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Le
ture 1by Prof. Jürgen Wolfart1 Riemann Surfa
es and Algebrai
 CurvesRiemann surfa
es are Haudor� spa
es with a 
ountable base topology, where
hart maps to C are de�ned with biholomorphi
 transition fun
tions wherethey 
oin
ide. We are dis
ussing here only 
onne
ted Riemann surfa
es.1.1 Examples1. Riemann sphere Ĉ = C ∪ {∞} = P1(C): Take two 
harts U1 and U2,for example U1
∼= C and U2

∼= (C − {0}) ∪ {∞}. Then z 7→ 1
z
is aholomorphi
 mapping between the 
harts.2. F a�

n = { (x, y) ∈ C2 |xn + yn = 1 }, n > 1 is a �Fermat 
urve�. Takeas 
harts for example (x, y) 7→ y, whi
h is homeomorphi
 in suitableneighboughoods of all points ex
ept x = 0, yn = 1, and (x, y) 7→ xwhi
h is homeomorphi
 in suitable neighbourhoods of all points ex
ept
y = 0, xn = 1, with holomorphi
 bran
hes of x = n

√
1− yn and y =

n
√

1− xn as transition fun
tions.3. More general: all �smooth� a�ne algebrai
 
urves
Xa� := { (x, y) ∈ C2 | f(x, y) = 0 }for some polynomial f with the property that in all p ∈ Xa�

∂f

∂x
(p) 6= 0 or ∂f

∂y
(p) 6= 0.The impli
it fun
tion theorem says that lo
ally around p all solutionsof f(x, y) = 0 are of the shape (h(y), y) or (x, g(x)) where h and g areholomorphi
. Then the proje
tions serve as 
harts.4. A�ne hyperellipti
 
urves: y2 = (x − a1) · . . . · (x − an) with pairwisedistin
t a1, . . . , an. For example f = y2 − Π(x− ai) and we have

∂f

∂y
(p) = 2y = 0in all (ai, 0) only, but
∂f

∂x
(p) 6= 0in these (ai, 0). 2



Theorem 1.1 Let X,Y be 
onne
ted Riemann surfa
es, f : X → Y a non-
onstant holomorphi
 mapping, p ∈ X, f(p) = p′ ∈ Y . Then there exist
harts z : U(p)→ V ⊂ C and w : U ′(p′)→ V ′ ⊂ C with z(p) = 0, w(p′) = 0su
h that
U

z

��

f // U ′

w

��
C : z

� // w = zn : Cis 
ommutative for some 
hoi
e n ∈ N independent of the 
hoi
e of the 
harts.The 
onstant n := multp f is the multipli
ity of f in p.If n = 1 then f is lo
ally biholomorphi
 (�unrami�ed at p�) otherwise�rami�ed� of order n.1.2 Important Consequen
es1. If f : X → Ĉ is meromorphi
, then if it's non-
onstant, then the zerosand poles form a dis
rete subset of X.2. Rami�
ation points of f are dis
rete in X.3. Identity theorem, maximum prin
iple, open mapping theorem are valid.4. On 
ompa
t Riemann surfa
es we have for f : X → Ĉ (meromorphi
,non-
onstant fun
tion) only a �nite number of zeros or poles, and also a�nite number of rami�
ation points. Holomorphi
 fun
tions f : X → Chave to be 
onstant.5. If f : X → Y is holomorphi
 and non-
onstant, X 
ompa
t, then f issurje
tive and Y is 
ompa
t as well.6. Under the same hypothesis deg f :=
∑

p∈f−1(y) multp f is independentof y ∈ Y .1.3 More Examples1. Fermat 
urve:
Fn := { [x, y, z] ∈ P2(C) |xn + yn = zn }better (symmetri
) xn + yn + zn = 0, 
overed by a�ne 
urves with

z = 1, y = 1, x = 1. We'll get di�erent a�ne Fermat 
urves, when wetake 
harts of the form x
y
, y

z
, z

x
. This's a typi
al example of a �smooth3



proje
tive algebrai
 
urve�. Of 
ourse, be
ause P2(C) is 
ompa
t, then
Fn is 
ompa
t.2. Try to 
ompa
tify also hyperelli
ti
 
urves

y2 = Πn
i=1(x− ai)⇒ y2zn−2 = Πi(x− aiz).Now if z = 1 then we'll have an a�ne 
urve, or if z = 0 then xn = 0and so on x = 0, normalizing by y = 1 we get a�ne equation

zn−2 = Π(x− ai).The impli
it fun
tion theorem isn't appli
able in situations n > 3.Here, write y2 = q(x) with
deg q =

{
2g + 1,

2g + 2and with
z :=

1

x
and w :=

y

xg+1
.

k(z) := z2g+2q

(
1

z

)
∈ C[z]with deg k = 2g + 2. So then y2 = q(x) ⇔ w2 = k(z) in all points

x 6= 0, 6= z . . ..
x = y =∞⇔ z = 0⇔

{
w = 0, for deg q = 2q + 1

w = ±
√

k(0) for deg q = 2q + 21.4 Fa
tRiemann surfa
es are orientable! That is an impli
ation from the fa
t that thetransition fun
tions are biholomorphi
 respe
ting the orientation. Surfa
es
an also be triangulated: Suppose you have X triangulated. Then we havethe Euler 
hara
teristi

χ(X) := f − e + v,with f , e and v 
ounting �fa
es�, �edges� and �verti
es�, and χ does not dependon the triangulation. For example χ(Ĉ) = 2 and χ(Torus) = 0.Theorem 1.2 (Riemann-Hurwitz) If f : X → Y is non-
onstant holo-morphi
 mapping of 
ompa
t Riemann surfa
es, then

2g(X)− 2 = deg f(2g(Y )− 2) +
∑

p∈X

(multp f − 1).4



Several appli
ations, e.q: g(Y ) ≤ g(X) with �=� only if f is isomorphism(unrami�ed) or g = 1 and f is unrami�ed. If g(X) > g(Y ) = 0 or 1, then fis rami�ed.Now Fn (n>2) has genus (n−1)(n−2)
2

, and we 
onsider f : Fn → Ĉ :
[x, y, z] 7→ x

z
: For example z = 1, xn + yn = 1, f : (x, y) 7→ x and deg f = n.Ex
eptionally, f has only one preimage in points with xn = 1: n points with

multp f = n. If then z = 0, xn + yn = 0, y = 1, n points on Fn, f has n polesand it's unrami�ed. Now Riemann-Hurwitz implies that
2g(Fn)− 2 = n(−2) + n(n− 1) = n2 − 3n.Exer
ise 1.1 Find as many automorphisms of Fn as possible! (if possible,�nd 6n2 automorphisms.) Determine the stru
ture of Aut Fn.Exer
ise 1.2 Apply Riemann-Hurwitz to determine the genus of the (
om-pa
t) hyperellipti
 
urves.Theorem 1.3 There is an equivalen
e between the 
ategories �
ompa
t Rie-mann surfa
es� and �smooth proje
tive algebrai
 
urves�.

5



Le
ture 2by Prof. Gareth Jones2 Introdu
tion to Riemann Surfa
es and Alge-brai
 CurvesCompa
tRiemann Surfa
es oo 
at.equiv. // Smooth Proje
tiveAlgebrai
 Curveswith maps on them oo // de�ned overalgebrai
 number �elds
��Galois TheorySpe
ial 
ase: Riemann surfa
es of genus 1.Ellipti
 
urve: algebrai
 
urve y2 = p(x), where p is a 
ubi
 polynomialon C[x] with distin
t roots e1, e2, e3. Dis
riminant ∆ = 16(e1 − e2)

2(e2 −
e3)

2(e3 − e1)
2. Here p has distin
t roots if and only if ∆ 6= 0. Applying ana�ne substitution of ax + b for x we 
an put the equation in Weierstrassnormal form

y2 = 4x3 − c2x− c3, (c2, c3 ∈ C).Then ∆ = c3
2 − 27c2

3 (easy exer
ise).Alternatively, applying a�ne substitutions to x and x, we get Legendrenormal form
y2 = x(x− 1)(x− λ) (λ ∈ C\{0, 1}).Exer
ise 2.1 Find ∆ and these normal forms for the ellipti
 
urve

y2 = x3 − 9x2 + 23x− 15.Now write the ellipti
 
urve E as y =
√

p(x), a 2-valued fun
tion of x.The proje
tion (x, y) 7→ x is in general 2-to-1, showing that E is a 2-sheeted
overing of the Riemann sphere Ĉ = P1(C) = C ∪ {∞}. Spe
ial 
ases: if
x = ej, j = 1, 2, 3, then only y = 0 is possible, and if x =∞ then only y =∞is possible. E is a bran
hed 
overing of Ĉ, with bran
h-points at e1, e2, e3and ∞. 6



If z = ej + reiϑ, let z rotate on
e around ej (but not the other roots)in the positive dire
tions (anti-
lo
kwise). Then √
(z − ej) is multiplied by

eiπ = −1. This means that a point (x, y) on E above x moves to (x,−y),i.e. we pass from one sheet of E to the other. The same happens if wefollow a 
ir
le around ∞, where x = reiϑ, with large 
onstant r: ea
h of thethree fa
tors √
(x− ej) is multiplied by −1, and hen
e so is y. Constru
tthe Riemann surfa
e of E by taking two 
opies of Ĉ (one for ea
h bran
h of√

p(x)), and joining them a
ross two disjoint 
uts between e1 and e2, and e3and ∞. The result is a torus, of genus 1.2.1 Alternative Approa
h to Riemann Surfa
es ofgenus 1Let ω1 and ω2 be elements of C whi
h are linearly independent over R. Theygenerate a latti
e
Λ = Λ(ω1, ω2) = {mω1 + nω2 |m,n ∈ Z }.We 
all ω1 and ω2 a basis for Λ. Λ is a subgroup of C, and Λ is dis
rete(every ω ∈ Λ has an open neighbourhood 
ontaining no other element of Λ).De�ne z1 ≡ z2 mod Λ if z1 − z2 ∈ Λ. Equivalen
e 
lasses = 
osets z + Λof Λ in C. Quotient spa
e is then C/Λ.The parallellogram P = {xω1 + yω2 |x, y ∈ [0, 1] } is a fundamentalregion for Λ, i.e. ea
h z ∈ C is equivalent to an element of P , and if twoelements of P are equivalent, then they lie on the boundary ∂P . Form C/Λby identifying equivalent points z1, z2 ∈ ∂P . The holomorphi
 stru
ture on

C yields a holomorphi
 stru
ture on C/Λ. Also C/Λ is a group, stru
tureinherited from C.To show the link between these two approa
hes, we need ellipti
 fun
tions.These are doubly periodi
 meromorphi
 fun
tions. Doubly periodi
 means
f(z + ω) = f(z) for all z ∈ C and all ω ∈ Λ.Meromorphi
: holomorphi
 or a pole of �nite order at ea
h point in C. Equiv-alently, f(x) =
∑∞

n=k an(z − a)n near ea
h a (Laurent series).For a given Λ, su
h fun
tions form a �eld F (Λ). Think of these as themeromorphi
 fun
tions on C/Λ by de�ning f(z + Λ) = f(z) (well-de�ned).
C/Λ is 
ompa
t, so the theory of su
h fun
tions works ni
ely.We need some non-
onstant examples: Weierstrass fun
tion

℘(z) =
1

z2
+

∑′

ω

(
1

(z − ω)2
− 1

ω2

)7



where ∑′ means the sum over ω 6= 0 in Λ. This is uniformly 
onvergent on
ompa
t subsets of C\Λ so ℘ is meromorphi
, with poles of order 2 at thelatti
e-points. To show ℘ is double periodi
, �rst 
onsider
℘′(z) = −2

∑

ω

1

(z − ω)3
.This is meromorphi
, with poles of order 3 at the latti
e-points.Exer
ise 2.2 Show that ℘′ is doubly periodi
 with respe
t to Λ. Dedu
e that

℘ is also doubly periodi
 (Hint: ℘ is an even fun
tion).Thus ℘, ℘′ ∈ F (Λ) so the �eld C(℘, ℘′) of rational fun
tions of ℘ and ℘′ is
ontained in F (Λ). In fa
t, F (Λ) = C(℘, ℘′). ℘ and ℘′ are not algebrai
allyindependent: they satisfy
(℘′)2 = 4℘3 − g2℘− g3,where g2 = 60G4 and g3 = 140G6, and where Gk =

∑′

ω ω−k is the Eisensteinseries. Comparing this equation with the Weierstrass normal form y2 =
4x3 − c2x − c3 for E, we 
an write x = ℘(z), y = ℘′(z) for an appropriatelatti
e Λ. (Given any c2, c3 with ∆ 6= 0, one 
an �nd a latti
e Λ su
h that g2and g3 for Λ are equal to c2 and c3.) Identify ea
h point (x, y) ∈ E with the
orresponding point z + Λ ∈ C/Λ. Thus we identify E with C/Λ. (Comparewith parametrising x2 +y2 = 1 by x = sin z and y = cos z, where z ∈ R/2πZ.Suppose that Λ and Λ′ are latti
es in C. The Riemann surfa
es C/Λ and
C/Λ′ are isomorphi
 (as Riemann surfa
es) if and only if Λ and Λ′ are similarlatti
es, in the sense that Λ′ = µΛ for some µ ∈ C\{0}.If Λ has basis ω1, ω2, then elements ω′

1, ω
′
2 of Λ form a basis for Λ if andonly if ω′

2 = aω2+bω1 and ω′
1 = cω2+dω1 with a, b, c, d ∈ Z and ad−bc = ±1.The 2 × 2 integer matri
es with ad − bc = ±1 form a group GL2(Z) undermultipli
ation and those with ad − bc = 1 form SL2(Z), a normal subgroup(of index 2).The modulus τ = ω2

