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Abstract—We extend the Enestrom-Kakeya theorem
and its refinement by Hurwitz to polynomial matrices H (z)
with positive semidefinite coefficients. We determine an
annular region containing the zeros of detH(z). A stability
result for systems of linear difference equations is given
as an application.

Index Terms—Enestrom-Kakeya theorem, polynomial
matrices, zeros of polynomials, root location, block com-
panion matrix, system of difference equations.
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[. INTRODUCTION

The following theorem is known as the Enestrom-
Kakeya theorem [10, p.4], [3, p.12], [11, p.255].

Theorem 1.1: Let h(z) = a,p,2" +- -+ a1z +agp
be a real polynomial with

Uy = -+ 2ay 2 ag =0, a, >0. (D

(i) Then all the zeros of h(z) are in the closed unit
disc.

(ii) The zeros of h(z) lying on the unit circle are
simple.

The Enestrom-Kakeya theorem is a powerful tool
to determine regions in the complex plane contain-
ing zeros of polynomials or eigenvalues of matrices.
It has been used to analyze overflow oscillations of
discrete-time dynamical systems [8], to investigate
properties of orthogonal wavelets [7], to establish
the stability of allpass fractional Hilbert transform-
ers [9], and to determine the asymptotic behavior of
zeros of the Daubechies filter [12] or the location
of zeros of the partial sums of cos(z) and sin(z)
[13]. For applications to a model of high energy
collisions we refer to [4].

It is not difficult to show (see e.g. [3, p.12]) that
Theorem 1.1(1) is equivalent to the following.

Theorem 1.2: Let h(z) =ag+a1z+ -+ apz"
be a real polynomial with positive coefficients. Set

Oggggl_l(ai/ai+1)a p=

a= OS%%_I(ai/aiJrl).

Then the roots A of h(z) satisfy

a < A< B. 2)

In this note we deal with polynomial matrices
H(Z) = A0+A12++Amzm

where the coefficients A; € C"*" are positive
semidefinite hermitian matrices. We generalize the
preceding two theorems and extend work of [6]
und [1] on the sharpness of the Enestrom-Kakeya
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theorem. We apply our results to systems of linear
difference equations of the form Y~ A;x(k+1) = 0.

We use the following notation. If M € C™*"
then o(M) and p(M) are the spectrum and the
spectral radius of M. For the polyomial matrix H(z)
we define o(H) = {\ € C;det H(\) = 0} and
p(H) = max{|\; \ € o(H)}.

Let A,A € C"™" be hermitian. We write A >
0, A > 0, if A is positive semidefinite and A is
positive definite. Accordingly, A > A means that
A — A is positive semidefinite. If all the eigenvalues
of M are real then A\yax(M) and A, (M) shall
denote the largest and the smallest eigenvalue of
M, respectively. Let D = {z € C;|z| < 1} be the
open unit disc and 0D = {z € C;|z| = 1} the unit
circle of the complex plane. The set 7, shall consist
of all real polynomials p(z) = 37, a;2" satisfying
(1).

According to [1] it is of interest to know when the
inequalities (2) in Theorem 1.2 are sharp, or equiv-
alently when a polynomial A(z) in Theorem 1.1 has
no roots with modulus 1. This was first studied by
Hurwitz. The following result contains a modified
version of Hurwitz’s original contribution [6].

Theorem 1.3: Let h(z) = ag + a12 + -+ +
Am-12""1 4 a,,2™ be a real polynomial with

0 < ag=a1=--=a,1 <
arlzar1+1:...:ar271<...
< Apy, = Qpep1 = *** = Q.

Set k =ged(m+1,ry,...,75). We have p(h) =1
if and only if £ > 1. In that case
O<a/0:"':ak_1§a/k:"‘_
S Qg1 =0 =
and
h(z) = (1+ 24+ 2 p(eh),
pen/,, clp)nNdD =10, (4

with ¢ = mTH

II. HERMITIAN POLYNOMIAL MATRICES
In the following let

H(z) = Ap2™ + App12™ P+ 4 Ay (5)

be a polynomial matrix with hermitian coefficients
A, e Cm" i =0,1,...,m, such that

We associate to u € C", u # 0, the polynomial

ho(2) =u' H(z)u =Y a;2'
with a; =u"Au, 1=0,...,m.

(7

Because of (6) the coefficients of h,(z) satisfy (1).
If HA)u=0,u# 0, then h,(\) =0, and we can
apply Theorem 1.1 (i) to h,(z) and obtain |\ < 1.
Thus the following result is obvious.

