Legendre form

v =x(x—1)(z — )
where A € C\{0, 1} and regard A as a function of the modulus 7 correspond-

ing to E. The difficulty here is that the Legendre form for E is not quite

14



unique. This is because there are 6 ways of sending two of the three roots of
p(x) to 0 and 1, with the third going to A, by an affine transformation.

For instance, if we replace x with 1 — z (transposing the roots 0 and 1)
the right-hand side of the Legendre equation becomes

(1—z)(—2)(1—2—-X) =—z(x—1)(x—(1—N)).

2

If we also replace y with iy the left-hand side becomes —y~, so we have an

isomorphic elliptic curve with Legendre form
v =a(z — 1z — (1= N)).

Thus A is replaced with 1 —A. Another substitution (find it!) replaces A with
%. These two substitutions generate a group isomorphic to Ss (corresponding
to permuting the three roots e;, e; and e3 of p(z)), and the six permutations
give rise to six values

1 1 AoA—1
ANl—A - .
’ AT A1 A
One can define X\ uniquely as a function of 7 by noting that ©'(z) = 0 at

z = and “4¥2 (why?), so the differential equation

(¥')? =p(p)

w1 w2

implies that the roots ej,e; and e3 of p(x) are at v = p(%), (%) and
p(=522).
An affine transformation L : x +— ax + b sending e; and e3 to 0 and 1

respectively sends e; to
€1 — €2

A:

€3 — €2
and this depends only on 7. This function A is holomorphic on H, and is
invariant under I'(2) (a normal subgroup of index 6 in I'), but not under I
The 6 cosets of I'(2) in I" give the 6 possible values for A. These two functions
are related by:
sy - =20 + A
27TA(T)2(1 — A(7))?

Thus six values of A correspond to each value of J. Then

4(1 — z + 2?)®

fla) = 2722(1 — x)?

is a Belyi function. It has triple zeros of 3 at e*2™/6(= ('), double zeros of
B—1at —1,% 2 and double poles of 3 at 0, 1, co.

’ 920

15



6 Embeddings of Graphs, Maps and Hyper-
maps

Graph G = (V, E) (vertices and edges), connected, finite (relax this later),
allow loops Co and multiple edges e o. Map M : G — X, X
is a surface, connected, compact, without Mdary, and oriented (chosen
orientation counter-clockwise). The faces (connected components of X\G)
must be simply-connected, i.e. homeomorphic to an open disc. Examples:
Platonic solids on X = S2.

Assume that G is bipartite, i.e. we can colour the vertices black and white
so that each edge joins a black vertex to a white vertex o e (possible
iff each circuit in G has even length). Call these bipartite maps (=dessins

d’enfants) denoted by B.

6.1 Examples of Bipartite Maps

1. The dessin B; corresponding to 3 is

o—27i/6
Here x denotes a face-centre.
[ ]
2. By = < > Quotient of By by a half-turn about %
(@]
[}

3. Identify opposite edges of the hexagon to get a bipartite map B3 on a



torus.

A — — — — .

Each black and white pair are joined by a single edge, so G = K33, the
complete bipartite graph with 3 black and 3 white vertices.

Describe B algebraically: use the orientation of X to define two permu-
tations x and y of the set F of edges. For each e € F, ex and ey are the next
edges around the incident black and white vertices, following the orientation
of X. Warning: these are not generally automorphisms.

| Black vertices }<—>< cycles of x on E‘

| White vertices }<—>{ cycles of y on E‘

cycles of xy on E‘

The orders I, m,n of x,y,xy are the least common multiples of their cycle
lengths. Call (I,m,n) the type of B. E.g. By and B, have type (3,2,2), Bs
has type (3,3,3). The monodromy group of B is the subgroup G = (z,y)
generated by z and y in the symmetric group Sym(E) of all permutations of
E.

G is connected, so G acts transitively on E, so the action is equivalent to
the action on the cosets Hg (g € G) of a stabilizer H = G, (e € E). Say
G acts regularly if G, = 1; this action is equivalent to G acting on itself by
right multiplication.

In By, 2° = y* = (zy)? = 1, and these relations define the dihedral group
D3 of order 6, so GG is a quotient of D3. G is transitive on the 6 edges, so
|G : G| = 6 (the index of the subgroup), so G = D3 with G, = 1. G acts

3

regularly. In By, G = D3, but |G| = 2, so the action is not regular.

17



In B3, G = (O3 x O3 acting regularly. Here 2° = y3 = 1 and zy = yz.

6.2 More Definitions

Algebraic bipartite map: (G, z,y, F) where G = (x,y) is a permutation
group acting transitively on a set E. Reconstruct a bipartite map B from
(G,z,y, E):

edges = elements of £
black/white vertices = cycles of z and y
faces = cycles of zy

Incidence = containment in a cycle.

Exercise 6.1 Toke z = (1,2,...,N) andy = (1,2) in Sy. Find B and G.

An automorphism of B is a permutation of F commuting with z and y,
or equivalently commuting with G. E.g. rotations for the example dessins B;
and Bz, translations for Bs, but only the identity for B,. The automorphisms
form a group

Aut B=C(G) =C ={ce Sym(FE)|cg = gc for all g € G },

the centraliser of G in Sym(FE).
A permutation group is semiregular (acts freely) if each stabiliser is triv-
ial.

semiregular at most
. . one group element
The group is transitive as at least .
takes one point to another.
regular exactly

Thus regular < transitive and semiregular.

Theorem 6.1 Let G be any transitive group, and C' = C(G) its centraliser.
(i) C acts semiregularly.

(i) C acts reqularly iff G does.

(111) If C' and G act reqularly then C' = G.

Proof.

(i) Let ¢ € C fix e. Any €' has the form ¢ = eg for some g € G by
transitivity. Then €'c = egc = ecg =eg =€, s0 c = 1.

18



(ii) Let C act regularly. Then C'is transitive, so its centraliser is semireg-
ular by (i) applied to C; but G commutes with C, so G is semiregular,
and being transitive it must be regular.

Conversely, let G act regularly, so it is acting on itself by right-multiplication
pg : € — eg; then left-multiplication X\, : e — ¢ 'e commutes with
right-multiplication (¢7*(eg) = (c7'e)g), and acts transitively, so C is
transitive, and C' is semiregular by (i), so C' is regular.

(iii) When C and G act regularly, then A\, < p, gives the isomorphism
C =G,

OJ

A dessin B is regular if G (equivalently Aut B) is regular in E. From the
last examples By and Bs are regular, By is not.

Exercise 6.2 Show that C = Ng(G.)/G. where Ng(G.) is the normaliser
of G in G.

Exercise 6.3 If B is a reqular dessin of type (I,m,n) with N edges, what is

its genus? Are there finitely or infinitely many dessins of a given type and
genus?
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Lecture 5

by Prof. Jiirgen Wolfart

7 Uniformisation and Fuchsian Groups

Exercise 7.1 How does the dessin change if the Belyi function 3 is replaced
by 1 — 3, %9 How are the pole orders encoded in the dessin? Start by some
dessin, how can you modify B such that every edge o o s replaced by
° o ° o ?

7.1 Uniformisation

Theorem 7.1 Let X be a connected manifold. There is always a "universal
simply connected covering” F' 1Y — X, where Y 1is a simply connected
manifold with the following uniqueness property. Let F' be any other covering
Y' - Xandpe X,qeY, ¢ €Y' st. F(q) =p= F'(¢) then there is a
unique covering map f:Y — Y’ such that f(q) = ¢ making the diagram

commute i.e. F=F'of.

"Covering” means: Vp € X3U = U(p) s.t. F~LU = |JV,, (disjoint union)
where F|y, :V, — U is a homeomorphism.

Proposition 7.2 X is a Riemann surface = Y is simply connected Riemann
surface, F' holomorphic and unramified.

Construction of Y and F' is given by homotopy theory. As a set,

Y={(pMN)|preX, [y emX,p)}

(closed curves modulo homotopy, with starting point p). Define a topology,
define F' as projection, control properties, in particular simple connectedness.

Theorem 7.3 (Extended Riemann Mapping Theorem, Main Theg-
rem of Uniformisation) If Y is simply connected, Y is isomorphic to C,
C orto H=D (open unit disc).
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Theorem 7.4 FEvery Riemann surface X is homeomorphic to some quotient
space G\Y where Y is the universal covering space and G is the “covering
group” C AutY consisting of all v € AutY with F o~y = F permuting
transitively the fibers of F.