ω1
of a basis is invariant under the similarity trans-formation of multiplying Λ by µ. Changing basis by (

a b
c d

)
∈ GL2(Z)transforms τ = ω2

ω1
to

τ ′ =
ω′

2

ω′
1

=
aω2 + bω1

cω2 + dω1

=
aτ + b

cτ + d
.These transformations form a group PGL2(Z) ∼= GL2(Z)/{±1}. Transposing

ω1 and ω2 ne
essary, we 
an assume that Im τ > 0, i.e. τ is the upper halfpla
e H = { τ ∈ C | Im τ > 0 }. 8



This allows us to restri
t to transformations τ 7→ aτ+b
cτ+d

with ad− bc = 1.These form the modular group
Γ = PSL2(Z) = SL2(Z)/{±I}.Then

C/Λ ∼= C/Λ′ ⇔ τ and τ ′ are equivalent under the a
tion of Γ on Hand Isomorphism 
lassesof ellipti
 
urves C/Λ
oo // Orbits of Γ on H.How does Γ a
t on H?For example the region F de�ned by |τ | ≥ 1, |Re τ | ≤ 1

2
is a fundamentalregion for Γ. Every orbit of Γ 
ontains a point in F . If two points in F arein the same orbit, they lie on the boundary. The element X : τ 7→ −1

τ
�xes

τ = i, and this value of τ 
orresponds to the square latti
e. The element
Z : τ 7→ τ+1 also pairs sides of F . The element Y : τ 7→ −τ−1

τ
�xes ω = e2πi/3
orresponding to the hexagonal latti
e Λ.One 
an show that Γ has a presentation Γ = 〈X,Y |X2 = Y 3 = 1 〉 ∼=

C2 ∗ C3, the free produ
t of C2 and C3.Redu
tion mod (n) : Z → Zn (ring-homomorphism) indu
es group ho-momorphisms SL2(Z) → SL2(Zn) and hen
e Γ = PSL2(Z) → PSL2(Zn) =
SL2(Zn)/{±I}.

Γ(n) := ker φnis the prin
ipal 
onquen
e subgroup of level n.E.g. Γ(2) is a free group of rank 2, generated by τ 7→ τ
−2τ+1

(�xing 0)and τ 7→ −τ+2
−2τ+3

(�xing 1).Exer
ise 2.3 Show that Γ a
ts transitively on Q̂ = P1(Q) = Q ∪ {∞}, andthat Γ(2) has three orbits on Q̂. Dedu
e that Γ/Γ(2) ∼= S3 (symmetri
 groupof degree 3).

9



Le
ture 3by Prof. Jürgen Wolfart3 Continued from Le
ture 13.1 Why Riemann Surfa
es are Proje
tive Algebrai
 Curves?Sket
h of ideas:1. On a 
ompa
t Riemann surfa
e there are non-
onstant meromorphi
fun
tions f : X → Ĉ. �⇐� by the theorem of Riemann-Ro
h.2. All fun
tions g : X → Ĉ 
onstant on �bers of f are rational fun
tions,in C(f). (Fiber means the points in f−1(q) for q ∈ Ĉ.)3. Riemann-Ro
h: There are h : X → Ĉ separating points of the �bers of
f for generi
 q ∈ Ĉ.4. Consider elementary symmetri
 
ombinations
S1 = h(p1) + h(p2) + . . . + h(pn), if {pi} = f−1(q) outside ram. pts of f,

S2 = h(p1)h(p2) + . . . + h(pn−1)h(pn)...
Sn = h(p1) · . . . · h(pn). (1)These are meromorphi
 fun
tions on X, 
onstant on �bers of f .5. There exists an algebrai
 equation between h and f , i.e.

hn − S1h
n−1 + S2h

n−2 − . . . + (−1)nSn = 0, (2)where the left side is in C(f)[h].6. Algebra ⇒ every meromorphi
 fun
tion on X lies in a �eld extension
C(X) of C(f) of degree at most n.7. Fun
tion �elds determine equations ⇒ use values of f and of h as
oordinates for the 
urve equation 2 for the 
urve, resolve singularities,pass to proje
tive equations ⇒ .10



4 Belyi fun
tionsTheorem 4.1 Let X be a 
ompa
t Riemann surfa
e, i.e. a smooth proje
tivealgebrai
 
urve from PN(C). X 
an be de�ned over Q̄ if and only if thereexists a meromorphi
 non-
onstant fun
tion β : X → Ĉ rami�ed above atmost 3 points (
riti
al values are without loss of generality 0,1 and ∞).There fun
tions are 
alled �Belyi fun
tions� (Belyi 1980)4.1 Existen
e of Belyi Fun
tions: Simple Examples1. Ĉ = P1(C), β : Ĉ→ Ĉ : z 7→ z (unrami�ed).2. β : Ĉ→ Ĉ : z 7→ zn is rami�ed in z = 0 and z =∞.3. Re
all T
heby
hev polynomials
T0(z) ≡ 1,

T1(z) = z,

T2(z) = 2z2 − 1...
Tn+1(z) = 2zTn(z)− Tn−1(z)Now cos nϑ =: Tn(cos ϑ) with properties Tn : [−1, 1]→ [−1, 1], deg Tn =

n, Tn has simple zeros in points cos 2k−1
2n

π, where k = 1, . . . , n and dou-ble ±1 in between. Also simple±1 values at points ±1. Now the square
T 2

n has double zeros, double 1-values in between, simple 1-values at ±1.Therefore T 2
n (for n > 0) is a Belyi fun
tion.

#rami�
ation points in C = #zeros of (T 2
n)′ = 2n− 1.The pi
ture of β−1([0, 1]) is . . . • ◦ . . . ending the bothsides with • if the zeros of β are shown as ◦ and zeros of β − 1 as •.4. X = Fn : xn + yn = zn. Then for example β : Fn → Ĉ : [x, y, z] 7→ xn

zn .On the a�ne part z = 1, β : (x, y) 7→ xn, deg β = n2. Less than n2points in β−1(xn) o

ur in
• points with xn = 0 ⇒ y = ζk

n (n points with β(x, y) = 0, rami�-
ation order is n),
• points with xn = 1 ⇒ y = 0, β : (x, y) = (ζk

n, 0) 7→ 1, ram. orderis n. 11



• z = 0, 
onsider 1
β

= zn

xn : take x = 1, gives n zeros, all of multp β =
n.Therefore β is a Belyi fun
tion.A surje
tive Belyi fun
tion of a 
ompa
t Riemann surfa
e β : X → Ĉ in-du
es a natural triangulation by β−1(R̂) where the preimage β−1( ◦

0

1• )divides X in simply 
onne
ted 
ells. It gives a bipartite graph embedded in
X, whi
h is 
alled �dessin d'enfant� (by Grothendie
k).If β is a Belyi fun
tion, then also 1

β
, 1 − β, 1 − 1

β
, 1

1−β
, β

β−1
are Belyifun
tions. These permute the 
riti
al values 0, 1,∞.If β is a Belyi fun
tion, then also is 4β(1 − β): that's be
ause ∞ 7→ ∞,

0 7→ 0, 1 7→ 0, 1
2
7→ 1. Also β 7→ 4β(1− β) from Ĉ→ Ĉ is a Belyi fun
tion.This last a
tion indu
es a new bipartite graph, whi
h 
an be redu
ed to asimpler one�
olour one. This 
orresponds to the theory of �maps�.4.2 Another ExampleFor the 
onstru
tion of Belyi fun
tions y2 = x(x−1)(x− 1

3
√

2
) ellipti
 fun
tionde�ned /Q̄. Start with (x, y) 7→ x, study rami�
ation points: this mappingis rami�ed in (∞,∞), (0, 0), (1, 0), ( 1

3
√

2
, 0). The preimage of the unit intervalunder β−1 will �nally be of the following shape:

•
( 1

3√
2
,0)

(0,0)

◦(1,0) •
( 1

3√
2
,0)

◦ ◦(ζ3,−y3)

???????

•

(ζ2
3
,y4)

������� •
(

ζ3
3√

2
,−y1)

???????

◦

(
ζ3
3√

2
,y1)

???????

(
ζ2
3

3√
2
,y2)

�������

( 1
3√

2
,0)

×
(∞,∞)

◦(0,0)

( 1
3√

2
,0)

•

(ζ3,y3)

??????? •
(

ζ2
3

3√
2
,−y2)

�������

◦ ◦
(ζ2

3
,−y4)

�������

• ◦
(1,0)

•12



Now
(x, y) 7→ x 7→ x3 7→ 4x3(1− x3)

∞ 7→ ∞
0 7→ 0

1 7→ 1

1
3
√

2
7→ 1

2
.This step (using polynomials sending algebrai
 
riti
al values) may indu
enew rami�
ations, here x 7→ x3 rami�es in x = 0 and x =∞, so the 
omposite

(x, y) 7→ x3 is rami�eld above 0, 1,∞, 1
2
. The 
omposite map will be a Belyifun
tion sending

(∞,∞) 7→ ∞ (pole of order 12)
(0, 0) 7→ 0 (multipli
ity 6)
(1, 0) 7→ 0 (multipli
ity 2)

(ζk
3 ,±yk) 7→ 0

(
1
3
√

2
, 0) 7→ 1 (multipli
ity 4).Belyi algorithm to 
onstru
t β systemati
ally: Take an equation de�ned

/Q̄ some fun
tion X → Ĉ, rami�ed over α1, . . . , αn ∈ Q̄ and ∞. Combinewith a polynomial p : Ĉ → Ĉ sending α1, . . . , αn → Q; if new rami�
ationsarise, repeat the pro
edure. . . All 
riti
al points will �nally be in Q, supposethat 0, 1,∞ ⊂ are 
riti
al points. For example if 0 < m
n+m

< 1 is a 
riti
alpoint, apply z 7→ (m+n)m+n

mnnn zn(1− z)n. Then
0 7→ 0

1 7→ 0

∞ 7→ ∞
m

m + n
7→ 1.For this step, the only rami�
ation o

urs in 0, 1, m

n+m
,∞.Exer
ise 4.2 (
ontinued from 2.) Find a Belyi fun
tion and a ni
e dessinpi
ture for y2 = xn − 1, n > 3.Exer
ise 4.3 Find a Belyi fun
tion and a dessin for the ellipti
 
urve

y2 = x(x− 1)(x− ζ±1
3
3
√

2
).13



Le
ture 4by Prof. Gareth Jones5 Continued from Le
ture 25.1 More on ToriRe
all the 
orresponden
e between the isomorphism 
lasses of ellipti
 
urvesand the orbits of Γ on H.We would like a �ni
e� fun
tion on H, taking a single value on ea
h orbitof Γ, and di�erent values on di�erent orbits. We 
an regard g2, g3 and
∆ = g3

2 − 27g2
3 as fun
tions of τ ∈ H by evaluating them for the latti
e

Λ = Λ(1, τ) with ω2 = τ and ω1 = 1, and with modulus τ . Di�
ulty: ifrepla
e Λ with a similar latti
e Λ′ = µΛ then g2, g3 are multiplied by µ−4and µ−6, and ∆ by µ−12. But if we de�ne
J(τ) =

g2(τ)3

∆(τ)
=

g2(τ)3

g2(τ)3 − 27g3(τ)2then the powers of µ 
an
el, so J(τ) depends only on the similarity 
lassof Λ. Also, g2, g3 and hen
e J are independent of the basis of Λ. So J isinvariant under the a
tion of Γ on H, i.e.
J(T (τ)) = J(τ)for all τ ∈ H and T ∈ Γ. J is the ellipti
 modular fun
tion (but not anellipti
 fun
tion!). J is holomorphi
 on H, and it indu
es a bije
tion betweenthe orbits of Γ on H and 
omplex numbers, i.e. Γ\H↔ C.Exer
ise 5.1 Evaluate J(τ) at τ = i and τ = ω = e2πi/3 and �nd the
orresponding ellipti
 
urves.5.2 Alternative Approa
h to Finding a �Ni
e� Fun
tionPut ea
h ellipti
 
urve E into Legendre form

y2 = x(x− 1)(x− λ)where λ ∈ C\{0, 1} and regard λ as a fun
tion of the modulus τ 
orrespond-ing to E. The di�
ulty here is that the Legendre form for E is not quite14



unique. This is be
ause there are 6 ways of sending two of the three roots of
p(x) to 0 and 1, with the third going to λ, by an a�ne transformation.For instan
e, if we repla
e x with 1 − x (transposing the roots 0 and 1)the right-hand side of the Legendre equation be
omes

(1− x)(−x)(1− x− λ) = −x(x− 1)(x− (1− λ)).If we also repla
e y with iy the left-hand side be
omes −y2, so we have anisomorphi
 ellipti
 
urve with Legendre form
y2 = x(x− 1)(x− (1− λ)).Thus λ is repla
ed with 1−λ. Another substitution (�nd it!) repla
es λ with

1
λ
. These two substitutions generate a group isomorphi
 to S3 (
orrespondingto permuting the three roots e1, e2 and e3 of p(x)), and the six permutationsgive rise to six values

λ, 1− λ,
1

λ
,

1

1− λ
,

λ

λ− 1
,
λ− 1

λ
.One 
an de�ne λ uniquely as a fun
tion of τ by noting that ℘′(z) = 0 at

z = ω1

2
and ω1+ω2

2
(why?), so the di�erential equation

(℘′)2 = p(℘)implies that the roots e1, e2 and e3 of p(x) are at x = ℘(ω1

2
), ℘(ω2

2
) and

℘(ω1+ω2

2
).An a�ne transformation L : x 7→ ax + b sending e2 and e3 to 0 and 1respe
tively sends e1 to

λ =
e1 − e2

e3 − e2and this depends only on τ . This fun
tion λ is holomorphi
 on H, and isinvariant under Γ(2) (a normal subgroup of index 6 in Γ), but not under Γ.The 6 
osets of Γ(2) in Γ give the 6 possible values for λ. These two fun
tionsare related by:
J(τ) =

4(1− λ(τ) + λ(τ)2)3

27λ(τ)2(1− λ(τ))2Thus six values of λ 
orrespond to ea
h value of J . Then
β(x) =

4(1− x + x2)3

27x2(1− x)2is a Belyi fun
tion. It has triple zeros of β at e±2πi/6(= ζ±1
6 ), double zeros of

β − 1 at −1, 1
2
, 2, and double poles of β at 0, 1,∞.15



6 Embeddings of Graphs, Maps and Hyper-mapsGraph G = (V,E) (verti
es and edges), 
onne
ted, �nite (relax this later),allow loops • and multiple edges • • . Map M : G →֒ X, Xis a surfa
e, 
onne
ted, 
ompa
t, without boundary, and oriented (
hosenorientation 
ounter-
lo
kwise). The fa
es (
onne
ted 
omponents of X\G)must be simply-
onne
ted, i.e. homeomorphi
 to an open dis
. Examples:Platoni
 solids on X = S2.Assume that G is bipartite, i.e. we 
an 
olour the verti
es bla
k and whiteso that ea
h edge joins a bla
k vertex to a white vertex ◦ • (possiblei� ea
h 
ir
uit in G has even length). Call these bipartite maps (=dessinsd'enfants) denoted by B.6.1 Examples of Bipartite Maps1. The dessin B1 
orresponding to β is
◦

•−1
×
0

•
1

2

~~~~~~~~

@@@@@@@@ ×
1

•
2

e−2πi/6

~~~~~~~~

e2πi/6

@@@@@@@@

R

◦Here × denotes a fa
e-
entre.
2. B2 =

•

◦

•

Quotient of B1 by a half-turn about 1
2
.

