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Abstract

A submodule W of a torsion module M over a discrete valuation domain
is called stacked in M if there exists a basis B of M such that multiples of
elements of B form a basis of W . We characterize those submodules which
are stacked in a pure submodule of M .
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1 Introduction

Let R be a discrete valuation domain and let p be a prime element of R such
that Rp is the maximal ideal of R. Let M be a torsion module over R and
let W be a submodule of M . In accordance with [6] and [5] we call a set
{uκ |κ ∈ K} a basis of M if M = ⊕κ∈K Ruκ. We say that W is stacked in M
if there exists a basis X = {xλ |λ ∈ Λ} of W and a basis U = {uκ |κ ∈ K}
of M such that Λ ⊆ K and xλ = ptλuλ for suitable nonnegative integers tλ.
In that case we call X a stacked basis of W . If M is of bounded order, i.e. if
there exists a positive integer m such that pmx = 0 for all x ∈ M , then it is
known [6, p.65] that W is stacked in M if and only if

pnW ∩ pn+rM = pn(W ∩ prM) (1.1)

holds for all n ≥ 0, r ≥ 0. In general however, if M is not of bounded
order then condition (1.1) alone need not imply that W is stacked in M
(see Exercise 78(b) in [6, p.65]). In this paper we shall characterize those
submodules which are stacked in a pure submodule of M .

Throughout this paper the letters U , V , X , . . . , will denote subsets of
M . We shall use the letters u, v, x, . . . , for elements of the module M , and
α, β, µ, . . . , will be elements of the ring R. Using the terminology for abelian
p-groups in [5, p.4] we say that x ∈ M has exponent k, and we write e(x) = k,
if k is the smallest nonnegative integer such that pkx = 0. Clearly, e(0) = 0.
An element x ∈ M is said to have (finite) height s if x ∈ psM and x /∈ ps+1M .
In this case we write h(x) = s. We set h(x) = ∞ if x ∈ psM for all s ≥ 0.
Thus h(0) = ∞. Note that the height of all nonzero elements of M is bounded
if and only if M is of bounded order.

Let 〈X 〉 be the submodule spanned by X . When we write

α1x1 + · · ·+ αmxm ∈ 〈X〉

we tacitely assume xi ∈ X and αixi 6= 0, i = 1, . . . ,m, and xi 6= xj if i 6= j.
Let R∗ be the group of units of R. We set α ∼ β if α = βε for some

ε ∈ R∗. It will be convenient to write h(α) = s if α ∼ ps. Let us recall the
following properties of the height function on M (see e.g. [5, p. 154]). For
all x, y ∈ M we have h(px) ≥ h(x) + 1, and

h(x + y) ≥ min{h(x), h(y)}. (1.2)

Hence
h(αx) ≥ h(α) + h(x) for all α ∈ R. (1.3)

We say that an element x is h-regular if h(x) = ∞ or if h(x) is finite and

h(αx) = h(α) + h(x) for all α with h(α) < e(x). (1.4)
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Property (1.4) can be traced back to Baer [2]. In [2, p. 484] an element x of
an abelian p-group is called regular if h(x) = ∞ or if h(x) = k < ∞ and

e(x) + h(x) = · · · = e(pk−1x) + h(pk−1x). (1.5)

As usual, a set X is called independent if 0 /∈ X and if for any finite
subset {x1, . . . , xm} of X a relation α1x1 + · · ·+ αmxm = 0 implies αixi = 0,
i = 1, . . . ,m. We shall employ two stronger concepts of independence. The
first one is adapted from Fuchs [4]. We call a set X p-independent (or pure
independent) if it is independent and contains no elements of infinite height,
and if

α1x1 + · · ·+ αmxm ∈ 〈X〉 (1.6)

implies
h(α1x1 + · · ·+ αmxm) = min{h(αi) | i = 1, . . . ,m}.