(< uniqueness part of theorem 7.1.) G acts without fixed points, it is
torsion free, it acts discontinuously.

Here (properly) "discontinuously” means: Vg € Y3V = V(q) s.t. V N
vV = () except for finitely many v € G.

Proposition 7.5 a) Y = C, Aut C = PSL,(C)

az+b

_ _ cz+d
X=C<=G={id} « { has fized points

b)Y =C, AutC={z—az+blacCbeC}
G C { translations } <= no fized point iff a =1

It follows that G either = 7 or a lattice A. Also X = C or Z\C or
A\C, a torus (elliptic curve). For example in the case X = Z\C

F(z)=expz, F:C— C"=C - {0}
and exp(z + 2mik) = exp(z) for all k € Z.

¢) Y =H =D in all other cases, in particular for all compact Riemann
surfaces X with g > 1. Here G C AutH and it is called "Fuchsian
group”.

In general, discontinuous groups may have fixed points, i.e. points p € Y
with a finite

Gy ={v€G|y(p) =p#{id} }.

Theorem 7.6 For a discontinuous group G acting on'Y = C,(C,H the fol-
lowing holds:

a) for p € G,y(p) = p there ezists a local chart such that diagram

U(p) ——Ul(p)
D 2CE2 D

commutes and z — 2" : D — D induces the quotient map U — G,\U

for Gy, = (7).



b) all stabilizing subgroups are finite cyclic
¢) fized points of G form a discrete subset

d) G\Y has a holomorphic structure as a Riemann surface s.t. the quo-
tient map Y — G\Y : z +— Gz is holomorphic, ramified of multiplicity
n in fived points of order n.

For now Y = H and G discontinuous C Aut H.

Theorem 7.7 Aut H = PSLy(R), the group of orientation preserving hyper-
bolic motions.

It is clear that AutH D PSLy R, acting (simply) transitively on {points}
and {lines}, by conjugation with a Cayley map u € PSLy C we may pass
from v € AutH with (i) = ¢ to some § € AutD with §(0) = 0. Lemma
(Schwarz): If a holomorphic § : D — D has §(0) = 0, then

|0(2)] < |z| Vz € D with ”" iff

d(z) = Az with |A] = 1.

Hence, § and its inverse mapping satisfy both [6%1(2)| < |z|, therefore §(z) =
Az is a hyperbolic motion = .

Theorem 7.8 G C PSLy(R) acts discontinuously on H, iff G is a discrete
subgroup of PSLy(R).

7.2 Fuchsian Groups

There are two methods for the contruction of Fuchsian groups:

e Arithmetic: Construct discrete groups of PSLy R by number theory,
e.g. I' = PSLy Z (modular group).

e Geometry (Poincaré): Start with a “suitable” hyperbolic polygon F
(later serving as the fundamental domain for G), and generate G by
side-pairing transformations.

Example: the "triangle groups” (l,m,n) (drawing in D instead of H)
[,m,n € N\{0} or co with

3

S+—+-<1
Il m n
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I

For example (2,3, 00) = PSLy Z and
(00,00,00) =T'(2) ={y €' =PSLyZ|y=FE mod 2}

Also I'/T'(2) = PSLy(Z/2Z) = S;. Fact: there are 85 triangle groups which
are "arithmetically defined” (Takeuchi ~ 1970).

Yo =1=""=7% = TN

Theorem 7.9  a) These triangle groups (I,m,n) = (Yo, V1,Veo) are dis-
continuous on H with F as “fundamental region” (i.e. F open and
FNyF =0y e G~ {1} and J,covF = H) (hard work!)

b) 7o and Y play the role of “side pairing” transformations for F (from
what we can derive the relations given above).

¢) The quotient G\H is isomorphic to the Riemann sphere @, more pre-
cisely

d) there is a meromorphic G-invariant function j : H — C (j(v(2)) =
Jj(2)Vz € H and v € G) mapping the two parts of F biholomorphicaly
onto H and —H, border edges onto R and the vertices onto 0,1, 00, with
multiplicities [, m,n.

Exercise 7.2 Let G be a (possibly ramified) covering group of X acting
discontinuously on Y with X = G\Y and let N < G normal subgroup,
X' := N\Y. Show that G/N acts as group of automorphisms on X' s.1.

(G/IN\X' = X.
Give an example of a Riemann surface with an automorphism group PSLy(Z/NZ),

N e N\{0}.
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Lecture 6
by Prof. Gareth Jones

8 Continued from Lecture 4

8.1 More on Dessins

Isomorphism of dessins: If B = (G,z,y, E) and B’ = (G',2',y, E’) are bi-
partite maps (=dessins), then an isomorphism i : B — B’ consists of a
group-isomorphism 6 : G — G’ sending = to 2/, y to ', and a bijection
¢ : E — E' compatible with 0, i.e. ¢(eg) = ¢(e)f(g) for all e € E and for all
g € G:

ExG——F

‘) |o lqs

E'xG—F

Theorem 8.1 Every dessin B is isomorphic to A\B for some regular dessin
B and subgroup A C Aut B.

Proof. Take G to be the monodromy group of B, and take B to be the dessin
corresponding to the regular representation of G, so B is regular (Theorem
2.1). Take A={\,|g € G. } for some e € E; then orbits of A on E are just
cosets Gog (g € G), so A\B = B. O

Call B the canonical regular cover of B.

Exercise 8.1 Let B consist of a path of N edges, alternately white, black,
white, etc. e o ° o -+« Find G, C, B and A for this
dessin.

What about embeddings of graphs G which are not necessarily bipartite,
e.g. the tetrahedron or octahedron?

Convert G into a bipartite graph by regarding the vertices of G as black
vertices, and placing a white vertex in each edge of G.
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This gives a bipartite graph GPP. Any embedding of G in a surface gives a
bipartite map B. The edges of B correspond to the directed edges (=darts)
of G. The rotations x and y of the set F of edges of B correspond to rotations
x and y of the set 2 of darts of G. So x rotates darts o around their incident
vertices following the orientation of the surface amd y reverses the direction
of each dart, so y? = 1.

We can define an algebraic map (not necessarily bipartite) to be a 4-tuple
(G, z,y,Q) where G = (z,y) is a transitive permutation group acting on €2,
with y? = 1. As before, we can identify the vertices, edges and faces with
cycles of z, y and zy on ), incidence given by non-empty intersection.

The algebraic theory is similar to that for bipartite maps.

8.2 Example
M, Monsieur Mathieu:

@
{

o<—>0
16 7
8

9 ® 10

w

(AN

e 12 °

Here |Q2] = 12. So
z = (123)(456)(7)(8910)(11)(12)

and
y=1(12)(34)(58)(67)(912)(1011).

Now G = (z,y). GAP = |G| = 95040, G = Ms.

Finite simple groups (classified ~ 1980): C,, A,, where (n > 5), groups
of Lie type, e.g. PSLy(F,), 26 sporadic groups, e.g. Mathieu group M,, where
n = 11,12,22,23,24. In this example, G, = M, for a € 2. M has genus 0,
and type (3,2,11). The corresponding bipartite map B has canonical regular
cover BB of type (3,2,11) and genus g = 3601 (see Exercise 2.3), Aut B = M.

By Belyi’s theorem B corresponds to an algebraic curve defined over an
algebraic number field. The field of definition is Q(1/—11). This has Galois
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group isomorphic to Cs, generated by complex conjugation. Applying this
to the coefficients of the algebraic curve and the Belyi function, we get the
mirror image of M, M. Later we will see more interesting and less obvious
actions of Galois groups of maps.

9 Galois Theory

9.1 Basic Galois Theory

Every field F has an algebraic closure F, a minimal extension field of F over
which every f € F[z] splits into linear factors. This field F is:

e unique up to isomorphisms fixing F,

e an algebraic extension of F, i.e. every o € F is a root of some non-zero
f € Flx], or equivalently |F(a) : F| < o0.

Important case:

Q :={a e C]|f(a) =0 for some non-zero f € Q[x]}

the field of algebraic numbers. Motivation: Belyi’s Theorem.

A field extension K 2 F'is normal (or Galois) if every embedding e :
K — F (fixing F) satisfies e(K) = K.

(Strictly speaking, "Galois = normal and separable”, where "separable”
means that irreducible polynomials don’t have repeated roots; all fields of
characteristic 0 are separable, so we’ll ignore this point by assuming that
char F' = 0 for all fields F' mentioned.)