3. Identify opposite edges of the hexagon to get a bipartite map B3 on a
16



torus.
·

�
�

�
·_ _ _ _ /o/o/o/o ·

�X
�X

· ◦

00000
•

�����

2222222222 ·

· •

����������

2222222222 ◦ ·

· ◦
�����

•
00000

���������� ·
�

�
�

·
X�
X�

·o/ o/ o/ o/ ·_ _ _ _Ea
h bla
k and white pair are joined by a single edge, so G = K3,3, the
omplete bipartite graph with 3 bla
k and 3 white verti
es.Des
ribe B algebrai
ally: use the orientation of X to de�ne two permu-tations x and y of the set E of edges. For ea
h e ∈ E, ex and ey are the nextedges around the in
ident bla
k and white verti
es, following the orientationof X. Warning: these are not generally automorphisms.Bla
k verti
es oo // 
y
les of x on EWhite verti
es oo // 
y
les of y on EFa
es oo // 
y
les of xy on EThe orders l,m, n of x, y, xy are the least 
ommon multiples of their 
y
lelengths. Call (l,m, n) the type of B. E.g. B1 and B2 have type (3, 2, 2), B3has type (3, 3, 3). The monodromy group of B is the subgroup G = 〈x, y〉generated by x and y in the symmetri
 group Sym(E) of all permutations of
E.
G is 
onne
ted, so G a
ts transitively on E, so the a
tion is equivalent tothe a
tion on the 
osets Hg (g ∈ G) of a stabilizer H = Ge (e ∈ E). Say

G a
ts regularly if Ge = 1; this a
tion is equivalent to G a
ting on itself byright multipli
ation.In B1, x3 = y2 = (xy)2 = 1, and these relations de�ne the dihedral group
D3 of order 6, so G is a quotient of D3. G is transitive on the 6 edges, so
|G : Ge| = 6 (the index of the subgroup), so G ∼= D3 with Ge = 1. G a
tsregularly. In B2, G ∼= D3, but |Ge| = 2, so the a
tion is not regular.17



In B3, G ∼= C3 × C3 a
ting regularly. Here x3 = y3 = 1 and xy = yx.6.2 More De�nitionsAlgebrai
 bipartite map: (G, x, y, E) where G = 〈x, y〉 is a permutationgroup a
ting transitively on a set E. Re
onstru
t a bipartite map B from
(G, x, y, E): edges = elements of Ebla
k/white verti
es = 
y
les of x and yfa
es = 
y
les of xyIn
iden
e = 
ontainment in a 
y
le.Exer
ise 6.1 Take x = (1, 2, . . . , N) and y = (1, 2) in SN . Find B and G.An automorphism of B is a permutation of E 
ommuting with x and y,or equivalently 
ommuting with G. E.g. rotations for the example dessins B1and B3, translations for B3, but only the identity for B2. The automorphismsform a group

AutB = C(G) = C = { c ∈ Sym(E) | cg = gc for all g ∈ G },the 
entraliser of G in Sym(E).A permutation group is semiregular (a
ts freely) if ea
h stabiliser is triv-ial.The group is 



semiregulartransitiveregular 

 as 




at mostat leastexa
tly 



one group elementtakes one point to another.Thus regular ⇔ transitive and semiregular.Theorem 6.1 Let G be any transitive group, and C = C(G) its 
entraliser.(i) C a
ts semiregularly.(ii) C a
ts regularly i� G does.(iii) If C and G a
t regularly then C ∼= G.Proof.(i) Let c ∈ C �x e. Any e′ has the form e′ = eg for some g ∈ G bytransitivity. Then e′c = egc = ecg = eg = e′, so c = 1.18



(ii) Let C a
t regularly. Then C is transitive, so its 
entraliser is semireg-ular by (i) applied to C; but G 
ommutes with C, so G is semiregular,and being transitive it must be regular.Conversely, letG a
t regularly, so it is a
ting on itself by right-multipli
ation
ρg : e 7→ eg; then left-multipli
ation λc : e 7→ c−1e 
ommutes withright-multipli
ation (c−1(eg) = (c−1e)g), and a
ts transitively, so C istransitive, and C is semiregular by (i), so C is regular.(iii) When C and G a
t regularly, then λg ↔ ρg gives the isomorphism
C ∼= G.

�A dessin B is regular if G (equivalently AutB) is regular in E. From thelast examples B1 and B3 are regular, B2 is not.Exer
ise 6.2 Show that C ∼= NG(Ge)/Ge where NG(Ge) is the normaliserof Ge in G.Exer
ise 6.3 If B is a regular dessin of type (l,m, n) with N edges, what isits genus? Are there �nitely or in�nitely many dessins of a given type andgenus?

19



Le
ture 5by Prof. Jürgen Wolfart7 Uniformisation and Fu
hsian GroupsExer
ise 7.1 How does the dessin 
hange if the Belyi fun
tion β is repla
edby 1 − β, 1
β
? How are the pole orders en
oded in the dessin? Start by somedessin, how 
an you modify β su
h that every edge • ◦ is repla
ed by

• ◦ • ◦ ?7.1 UniformisationTheorem 7.1 Let X be a 
onne
ted manifold. There is always a �universalsimply 
onne
ted 
overing� F : Y → X, where Y is a simply 
onne
tedmanifold with the following uniqueness property. Let F ′ be any other 
overing
Y ′ → X and p ∈ X, q ∈ Y , q′ ∈ Y ′ s.t. F (q) = p = F ′(q′) then there is aunique 
overing map f : Y → Y ′, su
h that f(q) = q′ making the diagram

Y

F   @@@@@@@@
f //_______ Y ′

F ′
~~}}}}}}}}

X
ommute i.e. F = F ′ ◦ f .�Covering� means: ∀p ∈ X∃U = U(p) s.t. F−1U =
⋃̇

Vn (disjoint union)where F |Vn : Vn → U is a homeomorphism.Proposition 7.2 X is a Riemann surfa
e⇒ Y is simply 
onne
ted Riemannsurfa
e, F holomorphi
 and unrami�ed.Constru
tion of Y and F is given by homotopy theory. As a set,
Y = { (p, [γ]) | p ∈ X, [γ] ∈ π1(X, p) }(
losed 
urves modulo homotopy, with starting point p). De�ne a topology,de�ne F as proje
tion, 
ontrol properties, in parti
ular simple 
onne
tedness.Theorem 7.3 (Extended Riemann Mapping Theorem, Main Theo-rem of Uniformisation) If Y is simply 
onne
ted, Y is isomorphi
 to Ĉ,

C or to H ∼= D (open unit dis
). 20



Theorem 7.4 Every Riemann surfa
e X is homeomorphi
 to some quotientspa
e G\Y where Y is the universal 
overing spa
e and G is the �
overinggroup� ⊂ Aut Y 
onsisting of all γ ∈ Aut Y with F ◦ γ = F permutingtransitively the �bers of F .(⇐ uniqueness part of theorem 7.1.) G a
ts without �xed points, it istorsion free, it a
ts dis
ontinuously.Here (properly) �dis
ontinuously� means: ∀q ∈ Y ∃V = V (q) s.t. V ∩
γV = ∅ ex
ept for �nitely many γ ∈ G.Proposition 7.5 a) Y = Ĉ, Aut Ĉ ∼= PSL2(C)

X = Ĉ⇐ G = {id} ⇐
{

z 7→ az+b
cz+dhas �xed pointsb) Y = Ĉ, Aut C = { z 7→ az + b | a ∈ C∗, b ∈ C }

G ⊂ { translations } ⇐ no �xed point i� a = 1It follows that G either ∼= Z or a latti
e Λ. Also X = C or Z\C or
Λ\C, a torus (ellipti
 
urve). For example in the 
ase X = Z\C

F (z) = exp z, F : C→ C∗ = C− {0}and exp(z + 2πik) = exp(z) for all k ∈ Z.
) Y = H ∼= D in all other 
ases, in parti
ular for all 
ompa
t Riemannsurfa
es X with g > 1. Here G ⊂ Aut H and it is 
alled �Fu
hsiangroup�.In general, dis
ontinuous groups may have �xed points, i.e. points p ∈ Ywith a �nite
Gp := { γ ∈ G | γ(p) = p 6= {id} }.Theorem 7.6 For a dis
ontinuous group G a
ting on Y = Ĉ, C, H the fol-lowing holds:a) for p ∈ G, γ(p) = p there exists a lo
al 
hart su
h that diagram

U(p)
_

z

��

γ // U(p)
_

z

��
D

z 7→ζk
nz

// D
ommutes and z 7→ zn : D → D indu
es the quotient map U → Gp\Ufor Gp = 〈γ〉. 21



b) all stabilizing subgroups are �nite 
y
li

) �xed points of G form a dis
rete subsetd) G\Y has a holomorphi
 stru
ture as a Riemann surfa
e s.t. the quo-tient map Y → G\Y : z 7→ Gz is holomorphi
, rami�ed of multipli
ity
n in �xed points of order n.For now Y = H and G dis
ontinuous ⊂ Aut H.Theorem 7.7 Aut H = PSL2(R), the group of orientation preserving hyper-boli
 motions.It is 
lear that Aut H ⊇ PSL2 R, a
ting (simply) transitively on {points}and {lines}, by 
onjugation with a Cayley map µ ∈ PSL2 C we may passfrom γ ∈ Aut H with γ(i) = i to some δ ∈ Aut D with δ(0) = 0. Lemma(S
hwarz): If a holomorphi
 δ : D→ D has δ(0) = 0, then

|δ(z)| ≤ |z| ∀z ∈ D with �=� i�
δ(z) = λz with |λ| = 1.Hen
e, δ and its inverse mapping satisfy both |δ±1(z)| ≤ |z|, therefore δ(z) =

λz is a hyperboli
 motion ⇒ .Theorem 7.8 G ⊂ PSL2(R) a
ts dis
ontinuously on H, i� G is a dis
retesubgroup of PSL2(R).7.2 Fu
hsian GroupsThere are two methods for the 
ontru
tion of Fu
hsian groups:
• Arithmeti
: Constru
t dis
rete groups of PSL2 R by number theory,e.g. Γ = PSL2 Z (modular group).
• Geometry (Poin
aré): Start with a �suitable� hyperboli
 polygon F(later serving as the fundamental domain for G), and generate G byside-pairing transformations.Example: the �triangle groups� 〈l,m, n〉 (drawing in D instead of H),

l,m, n ∈ N\{0} or ∞ with
1

l
+

1

m
+

1

n
< 1.22



π
l

F

π
m

π
nFor example 〈2, 3,∞〉 = PSL2 Z and

〈∞,∞,∞〉 = Γ(2) = { γ ∈ Γ = PSL2 Z | γ ≡ E mod 2 }Also Γ/Γ(2) = PSL2(Z/2Z) ∼= S3. Fa
t: there are 85 triangle groups whi
hare �arithmeti
ally de�ned� (Takeu
hi ∼ 1970).
γl

0 = 1 = γm
1 = γn

∞ = γ∞γ1γ0.Theorem 7.9 a) These triangle groups 〈l,m, n〉 = 〈γ0, γ1, γ∞〉 are dis-
ontinuous on H with F as �fundamental region� (i.e. F open and
F ∩ γF = ∅ ∀γ ∈ G− {1} and ⋃

γ∈G γF̄ = H) (hard work!)b) γ0 and γ∞ play the role of �side�pairing� transformations for F (fromwhat we 
an derive the relations given above).
) The quotient G\H is isomorphi
 to the Riemann sphere Ĉ, more pre-
iselyd) there is a meromorphi
 G-invariant fun
tion j : H → Ĉ (j(γ(z)) =
j(z)∀z ∈ H and γ ∈ G) mapping the two parts of F biholomorphi
alyonto H and −H, border edges onto R̂ and the verti
es onto 0, 1,∞, withmultipli
ities l,m, n.Exer
ise 7.2 Let G be a (possibly rami�ed) 
overing group of X a
tingdis
ontinuously on Y with X ∼= G\Y and let N ⊳ G normal subgroup,