The other definition is motivated by the inequality

h(α1x1 + · · ·+ αmxm) ≥ min{h(αi) + h(xi) | i = 1, . . . ,m},

which follows from (1.3) and (1.2). We say that X is h-independent if X is
independent and (1.6) implies

h(α1x1 + · · ·+ αmxm) = min{h(αi) + h(xi) | i = 1, . . . ,m}. (1.7)

Our concept of h-independence combines properties used in [3] to describe
extendible Jordan bases of marked subspaces. It is obvious that a set X is
p-independent if and only if it is h-independent and all of its elements have
height zero.

For the elements x of a submodule S of M we may define hS(x) as the
height of x in S. We always have hS(x) ≤ h(x). A submodule S of M is called
pure in M if hS(x) = h(x) for all x ∈ S, or equivalently if S ∩ piM = piS for
all i ≥ 0. The following lemma is due to Fuchs [4].

Lemma 1.1. For a set X the following conditions are equivalent.
(i) X is p-independent.
(ii) X is independent and the submodule 〈X 〉 is pure in M .

Since M is pure in itself it follows from the preceding lemma that a basis
of M is p-independent. It is also obvious that all nonzero elements of M
have finite height if M has a basis.

Our main result is the following theorem. It will be proved in Section 3
together with a corollary.
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Theorem 1.2. Let M be a torsion module over a discrete valuation domain
and let W be a submodule of M . The following statements are equivalent.
(i) There exists a pure submodule S of M such that W is stacked in S.
(ii) W has an h-independent basis.

It will be shown in Proposition 3.3 that condition (1.1) is necessary for
the existence of an h-independent basis of W . In the case where M is of
bounded order we note the following result.

Corollary 1.3. Let M of bounded order. For a submodule W of M the
following statements are equivalent.
(i) W is stacked in M .
(ii) W has an h-independent basis.
(iii) Condition (1.1) holds.

It is well-known [1] that the Jordan normal form can be studied in the
framework of the theory of finitely generated mdules over a PID. Hence
Exercise 79 in [6, p.65], and Theorem 1.2 and its proof provide an alternative
access to results in [3] on extensions of Jordan bases for invariant subspaces
of a matrix.

2 h-independence

This section contains the results on h-independence which we shall need in
the course of the proof of Theorem 1.2. We shall make constant use of
the following observations on the height function. Suppose pmx 6= 0 and
h(pmx) = m + r. Then we have h(x) ≤ r. If x 6= 0 is an element with
h(x) = s and e(x) = k then x is h-regular if and only if

h(pjx) = j + h(x), j = 1, . . . , k − 1,

or equivalently, if and only if

h(pk−1x) = (k − 1) + h(x),

or equivalently, pjx is h-regular for all j ≥ 0.

It is not difficult to see that an independent set X is h-independent if
and only if its elements are h-regular, and if x = α1x1 + · · · + αmxm ∈ 〈X〉,
x 6= 0, then h(x) = min{h(αixi); i = 1, . . . ,m} for all αi ∈ R.

It is obvious that h(x) 6= h(y) implies h(x + y) = min{h(x), h(y)}. Hence
if a strict inequality h(x + y) > min{h(x), h(y)} holds, then h(x) = h(y).
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Therefore, whenever we want to show that an independent set {x1, . . . , xm}
of h-regular elements is h-independent we have to make sure that h(αixi) = r,
i = 1, . . . ,m, implies h(α1x1 + · · ·+ αmxm) ≤ r. We shall also make frequent
use of the following fact.

Lemma 2.1. Let X = X 1 ∪ · · · ∪ X k be a disjoint union of h-independent
sets. Then X is h-independent if and only if xiτ ∈ 〈X iτ 〉, xiτ 6= 0, and
1 ≤ i1 < · · · < it ≤ m imply that {xi1 , . . . , xit} is h-independent.

In the following observation we are concerned with a submodule where
all elements are h-regular.

Lemma 2.2. Let X be h-independent and assume that

h(x) + e(x) = t for all x ∈ X .