Example 9.1 F = Q, K = Q((,) the n™ cyclotomic field, ¢, = exp(%).
Any embedding e : K — Q sends (, to some (J € K, so e(K) = K. This is
a Galois extension.

Example 9.2 ' = Q, K = Q(a), a = 21/3 € R. There is an embedding
e: K — Q sending « to als ¢ K. This extension is not Galois.

Theorem 9.1 K D F' is a finite Galois extension if and only if K is the
splitting field of some f € F[x].

The Galois group Gal K of a field K is the group of all field automor-
phisms of K. If H < Gal K, then fix H is the subfield fixed pointwise by H.
If F¥ C K then Gal K/F is the subgroup of Gal K fixing F' pointwise.

In Theorem 9.1 G = Gal K/F permutes the roots of f faithfully so we
can embed G in S,,, n = deg(f) ="no. of roots of f”, and |G| = |K : F]|.
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Example 9.3 K = Q(a,(3), o = 23 € R as before, F = Q. K is the split-
ting field of f(x) = x® — 2. Degree is |K : F| = 6, basis 1, a, o, (3, a3, o*(3.
f has three roots a; = all (7 =0,1,2) permuted faithfully by G = Gal K/F,
so G — Ss3. Since |G| =|K : F| =6 and |S3| =6, G = S;.

Theorem 9.2 (Fundamental Theorem of Galois Theory) Let K D F
be a finite Galois extension, G = Gal K/F. There is an order-reversing
bijection L — H = Gal K/L between fields L such that K O L O F, and
subgroups H < G. The inverse sends each H to L = fix H. We have |K :
Ll =|H| and |L : F| = |G : H|. L D F is Galois iff H < G, in which case
GalL/F =2 G/H.

In example 1,

the group of units mod n. This is abelian, so all subfields of Q((,) are
Galois over Q.

In example 3, S3 > As = (5, and the field L corresponding to H = As
is the Galois extension Q((3) of Q. The subfield L = Q(«) corresponds to a
non-normal subgroup of G

Exercise 9.1 Find the splitting field K of x™ — 2, describe the Galois group
of K, and find the subgroups fizing 2V € R and ¢,.

9.2 The Absolute Galois Group

The absolute Galois group of a field F is Gal F'/F. The absolute Galois group
is Gal Q/Q, denoted by G. Let K denote the set of all finite Galois extensions
K of Q, and let G = Gal K/Q, a finite group of order |K : Q).

Theorem 9.3 (i) Q is the union of all the fields K € K

(ii) Each K € K is invariant under G.

Proof.
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(i) Each K € K is a finite extension of Q, so if @ € K then |[Q(a) : Q| <
|K : Q| < o0, s0 a € Q. Conversely, if « € Q then f(«a) = 0 for some
non-zero f € Q[z], and o € K ="splitting field of f”.

(ii) Follows by definition of "Galois”.
0J

Thus each g € G is uniquely determined by its restrictions gx € Gk to
the fields K € K. If K O L where K, L € K then L is invariant under G so
there is a restriction homomorphism pg 1, : Gx — G, sending gk to gr, i.e.

PK,L (gK ) =JgL

whenever K O L. Conversely if we have elements gx € G for each K € IC,
with px 1.(9x) = g1 whenever K D L, we can define g € G by g(a) = gk (a)
where a € K € K. (Check independence of K.) We can therefore identify
G = Gal Q with the group

{(9k) € I :=NkexGx | pr.r(9x) = gL whenever K O L in K },

the subgroup of the cartesian product II consisting of elements whose coor-
dinates are compatible with the pg 1’s.

This is the projective limit lim G of the finite groups G'x and homomor-
phisms pg 1, a profinite group.

Exercise 9.2 Show that |-, Q(C,) is a subfield of Q, and describe its Ga-
lois group.

Exercise 9.3 What are the cardinalities of Q and G?

To get a bijection between fields and groups, we need some topology:

Put the discrete topology on each G (K € K), so all subsets are open
and closed. This induces a product topology on II, the weakest such that the
projections Il — G are continuous. G < II, so G inherits a topology from
I1, the Krull topology. (Intuitively, elements of ggre "close together” if they
agree on a large subfield of Q.) Multiplication and inversion are continuous
in each Gk, and hence also in II and G, so these are topological groups.

Exercise 9.4 Show that G is a closed subgroup of I, and both 11 and G are
compact Hausdorff spaces.

Warning: G is topologically unpleasant: homeomorphic to a Cantor set.
The Fundamental Theorem (9.1) extends to the extension Q O Q pro-
vided we restrict the bijection to the closed subgroups of G, not all subgroups.
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Exercise 9.5 In any topological group, every open subgroup is closed, and
every closed subgroup of finite index is open.
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Lecture 7

by Prof. Jiirgen Wolfart

10 Continued from Lecture 5

Theorem 10.1  a) Fuchsian triangle groups G are discontinuous on H
with F (see Section 7.2) as “fundamental domain”.

b) G is generated by Yo, 71, Voo (by any two of them)

¢) G is presented by (Yo, V1, Voo |76 =1 =L =1 = Ym0 )

d) There is a meromorphic G-invariant (G-"automorphic”) function j :
H — C mapping the two (open) parts of F onto H and —H, border
edges on R, vertices to 0,1, 0o with ramification multiplicities [, m,n.

e) j provides an identification of G\H with C (in the case that l,m,n are
finite).

Remark: In case of cusps, omit these points! Le. for G = (00, 00,00) =
I'(2),j:H— C—{0,1,00} is the universal covering map!

Exercise 10.1 Show that (2,2,n) = G is a "spherical” triangle group and
()= = (2427 4 2
z)= - 2T+ — ).
J 4 Al

10.1 Remarks

Triangle groups are (the only) "rigid” Fuchsian groups, i.e. uniquely deter-
mined by their presentation up to conjugation in PSLy(R).

There is a bijection between {G — automorphic functions on H} and
{ meromorphic functions on G\H }.

10.2 More General Facts about Fuchsian Groups

Theorem 10.2  a) Let p € H be a non-fized point for G and let d be the
hyperbolic distance on H. Then (Dirichlet)

F:={zeH|dp,z) <dy(p),z) Vy € G —{id}} #0
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s a fundamental domain for G bounded by side-edges

ly:={zeHld(p,z) =d(o(p),2), c € G—{id}
d(p, z) < d(z,7(2)) ¥y € G — {id, 0} }.

b) For all compact C C H, I, NC # O for finitely many o € G only. F
compact = F' s a finite convex polygon bounded by finitely many side
edges, F' compact C H < X = G\H is a compact Riemann surface.

c) G is generated (finitely in the “cocompact” case) by “side-pairing” trans-
formations o € G sending l,—1 to l,, sending F' to a neighbour o F with
common side l.

d) Loops around vertices of F ~» relations between these generators ~
presentation of G.

e) (Poincaré) If F is an H-polygon with side-pairings and some condition
on the angles guaranteeing that locally around F', the images vF' have

no overlapping = the plane is covered by GF without overlappings and
with H = GF, G = ( side-pairings).

Example (in D): Let F' be an 8-sided polygon with side-pairings as indi-
cated below,

> all angles = 27 =
G={(a,B,70|aBa B yoy 157 =1)
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is a Fuchsian group with G\H = X compact of ¢ = 2. This G is not rigid!
G\H has six real free parametres. At least locally they can serve as coor-

dinates of a "Teichmiiller space” parametrizing Riemann surfaces of genus
2.

Theorem 10.3  a) Suppose G C A are Fuchsian, (A : G) < oo with A =
Ui Gk, A has Fa as a fundamental domain. Then Fg = J, viFa is
a fundamental domain for G (= inducing a triangulation of X = G\H
if A is a triangle group).

b) Let X, X' be Riemann surfaces with surface (universal covering) groups
G,G C AutH = PSLyR. Then X = X' iff G and G' are conjugate in
PSL, R.

(v well defined < induces a conjugation G — G')

Recall that a compact Riemann surface X is a smooth projective algebraic
curve given by some equations. In case g > 1, X = G\H with some Fuchsian
group G. How are the equations determined by G and conversely?

Theorem 10.4 Suppose X is a (compact) projective smooth algebraic curve.
It has a Belyi function §: X — C (i.e. can be defined over Q) < there is a
triangle group A = (l,m,n) (cocompact) and a finite index subgroup G C A
s.t. X 2 G\H

Proof.