Theorem 2.1: If the polynomial matrix H(z) sat-
isfies (6) then p(H) < 1.

For k > 2 we define
di(2) =14z 4+ 271
Theorem 2.2: Let |A| = 1. (i) Suppose
A€eo(H) with HMNu=0,u#0, (8)

and
Asu#0and Aju =0 if i < s. 9

Then \* =1 for some k > 2. Set d(z) = 2°dy(z).

Let U = (u,us,...,u,) be unitary. Then
U'H(2)U =
d(z)pn(zk) d(Z)Pm(Zk) d(Z)pm(Zk)
d(2)p1a(2") . :
e
(10)

with suitable polynomials py;(z%).

(ii) We have H (\)u = 0 if and only if u*H(\) = 0.
_ Proof: Because of (9) we have h,(z) =

2°h(z), h(0) # 0. It follows from Theorem 1.3. that

there exists a £ > 1 such that m 4+ 1 = s+ k¢ and

wH(2)u = zsdk(z)pu(zk),
with P11 € 71'2__1, O'(pll) NoD = @ (11)

In particular, the coefficients a; in (7) satisfy

From v*A,u = -+ = u'A,_r1u and

An > > A, ks Wwe obtain u*A, =
.. = U*Am—k’—i-l = (Olml, e 7O[mn). Slm‘
ilarly, w*A,,_;. = - = UAn_ o1 =
(am—k,h sy Oém_k’n), ey U*A5+k_1 = =



U*As = (aerkfl,l; ) Oés+k71,n)’ U*Asfl ==
u*Ap = (0,...,0). Hence

— (Zm 4. 4 zm_k'l'l)(amh ... ,Oémn)+
(7 e ) 1 G
et (Zs+k*1 4+ 4 ZS)(Oés+k—1,17 - ,Oés+k—1,n)

=d(2) (zm_kH_s(aml, ey Q) F

m—2k+1—s(

Z Am—k,1y - -+ aam—k,n)+

R (as-i-k—l,b Ce 7as+k—1,n))
= d(2) (") o + (5) s+
+ Qsrp—1,15- -, (Zky_lamn +oe-t as+k—1,n)

= d(2)(pua (=), ... pia ("),

and we obtain (10) since all A; are hermitian.
(ii) Suppose H(A)u = 0. Then h,(\) = 0, and
therefore |A| =1 and (11) imply d(\) = 0. Hence
(10) shows that w*H(\) = 0. Conversely, we can
use the same line of argument if v*H(\) =0. O
Corollary 2.3: Let H(z) = (hw(z)). If A\ =1
and \ € o(h;;) for some i, then \ € o(H).
Proof: Let e; be the i-th unit vector of C". If
A € JD and efH(N)e; = h;;(A) = 0 then we have
H(M)e; =0, and therefore A\ € o(H). O

Theorem 2.4: If A € o(H) and |\| = 1 then
the corresponding elementary divisors of H(z) have
degree 1. Moreover, A # 1, and A =1 for some
keN, k<m+1.1If Ay > 0 then X! =1.

Proof: If A\ € o(H) has an elementary divisor
of degree at least 2 then (see e.g. [2, p.342]) there
exist nonzero vectors u,w such that H(A)u = 0
and H'(A)u+ H(MN)w = 0. Suppose |A| = 1. Then
u*H(\) = 0, and therefore h! (\) = u*H'(\)u = 0.
Then A € 0D would be a multiple zero of h,(z),
which is a contradiction to Theorem 1.1 (ii).

It is easy to see that 1 ¢ o(H). Suppose (8).
Then (11) implies d(\) = (\* —1)(A = 1)"1 =0,
and we obtain \* = 1. If A, > 0 then s = 0 in
(11). Therefore m + 1 = kf, and \™*! = 1. O

Furuta and Nakamura [5] extended Theo-
rem1.1 (i) to polynomials > A,z with positive
definite operator coefficients A;. The approach in [5]
is different, its relies on a power inequality for the
numerical radius of an operator acting on a Hilbert
space.

Note that Theorem 1.3 completely characterizes
those polynomials h(z) € 7, with ay > 0, which
satisfy p(h) < 1. In the case of polynomial matrices
H(z) we can only give sufficient conditions for
p(H) < 1.