Then each nonzero element y ∈ 〈X〉 is h-regular and

h(y) + e(y) = t. (2.1)

Proof: If x ∈ X then x is h-regular, and we have

h(αx) + e(αx) = h(x) + e(x) = t (2.2)

if h(α) < e(x). Let y = α1x1 + · · ·+ αmxm ∈ 〈X〉 be nonzero with h(y) = r
and e(y) = k. Assume h(α1x1) = min{h(αixi) | i = 1, . . . ,m}. Since X is
h-independent we have h(α1x1) = r. Then (2.2) implies e(α1x1) = t − r.
From r ≤ h(αixi) we obtain e(αixi) ≤ t− r. Hence e(y) ≤ t− r. Since X is
independent it follows from pky = 0 that pkαixi = 0 for all i. For i = 1 we
obtain k ≥ e(α1x1) = t− r, and we deduce k = e(y) = t− h(y). Since y was
an arbitrary element of 〈X 〉 it follows that h(αy) + e(αy) = t for all α 6= 0.
Therefore y is h-regular.

The subsequent criterion for h-independence may be of interest in its own
right.

Lemma 2.3. If Y = {y0, y1, . . . , ym} ⊆ M is a set of h-regular elements
such that

h(y0) + e(y0) > · · · > h(ym) + e(ym), (2.3)

then Y is h-independent.
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Proof: We proceed by induction on | Y |. Set h(yi) = si and e(yi) = ki,

i = 0, 1, . . . ,m. Assume that Ỹ = {y1, . . . , ym} is h-independent. Let y0 be
h-regular satisfying

s0 + k0 > sj + kj, j = 1, . . . ,m. (2.4)

Let us show first that Y = {y0} ∪ Ỹ is an independent set. Suppose the
contrary such that there exists a nonzero element of the form

α0y0 = α1y1 · · ·+ αmym. (2.5)

Since Ỹ is independent we have αjyj 6= 0, j ≥ 1, and

e(α0y0) = max
j≥1

{e(αjyj)}. (2.6)

Set h(α0y0) = r. Then h(α0y0)+e(α0y0) = s0+k0 yields e(α0y0) = s0+k0−r,
and (2.3) implies

e(α0y0) > e(αjyj) + h(αjyj)− r ≥ e(αjyj) + [min
j≥1

{h(αjyj)} − r], j ≥ 1.

Since Ỹ is h-independent it follows from (2.5) that

r = h(α0y0) = min
j≥1

{h(αjyj)}.

Hence we obtain e(α0y0) > max{e(αjyj) | j ≥ 1}, in contradiction to (2.6).
Now let us turn to h-independence of Y . Let y = α0y0 + α1y1 · · ·+ αmym be
nonzero, and h(αiyi) = r, i ≥ 0. Then e(αiyi) = ki + si − r, i ≥ 0, and by
(2.3) we obtain e(αjyj) < k0 + s0 − r, j ≥ 1. Hence

pk0+s0−r−1y = pk0+s0−r−1α0y0 6= 0.

Since y0 is h-regular and h(α0y0) = r it is clear that

h(pk0+s0−r−1α0y0) = k0 + s0 − 1,

and therefore h(y) ≤ r.

3 Partitions of bases

For the proof of Theorem 1.2 it will be crucial that h-independence of a set
X can be checked by examining suitably chosen classes of subsets.
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Lemma 3.1. (i) A set X is h-independent if the sets

X [t] = {x ∈ X ; e(x) + h(x) = t},

t ≥ 1, are h-independent.
(ii) Let U be a set of elements of height zero. Then U is p-independent if the
sets

Uk = {u ∈ U ; e(u) = k}, (3.1)

k ≥ 1, are p-independent.
(iii) Let Z be a set of elements of exponent 1. Then Z is h-independent if
the sets

Zs−1 = {z ∈ Z; h(z) = s− 1},
s ≥ 1, are h-independent.

Proof: (i) It suffices to show that for a given k the set ∪{X [i]; 1 ≤ i ≤ k}
is h-independent. Let X̃ = {xi1 , . . . , xit} be such that xiτ ∈ 〈X [iτ ]〉, xiτ 6= 0,
and 1 ≤ i1 < · · · < it ≤ m. We know from Lemma 2.2 that xiτ is h-regular
and h(xiτ ) + e(xiτ ) = iτ . Hence Lemma 2.3 implies that X̃ is h-independent
and Lemma 2.1 extends h-independence from X̃ to X .
For (ii) and (iii) we note that U [k] = Uk and Z [s] = Zs−1.