"< I X =2 G\H, G C A, then j: H — C with the j-function for A =
(I,m,n) induces a well-defined meromorphic mapping 3 : Gz — j(2)
ramified only in points GApg, GAp1, GAps € X = G\H (p; fixed under
7:), therefore a Belyi function; the dessin given by the A-tesselation on
the upper half-plane H, take the quotient by G.

=" Start with a Belyi function 8 : X — C s.t. least common multiple (lem)
of all multiplicities above 0, (1,00) is I, (m,n). (Any common multiple
does as welll) A = (I,m,n) C PSLyR and its j-function = 3! is
only locally biholomorphic outside 0,1, 00, but 37! o j is everywhere
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locally well-defined, holomorphically, so

w H w
RN
h
Y Jé] R
WV X—C w!
\Z%}Zﬁ

commutes. H is simply connected, so (by the monodromy theorem)
3710 j can be defined globally as holomorphic map h

h(z) =h(z") = 2 € A2

So X = G\H, where G is defined as {y € A|h(z) = h(yz) for all z €

O

10.3 Remarks

e In general, G is not the (unique) surface group for X, because it can
have torsion. But if I’ = [ etc., i.e. if 5 has the same multiplicity I (m,
n) in all zeros (1-points, poles), then h is the universal covering map,
G is the surface group of X. This occurs precisely if the dessin for [ is
“uniform”; in particular if the dessin is regular.

e degf=(A:G).
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Lecture 8

by Prof. Gareth Jones

11 From Dessins to Holomorphic Structures

11.1 Coverings

Let B = (G,z,y,FE) and B' = (G',2/,y’, E’) be algebraic bipartite maps.
A morphism v : B — B’ or covering consists of a group-homomorphism
0 : G — @ and a function ¢ : £ — E’ such that = — 2’ and y — % under
6, and ¢(eg) = ¢(e)f(g) for all e € E, and for g = z,y (equivalently for all
g € Q).

Example: By — By = C5\B; in section 6, lecture 4.

More generally, B — A\B = B’, where A < AutB with G’,2/,y" the
actions of G, x and y on the orbits of A. Coverings induced by automorphisms
in this way are reqular, or normal.

Exercise 11.1 Show that 0 and ¢ must be epimorphisms.

7 is an isomorphism iff # and ¢ are bijections, and then an automorphism

it B=D.

Exercise 11.1
Aut B =C(G) = Ng(G.)/G..

Algebraic bipartite maps form a category.

The topological analogue of a morphism - is a branched covering X — X’
of surfaces, preserving orientation, with black vertices, white vertices, edges
and faces on X' lifting to the same on X, and branching only at vertices or
face-centers. We have a category of topological bipartite maps, and lecture
4 described a functor from these to algebraic bipartite maps. We can easily
reverse this process, but with more work we can obtain holomorphic, rather
than topological structures from algebraic bipartite maps.

11.2 Triangle Groups and Bipartite Maps

Consider algebraic bipartite maps of a given type (I,m,n), so in G we have
1l = y™ = 2" = zyz = 1. Consider the (abstract) group

A=Almn)=(X,)Y,Z| X' =Y"=2"=XYZ=1)
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G is a quotient of A by X +— z, etc. Then A — G — Sym(F) gives
a transitive action of A on the edge set E of B. Bipartite maps of type
(I,m,n) < “transitive actions of A”. (Warning: actions of A can give maps
of type (I',m/,n’) where l'|l, etc.) These actions correspond to conjugacy
classes of subgroups A, < A (e € F). B is finite (compact) < |A : A.| < 0.
Coverings B — B’ correspond to inclusions A, < A, (easy exercise). Regular
coverings correspond to normal inclusions. Aut B = Na(A.)/A. (exercise
2.2) Theorem 2.1 and exercise 2.2 give

Theorem 11.1 B is reqular if and only if A, < A, in which case
G=AutB=A/A..

Example 11.1 Let B correspond to the reqular representation of G = C, X
C, = (z,y|a™ = y" = Loy = yx). Then xy has order n, so the type
is (n,n,n). Take A = A(n,n,n), A, = Ker(A — G) < A. G is abelian,
so A, > A = “commutator subgroup of A”. Both have index n® in A, so

A, = A" Here G =2 AutB= A/A, = A,

The triangle group of type (I, m, n) has the same presentation as A (gener-
ators Yo, Y1, Yeo in Jiirgen’s lectures), so identify A with this group, X, Y, Z =
“rotations through 27”,%’7,27” about the vertices of a triangle 7" with internal
angles 7,777 Assume that % + % + % < 1 (typical case); if not, replace H
with C or C. H is tesselated by the images of T" under the extended triangle
group A[l, m,n] generated by reflections in the sides of T', and A = A(l, m,n)
is the even subgroup of index 2, preserving orientation.

We can colour the vertices black, white or red as they are images of the
vertices of T fixed by X, Y or Z. Every triangle has one vertex of each

colour. Their valencies are 2/, 2m, 2n respectively.

Delete red vertices (x)

and incident edges

This gives a bipartite map of type ([,m,n) on H. This is the univer-
sal bipartite map By (l,m,n) of type ([,m,n). It is a regular map, with
Aut B (I,m,n) = A(l,m,n), edge-stabiliser A, = 1.

35



Theorem 11.2 Ewvery bipartite map B of type (I,m,n) is isomorphic to a
quotient A\Bx(l,m,n) of Bso(l,m,n) by a subgroup A < Aut B, (l,m,n).

Proof. Take A to consist of the automorphisms of B..(l,m,n) induced by
the subgroup A, of A, and check that B = A\B,(l,m,n). O

11.3 Holomorphic Structures

A\By(I,m,n) has extra holomorphic structure, so denote it by B"!. H is
a Riemann surface, and A, acts as a discontinuous group of automorphisms
of H (since A does), so B! is on a Riemann surface X = A\H. Coverings
B — B’ of bipartite maps correspond to inclusions A, < A, in A, so these
induce branched coverings X — X’ of Riemann surfaces. In particular, if we
take Ay = A, so |E'| = 1 corresponding to the trivial bipartite map with
one edge, we get a covering X — X' = C branched only over the vertices
0 and 1, and the face-centre at oo. This is a Belyi function (provided X is
compact, i.e. B is finite). Then Belyi’s Theorem gives:

Theorem 11.3 If B is a finite algebraic map, then the Riemann surface X
underlying Bt s defined, as a smooth projective algebraic curve, over the
field Q of algebraic numbers.

Example 11.2 (Example 4.1 revisited) If B is as in example 11.1, the
Riemann surface X wuniformised by A" (="commutator subgroup of A =
A(n,n,n)”) is the n'* degree Fermat curve F = F, with affine equation
™+ y" = 1, with Belyi function (8 : (z,y) — x". The black vertices are
at (0,¢2) 7 = 0,1,...,n — 1, and the white vertices are at (C¥,0) k =
0,1,...,n — 1. The edges (given by 371([0,1])) between v; = (0,¢2) and
wy, = (C%,0) are given by (r¢*, s¢l) where r,s € [0,1] and r™ + s" = 1.

In general,

Aut B = Aut B"' = NA(AL) /A,
< Npsr,r(Ae) /A (since A < PSLyR)
= Aut X.

Thus automorphisms of B act as automorphisms of the Riemann surface X
(equivalently, of the algebraic curve).

Example 11.3 (=Examples 1 and 2 revisited) If B is as in Ezample
11.1 and 11.2, then Aut B = C,, x C,,, and this acts on X by multiplying x
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and vy independently by n'™ roots of 1. In this case, Aut B # Aut X, since
Aut X is a semidirect product (C,, x C,) x S3 of AutB by a complement
Ss. The extra S3 comes from permuting the 3 vertex-colours, or alternatively
write X in projective form as " + y" + 2" = 0, and let S3 permute the
coordinates.

Exercise 11.2 Ezplain example 11.3 by describing Npsp,r(Ae).

11.4 Non-cocompact Triangle Groups

Suppose we want to consider all bipartite maps B of type (3,2,n) without
restricting n. We take

A=A3,2,00)=(X,Y, Z|X}?=Y?=2"=XYZ=1)
=(X,)Y|X*=Y?=1)  eliminating Z = (XY)™*
g613*6’2.

The algebraic theory works as before. Geometrically, we take T to have a
black vertex at i (angle 7) and white vertex at (3 (angle 3), and a red vertex
at oo on OH (angle = = 0). Reflections in the sides of T" generate A[3, 2, oc],
the images of T' tesselate H, with vertices at the images of co.