Theorem 2.5: Assume

0<A<A < <A, 1 <A, <A 1<

<A, << AL <A << A
(12)

() If ged(m+1,7r1,...,7r5) =1 then p(H) < 1.
(ii) In particular, we have p(H) <1 if 0 < Ay <
A< < A,

Proof: Let h,(z) be defined as in (7). Then (12)
implies a,, 1 <a,,, j=1,...,s, and Theorem 1.3
yields p(h) < 1. Hence we have u*H (\)u # 0 for
all A € 0D, and therefore p(H) < 1. O

We now turn to Theorem 1.2 and its general-
ization. Suppose A, A € C™*" are positive semi-
definite. Let A* denote the Moore-Penrose general-
ized inverse of A. It is obvious that there exists a
number b € R such that bA > A, if and only if

(13)

It is not difficult to verify that under the hypothesis
(13) we have

min{b € R; bA > A} = \pax(AA%).
If A>0 then (13) implies A > 0. In that case
max{a €ER; aA < fl} = )\min(flA*l).

Ker A C Ker A.

Theorem 2.6: Let H(z) = Ao+Ai1z+-- -+ An2™
be a polynomial matrix with A; > 0,7 =0,...,m—
1, and A,, > 0. Suppose

KerA,,_; C --- C Ker Ay. (14)
Define
6= max{)\maX(Ai A§+1); 1=0,...,m— 1},
and either v = 0 if det Ay =0, or
o= min{)\min(Ai A;rll); 1=0,....,m— 1} (15)
if Ag > 0. Then
a < |\ <p forall N€o(H). (16)

Proof: Suppose A,,—1 # 0. Then 5 > 0. We
have A0 > A;, and thus A; 10 > A5,



1=20,...,m — 1. Moreover, A,,5™ > 0. Therefore
we can apply Theorem 2.1 to the polynomial matrix

H(Bz) =Ag+ A1 Bz+---+ A, 72",

and we obtain |A\| < § for all A € o(H). If
A1 =0 then (14) implies H(z) = A,,z™. Thus
o(H)={0} and 8 =0.

Suppose Ay > 0. Then (14) implies A; > 0
for all 7. Hence « in (15) is well defined. The
argument concerning H((z) can be adapted for
2™ H (a/z). It yields the lower bound in (16). In the
case det Ap = 0 we have 0 € o(H), and a =0 is
the trivial bound lower bound in (16). ]

We remark that in the case of det Ay = 0 the
lower bound o = 0 is rather conservative. A more
detailed investigation of the role of the characteristic
root 0 € o(H) would yield a sharper estimate for
the nonzero elements of o(H ).

III. A DIFFERENCE EQUATION

We now apply Theorem 2.1 and Theorem 2.4 to
a linear system of difference equations of the form

Apx(t)+- -+ A 1z(t+m—1)+ A,z (t+m) = 0,
z(0) = xg,...,x(m—1) =xp_1. (17)

Assuming

we shall prove that in general each solution (x(t))
can be decomposed into a norm-decreasing part
(y(t)) and a periodic part (w(t))

Theorem 3.1: Suppose (18), and let (x(t)) be a
solution of (17). Then

2(t) = y(t) + w(t), t >0,

such that lim, .., y(f) =0 and (w(t)) is periodic,
i.e. there exists a p > 2 such that w(t + p) = w(t)
for all t > 0. In particular, if Ay > 0 then p = m+1
is a period of {Q)U(t))

Proof: Because of

AVEPH(2) AV = T2m 4o AV A AL
we can assume A,, = I. Set

v(t) = (z®), 2t + DT, -zt +m— 1T

and define vy conforming to (17). Let

o I 0 ... 0

o o0 I .. 0
A:

—Ao —AL Ay —Am—1

be the block companion matrix associated with
H(z) =3 A;z". Then (17) is equivalent to

v(t+1) = Av(t), v(0) = vp. (19)

Thus o(H) = o(A) C D. Suppose p(H) =
p(A) = 1. Let Y and W be A-invariant subspaces
such that C" = Y @ W and o(Ay) € D and
o(Aw) € 0OD. Let the initial value v, in (19)
be decomposed correspondingly as vy = yo + wo,
yo € Y, wy € W. If (y(t)) and (w(t)) are the
solutions of

y(t+1) = Ay(t), y(0) = yo,
and w(t+ 1) = Aw(t), w(0) = wy,

respectively, then we have v(t) = y(t) + w(t).
From p(Ay) < 1 follows lim, . y(t) = 0. If
A € o(H)NID is a zero of multiplicity r of
det H(z) then Theorem 2.4 implies A|ker(a—xr) =
M, and \* = 1 for some k& > 2, depending on
A. Let p be the least common multiple of all those
k. If dimW = ¢ then (A|W)p = I,. Therefore,
w(t+p) = APw(k) = w(t) for all ¢t > 0. If Ay >0
then p|(m + 1) by Theorem 2.4. O
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