X ′ := N\Y . Show that G/N a
ts as group of automorphisms on X ′ s.t.
(G/N)\X ′ ∼= X.Give an example of a Riemann surfa
e with an automorphism group PSL2(Z/NZ),

N ∈ N\{0}. 23



Le
ture 6by Prof. Gareth Jones8 Continued from Le
ture 48.1 More on DessinsIsomorphism of dessins: If B = (G, x, y, E) and B′ = (G′, x′, y′, E ′) are bi-partite maps (=dessins), then an isomorphism i : B → B′ 
onsists of agroup-isomorphism θ : G → G′ sending x to x′, y to y′, and a bije
tion
φ : E → E ′ 
ompatible with θ, i.e. φ(eg) = φ(e)θ(g) for all e ∈ E and for all
g ∈ G:

E ×G

θ
��

φ
��

// E

φ

��
E ′ ×G′ // E ′Theorem 8.1 Every dessin B is isomorphi
 to A\B̃ for some regular dessin

B̃ and subgroup A ⊆ Aut B̃.Proof. Take G to be the monodromy group of B, and take B̃ to be the dessin
orresponding to the regular representation of G, so B̃ is regular (Theorem2.1). Take A = {λg | g ∈ Ge } for some e ∈ E; then orbits of A on E are just
osets Geg (g ∈ G), so A\B̃ ∼= B. �Call B̃ the 
anoni
al regular 
over of B.Exer
ise 8.1 Let B 
onsist of a path of N edges, alternately white, bla
k,white, et
. • ◦ • ◦ . . . Find G, C, B̃ and A for thisdessin.What about embeddings of graphs G whi
h are not ne
essarily bipartite,e.g. the tetrahedron or o
tahedron?Convert G into a bipartite graph by regarding the verti
es of G as bla
kverti
es, and pla
ing a white vertex in ea
h edge of G.
•