Exercise 11.3 Show that A[3,2,00] = PGLy(Z), consisting of the transfor-
mations

b
r T deZ ad—be=1

ct+d

or b
Tr—>ai+ a,...,d €Z, ad —bc = —1.

cT+d

The first type form the even subgroup I' = PSLy(Z).

The orbit of oo under T is P}(Q) = Q U {oo}, so this is the set of red
vertices. Deleting the red vertices and their incident edges, we get a bipartite
map B (3,2,00) of type (3,2,00). If A, is a subgroup of finite index in
A =T, then A \H is a compact Riemann surface minus finitely many points,
one for each orbit of A, on P1(Q)

To deal with bipartite maps B of all possible types, use A(oo, 00, 00) =
['(2), congruence subgroup of level 2 in I'. Here T" has 3 vertices on OH, at
0,1 and oco. I'(2) is the even subgroup of Afoo, 00, 00] = "group generated by
reflections in the sides of T”. Images of T tesselate H, vertices are elements
’5’ € PY(Q), coloured black, white, red, as p is even and ¢ is odd, or p and ¢ are
both odd, or p is odd and ¢ is even (orbits of I'(2), see Exercise 2.3). Deleting
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red vertices and incident edges gives By, (00, 00,00) = B, the universal
bipartite map. Every B is a quotient of B...

Exercise 11.4 Draw B!
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Lecture 9

by Prof. Gareth Jones

12 Quasiplatonic Surfaces, and Automorphisms

12.1 Definitions and Properties

Any compact Riemann surface X of genus ¢ > 1 can be uniformised by
an essentially unique (upto conjugation by isometries) torsion-free Fuchsian
group K (= mX). Isomorphisms X — X’ are induced by conjugating
isometries of H taking K to K’. Taking X = X’ we see that automorphisms
of X are induced by isometries normalising K. Since K acts trivially on
K\H, we get
Aut X = N(K)/K

where N denotes the normalizer in PSLyR. (If ¢ = 1, replace H with C,
replace K with a lattice A unique up to similarity — see the Elliptic Curves
lecture.) We say that X (compact, of genus g > 1), is quasiplatonic if X
is uniformised by a subgroup K as above, with K normally contained in a
triangle group.

Theorem 12.1 If X is a compact Riemann surface of genus g > 1, the
following are equivalent:

a) X is quasiplatonic,
b) N(K) is a triangle group (K as above)
¢) X has a Belyi function : X — C which is a reqular covering,

d) X corresponds to a regular dessin.

Proof.

a) = b): N(K) is a Fuchsian group (since K is) and it contains a triangle group.
Any Fuchsian group containing a triangle group must be a triangle
group (by Teichmiiller theory — triangle groups are the only rigid Fuch-
sian groups).

b) = ¢): Inclusion K < N(K) induces a Belyi function
X~ K\H— N(K)\H=C.

Since K < N(K), this is a regular covering.
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c¢) = d): Use 3 to lift the trivial dessin (g

) on C to X, and since 3 is

regular we get a regular dessin on X.

d) = a): If X corresponds to a regular dessin B, then K is normal in the corre-

sponding triangle group.

O

Example 12.1 Then'™ degree Fermat curve (n > 3) corresponds to a regular
dessin, and is uniformised by the commutator subgroup of A(n,n,n) which
s normal.

Exercise 12.1 For genus g = 1, what are the analogues of the quasiplatonic
surfaces?

One can characterise the quasiplatonic surfaces as the local maxima for
| Aut X, in the sense that, within the Teichmiiller space of all compact Rie-
mann surfaces of genus g, every other surface sufficiently close to X has fewer
automorphisms.

12.2 Hurwitz Groups and Surfaces

Here we look for global maxima of | Aut X|.

Problem: Given g > 1, what are the most symmetric Riemann surfaces
of genus g?

We have Aut X = N(K)/K, with N(K) Fuchsian. The index |[N(K) : K|
is finite, equal to the ratio of the areas of the fundamental regions of these
two groups. For K this is 47(¢g — 1), so maximising | Aut X| is equivalent
to minimising the area for N(K). One can show that among all Fuchsian
groups, this area is minimised by the triangle group A(3,2,7) = A(2,3,7),
given by

A=(X)Y,Z|X*=Y*=2"=XYZ=1).
Exercise 12.2 Prove that A has a fundamental region of area 37, and this
is the minimum among all triangle groups. Use the Gauss-Bonnet formula:
“area”’=m — o — B — v for a hyperbolic triangle with internal angles o, 3, .

This gives us the Hurwitz bound

m(g—1)

4
[ Aut X| £ =00 = 84(g - 1),
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attained iff X = K\H where K is a normal subgroup of finite index in
A = A(3,2,7). (Every proper normal subgroup in A is torsion-free, easy
exercise.) These surfaces X and finite groups G = Aut X are called Hurwitz
surfaces and Hurwitz groups. These surfaces are all quasiplatonic.

Example 12.2 The modular group T' = PSLy(Z) = A(3,2,00) maps onto
G = PSLy(7) = PSLy(Z7) by reducing coefficients mod 7. The generator
Z .7+ T+ 1 14s mapped to an element z of order 7 in G, so G is a quotient

A/K of A= A(3,2,7).
B (72 —1)
G| = 168 (_ —— ) ,

so the surface X = K\H has genus g = 1+ 18%8 = 3. This is Klein’s quartic
curve, given in projective coordinates by

w3y +iz+ Pr =0,
with Aut X = PSLy(7).

Exercise 12.3 Prove that there is no Hurwitz group of genus 2.

12.3 Kernels and Epimorphisms

It’s useful to count normal subgroups K of a triangle group A with a given
quotient group G = A/K.

Proposition 12.2 If A is any finitely generated group, and G is any finite
group, the number na(G) of K QA with AJ/K = G is given by

_ |Epi(A, G
TZA(G> - |Aut Gl ’

where Epi(A, G) is the set of all epimorphisms 6 : A — G.
Proof.  These normal subgroups K are the kernels of the epimorphisms

0:A — G, and kerf = ker @' iff 0 = a0 6 for some o« € Aut G. Hence the
kernels correspond to the orbits of Aut G acting by composition on Epi(A, G).

S

G . G
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Since Aut G acts semiregularly (i.e. @06 =6 = « = id), its orbits all have
size | Aut G|. By the hypotheses, Epi(A, G) is finite, so the result follows. O

For many G, | Aut G| is known or easily found, so concentrate on counting
epimorphisms. If A is a triangle group

All,m,n) =(X,Y,Z| X' =YY" =2"=XYZ =1),

finding epimorphisms A — G is equivalent to finding triples z, ¥y, z € G such
that

a)

dh=ym =" =y =1
(so there is a homomorphism A — G : X — x etc.)

b) G is generated by z,y and z (or by any two of these), so we have an
epimorphism.

If we want K to be torsion-free, we also require:

¢) z,y and z must have orders exactly [, m and n.

12.4 Direct Counting

Example 12.3 Let A = A(5,2,00) and G = As, so we count K I A with
A/K = As. This is equivalent to counting regqular maps M (m = 2) with
valency 5 (1 = 5) and Aut M = As. As has 24 elements x of order 5 (the
5-cycles), and 15 elements of order 2 (the double transpositions (ab)(cd))
giing 24 x 15 = 360 pairs z,y satisfying the relations of A. The subgroup
H = (x,y) has order divisible by 10, so H = Ds or H = As. There
are 6 subgroups H = Ds, each generated by 4 X 5 = 20 pairs x,y, so 120
pairs don’t generate As. Hence 360 — 120 = 240 do generate As. Thus
| Epi(A, G)| = 240. Now Aut A5 = S5 (acting by conjugation) of order 120,
s0 na(G) = 33 = 2. Thus A has two normal subgroups K with AJK = As,
i.e. there are two regular 5-valent maps M with Aut M = As. One is the
icosahedron, represented by

0:X —>z=(1,2,345), Yiy=(1,2)(3,4), Z z=(2,5,4).

The other one is the great dodecahedron, with 12 pentagonal faces, and the
vertices and edges of an icosahedron. It’s represented by

0:X —x=(1,2345), Y i>y=(1,3)(24), Z z=(1,2,3,5,4).
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This has genus g = 1+ (1 — 3 — L — 1y =4 (where in this case N = 60
and l =5, m =2, n =25.) The underlying algebraic curve is Bring’s curve,
given in P*(C) by

ool ok otk =0 (k=1,2,3).

