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Extreme properties of products of invariant factors 

By 

HARALD K. W I M M E R  

In this note we characterize products of invariant factors by a sort of "maximum- 
minimum" property which extends a result of H. Flanders [2, Thin. 3]. In the sequel L will 
always be a free module of rank n over a principal ideal domain R. Let E and F be two 
submodules of L such that E ~ F. The relative weight of F in E is an ideal denoted by 
w (E, F), which is defined as follows. Suppose rank E = rank F = m and let xt ,  . . . ,  x~ and 
Y~ . . . . .  Ym be bases of E and F respectively. Then y~ = 5~ a~j xj and A = (ai~) is a nonsingu- 
far matrix. As in [2] we put J 

w (E, F) = (det A). 

In the case where rank E > rank F we set w (E, F) = 0. 
The following notation will be fixed. Let M be a rank r submodule of L, and 

let cq . . . .  , c~, be the invariant factors of M, ordered such that cq [c~2...[e,. Set 

( ~ r + l  = " " " = a n  = 0 .  

Theorem 1 (H. Flanders [2, p. 480]). For each s = 1, 2 . . . . .  n we have 

el e2 " "  c~ = gcd {w (N, N c~ M)} 
N 

where N ranges over all ranks s direct summands o f  L. 

Our generalization of the preceding theorem and its proof are closely related to results 
ofA. R. Amir-Mo6z [1] on eigenvalues of hermitian matrices. We call G 1 ~ G 2 __c . . .  ~ G~ 
a direct summand chain if each G~ is a direct summand of L. 

Theorem 2. For any integers k~ such that i < k I < k 2 < "'" < k s < n we have 

(1) ~ k l ~ k 2 ' ' ' 0 % =  gcd f lcm w(N,  N c ~ M ) }  
G1 ~ _c G~ L N  = [ X l , .  , x s ]  

where G t ~=.. .  ~= G~ ranges over all direct summand chains with rank G~ = k~ and 

N = [ x l , . . . ,  Xs] ranges over all rank s direct summands o f  L with x~ e G~. 

For  convenience the elements of R appearing in multiplicative equations are fixed 
modulo units. Accordingly gcd (at . . . . .  a,) and lcm (a t . . . . .  a,) denote either the ideals 
they generate or generators of those ideals. We write [xt . . . .  , x~] for the submodule 
spanned by x t , . . . ,  x s. - For the proof  of (1) we need the following facts. 
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L e m m a  1 [2]. Let  E be free over R and of  f inite rank and let F and G be submodules o f  
E such that E ~_ F ~_ G. Then 

w(E, G) = w(E, F ) w ( F ,  G). 

L e m m a  2 (A. H o r n  [1]). Let  G 1 ~ G2 ~= . . .  ~ Gs and H s ~ Hs_ 1 ~ . . .  ~= H 1 be two 
direct summand chains o f  L such that r ank  G~ + r ank  H~ = 1 + r ank  L, v = 1, 2 . . . . .  s. 
Then there exists a direct summand D of  L with a basis x l  . . . . .  x s such that x v E Gv and with 
another basis y~, . . . ,  Ys where y ,  ~ H,.. 

In  [1] the preceding result  is proved for vector  spaces. The proof  can easily be carried 
over to R-modules .  

P r o o f o f T h e o r e m 2. Pu t  p = C~kl C~k2 "'" C% and  let d = gcd {lcm ...} denote  the 

right h a n d  side of (1). We call a submodu le  N admissible for a chain  G 1 ~ . . .  ~ G s if N 
is a r ank  s direct s u m m a n d  of L and  i f N  = [x~ . . . .  , xs] such that  x~ s G~, v = 1 . . . . .  s. Let 
b 1 . . . .  , b, be a fixed basis of L chosen in  such a way that  cq bl  . . . . .  e rb  r is a basis of M. 
We can  assume that  k s __< r. 

In  order  to show that  dip  we in t roduce  the submodules  G~ = [bl, b2 . . . . .  bk~], 
v = 1 . . . . .  s. We have r ank  G~ = kv, an d  G~ is a direct s u m m a n d  of L. The submodu le  

-- [bk~,..., bk~ ] is admissible  for the chain  G1 ~ . . -  ---_ Gs. Note  that  N c~ M has the 
basis c% bk~, . . . .  ek~bk~. Hence w(N,  N c~ M ) =  p. N o w  let N '  = [u 1, . . . ,  us] be an  arbi-  
t rary  admissible  s u b mo d u l e  for G1 ~ " .  --- Gs. P u t  Y = [ek~ Ul , . . . ,  ek~Us]. Obvious ly  
w (N',  Y) = p. Because of u~ E G~ we have Y ~ N '  c~ M and  from L e m m a  ] follows 
w(N' ,  Y) = w(N' ,  N '  c~ M ) w ( N '  c~ M, Y). Therefore w(N' ,  N '  c~ M ) I P  and  we see that  
p = lcm {w (N' ,  N '  c~ M)} where N '  ranges over all submodules  which are admissible  for 
the special chain  G1 __c . . .  __c ~s. The defini t ion of d implies dip.  

To establish the re la t ion P l d we consider  an  a rb i t ra ry  direct s u m m a n d  chain  
G 1 ~ . . .  ~ Gs of L where r ank  G~ = k~. Fo r  v = 1 , . . . , s  pu t  H~ = [bk~,bk~+l,...,b~]. 
According  to L e m m a  2 there exists a direct s u m m a n d  D which is bo th  admissible for 
G~___ . . .=~G s and  for H s c _ _ . . . = ~ H t .  Let y~ . . . . .  Ys be a basis of D such that  
y v e H ~ , v  = 1 , . . . , s .  We have 

(2) y ~ = ~ c ~ b j ,  c ~ = 0  for j < k ~ ,  

and  as D is a direct s u m m a n d  the gcd of the s x s minors  of C = (c,~) is 1. Suppose  first 
tha t  r ank  (D c~ M )  = s a n d  let z~ . . . . .  z s be a basis o fD c~ M. We have two representa t ions  
of z~, name ly  z~ = Z%vY~ a n d  z~ = ~qjvc~jbj.  The matrices A = (a~)  and  Q = (qi~) 
satisfy 

C A  = diag (el  . . . . .  e~) Q, 

and  det A = w (D, D c~ M). Choose  rows ml < . . .  < m s of C which yield a submat r ix  
with det ~ = 1. Deno te  the cor responding  submat r ix  of Q by  Q such that  

~ A  = diag (%~, . . . .  %,~) Q. 

Then  det A = c~,~, . . -  c~,,~ �9 det Q. N o w  (2) implies m, _-> k,, v = 1 . . . . .  s. Hence  p [ det A. If 
r a n k  (D c~ M)  < s then w (D, D c~ M)  = 0 an d  trivially p [ w (D, D c~ M). In  the lcm below 
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let 91 be the set of all submodules which are admissible for the given chain G 1 ~ . . .  ~ G s. 
We have shown that  p [ w (O, D c~ M)  [ lcm {w (N, N n M), N ~ 91}. Hence p [ d, which 
completes the proof. 
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