G

�����������������
•

~~~~~~~

� // ◦

• •
B=Gbip~~~~~~~24



This gives a bipartite graph Gbip. Any embedding of G in a surfa
e gives abipartite map B. The edges of B 
orrespond to the dire
ted edges (=darts)of G. The rotations x and y of the set E of edges of B 
orrespond to rotations
x and y of the set Ω of darts of G. So x rotates darts α around their in
identverti
es following the orientation of the surfa
e amd y reverses the dire
tionof ea
h dart, so y2 = 1.We 
an de�ne an algebrai
 map (not ne
essarily bipartite) to be a 4-tuple
(G, x, y, Ω) where G = 〈x, y〉 is a transitive permutation group a
ting on Ω,with y2 = 1. As before, we 
an identify the verti
es, edges and fa
es with
y
les of x, y and xy on Ω, in
iden
e given by non-empty interse
tion.The algebrai
 theory is similar to that for bipartite maps.8.2 Example
M, Monsieur Mathieu:

2 -- 1qq•OO3

4 ��• oo
6 7

//
OO5

8 ��

•

•??9

12
��~~~~~~~ __ 10

11��@@@@@@@

• •Here |Ω| = 12. So
x = (1 2 3)(4 5 6)(7)(8 9 10)(11)(12)and
y = (1 2)(3 4)(5 8)(6 7)(9 12)(10 11).Now G = 〈x, y〉. GAP ⇒ |G| = 95040, G ∼= M12.Finite simple groups (
lassi�ed ∼ 1980): Cp, An, where (n ≥ 5), groupsof Lie type, e.g. PSL2(Fq), 26 sporadi
 groups, e.g. Mathieu group Mn where

n = 11, 12, 22, 23, 24. In this example, Gα
∼= M11 for α ∈ Ω. M has genus 0,and type (3, 2, 11). The 
orresponding bipartite map B has 
anoni
al regular
over B̃ of type (3, 2, 11) and genus g = 3601 (see Exer
ise 2.3), Aut B̃ ∼= M12.By Belyi's theorem B̃ 
orresponds to an algebrai
 
urve de�ned over analgebrai
 number �eld. The �eld of de�nition is Q(

√
−11). This has Galois25



group isomorphi
 to C2, generated by 
omplex 
onjugation. Applying thisto the 
oe�
ients of the algebrai
 
urve and the Belyi fun
tion, we get themirror image ofM, M̄. Later we will see more interesting and less obviousa
tions of Galois groups of maps.9 Galois Theory9.1 Basi
 Galois TheoryEvery �eld F has an algebrai
 
losure F̄ , a minimal extension �eld of F overwhi
h every f ∈ F [x] splits into linear fa
tors. This �eld F̄ is:
• unique up to isomorphisms �xing F ,
• an algebrai
 extension of F , i.e. every α ∈ F̄ is a root of some non-zero

f ∈ F [x], or equivalently |F (α) : F | <∞.Important 
ase:
Q̄ := {α ∈ C | f(α) = 0 for some non-zero f ∈ Q[x] }the �eld of algebrai
 numbers. Motivation: Belyi's Theorem.A �eld extension K ⊇ F is normal (or Galois) if every embedding e :

K →֒ F̄ (�xing F ) satis�es e(K) = K.(Stri
tly speaking, �Galois = normal and separable�, where �separable�means that irredu
ible polynomials don't have repeated roots; all �elds of
hara
teristi
 0 are separable, so we'll ignore this point by assuming that
char F = 0 for all �elds F mentioned.)Example 9.1 F = Q, K = Q(ζn) the nth 
y
lotomi
 �eld, ζn = exp(2πi

n
).Any embedding e : K →֒ Q̄ sends ζn to some ζj

n ∈ K, so e(K) = K. This isa Galois extension.Example 9.2 F = Q, K = Q(α), α = 21/3 ∈ R. There is an embedding
e : K →֒ Q̄ sending α to αζ3 /∈ K. This extension is not Galois.Theorem 9.1 K ⊇ F is a �nite Galois extension if and only if K is thesplitting �eld of some f ∈ F [x].The Galois group Gal K of a �eld K is the group of all �eld automor-phisms of K. If H ≤ Gal K, then fix H is the sub�eld �xed pointwise by H.If F ⊆ K then Gal K/F is the subgroup of Gal K �xing F pointwise.In Theorem 9.1 G = Gal K/F permutes the roots of f faithfully so we
an embed G in Sn, n = deg(f) =�no. of roots of f �, and |G| = |K : F |.26



Example 9.3 K = Q(α, ζ3), α = 21/3 ∈ R as before, F = Q. K is the split-ting �eld of f(x) = x3− 2. Degree is |K : F | = 6, basis 1, α, α2, ζ3, αζ3, α
2ζ3.

f has three roots αj = αζj
3 (j = 0, 1, 2) permuted faithfully by G = Gal K/F ,so G →֒ S3. Sin
e |G| = |K : F | = 6 and |S3| = 6, G ∼= S3.Theorem 9.2 (Fundamental Theorem of Galois Theory) Let K ⊇ Fbe a �nite Galois extension, G = Gal K/F . There is an order-reversingbije
tion L 7→ H = Gal K/L between �elds L su
h that K ⊇ L ⊇ F , andsubgroups H ≤ G. The inverse sends ea
h H to L = fix H. We have |K :

L| = |H| and |L : F | = |G : H|. L ⊇ F is Galois i� H E G, in whi
h 
ase
Gal L/F ∼= G/H.
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1In example 1,
Gal Q(ζn)/Q = { θj : ζn 7→ ζj

n | (j, n) = 1 } ∼= Un = Z∗
n,the group of units mod n. This is abelian, so all sub�elds of Q(ζn) areGalois over Q.In example 3, S3 ⊲ A3

∼= C3, and the �eld L 
orresponding to H = A3is the Galois extension Q(ζ3) of Q. The sub�eld L = Q(α) 
orresponds to anon-normal subgroup of GExer
ise 9.1 Find the splitting �eld K of xn− 2, des
ribe the Galois groupof K, and �nd the subgroups �xing 21/n ∈ R and ζn.9.2 The Absolute Galois GroupThe absolute Galois group of a �eld F is Gal F̄ /F . The absolute Galois groupis Gal Q̄/Q, denoted by G. Let K denote the set of all �nite Galois extensions
K of Q, and let GK = Gal K/Q, a �nite group of order |K : Q|.Theorem 9.3 (i) Q̄ is the union of all the �elds K ∈ K(ii) Ea
h K ∈ K is invariant under G.Proof. 27



(i) Ea
h K ∈ K is a �nite extension of Q, so if α ∈ K then |Q(α) : Q| ≤
|K : Q| < ∞, so α ∈ Q̄. Conversely, if α ∈ Q̄ then f(α) = 0 for somenon-zero f ∈ Q[x], and α ∈ K =�splitting �eld of f �.(ii) Follows by de�nition of �Galois�.

�Thus ea
h g ∈ G is uniquely determined by its restri
tions gK ∈ GK tothe �elds K ∈ K. If K ⊇ L where K,L ∈ K then L is invariant under GK sothere is a restri
tion homomorphism ρK,L : GK → GL sending gK to gL, i.e.
ρK,L(gK) = gLwhenever K ⊇ L. Conversely if we have elements gK ∈ GK for ea
h K ∈ K,with ρK,L(gK) = gL whenever K ⊇ L, we 
an de�ne g ∈ G by g(α) = gK(α)where α ∈ K ∈ K. (Che
k independen
e of K.) We 
an therefore identify

G = Gal Q̄ with the group
{ (gK) ∈ Π := ΠK∈KGK | ρK,L(gK) = gL whenever K ⊇ L in K},the subgroup of the 
artesian produ
t Π 
onsisting of elements whose 
oor-dinates are 
ompatible with the ρK,L's.This is the proje
tive limit lim←−GK of the �nite groups GK and homomor-phisms ρK,L, a pro�nite group.Exer
ise 9.2 Show that ⋃

n≥1 Q(ζn) is a sub�eld of Q̄, and des
ribe its Ga-lois group.Exer
ise 9.3 What are the 
ardinalities of Q̄ and G?To get a bije
tion between �elds and groups, we need some topology:Put the dis
rete topology on ea
h GK (K ∈ K), so all subsets are openand 
losed. This indu
es a produ
t topology on Π, the weakest su
h that theproje
tions Π→ GK are 
ontinuous. G →֒ Π, so G inherits a topology from
Π, the Krull topology. (Intuitively, elements of G are �
lose together� if theyagree on a large sub�eld of Q̄.) Multipli
ation and inversion are 
ontinuousin ea
h GK , and hen
e also in Π and G, so these are topologi
al groups.Exer
ise 9.4 Show that G is a 
losed subgroup of Π, and both Π and G are
ompa
t Hausdor� spa
es.Warning: G is topologi
ally unpleasant: homeomorphi
 to a Cantor set.The Fundamental Theorem (9.1) extends to the extension Q̄ ⊇ Q pro-vided we restri
t the bije
tion to the 
losed subgroups of G, not all subgroups.28



Exer
ise 9.5 In any topologi
al group, every open subgroup is 
losed, andevery 
losed subgroup of �nite index is open.
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Le
ture 7by Prof. Jürgen Wolfart10 Continued from Le
ture 5Theorem 10.1 a) Fu
hsian triangle groups G are dis
ontinuous on Hwith F (see Se
tion 7.2) as �fundamental domain�.b) G is generated by γ0, γ1, γ∞ (by any two of them)
) G is presented by 〈γ0, γ1, γ∞ | γl
0 = γm

1 = γn
∞ = 1 = γ∞γ1γ0 〉d) There is a meromorphi
 G-invariant (G-�automorphi
�) fun
tion j :

H → Ĉ mapping the two (open) parts of F onto H and −H, borderedges on R̂, verti
es to 0, 1,∞ with rami�
ation multipli
ities l,m, n.e) j provides an identi�
ation of G\H with Ĉ (in the 
ase that l,m, n are�nite).Remark : In 
ase of 
usps, omit these points! I.e. for G = 〈∞,∞,∞〉 ∼=
Γ(2), j : H→ Ĉ− { 0, 1,∞} is the universal 
overing map!Exer
ise 10.1 Show that 〈 2, 2, n 〉 = G is a �spheri
al� triangle group and

j(z) =
1

4

(
2 + zn +

1

zn

)
.10.1 RemarksTriangle groups are (the only) �rigid� Fu
hsian groups, i.e. uniquely deter-mined by their presentation up to 
onjugation in PSL2(R).There is a bije
tion between { G − automorphi
 fun
tions on H } and

{meromorphi
 fun
tions on G\H }.10.2 More General Fa
ts about Fu
hsian GroupsTheorem 10.2 a) Let p ∈ H be a non-�xed point for G and let d be thehyperboli
 distan
e on H. Then (Diri
hlet)
F := { z ∈ H | d(p, z) < d(γ(p), z) ∀γ ∈ G − {id} } 6= ∅30



is a fundamental domain for G bounded by side-edges
lσ := { z ∈ H | d(p, z) = d(σ(p), z), σ ∈ G − {id}

d(p, z) ≤ d(z, γ(z)) ∀γ ∈ G − {id, σ} }.b) For all 
ompa
t C ⊂ H, lσ ∩ C 6= ∅ for �nitely many σ ∈ G only. F̄
ompa
t ⇒ F is a �nite 
onvex polygon bounded by �nitely many sideedges, F̄ 
ompa
t ⊂ H ⇔ X = G\H is a 
ompa
t Riemann surfa
e.
) G is generated (�nitely in the �
o
ompa
t� 
ase) by �side-pairing� trans-formations σ ∈ G sending lσ−1 to lσ, sending F to a neighbour σF with
ommon side lσ.d) Loops around verti
es of F  relations between these generators  presentation of G.e) (Poin
aré) If F is an H-polygon with side-pairings and some 
onditionon the angles guaranteeing that lo
ally around F , the images γF haveno overlapping ⇒ the plane is 
overed by GF without overlappings andwith H = GF̄ , G = 〈 side-pairings 〉.Example (in D): Let F be an 8-sided polygon with side-pairings as indi-
ated below,
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G = 〈α, β, γ, δ |αβα−1β−1γδγ−1δ−1 = 1 〉31



is a Fu
hsian group with G\H = X 
ompa
t of g = 2. This G is not rigid!
G\H has six real free parametres. At least lo
ally they 
an serve as 
oor-dinates of a �Tei
hmüller spa
e� parametrizing Riemann surfa
es of genus
2 .Theorem 10.3 a) Suppose G ⊂ ∆ are Fu
hsian, (∆ : G) <∞ with ∆ =⋃·

k Gγk, ∆ has F∆ as a fundamental domain. Then FG :=
⋃

k γkF∆ isa fundamental domain for G (⇒ indu
ing a triangulation of X = G\Hif ∆ is a triangle group).b) Let X,X ′ be Riemann surfa
es with surfa
e (universal 
overing) groups
G,G ′ ⊂ Aut H = PSL2 R. Then X ∼= X ′ i� G and G ′ are 
onjugate in
PSL2 R.

H

��

γ∈Aut H// H

��
X

∼= // X ′(γ well de�ned ⇔ indu
es a 
onjugation G → G ′)Re
all that a 
ompa
t Riemann surfa
e X is a smooth proje
tive algebrai

urve given by some equations. In 
ase g > 1, X = G\H with some Fu
hsiangroup G. How are the equations determined by G and 
onversely?Theorem 10.4 Suppose X is a (
ompa
t) proje
tive smooth algebrai
 
urve.It has a Belyi fun
tion β : X → Ĉ (i.e. 
an be de�ned over Q̄) ⇔ there is atriangle group ∆ = 〈 l,m, n 〉 (
o
ompa
t) and a �nite index subgroup G ⊆ ∆s.t. X ∼= G\HProof.�⇐�: If X ∼= G\H, G ⊆ ∆, then j : H → Ĉ with the j-fun
tion for ∆ =
〈 l,m, n 〉 indu
es a well-de�ned meromorphi
 mapping β : Gz 7→ j(z)rami�ed only in points G∆p0,G∆p1,G∆p∞ ∈ X = G\H (pi �xed under
γi), therefore a Belyi fun
tion; the dessin given by the ∆-tesselation onthe upper half-plane H, take the quotient by G.�⇒�: Start with a Belyi fun
tion β : X → Ĉ s.t. least 
ommon multiple (l
m)of all multipli
ities above 0, (1,∞) is l, (m,n). (Any 
ommon multipledoes as well!) ∆ = 〈 l,m, n 〉 ⊂ PSL2 R and its j-fun
tion ⇒ β−1 isonly lo
ally biholomorphi
 outside 0, 1,∞, but β−1 ◦ j is everywhere
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lo
ally well-de�ned, holomorphi
ally, so
w_

��

H

h

��

j

  @@@@@@@@ w�

  AAAAAAAA

wl/l′

CCCCCCCCC

CCCCCCCCC X
β // Ĉ wl

z � // zl′
ommutes. H is simply 
onne
ted, so (by the monodromy theorem)
β−1 ◦ j 
an be de�ned globally as holomorphi
 map h

h(z) = h(z′)⇒ z ∈ ∆z′So X ∼= G\H, where G is de�ned as { γ ∈ ∆ |h(z) = h(γz) for all z ∈
H }.

�10.3 Remarks
• In general, G is not the (unique) surfa
e group for X, be
ause it 
anhave torsion. But if l′ = l et
., i.e. if β has the same multipli
ity l (m,

n) in all zeros (1-points, poles), then h is the universal 
overing map,
G is the surfa
e group of X. This o

urs pre
isely if the dessin for β is�uniform�, in parti
ular if the dessin is regular.
• deg β = (∆ : G).
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Le
ture 8by Prof. Gareth Jones11 From Dessins to Holomorphi
 Stru
tures11.1 CoveringsLet B = (G, x, y, E) and B′ = (G′, x′, y′, E ′) be algebrai