Aut X = S5 (permuting the coordinates), and the subgroup As is the auto-
morphism group of the map.

12.5 Counting by Character Theory

A (complex) representation of a group G is a homomorphism p : G — GL(V),
V' a vector space over C. p: G — GL(V) and p/ : G — GL(V’) are equivalent
if some isomorphism V' — V'’ commutes with G. The representation p is
irreducible is V' has no G-invariant subgroups other than 0 and V. A finite
group G has c irreducible representations, up to isomorphism, where c is the
number of conjugacy classes in GG. The character table of G is a ¢ X ¢ array,
“entries” = "trace of p(g) on each conjugacy class” (constant on each class).

Proposition 12.3 If X,Y and Z are conjugacy classes in a finite group G,
then the number of solutions of vyz =11 G withx € X, y € Y, z € Z is

equal to
XY -] x(z
|G| Z ’

where x ranges over the irreducible chamcters of G.

In Aj there are ¢ = 5 conjugacy classes: the identity, 15 double transposi-
tions, 20 3-cycles, and two classes of 12 5-cycles. Hence there are 5 irreducible
characters and the character table looks like in table 1 where A\, u = %

L) ]G] o)t o)™
1 1 1 1 1
3 1 0 ) m
3 1 0 m A
41 0 1 -1 1
5 1 -1 0 0

Table 1: The character table of As.
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Example 12.4 Take A = A(3,3,5), G = As and count K QA with A/ K =
As. There is only one choice for the classes X and Y of elements x,y of
order 3, and there are two choices for the class Z containing z of order 5.
In each case there are 60 triples x,y,z in these classes satisfying xyz = 1,
giving 120 triples. Hence there is % = 1 normal subgroup K. This gives
a single reqular bipartite map of type (3,3,5) with Aut B = As. FEzercise =
genus g = 5. It’s a double covering of the dodecahedron branched over the 12
face-centres, with vertices coloured alternately black and white.
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Lecture 10

by Prof. Jiirgen Wolfart

13 Moduli Fields and Fields of Definition

The aim of this chapter is to give a flavour of the converse to Thm. 4.1.

"Existence of Belyi function 3 = X is defined over Q.”

K is a field of definition for the compact Riemann surface X iff X is iso-
morphic to a smooth projective algebraic curve C PV (C) given by equations
pi(zo,...,zn) =0, all p; € K[xg,...,xy]. If K is a field of definition, then
C D L D K is a field of definition. Is there a minimal field of definition? Is
it in Q?

Let

Q@ := group of field automorphisms of C.

Suppose X to be defined over K by equations p;(zo,...,zx) = 0, take o €
Q@ let X7 be defined by the equations p7(xg,...,zx) = 0 (apply o to all
coefficients of all p;) <

{lo(x0),...,0(zN)]]|[®0,...,2n] € X } = X°.

This is again a smooth curve!
By the same reason

commutes. Here 37 is defined by applying o to the coefficients of 3, and it
remains a Belyi function on X7, because vanishing of derivatives is preserved
under o, and 0(0) =0, o(1) =1, 0(00) = co. The list of all multiplicities of
[ is preserved under ¢ and degree of 3 equals to degree of 3°. This implies
that ¢ maps the dessin D for § onto a dessin D? of the same type for 57 on
X7, Now g(c acts on dessins of a given type and with a given no. of edges!
Finite orbits =

Theorem 13.1  a) The subgroup G(D) :={o € G.|D = D } is of finite
index in G ..
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b) o € G(D) < there exist (biholomorphic!) isomorphisms fy : X — X7
for which

x T xo

VS

~

C

commutes with the respective Belyi functions.

c¢) The "moduli field” M(D) := {( € C|o(¢) = ¢ VYo € G(D)} has finite
degree [M (D) : Q] = is a numberfield. (Reason: all ¢ € M( ) have
a finite orbit under G ., length of orbit is bounded by (G : G(D)) =
(D) : Q) < (G, : G(D).

Consequence: Also G(X) := {0 € G| isomorph. f, : X — X7} and
it follows that the corresponding fixed ﬁeld M(X) of G(X) in € M(D), and
therefore we have again a number field.

Theorem 13.2 M (X) depends only on the isomorphism class of X and is
contained in any field of definition for X (analoguous for M (D) C field of
definitions for X and [3).

Suppose X = X', i.e. there is an isomorphism A : X — X’ and suppose
that ¢ € G(X), i.e. there is an isomorphism f, : X — X?. We have an
isomorphism h? : X — X’° and we can contruct an isomorphism to make
the diagram

Xl x

|
ho

XO' > XIU

commute. h?o f,oh™" gives the isomorphism we are looking for = o € G(X’)
=
G(X)=E(X') = claim.

Theorem 13.3 M (X) is a field of definition for X if g(X) =0 or 1.

Proof. g =0« X =C =P (C), defined /Q.
9(X) =1 X =A\C,A =Z&Z7 (1 € H). X defined /Q(g2(7), g5(7)) 2
Q(J(7)), see Section 5.1, and it is well known that X can be defined even over
)

Q(J(7)). X defined /Q(c(ga(7)),0(g3(7))), even over Q(o(J(7))), where
s gcc' So if X = X7, their absolute invariants (the value of the elliptic
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modular functions) coincide by o(J(7)) = J(7). Therefore, M(X) is gener-
ated by J(7) and Q(J(7)) is a field of definition for X . O

But: in high genera there are counterexamples, where X cannot be defined
over M (X). (Earle 1969, Shimura, Débes/Emsalem, Fuertes/Gonzalez).

2mi

Example by Earlein g =2, ( = (G =¢3

2

Xyt =a(e=Qlz+ - C)le+ =)
defined over Q(¢), and where t € Q,¢ # 0,1,¢ > 0.

1. X cannot by defined over Q. Note that the Weierstrass points (0o, 00), (0, 0),
(¢,0),(=¢,0),(¢?t,0), (—%, 0) of X are "intrinsic”, also their image points
in P'(C) under (z,y) — x, up to PSL, C-transformations. If X can
be defined over QQ, then there is an anticonformal automorphism of X,
permuting the critical points on P!(C): it doesn’t exist (by calculation
of cross-ratios)!

2. M(X) =Q=RNQ(¢), X = X, ie. there is a holomorphic isomor-
phism X — X. There is an anticonformal mapping (z,y) — (-2, &),

z7 z3
which is in fact an anticonformal automorphism (of order 4).

Theorem 13.4 If M(X) € Q, then X can be defined over a number field.
(Weil, J.W., B. Kick)

Idea: Any field of definition K for X is finitely generated over M (X)
because for a model of X defined over K

olx =id = X = X°.

Suppose for simplicity K = M (X)(§) where ¢ is transcendental, then there
exists o € g@’ olmxy = idamx), 0(§) — n (n any other transcendential
number). And because o € G(X), there exists an isomorphism f, : X — X°.
Equations p;(z) = 0 ~ p?(z) = 0 coefficients rational in & ~» coefficients
rational in 7. Now try to insert in f, instead of n some algebraic o € Q, and
it can be shown that f, is still an isomorphism for infinitely many a € Q.

This gives the claim.

Theorem 13.5 (Weil) Let X be defined over a finite extension L of M :=
M(X). Then X can be defined over M itself if and only if Vo € Gal M /M
there is an isomorphism fo : X — X7 such that Yo, € Gal M /M we have

fm' = f; ° f‘r'
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Analoguous statement holds for M (D) and the field of definition for X
and (3, with diagram
X fo xo
N A
PL(C)
commuting.

Consequence: If Aut X = {id}, then X is defined over M(X). <« f, is
unique (generic case for g > 2).

Theorem 13.6 (Coombes/Harbater, Débes/Emsalem, J.W., B. Koéck)
Quasiplatonic curves X can be defined over their moduli fields M(X).

Idea: The canonical projection X — Aut X\ X = P!(C) is a Belyi func-
tion, assume that the critical points are 0,1, 00. Let D be the corresponding
(regular) dessin on X, M (D) C Q. Prove first that X, 3 are defined /M (D).
Let r #£ 0,1, r € M(D) c C C C, fix one z € (r),0 € GalQ/M (D) to
make the following diagram

commute. o(r) = r = o(z) € (67)7'(r), choose f, so that f,(z) = o(x)
= unique choice for f, and it has been shown that Weil’s conditions are
satisfied! The proof that X can be defined even over M (X) C M(D) needs
some additional arguments.

Exercise 13.1 Show that the elliptic curve can be defined over Q(J(7)) C
Q(g2(7), g3(7)).

Exercise 13.2 Suppose X defined /Q, g(X) > 1. (Aut X finite =) Show
that all automorphisms f: X — X are also defined /Q.
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Lecture 11

by Prof. Gareth Jones

14 Regular Embeddings of Complete Bipartite
Graphs

14.1 Regular Maps

Every bipartite map B is a quotient of a regular bipartite map B by some
A < Aut B. Similarly for maps M. Hence the importance of regular maps.
One can try to classify these by type, group, genus or graph.

a) Classifying by type: Study finite quotients of the triangle group A =
A(l,m,n) of a given type (see previous lectures for some ideas). If
74+ +1 <1 (so A s infinite) then a theorem by Mal’cev states that
a finitely-generated linear group is residually finite ({ K < A||A :
K| < oo} =1),s0 A has infinitely many K < A of finite index, so we
get infinitely many regular maps of type (I,m,n).

Example 14.1 Taking A = A(3,2,7) we get infinitely many Hurwitz groups
and Hurwitz surfaces. E.g. Macbeath (1964): PSLy(F,) is a Hurwitz group
S q=T 0orq=p==1 mod?7 (p prime), or ¢ = p*, prime p = £2,43
mod 7. Conder (~ 1980): A,, is a Hurwitz group for all n > 168 (and some
n < 168).

b) Classifying by group: Difficulty: G usually has many generating pairs
x,y. J.D. Dixon (~ 1964): If z,y are randomly-chosen elements of
G = S, then they generate either S, or A, with probabilities — %
(not both elements even) or 1 (both elements even) as n — co. There

are similar results for other classes of groups.

¢) Classifying by genus: If ¢ = 0 or 1 there are infinitely many regular
maps, but they are well-known (e.g. see Chapter 8 of Coxeter and
Moser for g = 1). If g > 1, Hurwitz’s bound |G| < 84(g — 1) implies
that there are only finitely many regular maps of genus ¢, and these
can by classified by hand (for small g) or computer (for larger g).

d) Classifying by graph: Problem: Given a graph G (or class of graphs G),
find all regular maps with G as the embedded graph. Equivalently, look
for G < Aut @, transitive on the vertex-set V', with vertex-stabiliser
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G, (v € V) cyclic and transitive on the neighbours of v (induced by
rotating the surface around v). Such an embedding can exist only if
G is arc-transitive, i.e. Aut§ acts transitively on the arcs (=directed

edges) of G.

Example 14.2 Toke G = K,, = "complete graph on n vertices”. The graphs

oK, ° ° e— e
K>
N
[ ]

[ ]
[ J

[ / \ [
Ky

are reqular embeddings, g = 0.
N °
[ [ o —
— @ [ J [

K5 —7torus”, g = 1. For Kg there’s no embedding and for K; two examples
on torus (see if you can find them, imitating K ).

Theorem 14.1 (Biggs, 1971) K, has a reqular embedding < n = p°© for
some prime p.

Theorem 14.2 (James & J. 1985) Regular embeddings of K, -classified
and enumerated.
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Biggs’s examples are the onlny ones. His construction: Take V = F,,
finite field of order n = p°¢, unique up to isomorphism. Multiplicative group
F =F,\{0} is cyclic, so choose a generator c. The cyclic order of neighbours
of each vertrex visv+ 1, v+a, v+ a2, ..., v+ a” 2 Check that this gives
a regular embedding M(«)

3

G = Aut M(«a) = AGLy(F,) = {t—at+bla,b€F,,a#0}.
M(a) 2 M(d') & «a,a are conjugate under Gal(F,) = C.,

where C. is generated by the Frobenius automorphism ¢ +— t?. Therefore

#maps M(a) = M,

e

where ¢(n — 1) is the number of choices of a generating F! = C,,_; and e is
the size of orbits of Gal(F,,).

Hint for K7: Dessin represents the Fano plane P?(IFy). Black/white ver-
tices — 7 points & 7 lines. Can you get a regular embedding of K, from this?
Can you get two of them?

14.2 Complete Bipartite Graphs

Take G = K,,,, ="complete bipartite graph with n black vertices and n white
vertices, every black and white pair joined by one edge”, so |[V| = 2n and
|E| = n?

We look for embeddings M of K, , which are regular as maps, not just
as bipartite maps, i.e. Aut M (ignoring the vertx-colours) should act tran-
sitively on directed edges, not just on edges, so Aut M = Aut B x C5 where
Aut B = @ is the automorphism group of the dessin (preserving vertex-
colours), and Cy reverses them.

3

Example 14.3 The Fermat curve x"+y™ = 1, with Belyi function 3(x,y) =
", gwes a regular embedding of K, , of genus g = w, with G =
C,xC,, acting by sending (z,y) to (2, yC*); here the automorphism (z,y) —
(y,x) transposes black and white vertices, giving Aut M = (C,, x C,,) x Cy
(isomorphic to wreath product of C,, and Cy, C, 1 Cy). This is the standard
embedding S, of K, .

Thus if v(n) := "number of regular embeddings of K, ,, (up to isomor-
phism). Then v(n) > 1 for all n, since S, exists for all n.

Theorem 14.3 (Nedelar, Skoviera & J. ~ 2001) v(n) = 1 (i.e. S, is
the only regular embedding of K, ,) < (n,¢(n)) =1 < n = p1...pk, 0
distinct primes, p; { pj — 1 when i # j.
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(Compare with a result of Burnside, ~ 1900: these are the n for which
there is only one group of order n, namely C,,. The proofs are independent.)
The asymptotic density of these integers n is (by Erdés, 1948)

number of such integers n < N e 7

~ N
N logloglog N e

where 7y is Euler’s constant.

Theorem 14.4 (Nedela, Skoviera & J.) If n = p¢, prime p > 2, then
v(n) =p L.

These maps all have genus g = w They have valency n, and the

faces are all 2n-gons. The groups G = Aut B (preserving the vertex-colours)
have the form

G =Gy = (g.hlg" = 1" =1.g hg = W),

where f = 1,2,...,e. (If f = e then p/ = p° = n, so P = h, so
G=C,xC, with M=S8,)

For a given G = Gy, the maps M correspond to orbits of Aut G on pairs
of elements x,y such that

1. G=XY with XNY =1, X = (z) and Y = (y), both of order n;
2. some o € Aut G transposes x and y.

(Here z and y represent rotations around a black and a white vertex, «
is conjugation of G by an automorphism of M reversing the edge between
them.) As representatives of the orbits of AutG on such pairs, one can
take x = g%, y = g“h (or (gh)", more convinient for Galois theory) where
u=1,2,...,p°7 and (u,p) = 1.

For each f we have ¢(p®~/) possible choices of u, so summing over f =
1,...,e we get z;zl ¢(p°~f) = p~! maps M. These correspond to normal
subgroups K <A(n,n,n), which are also normal in A(n, 2, 2n) which contans
A(n,n,n) with index 2.

K <4A(n,n,n) < A(n,2,2n)
The proof depends on:

Theorem 14.5 (Huppert, 1951) If G is a p-group (|G| is a power of p)
for a prime p > 2, and G = XY for cyclic subgroup X and Y, then G is
metacyclic (i.e. there is a cyclic N QG with G/N cyclic).
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In our case |G| = n* = p*, and we can take N = (h). There are
exceptions to Huppert’s Theorem when p = 2, and there are also exceptional
regular embeddings for n = 2¢. E.g. n = q = 2%

,‘.‘.
° o i'o_
° o ° o °
"o‘ o o
L

These is an embedding N of K, 4 of genus g = 1 # %

Theorem 14.6 (Du, Kwak, Nedela, Skoviera & J. ~ 2005) The regu-
lar embeddings of K, ., for n = 2°¢ are:

e these corresponding to Gy for f =2,3,...,e (not f =1).
[ N4 Zf e=2.
o four similar exceptions for each e > 3.

Recent result (Apice 2006): complete classification for all n.
What about the associated algebraic curves, Galois orbits, fields of defi-
nition, etc. Jiirgen, Manfred Streit, Antoine Coste.
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Lecture 12

by Prof. Jiirgen Wolfart

15 Generalised Fermat Curves

Theorem 15.1 Let X be a quasiplatonic curve with a reqular dessin D of
type (I,m,n), and suppose that for any dessin D' of the same type Aut D' =
Aut D implies D = D'. Then X can be defined over Q.