 bipartite maps.A morphism γ : B → B′ or 
overing 
onsists of a group-homomorphism
θ : G → G′ and a fun
tion φ : E → E ′ su
h that x 7→ x′ and y 7→ y′ under
θ, and φ(eg) = φ(e)θ(g) for all e ∈ E, and for g = x, y (equivalently for all
g ∈ G).Example: B1 → B2 = C2\B1 in se
tion 6, le
ture 4.More generally, B → A\B = B′, where A ≤ AutB with G′, x′, y′ thea
tions of G, x and y on the orbits of A. Coverings indu
ed by automorphismsin this way are regular, or normal.Exer
ise 11.1 Show that θ and φ must be epimorphisms.

γ is an isomorphism i� θ and φ are bije
tions, and then an automorphismif B = B′.Exer
ise 11.1
AutB = C(G) ∼= NG(Ge)/Ge.Algebrai
 bipartite maps form a 
ategory.The topologi
al analogue of a morphism γ is a bran
hed 
overing X → X ′of surfa
es, preserving orientation, with bla
k verti
es, white verti
es, edgesand fa
es on X ′ lifting to the same on X, and bran
hing only at verti
es orfa
e-
enters. We have a 
ategory of topologi
al bipartite maps, and le
ture4 des
ribed a fun
tor from these to algebrai
 bipartite maps. We 
an easilyreverse this pro
ess, but with more work we 
an obtain holomorphi
, ratherthan topologi
al stru
tures from algebrai
 bipartite maps.11.2 Triangle Groups and Bipartite MapsConsider algebrai
 bipartite maps of a given type (l,m, n), so in G we have

xl = ym = zn = xyz = 1. Consider the (abstra
t) group
∆ = ∆(l,m, n) = 〈X,Y, Z |X l = Y m = Zn = XY Z = 1 〉34



G is a quotient of ∆ by X 7→ x, et
. Then ∆ → G → Sym(E) givesa transitive a
tion of ∆ on the edge set E of B. Bipartite maps of type
(l,m, n)↔ �transitive a
tions of ∆�. (Warning: a
tions of ∆ 
an give mapsof type (l′,m′, n′) where l′|l, et
.) These a
tions 
orrespond to 
onjuga
y
lasses of subgroups ∆e ≤ ∆ (e ∈ E). B is �nite (
ompa
t)⇔ |∆ : ∆e| <∞.Coverings B → B′ 
orrespond to in
lusions ∆e ≤ ∆e′ (easy exer
ise). Regular
overings 
orrespond to normal in
lusions. AutB ∼= N∆(∆e)/∆e (exer
ise2.2) Theorem 2.1 and exer
ise 2.2 giveTheorem 11.1 B is regular if and only if ∆e E∆, in whi
h 
ase

G ∼= AutB ∼= ∆/∆e.Example 11.1 Let B 
orrespond to the regular representation of G = Cn ×
Cn = 〈x, y |xn = yn = 1, xy = yx 〉. Then xy has order n, so the typeis (n, n, n). Take ∆ = ∆(n, n, n), ∆e = Ker(∆ → G) E ∆. G is abelian,so ∆e ≥ ∆′ = �
ommutator subgroup of ∆�. Both have index n2 in ∆, so
∆e = ∆′. Here G ∼= AutB ∼= ∆/∆e = ∆ab.The triangle group of type (l,m, n) has the same presentation as ∆ (gener-ators γ0, γ1, γ∞ in Jürgen's le
tures), so identify ∆ with this group, X,Y, Z =�rotations through 2π

l
,2π

m
,2π

n
about the verti
es of a triangle T with internalangles π

l
, π
m
,π
n
�. Assume that 1

l
+ 1

m
+ 1

n
< 1 (typi
al 
ase); if not, repla
e Hwith C or Ĉ. H is tesselated by the images of T under the extended trianglegroup ∆[l,m, n] generated by re�e
tions in the sides of T , and ∆ = ∆(l,m, n)is the even subgroup of index 2, preserving orientation.We 
an 
olour the verti
es bla
k, white or red as they are images of theverti
es of T �xed by X, Y or Z. Every triangle has one vertex of ea
h
olour. Their valen
ies are 2l, 2m, 2n respe
tively.
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Delete red verti
es (∗)and in
ident edges //

This gives a bipartite map of type (l,m, n) on H. This is the univer-sal bipartite map B∞(l,m, n) of type (l,m, n). It is a regular map, with
AutB∞(l,m, n) = ∆(l,m, n), edge-stabiliser ∆e = 1.35



Theorem 11.2 Every bipartite map B of type (l,m, n) is isomorphi
 to aquotient A\B∞(l,m, n) of B∞(l,m, n) by a subgroup A ≤ AutB∞(l,m, n).Proof. Take A to 
onsist of the automorphisms of B∞(l,m, n) indu
ed bythe subgroup ∆e of ∆, and 
he
k that B ∼= A\B∞(l,m, n). �11.3 Holomorphi
 Stru
tures
A\B∞(l,m, n) has extra holomorphi
 stru
ture, so denote it by Bhol. H isa Riemann surfa
e, and ∆e a
ts as a dis
ontinuous group of automorphismsof H (sin
e ∆ does), so Bhol is on a Riemann surfa
e X = A\H. Coverings
B → B′ of bipartite maps 
orrespond to in
lusions ∆e ≤ ∆e′ in ∆, so theseindu
e bran
hed 
overings X → X ′ of Riemann surfa
es. In parti
ular, if wetake ∆e′ = ∆, so |E ′| = 1 
orresponding to the trivial bipartite map withone edge, we get a 
overing X → X ′ = Ĉ bran
hed only over the verti
es
0 and 1, and the fa
e-
entre at ∞. This is a Belyi fun
tion (provided X is
ompa
t, i.e. B is �nite). Then Belyi's Theorem gives:Theorem 11.3 If B is a �nite algebrai
 map, then the Riemann surfa
e Xunderlying Bhol is de�ned, as a smooth proje
tive algebrai
 
urve, over the�eld Q̄ of algebrai
 numbers.Example 11.2 (Example 4.1 revisited) If B is as in example 11.1, theRiemann surfa
e X uniformised by ∆′ (=�
ommutator subgroup of ∆ =
∆(n, n, n)�) is the nth degree Fermat 
urve F = Fn with a�ne equation
xn + yn = 1, with Belyi fun
tion β : (x, y) 7→ xn. The bla
k verti
es areat (0, ζj

n) j = 0, 1, . . . , n − 1, and the white verti
es are at (ζk
n, 0) k =

0, 1, . . . , n − 1. The edges (given by β−1([0, 1])) between vj = (0, ζj
n) and

wk = (ζk
n, 0) are given by (rζk

n, sζj
n) where r, s ∈ [0, 1] and rn + sn = 1.In general,

AutB ∼= AutBhol ∼= N∆(∆e)/∆e

≤ NPSL2 R(∆e)/∆e (sin
e ∆ ≤ PSL2 R)
∼= Aut X.Thus automorphisms of B a
t as automorphisms of the Riemann surfa
e X(equivalently, of the algebrai
 
urve).Example 11.3 (=Examples 1 and 2 revisited) If B is as in Example11.1 and 11.2, then AutB ∼= Cn × Cn, and this a
ts on X by multiplying x36



and y independently by nth roots of 1. In this 
ase, AutB 6= Aut X, sin
e
Aut X is a semidire
t produ
t (Cn × Cn) ⋊ S3 of AutB by a 
omplement
S3. The extra S3 
omes from permuting the 3 vertex-
olours, or alternativelywrite X in proje
tive form as xn + yn + zn = 0, and let S3 permute the
oordinates.Exer
ise 11.2 Explain example 11.3 by des
ribing NPSL2 R(∆e).11.4 Non-
o
ompa
t Triangle GroupsSuppose we want to 
onsider all bipartite maps B of type (3, 2, n) withoutrestri
ting n. We take

∆ = ∆(3, 2,∞) = 〈X,Y, Z |X3 = Y 2 = Z∞ = XY Z = 1 〉
= 〈X,Y |X3 = Y 2 = 1 〉 eliminating Z = (XY )−1

∼= C3 ∗ C2.The algebrai
 theory works as before. Geometri
ally, we take T to have abla
k vertex at i (angle π
2
) and white vertex at ζ3 (angle π

3
), and a red vertexat∞ on ∂H (angle π

∞ = 0). Re�e
tions in the sides of T generate ∆[3, 2,∞],the images of T tesselate H, with verti
es at the images of ∞.Exer
ise 11.3 Show that ∆[3, 2,∞] = PGL2(Z), 
onsisting of the transfor-mations
τ 7→ aτ + b

cτ + d
a, . . . , d ∈ Z, ad− bc = 1or

τ 7→ aτ̄ + b

cτ̄ + d
a, . . . , d ∈ Z, ad− bc = −1.The �rst type form the even subgroup Γ = PSL2(Z).The orbit of ∞ under Γ is P1(Q) = Q ∪ {∞}, so this is the set of redverti
es. Deleting the red verti
es and their in
ident edges, we get a bipartitemap B∞(3, 2,∞) of type (3, 2,∞). If ∆e is a subgroup of �nite index in

∆ = Γ, then ∆e\H is a 
ompa
t Riemann surfa
e minus �nitely many points,one for ea
h orbit of ∆e on P1(Q)To deal with bipartite maps B of all possible types, use ∆(∞,∞,∞) =
Γ(2), 
ongruen
e subgroup of level 2 in Γ. Here T has 3 verti
es on ∂H, at
0, 1 and∞. Γ(2) is the even subgroup of ∆[∞,∞,∞] = �group generated byre�e
tions in the sides of T �. Images of T tesselate H, verti
es are elements
p
q
∈ P1(Q), 
oloured bla
k, white, red, as p is even and q is odd, or p and q areboth odd, or p is odd and q is even (orbits of Γ(2), see Exer
ise 2.3). Deleting37



red verti
es and in
ident edges gives B∞(∞,∞,∞) = B∞, the universalbipartite map. Every B is a quotient of B∞.Exer
ise 11.4 Draw B∞!
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Le
ture 9by Prof. Gareth Jones12 Quasiplatoni
 Surfa
es, and Automorphisms12.1 De�nitions and PropertiesAny 
ompa
t Riemann surfa
e X of genus g > 1 
an be uniformised byan essentially unique (upto 
onjugation by isometries) torsion-free Fu
hsiangroup K (∼= π1X). Isomorphisms X → X ′ are indu
ed by 
onjugatingisometries of H taking K to K ′. Taking X = X ′ we see that automorphismsof X are indu
ed by isometries normalising K. Sin
e K a
ts trivially on
K\H, we get

Aut X ∼= N(K)/Kwhere N denotes the normalizer in PSL2 R. (If g = 1, repla
e H with C,repla
e K with a latti
e Λ unique up to similarity � see the Ellipti
 Curvesle
ture.) We say that X (
ompa
t, of genus g > 1), is quasiplatoni
 if Xis uniformised by a subgroup K as above, with K normally 
ontained in atriangle group.Theorem 12.1 If X is a 
ompa
t Riemann surfa
e of genus g > 1, thefollowing are equivalent:a) X is quasiplatoni
,b) N(K) is a triangle group (K as above)
) X has a Belyi fun
tion β : X → Ĉ whi
h is a regular 
overing,d) X 
orresponds to a regular dessin.Proof.a) ⇒ b): N(K) is a Fu
hsian group (sin
e K is) and it 
ontains a triangle group.Any Fu
hsian group 
ontaining a triangle group must be a trianglegroup (by Tei
hmüller theory � triangle groups are the only rigid Fu
h-sian groups).b) ⇒ 
): In
lusion K ≤ N(K) indu
es a Belyi fun
tion
X ∼= K\H→ N(K)\H ∼= Ĉ.Sin
e K EN(K), this is a regular 
overing.39




) ⇒ d): Use β to lift the trivial dessin ( ◦
0 1

• ) on Ĉ to X, and sin
e β isregular we get a regular dessin on X.d) ⇒ a): If X 
orresponds to a regular dessin B, then K is normal in the 
orre-sponding triangle group.
�Example 12.1 The nth degree Fermat 
urve (n > 3) 
orresponds to a regulardessin, and is uniformised by the 
ommutator subgroup of ∆(n, n, n) whi
his normal.Exer
ise 12.1 For genus g = 1, what are the analogues of the quasiplatoni
surfa
es?One 
an 
hara
terise the quasiplatoni
 surfa
es as the lo
al maxima for

|Aut X|, in the sense that, within the Tei
hmüller spa
e of all 
ompa
t Rie-mann surfa
es of genus g, every other surfa
e su�
iently 
lose to X has fewerautomorphisms.12.2 Hurwitz Groups and Surfa
esHere we look for global maxima of |Aut X|.Problem: Given g > 1, what are the most symmetri
 Riemann surfa
esof genus g?We have Aut X ∼= N(K)/K, with N(K) Fu
hsian. The index |N(K) : K|is �nite, equal to the ratio of the areas of the fundamental regions of thesetwo groups. For K this is 4π(g − 1), so maximising |Aut X| is equivalentto minimising the area for N(K). One 
an show that among all Fu
hsiangroups, this area is minimised by the triangle group ∆(3, 2, 7) = ∆(2, 3, 7),given by
∆ = 〈X,Y, Z |X3 = Y 2 = Z7 = XY Z = 1 〉.Exer
ise 12.2 Prove that ∆ has a fundamental region of area π

21
, and thisis the minimum among all triangle groups. Use the Gauss-Bonnet formula:�area�=π − α− β − γ for a hyperboli
 triangle with internal angles α, β, γ.This gives us the Hurwitz bound

|Aut X| ≤ 4π(g − 1)

π/21
= 84(g − 1),40



attained i� X ∼= K\H where K is a normal subgroup of �nite index in
∆ = ∆(3, 2, 7). (Every proper normal subgroup in ∆ is torsion-free, easyexer
ise.) These surfa
es X and �nite groups G = Aut X are 
alled Hurwitzsurfa
es and Hurwitz groups. These surfa
es are all quasiplatoni
.Example 12.2 The modular group Γ = PSL2(Z) = ∆(3, 2,∞) maps onto
G = PSL2(7) = PSL2(Z7) by redu
ing 
oe�
ients mod 7. The generator
Z : τ 7→ τ + 1 is mapped to an element z of order 7 in G, so G is a quotient
∆/K of ∆ = ∆(3, 2, 7).

|G| = 168

(
=

7(72 − 1)

2

)
,so the surfa
e X = K\H has genus g = 1 + 168

84
= 3. This is Klein's quarti

urve, given in proje
tive 
oordinates by

x3y + y3z + z3x = 0,with Aut X ∼= PSL2(7).Exer
ise 12.3 Prove that there is no Hurwitz group of genus 2.12.3 Kernels and EpimorphismsIt's useful to 
ount normal subgroups K of a triangle group ∆ with a givenquotient group G ∼= ∆/K.Proposition 12.2 If ∆ is any �nitely generated group, and G is any �nitegroup, the number n∆(G) of K E∆ with ∆/K ∼= G is given by
n∆(G) =

|Epi(∆, G)|
|Aut G| ,where Epi(∆, G) is the set of all epimorphisms θ : ∆→ G.Proof. These normal subgroups K are the kernels of the epimorphisms

θ : ∆ → G, and ker θ = ker θ′ i� θ′ = α ◦ θ for some α ∈ Aut G. Hen
e thekernels 
orrespond to the orbits of Aut G a
ting by 
omposition on Epi(∆, G).
∆

θ′

!!CCCCCCCC
θ

}}{{{{{{{{

G α
// G41



Sin
e Aut G a
ts semiregularly (i.e. α ◦ θ = θ ⇒ α = id), its orbits all havesize |Aut G|. By the hypotheses, Epi(∆, G) is �nite, so the result follows. �For many G, |Aut G| is known or easily found, so 