Proof. [, m,n is invariant under the action of gc or Gal Q/Q, and moreover
Aut X7 = Aut X = Aut D7 2 Aut D .

From the hypothesis therefore follows D? = D. = G(D) = G, = M(D) = Q
= X can be defined over Q. O

Theorem 15.1 applies to all quasiplatonic curves up to g = 6.

Recall: Fermat curves F,,, n > 3, have a regular dessin of type (n,n,n),
based on K, ,. Suppose now that n = p® > 3 (odd prime power) and suppose
that all dessins are based on K, ,, and they are regular as maps (i.e. there
is edge-transitive automorphism group and moreover a colour-exchanging
(orientable) involution o <— e . Recall that then |G.J., Nedela, Skoviera]

AwtD 2 C, xCp = (g, h|g" =h" =1, h% := g 'hg = K" ) = G,
(colour-preserving subgroup) for some f =1,... e. Moreover

e the G are pairwise non-isomorphic,

oV f=1,...,e there are quotients A/Ky, = Gy for A = (n,n,n) by
the kernel K, of the homomorphism 7, +— g%, 71 +— (gh)" for some u
coprime to p,

e these kernels K, K;,, are different < u 2 v mod p"~/ (giving p*~/ —
pe~/~1 different surface groups if f < e)

3

e the case f = e we have G. = C,, x C, = K.; = [A,A] and K,.;\H =
F,.

Call X, = Ky, \Hfor f =1,...,eand u € (Z/p*~/Z)* "generalised Fermat
curves’.
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Theorem 15.2 (G.J.,Manfred Streit, J.W.) For fized n = p° odd and
fed{l,...e}, these Xy, form one Galois orbit. Their moduli field M (Xy,,)
(= a minimal field of definition) is

Q) 1= exp ( 27”') |

pe/

Ideas for the proof:

1. Show that X;, 2 X,, & f=gandu=v mod p*/. G; 2 G, &
f = g. Therefore the first implication is done. Xy, = X;, & Ky, and
K, are conjugate in PSLyR (even in (2,3,2n)). That possibility can

be excluded.
2. For all 0 € GalQ/Q consider X9,

Ramifications are preserved
Regularity is preserved » = X7 = some X;,, v € (Z./p~T7)".
Aut X, is preserved

= Galois orbits are parts of { X;, |u € (Z/p*Z)*}

3. Acting on X}, (and the dessin), g has p/ (white) fixed points and gh
has p/ (black) fixed points. G is considered as automorphism group
= A/Ky,, for the

fixed point of vq

Yo+ gt =g = (g")"

(where wu’ =1 mod n) number of the fixed points calculate the index
(Ne,((9)) = (9)) = p" = (Ne, ((hg)) = (hg))

4. Locally in the fixed points, 79 and v, behave like z +— (, 2+ "higher 2z-
powers”. Fixed point <= 0 = z. = g" has also multiplier ( = (,, in the
corresponding fixed point = ¢ has multiplier ¢* in the corresponding

fixed point. All g-fixed points form an orbit under <hp€7f>—0rbit and
¢ has the same multiplier ¢* in all its fixed points! Also gh has the
multiplier ¢* (v/u =1 mod n) in all its e fixed points. = In its family,

Xy is characterised by the multipliers ¢* of g and gh in their fixed
points. Fixed points of ¢: action locally by z — (% 24 "higher terms”.
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5. Behaviour of the multipliers under o € GalQ/Q. Suppose g € Aut X
with fixed points P € X and multiplier ¢ = on X7, ¢ has fixed point P?
with multiplier o(£). Choose for the local chart some X — C globally
meromorphic, defined over Q, P — 0 simple zero in P, multipliers are
always roots of unity (< finite order), £ — (&) is a root of unity of
the same order.

6. 0 € GalQ/Q, g, = idg(,), where n = e o(¢*) = ¢ (primitive
n'"-root of unity) with v’ =4’ mod p*/ v =u mod p*7/ & X;, =
Xy = 0 € G(X;u) = Q(n) is a field of definition. GalQ/Q acts
transitively on the primitive n'" roots of unity = acts transitively on
{Xfu} = they form a Galois orbit. M(X;,) = Q(n) is a field of
definition.

Theorem 15.3 Let n = p® > 3 be an odd prime power and f > 5. Then we
have a (singular, affine) model for Xy, given by the equations

" =p3(B-1)
w =1 3
pe=f-1
e H (w — nk)ak
k=0

where a = p*=¢, r = ((1 +phyl — 1) /p¢ (€ N, coprime to p).

Idea: Covering groups « Galois groups of extensions of function fields.

Greo Y x C
X (goo)==(0"1g) meroon Y.

For the canonical epimorphism A — Gy we have

Ky {1}
Ly (h)
.
quotient C),
A Gy =(9,N)
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C(8,v) With C,,-extension
v"™ = rational == of C(3) P<h>\H
function of (3 \ \
c(5) C=A\H

Equations for X, = Ky, \H <« algebraic relations in the corresponding
function field. This is the composite field of the function field for I, \H
and I'gy\H where I3y and I'(y are the preimages of (h) and (g) under the
epimorphism A — G. Since

Loy \H — A\H = C

is a cyclic covering ramified with multiplicity n above 0,1, co, with an ad-
ditional symmetry between 0 and 1, we get C(3,v) as function field for the
covering space with v = 3(3—1). The corresponding construction for I'(y) \H
is more complicated, since it needs a two-step tower of normal coverings.
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Fxercises

16 Some Hints Concerning Exercises

Exercise 1.1

F,, projective Fermat curve of exponent n, then Aut F,, C (C,, x C},) x S5
(semidirect product), see Gareth’s Lecture 8. Moreover "=" holds if n > 3
because its surface group K is the commutator subgroup [A, A] of the triangle
group A = (n,n,n), and Aut F,, = N(K)/K, N(K) = (2,3,2n) containing
A as a normal subgroup with quotient S3. In fact, the hyperbolic triangle
for the construction of (2,3, 2n) results from that for (n,n,n) by barycentric
subdivision, and it can be shown that (2,3,2n) is maximal Fuchsian group,
so N(K) cannot be larger than (2, 3,2n) (the analogous statement for n = 3,
i.e. for (2,3,6) would be definitely wrong!).

Exercise 1.2/4.2

The genus of the (compact) hyperelliptic curve with affine equation y* =

2 1 2
q(z), degq = { g+ } with ) } points above x = oo is ¢ by appli-

29+ 2
cation of Riemann-Hurwitz to the mapping f : (z,y) — x of degree 2: It is
ramified in 2¢g + 2 points with multiplicity 2, hence we have in fact

29—2:2~(—2)+Z(mu1tpf—1) =—44+(29g+2)-1.
In the special case ¢(z) = 2" — 1 =[[,_,(z — ¢*) =

0 in 2 points, mult =n
X—» C— C

(@, 9) = z— 2"

. 1 in n points, mult = 2
ramified above ] ]
oo in 1 point, mult = 2n for 2|n

oo in 2 points, mult = n for 24 n

defines a Belyi function of deg 2n and the dessin for this Belyi function looks
like two planes with this bipartite graph,

/. /.
\, .

glued in the black points (and the point oo if n is even).
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A picture in H 2 D can be given and by a 2n-sided polygon

(0]

in the case 2|n and a 2(n — 1)-sided polygon, subdivided in two cells

if 21 n.

Exercise 4.3

A Belyi function for y? = z(z — 1)(z — §—\/3§) is formally the same (z,y) —
423(1 — %) as if (3 is replaced by 1, but with different ramifications, so the
dessin now looks like

O [

(0,0) (¥2,3) (1,8) (i”/‘i—y@ (0?0)

in a fundamental parallellogram for the elliptic curve. For (2 = (3 instead of
(3 a mirror image of this dessin arises.
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Exercise 7.1
— 1 — 3 exchanges the colours of the bipartite graph, 3 — % preserves
g g 3

=1 and exchanges zeros and poles, hence cell centers and 0-vertices = the
pole orders of ( are the zero orders of that modified dessin = % #’border
edges of the cell”, but the "inner edges” having the face on both sides have

to be counted twice!
(@]
[ ] / \ [ ]
o — e
(@] (@]
\ . /

5 168(5 — 2)°
K (Idea: Take %(1+Tn(25—1));

replaces %
1 1

n odd, to insert more vertices with T, the n'" Tshebychev polynomial)

10 by o0 K o
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