on
entrate on 
ountingepimorphisms. If ∆ is a triangle group
∆(l,m, n) = 〈X,Y, Z |X l = Y m = Zn = XY Z = 1 〉,�nding epimorphisms ∆→ G is equivalent to �nding triples x, y, z ∈ G su
hthata)

xl = ym = zn = xyz = 1(so there is a homomorphism ∆→ G : X 7→ x et
.)b) G is generated by x, y and z (or by any two of these), so we have anepimorphism.If we want K to be torsion-free, we also require:
) x, y and z must have orders exa
tly l,m and n.12.4 Dire
t CountingExample 12.3 Let ∆ = ∆(5, 2,∞) and G = A5, so we 
ount K E ∆ with
∆/K ∼= A5. This is equivalent to 
ounting regular maps M (m = 2) withvalen
y 5 (l = 5) and AutM ∼= A5. A5 has 24 elements x of order 5 (the5-
y
les), and 15 elements of order 2 (the double transpositions (ab)(cd))giving 24 × 15 = 360 pairs x, y satisfying the relations of ∆. The subgroup
H = 〈x, y 〉 has order divisible by 10, so H ∼= D5 or H = A5. Thereare 6 subgroups H ∼= D5, ea
h generated by 4 × 5 = 20 pairs x, y, so 120pairs don't generate A5. Hen
e 360 − 120 = 240 do generate A5. Thus
|Epi(∆, G)| = 240. Now Aut A5 = S5 (a
ting by 
onjugation) of order 120,so n∆(G) = 240

120
= 2. Thus ∆ has two normal subgroups K with ∆/K ∼= A5,i.e. there are two regular 5-valent maps M with AutM ∼= A5. One is thei
osahedron, represented by

θ : X 7→ x = (1, 2, 3, 4, 5), Y 7→ y = (1, 2)(3, 4), Z 7→ z = (2, 5, 4).The other one is the great dode
ahedron, with 12 pentagonal fa
es, and theverti
es and edges of an i
osahedron. It's represented by
θ : X 7→ x = (1, 2, 3, 4, 5), Y 7→ y = (1, 3)(2, 4), Z 7→ z = (1, 2, 3, 5, 4).42



This has genus g = 1 + N
2
(1 − 1

l
− 1

m
− 1

n
) = 4 (where in this 
ase N = 60and l = 5, m = 2, n = 5.) The underlying algebrai
 
urve is Bring's 
urve,given in P4(C) by

xk
1 + xk

2 + xk
3 + xk

4 + xk
5 = 0 (k = 1, 2, 3).

Aut X ∼= S5 (permuting the 
oordinates), and the subgroup A5 is the auto-morphism group of the map.12.5 Counting by Chara
ter TheoryA (
omplex) representation of a group G is a homomorphism ρ : G→ GL(V ),
V a ve
tor spa
e over C. ρ : G→ GL(V ) and ρ′ : G→ GL(V ′) are equivalentif some isomorphism V → V ′ 
ommutes with G. The representation ρ isirredu
ible is V has no G-invariant subgroups other than 0 and V . A �nitegroup G has c irredu
ible representations, up to isomorphism, where c is thenumber of 
onjuga
y 
lasses in G. The 
hara
ter table of G is a c× c array,�entries� = �tra
e of ρ(g) on ea
h 
onjuga
y 
lass� (
onstant on ea
h 
lass).Proposition 12.3 If X ,Y and Z are 
onjuga
y 
lasses in a �nite group G,then the number of solutions of xyz = 1 in G with x ∈ X , y ∈ Y, z ∈ Z isequal to

|X | · |Y| · |Z|
|G| ·

∑

χ

χ(x)χ(y)χ(z)

χ(1)
,where χ ranges over the irredu
ible 
hara
ters of G.In A5 there are c = 5 
onjuga
y 
lasses: the identity, 15 double transposi-tions, 20 3-
y
les, and two 
lasses of 12 5-
y
les. Hen
e there are 5 irredu
ible
hara
ters and the 
hara
ter table looks like in table 1 where λ, µ = 1±

√
5

2
.

1 (..)(..) (...) (.....)+ (.....)−1 1 1 1 13 1 0 λ µ3 1 0 µ λ4 0 1 -1 -15 1 -1 0 0Table 1: The 
hara
ter table of A5.
43



Example 12.4 Take ∆ = ∆(3, 3, 5), G = A5 and 
ount KE∆ with ∆/K ∼=
A5. There is only one 
hoi
e for the 
lasses X and Y of elements x, y oforder 3, and there are two 
hoi
es for the 
lass Z 
ontaining z of order 5.In ea
h 
ase there are 60 triples x, y, z in these 
lasses satisfying xyz = 1,giving 120 triples. Hen
e there is 120

120
= 1 normal subgroup K. This givesa single regular bipartite map of type (3, 3, 5) with AutB ∼= A5. Exer
ise ⇒genus g = 5. It's a double 
overing of the dode
ahedron bran
hed over the 12fa
e-
entres, with verti
es 
oloured alternately bla
k and white.

44



Le
ture 10by Prof. Jürgen Wolfart13 Moduli Fields and Fields of De�nitionThe aim of this 
hapter is to give a �avour of the 
onverse to Thm. 4.1.�Existen
e of Belyi fun
tion β ⇒ X is de�ned over Q̄.�
K is a �eld of de�nition for the 
ompa
t Riemann surfa
e X i� X is iso-morphi
 to a smooth proje
tive algebrai
 
urve ⊂ PN(C) given by equations

pi(x0, . . . , xN) = 0, all pi ∈ K[x0, . . . , xN ]. If K is a �eld of de�nition, then
C ⊃ L ⊃ K is a �eld of de�nition. Is there a minimal �eld of de�nition? Isit in Q̄?Let

G
C

:= group of �eld automorphisms of C.Suppose X to be de�ned over K by equations pi(x0, . . . , xN) = 0, take σ ∈
G

C
, let Xσ be de�ned by the equations pσ

i (x0, . . . , xN) = 0 (apply σ to all
oe�
ients of all pi) ⇔
{ [σ(x0), . . . , σ(xN)] | [x0, . . . , xN ] ∈ X } =: Xσ.This is again a smooth 
urve!By the same reason

X

β
��

///o/o/o/o Xσ

βσ

��

Ĉ
∼= // P1(C)
ommutes. Here βσ is de�ned by applying σ to the 
oe�
ients of β, and itremains a Belyi fun
tion on Xσ, be
ause vanishing of derivatives is preservedunder σ, and σ(0) = 0, σ(1) = 1, σ(∞) =∞. The list of all multipli
ities of

β is preserved under σ and degree of β equals to degree of βσ. This impliesthat σ maps the dessin D for β onto a dessin Dσ of the same type for βσ on
Xσ. Now G

C
a
ts on dessins of a given type and with a given no. of edges!Finite orbits ⇒Theorem 13.1 a) The subgroup G(D) := {σ ∈ G

C
|D ∼= Dσ } is of �niteindex in G

C
.
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b) σ ∈ G(D) ⇔ there exist (biholomorphi
!) isomorphisms fσ : X → Xσfor whi
h
X

β
��

fσ // Xσ

βσ
~~||||||||

Ĉ
ommutes with the respe
tive Belyi fun
tions.
) The �moduli �eld� M(D) := { ζ ∈ C |σ(ζ) = ζ ∀σ ∈ G(D) } has �nitedegree [M(D) : Q] ⇒ is a number�eld. (Reason: all ζ ∈ M(D) havea �nite orbit under G
C
, length of orbit is bounded by (G

C
: G(D)) ⇒

[M(D) : Q] ≤ (G
C

: G(D)).)Consequen
e: Also G(X) := {σ ∈ G
C
| ∃ isomorph. fσ : X → Xσ } andit follows that the 
orresponding �xed �eld M(X) of G(X) in ⊆M(D), andtherefore we have again a number �eld.Theorem 13.2 M(X) depends only on the isomorphism 
lass of X and is
ontained in any �eld of de�nition for X (analoguous for M(D) ⊂ �eld ofde�nitions for X and β).Suppose X ∼= X ′, i.e. there is an isomorphism h : X → X ′ and supposethat σ ∈ G(X), i.e. there is an isomorphism fσ : X → Xσ. We have anisomorphism hσ : Xσ → X ′σ and we 
an 
ontru
t an isomorphism to makethe diagram

X
h //

fσ

��

X ′

��
Xσ hσ

// X ′σ
ommute. hσ◦fσ◦h−1 gives the isomorphism we are looking for⇒ σ ∈ G(X ′)
⇒

G(X) ∼= G(X ′)⇒ 
laim.Theorem 13.3 M(X) is a �eld of de�nition for X if g(X) = 0 or 1.Proof. g = 0⇔ X ∼= Ĉ ∼= P1(C), de�ned /Q.
g(X) = 1⇔ X ∼= Λ\C, Λ = Z⊕Zτ (τ ∈ H). X de�ned /Q(g2(τ), g3(τ)) ⊇

Q(J(τ)), see Se
tion 5.1, and it is well known that X 
an be de�ned even over
Q(J(τ)). Xσ de�ned /Q(σ(g2(τ)), σ(g3(τ))), even over Q(σ(J(τ))), where
σ ∈ G

C
. So if X ∼= Xσ, their absolute invariants (the value of the ellipti
46



modular fun
tions) 
oin
ide by σ(J(τ)) = J(τ). Therefore, M(X) is gener-ated by J(τ) and Q(J(τ)) is a �eld of de�nition for X . �But: in high genera there are 
ounterexamples, where X 
annot be de�nedover M(X). (Earle 1969, Shimura, Dèbes/Emsalem, Fuertes/Gonzalez).Example by Earle in g = 2, ζ = ζ3 = e
2πi
3

X : y2 = x(x− ζ)(x + ζ)(x− ζ2t)(x +
ζ2

t
)de�ned over Q(ζ), and where t ∈ Q, t 6= 0, 1, t > 0.1. X 
annot by de�ned over Q. Note that the Weierstrass points (∞,∞), (0, 0),

(ζ, 0), (−ζ, 0),(ζ2t, 0), (− ζ2

t
, 0) ofX are �intrinsi
�, also their image pointsin P1(C) under (x, y) 7→ x, up to PSL2 C-transformations. If X 
anbe de�ned over Q, then there is an anti
onformal automorphism of X,permuting the 
riti
al points on P1(C): it doesn't exist (by 
al
ulationof 
ross-ratios)!2. M(X) = Q = R ∩ Q(ζ), X ∼= X̄, i.e. there is a holomorphi
 isomor-phism X → X̄. There is an anti
onformal mapping (x, y) 7→ (− 1

x̄
, iȳ

x̄3 ),whi
h is in fa
t an anti
onformal automorphism (of order 4).Theorem 13.4 If M(X) ∈ Q̄, then X 
an be de�ned over a number �eld.(Weil, J.W., B. Kö
k)Idea: Any �eld of de�nition K for X is �nitely generated over M(X)be
ause for a model of X de�ned over K

σ|K = id⇒ X = Xσ.Suppose for simpli
ity K = M(X)(ξ) where ξ is trans
endental, then thereexists σ ∈ G
C
, σ|M(X) = idM(X), σ(ξ) 7→ η (η any other trans
endentialnumber). And be
ause σ ∈ G(X), there exists an isomorphism fσ : X → Xσ.Equations pi(x) = 0  pσ

i (x) = 0 
oe�
ients rational in ξ  
oe�
ientsrational in η. Now try to insert in fσ instead of η some algebrai
 α ∈ Q̄, andit 
an be shown that fσ is still an isomorphism for in�nitely many α ∈ Q̄.This gives the 
laim.Theorem 13.5 (Weil) Let X be de�ned over a �nite extension L of M :=
M(X). Then X 
an be de�ned over M itself if and only if ∀σ ∈ Gal M̄/Mthere is an isomorphism fσ : X → Xσ su
h that ∀σ, τ ∈ Gal M̄/M we have

fστ = f τ
σ ◦ fτ .47



Analoguous statement holds for M(D) and the �eld of de�nition for Xand β, with diagram
X

β !!CCCCCCCCC
fσ // Xσ

βσ
}}zzzzzzzzz

P1(C)
ommuting.Consequen
e: If Aut X = {id}, then X is de�ned over M(X). ⇐ fσ isunique (generi
 
ase for g > 2).Theorem 13.6 (Coombes/Harbater, Dèbes/Emsalem, J.W., B. Kö
k)Quasiplatoni
 
urves X 
an be de�ned over their moduli �elds M(X).Idea: The 
anoni
al proje
tion X → Aut X\X ∼= P1(C) is a Belyi fun
-tion, assume that the 
riti
al points are 0, 1,∞. Let D be the 
orresponding(regular) dessin on X, M(D) ⊂ Q̄. Prove �rst that X, β are de�ned /M(D).Let r 6= 0, 1, r ∈ M(D) ⊂ C ⊂ Ĉ, �x one x ∈ β−1(r), σ ∈ Gal Q̄/M(D) tomake the following diagram
x

& ,,
n

��................ X

β

��///////////////
// Xσ

βσ

�����������������
σ(x)

r Ĉ
ommute. σ(r) = r ⇒ σ(x) ∈ (βσ)−1(r), 
hoose fσ so that fσ(x) = σ(x)
⇒ unique 
hoi
e for fσ and it has been shown that Weil's 
onditions aresatis�ed! The proof that X 
an be de�ned even over M(X) ⊆ M(D) needssome additional arguments.Exer
ise 13.1 Show that the ellipti
 
urve 
an be de�ned over Q(J(τ)) ⊆
Q(g2(τ), g3(τ)).Exer
ise 13.2 Suppose X de�ned /Q̄, g(X) > 1. (Aut X �nite ⇒) Showthat all automorphisms f : X → X are also de�ned /Q̄.
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Le
ture 11by Prof. Gareth Jones14 Regular Embeddings of Complete BipartiteGraphs14.1 Regular MapsEvery bipartite map B is a quotient of a regular bipartite map B̃ by some
A ≤ Aut B̃. Similarly for mapsM. Hen
e the importan
e of regular maps.One 
an try to 
lassify these by type, group, genus or graph.a) Classifying by type: Study �nite quotients of the triangle group ∆ =

∆(l,m, n) of a given type (see previous le
tures for some ideas). If
1
l
+ 1

m
+ 1

n
≤ 1 (so ∆ is in�nite) then a theorem by Mal'
ev states thata �nitely-generated linear group is residually �nite (⋂{K E ∆ | |∆ :

K| <∞} = 1), so ∆ has in�nitely many K E∆ of �nite index, so weget in�nitely many regular maps of type (l,m, n).Example 14.1 Taking ∆ = ∆(3, 2, 7) we get in�nitely many Hurwitz groupsand Hurwitz surfa
es. E.g. Ma
beath (1964): PSL2(Fq) is a Hurwitz group
⇔ q = 7, or q = p ≡ ±1 mod 7 (p prime), or q = p3, prime p ≡ ±2,±3
mod 7. Conder (∼ 1980): An is a Hurwitz group for all n ≥ 168 (and some
n < 168).b) Classifying by group: Di�
ulty: G usually has many generating pairs

x, y. J.D. Dixon (∼ 1964): If x, y are randomly-
hosen elements of
G = Sn, then they generate either Sn or An with probabilities → 3

4(not both elements even) or 1
4
(both elements even) as n→∞. Thereare similar results for other 
lasses of groups.
) Classifying by genus: If g = 0 or 1 there are in�nitely many regularmaps, but they are well-known (e.g. see Chapter 8 of Coxeter andMoser for g = 1). If g > 1, Hurwitz's bound |G| ≤ 84(g − 1) impliesthat there are only �nitely many regular maps of genus g, and these
an by 
lassi�ed by hand (for small g) or 
omputer (for larger g).d) Classifying by graph: Problem: Given a graph G (or 
lass of graphs G),�nd all regular maps with G as the embedded graph. Equivalently, lookfor G ≤ AutG, transitive on the vertex-set V , with vertex-stabiliser49



Gv (v ∈ V ) 
y
li
 and transitive on the neighbours of v (indu
ed byrotating the surfa
e around v). Su
h an embedding 
an exist only if
G is ar
-transitive, i.e. AutG a
ts transitively on the ar
s (=dire
tededges) of G.Example 14.2 Take G = Kn = �
omplete graph on n verti
es�. The graphs

•K1 •
K2

• • •

•

@@@@@@@ K3

~~~~~~~

•

��������������

//////////////

•

@@@@@@@

~~~~~~~

•
K4

•are regular embeddings, g = 0.
•

• • •

• • •

•

K5 →֒�torus�, g = 1. For K6 there's no embedding and for K7 two exampleson torus (see if you 
an �nd them, imitating K5).Theorem 14.1 (Biggs, 1971) Kn has a regular embedding ⇔ n = pe forsome prime p.Theorem 14.2 (James & J. 1985) Regular embeddings of Kn 
lassi�edand enumerated. 50



Biggs's examples are the onlny ones. His 
onstru
tion: Take V = Fn,�nite �eld of order n = pe, unique up to isomorphism. Multipli
ative group
F∗

n = Fn\{0} is 
y
li
, so 
hoose a generator α. The 
y
li
 order of neighboursof ea
h vertrex v is v + 1, v + α, v + α2, . . ., v + αn−2. Che
k that this givesa regular embeddingM(α),
G = AutM(α) ∼= AGL1(Fn) = { t 7→ at + b | a, b ∈ Fn, a 6= 0 }.
M(α) ∼=M(α′)⇔ α, α′ are 
onjugate under Gal(Fn) ∼= Ce,where Ce is generated by the Frobenius automorphism t 7→ tp. Therefore

#mapsM(α) =
φ(n− 1)

e
,where φ(n− 1) is the number of 
hoi
es of α generating F∗

n
∼= Cn−1 and e isthe size of orbits of Gal(Fn).Hint for K7: Dessin represents the Fano plane P2(F2). Bla
k/white ver-ti
es = 7 points & 7 lines. Can you get a regular embedding of K4 from this?Can you get two of them?14.2 Complete Bipartite GraphsTake G = Kn,n =�
omplete bipartite graph with n bla
k verti
es and n whiteverti
es, every bla
k and white pair joined by one edge�, so |V | = 2n and

|E| = n2.We look for embeddingsM of Kn,n whi
h are regular as maps, not justas bipartite maps, i.e. AutM (ignoring the vertx-
olours) should a
t tran-sitively on dire
ted edges, not just on edges, so AutM = AutB ⋊ C2 where
AutB = G is the automorphism group of the dessin (preserving vertex-
olours), and C2 reverses them.Example 14.3 The Fermat 
urve xn+yn = 1, with Belyi fun
tion β(x, y) =

xn, gives a regular embedding of Kn,n of genus g = (n−1)(n−2)
2

, with G =
Cn×Cn a
ting by sending (x, y) to (xζj

n, yζk
n); here the automorphism (x, y) 7→

(y, x) transposes bla
k and white verti
es, giving AutM = (Cn × Cn) ⋊ C2(isomorphi
 to wreath produ
t of Cn and C2, Cn ≀ C2). This is the standardembedding Sn of Kn,n.Thus if ν(n) := �number of regular embeddings of Kn,n (up to isomor-phism). Then ν(n) ≥ 1 for all n, sin
e Sn exists for all n.Theorem 14.3 (Nedelar, �koviera & J. ∼ 2001) ν(n) = 1 (i.e. Sn isthe only regular embedding of Kn,n) ⇔ (n, φ(n)) = 1 ⇔ n = p1 . . . pk, pidistin
t primes, pi ∤ pj − 1 when i 6= j.51



(Compare with a result of Burnside, ∼ 1900: these are the n for whi
hthere is only one group of order n, namely Cn. The proofs are independent.)The asymptoti
 density of these integers n is (by Erd®s, 1948)number of su
h integers n ≤ N

N
∼ e−γ

log log log N
as N →∞where γ is Euler's 
onstant.Theorem 14.4 (Nedela, �koviera & J.) If n = pe, prime p > 2, then

ν(n) = pe−1.These maps all have genus g = (n−1)(n−2)
2

. They have valen
y n, and thefa
es are all 2n-gons. The groups G = AutB (preserving the vertex-
olours)have the form
G = Gf = 〈 g, h | gn = hn = 1, g−1hg = h1+pf 〉,where f = 1, 2, . . . , e. (If f = e then pf = pe = n, so h1+pf

= h, so
G = Cn × Cn withM = Sn)For a given G = Gf , the mapsM 
orrespond to orbits of Aut G on pairsof elements x, y su
h that1. G = XY with X ∩ Y = 1, X = 〈x〉 and Y = 〈y〉, both of order n;2. some α ∈ Aut G transposes x and y.(Here x and y represent rotations around a bla
k and a white vertex, αis 
onjugation of G by an automorphism of M reversing the edge betweenthem.) As representatives of the orbits of Aut G on su
h pairs, one 
antake x = gu, y = guh (or (gh)u, more 
onvinient for Galois theory) where
u = 1, 2, . . . , pe−f and (u, p) = 1.For ea
h f we have φ(pe−f ) possible 
hoi
es of u, so summing over f =
1, . . . , e we get ∑e

f=1 φ(pe−f ) = pe−1 mapsM. These 
orrespond to normalsubgroups KE∆(n, n, n), whi
h are also normal in ∆(n, 2, 2n) whi
h 
ontans
∆(n, n, n) with index 2.

K E∆(n, n, n) ≤ ∆(n, 2, 2n)The proof depends on:Theorem 14.5 (Huppert, 1951) If G is a p-group (|G| is a power of p)for a prime p > 2, and G = XY for 
y
li
 subgroup X and Y , then G ismeta
y
li
 (i.e. there is a 
y
li
 N EG with G/N 
y
li
).52



In our 
ase |G| = n2 = p2e, and we 
an take N = 〈h〉. There areex
eptions to Huppert's Theorem when p = 2, and there are also ex
eptionalregular embeddings for n = 2e. E.g. n = q = 22:
•

• ◦ •

• ◦ • ◦ •

• ◦ •

•These is an embedding N4 of K4,4 of genus g = 1 6= (n−1)(n−2)
2

.Theorem 14.6 (Du, Kwak, Nedela, �koviera & J. ∼ 2005) The regu-lar embeddings of Kn,n for n = 2e are:
• these 
orresponding to Gf for f = 2, 3, . . . , e (not f = 1).
• N4 if e = 2.
• four similar ex
eptions for ea
h e ≥ 3.Re
ent result (Api
e 2006): 
omplete 
lassi�
ation for all n.What about the asso
iated algebrai
 
urves, Galois orbits, �elds of de�-nition, et
. Jürgen, Manfred Streit, Antoine Coste.
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Le
ture 12by Prof. Jürgen Wolfart15 Generalised Fermat CurvesTheorem 15.1 Let X be a quasiplatoni
 
urve with a regular dessin D oftype (l,m, n), and suppose that for any dessin D′ of the same type Aut D′ ∼=
Aut D implies D ∼= D′. Then X 
an be de�ned over Q.Proof. l,m, n is invariant under the a
tion of G

C
or Gal Q̄/Q, and moreover

Aut Xσ ∼= Aut X ⇒ Aut Dσ ∼= Aut D .From the hypothesis therefore follows Dσ ∼= D. ⇒G(D) = G
C
⇒M(D) = Q

⇒ X 
an be de�ned over Q. �Theorem 15.1 applies to all quasiplatoni
 
urves up to g = 6.Re
all: Fermat 
urves Fn, n > 3, have a regular dessin of type (n, n, n),based on Kn,n. Suppose now that n = pe > 3 (odd prime power) and supposethat all dessins are based on Kn,n, and they are regular as maps (i.e. thereis edge-transitive automorphism group and moreover a 
olour-ex
hanging(orientable) involution ◦ oo // • . Re
all that then [G.J., Nedela, �koviera℄
Aut D ∼= Cn ⋊ Cn := 〈 g, h | gn = hn = 1, hg := g−1hg = h1+pf 〉 = Gf(
olour-preserving subgroup) for some f = 1, . . . , e. Moreover
• the Gf are pairwise non-isomorphi
,
• ∀ f = 1, . . . , e there are quotients ∆/Kf,u

∼= Gf for ∆ = 〈n, n, n〉 bythe kernel Kf,u of the homomorphism γ0 7→ gu, γ1 7→ (gh)u for some u
oprime to p,
• these kernels Kf,u, Kf,v are di�erent⇔ u 6≡ v mod pn−f (giving pe−f−

pe−f−1 di�erent surfa
e groups if f < e),
• the 
ase f = e we have Ge

∼= Cn × Cu ⇒ Ke,1 = [∆, ∆] and Ke,1\H ∼=
Fn.Call Xf,u := Kf,u\H for f = 1, . . . , e and u ∈ (Z/pe−fZ)∗ �generalised Fermat
urves�. 54



Theorem 15.2 (G.J.,Manfred Streit, J.W.) For �xed n = pe odd and
f ∈ { 1, . . . e }, these Xf,u form one Galois orbit. Their moduli �eld M(Xf,u)(= a minimal �eld of de�nition) is

Q(η), η = exp

(
2πi

pe−f

)
.Ideas for the proof:1. Show that Xf,u

∼= Xg,v ⇔ f = g and u ≡ v mod pe−f . Gf
∼= Gg ⇔

f = g. Therefore the �rst impli
ation is done. Xf,u
∼= Xf,v ⇔ Kf,u and

Kf,v are 
onjugate in PSL2 R (even in 〈2, 3, 2n〉). That possibility 
anbe ex
luded.2. For all σ ∈ Gal Q̄/Q 
onsider Xσ
f,u.Rami�
ations are preservedRegularity is preserved

Aut Xf,u is preserved


⇒ Xσ

f,u
∼= some Xf,v, v ∈ (Z/pe−fZ)∗.

⇒ Galois orbits are parts of {Xf,u |u ∈ (Z/pe−fZ)∗ }3. A
ting on Xf,u (and the dessin), g has pf (white) �xed points and ghhas pf (bla
k) �xed points. Gf is 
onsidered as automorphism group
∼= ∆/Kf,u, for the

• ◦ •
•

kkkkkkkkkk •
SSSSSSSSSS γ0

KK
��xed point of γ0

OO

γ0 7→ gu ⇒ g = (gu)u′(where uu′ ≡ 1 mod n) number of the �xed points 
al
ulate the index
(NGf

(〈g〉) : 〈g〉) = pf = (NGf
(〈hg〉) : 〈hg〉)4. Lo
ally in the �xed points, γ0 and γ1 behave like z 7→ ζnz+ �higher z-powers�. Fixed point ↔ 0 = z. ⇒ gu has also multiplier ζ = ζn in the
orresponding �xed point ⇒ g has multiplier ζu′ in the 
orresponding�xed point. All g-�xed points form an orbit under 〈

hpe−f
〉-orbit and

g has the same multiplier ζu′ in all its �xed points! Also gh has themultiplier ζu′ (u′u ≡ 1 mod n) in all its • �xed points. ⇒ In its family,
Xf,u is 
hara
terised by the multipliers ζu′ of g and gh in their �xedpoints. Fixed points of g: a
tion lo
ally by z 7→ ζu′

z+ �higher terms�.55



5. Behaviour of the multipliers under σ ∈ Gal Q̄/Q. Suppose g ∈ Aut Xwith �xed points P ∈ X and multiplier ξ⇒ on Xσ, g has �xed point P σwith multiplier σ(ξ). Choose for the lo
al 
hart some X → Ĉ globallymeromorphi
, de�ned over Q̄, P 7→ 0 simple zero in P , multipliers arealways roots of unity (⇐ �nite order), ξ 7→ σ(ξ) is a root of unity ofthe same order.6. σ ∈ Gal Q̄/Q, σ|Q(η) = idQ(η), where η = e
2πi

pe−f . σ(ζu′
) = ζv′ (primitive

nth-root of unity) with v′ ≡ u′ mod pe−f ⇔ v ≡ u mod pe−f ⇔Xf,u
∼=

Xf,v ⇒ σ ∈ G(Xf,u) ⇒ Q(η) is a �eld of de�nition. Gal Q̄/Q a
tstransitively on the primitive nth roots of unity ⇒ a
ts transitively on
{Xf,u} ⇒ they form a Galois orbit. M(Xf,u) = Q(η) is a �eld ofde�nition.Theorem 15.3 Let n = pe > 3 be an odd prime power and f ≥ e

2
. Then wehave a (singular, a�ne) model for Xf,1, given by the equations

vn = β(β − 1)

wpe−f

= 1− β

zpf

= w−r

pe−f−1∏

k=0

(w − ηk)akwhere a := p2f−e, r :=
(
(1 + pf )pe−f − 1

)
/pe (∈ N, 
oprime to p).Idea: Covering groups ↔ Galois groups of extensions of fun
tion �elds.

Gf ∈ σ Y

��

g //�

!!BBBBBBBBBB Ĉ

X (g ◦ σ) (σ−1g) mero on Y .For the 
anoni
al epimorphism ∆→ Gf we have
Kf,u

// {1}

Γ〈h〉 // 〈h〉
⊳quotient Cn %%KKKKKKKKKK

∆ // // Gf = 〈g, h〉56



Xf,u

wwwwwwwwwwwww

C(β, v) with
vn = rationalfun
tion of β

Cn-extensionof C(β)

##GGGGGGGGGGG
Γ〈h〉\H

FFFFFFFFFFFF

C(β) Ĉ ∼= ∆\HEquations for Xf,u = Kf,u\H ⇐ algebrai
 relations in the 
orrespondingfun
tion �eld. This is the 
omposite �eld of the fun
tion �eld for Γ〈h〉\Hand Γ〈g〉\H where Γ〈h〉 and Γ〈g〉 are the preimages of 〈h〉 and 〈g〉 under theepimorphism ∆→ Gf . Sin
e
Γ〈h〉\H→ ∆\H = Ĉis a 
y
li
 
overing rami�ed with multipli
ity n above 0, 1,∞, with an ad-ditional symmetry between 0 and 1, we get C(β, v) as fun
tion �eld for the
overing spa
e with vn = β(β−1). The 
orresponding 
onstru
tion for Γ〈g〉\His more 
ompli
ated, sin
e it needs a two-step tower of normal 
overings.
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Exer
ises16 Some Hints Con
erning Exer
isesExer
ise 1.1
Fn proje
tive Fermat 
urve of exponent n, then Aut Fn ⊆ (Cn×Cn) ⋊ S3(semidire
t produ
t), see Gareth's Le
ture 8. Moreover �=� holds if n > 3be
ause its surfa
e group K is the 
ommutator subgroup [∆, ∆] of the trianglegroup ∆ = 〈n, n, n〉, and Aut Fn = N(K)/K, N(K) = 〈2, 3, 2n〉 
ontaining

∆ as a normal subgroup with quotient S3. In fa
t, the hyperboli
 trianglefor the 
onstru
tion of 〈2, 3, 2n〉 results from that for 〈n, n, n〉 by bary
entri
subdivision, and it 
an be shown that 〈2, 3, 2n〉 is maximal Fu
hsian group,so N(K) 
annot be larger than 〈2, 3, 2n〉 (the analogous statement for n = 3,i.e. for 〈2, 3, 6〉 would be de�nitely wrong!).Exer
ise 1.2/4.2The genus of the (
ompa
t) hyperellipti
 
urve with a�ne equation y2 =

q(x), deg q =

{
2g + 1

2g + 2

} with {
2

1

} points above x = ∞ is g by appli-
ation of Riemann-Hurwitz to the mapping f : (x, y) 7→ x of degree 2: It isrami�ed in 2g + 2 points with multipli
ity 2, hen
e we have in fa
t
2g − 2 = 2 · (−2) +

∑
(multp f − 1) = −4 + (2g + 2) · 1.In the spe
ial 
ase q(x) = xn − 1 =

∏n
k=1(x− ζk

n)⇒

X → Ĉ→ Ĉ

(x, y) 7→ x 7→ xn

} rami�ed above 



0 in 2 points, mult = n

1 in n points, mult = 2

∞ in 1 point, mult = 2n for 2|n
∞ in 2 points, mult = n for 2 ∤ nde�nes a Belyi fun
tion of deg 2n and the dessin for this Belyi fun
tion lookslike two planes with this bipartite graph,

• •

◦

~~~~~~~

@@@@@@@ • ◦

~~~~~~~

@@@@@@@ •

• •glued in the bla
k points (and the point ∞ if n is even).58



A pi
ture in H ∼= D 
an be given and by a 2n-sided polygon
◦

◦ •

•

◦in the 
ase 2|n and a 2(n− 1)-sided polygon, subdivided in two 
ells
◦

◦ •
•

◦ •

========

========

•
◦

•if 2 ∤ n.Exer
ise 4.3A Belyi fun
tion for y2 = x(x− 1)(x− ζ3
3
√

2
) is formally the same (x, y) 7→

4x3(1− x3) as if ζ3 is repla
ed by 1, but with di�erent rami�
ations, so thedessin now looks like
◦

~~~~~~~ @@ • ◦ • ◦

����������
• @@

• @@

����������
◦ ◦ @@

◦ ◦ @@ •
(

ζ3
3√

2
,0)

vvvvvvvvv
• @@

◦
(0,0) ( 3

√
2,y3)
•

(1,0)
◦ •

( 3
√

2,−y3) (0,0)
◦in a fundamental parallellogram for the ellipti
 
urve. For ζ2

3 = ζ̄3 instead of
ζ3 a mirror image of this dessin arises.59



Exer
ise 7.1
β 7→ 1− β ex
hanges the 
olours of the bipartite graph, β 7→ 1

β
preserves

β = 1 and ex
hanges zeros and poles, hen
e 
ell 
enters and 0-verti
es⇒ thepole orders of β are the zero orders of that modi�ed dessin = 1
2

#�borderedges of the 
ell�, but the �inner edges� having the fa
e on both sides haveto be 
ounted twi
e!
◦

OOOOOOO

ooooooo

• •
◦ •

???

◦
OOOOOOO ◦

ooooooo

•

β 7→ 16β(β − 3

4
)2repla
es ◦

0 1
• by ◦

0 1

4

•
3

4

◦
1
• . (Idea: Take 1

2
(1+Tn(2β−1)),

n odd, to insert more verti
es with Tn the nth Tsheby
hev polynomial)
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