Using the preceding lemma we can relate a set X and its h-independence
to a corresponding set U of height zero elements and to a subset Z of the
socle of M .

Proposition 3.2. Let X = {xλ |λ ∈ Λ} be a an independent subset of M
such that h(xλ) = sλ, e(xλ) = kλ, λ ∈ Λ. Let U = {uλ |λ ∈ Λ} be a
corresponding set of height zero elements of M such that xλ = psλuλ, λ ∈ Λ.
Then the following statements are equivalent.
(i) X is h-independent.
(ii) U is p-independent.
(iii) The set Z = {zλ = pkλ−1xλ |λ ∈ Λ} is h-independent.

Proof: Since X is independent we have xλ 6= xµ and uλ 6= uµ, if λ 6= µ.
For λ ∈ Λ define πxλ = uλ. Then π : X → U is a bijection. Note that xλ is
h-regular if and only if uλ = πxλ is h-regular.
(i) ⇒ (ii) Because of Lemma 3.1 it suffices to prove that the sets Uk in (3.1)
are p-independent. Consider an element

v = α1u1 + · · ·αmum ∈ 〈Uk〉

with
r = h(α1) = · · · = h(αt) < h(αt+1) ≤ · · · ≤ h(αm) < k. (3.2)
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Then
αj = prγj, γj ∼ 1, for j = 1, . . . , t. (3.3)

Let xj ∈ X be such that πxj = uj and xj = pµjuj, j = 1, . . . , t. Then
µj < k = e(uj). Hence k − µj − 1 ≥ 0 and

pk−1γjuj = pk−1−µjγjp
µjuj = pk−1−µjγjxj 6= 0, j = 1, . . . , t. (3.4)

Because of (3.2) and (3.3) we have

pk−r−1v = pk−r−1(α1u1 + · · ·+ αtut) = pk−1(γ1u1 + · · ·+ γtut)

= pk−1−µ1γ1x1 + · · ·+ pk−1−µtγtxt).

Recall that X̃ = {x1, . . . , xt} ⊆ X is h-independent. Hence it follows from
(3.4) that pk−1−rv 6= 0. In particular we have v 6= 0. Thus Uk is independent.
We also obtain

h(pk−1−rv) = min{h(pk−1−µjγjxj) | 1 ≤ j ≤ t}
= min{h(pk−1γjuj) | 1 ≤ j ≤ t} = k − 1.

Hence h(v) ≤ r, which implies

h(v) = r = min{h(αi) | 1 ≤ i ≤ m}.

Thus Uk is h-independent.

(ii) ⇒ (i) Assume that U is p-independent. Let us focus on an element
x = α1x1 + · · · + αmxm ∈ 〈X〉 with h(xi) = si and ui = πxi, 1 ≤ i ≤ m.
From xi = psiui and h(αixi) = h(αip

si) we obtain

h(x) = h(
∑

αip
siui) = min{h(αip

si)} = min{h(αi) + h(xi)},

which shows that X is h-independent.

(ii) ⇔ (iii) For zλ = pkλ−1xλ set π̃zλ = uλ. Then π̃ : Z → U is a
bijection and we can apply the first part of the proposition to the case
where X = Z.

We are now ready to derive our main result as an immediate consequence
of Proposition 3.2.
Proof of Theorem 1.2:

(i) ⇒ (ii) Let S be a pure submodule of M with a basis U = {uλ |λ ∈ Λ}
such that W has a basis X = {psλuλ |λ ∈ Λ}. We know from Lemma 1.1
that the set U is p-independent. Hence it follows from Proposition 3.2 that
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X is an h-independent basis of W .
(ii) ⇒ (i) Let X = {xλ |λ ∈ Λ} be an h-independent basis of W and let
U = {uλ |λ ∈ Λ} be a set of h-regular elements of height zero such that
xλ = psλuλ. Then it follows from Proposition 3.2 that U is p-independent.
Hence, by Lemma 1.1 the submodule S = 〈U〉 is pure and W is stacked
in S.

Before turning to the proof of Corollary 1.3 we want to show that Ka-
planski’s condition (1.1) is necessary for the existence of an h-independent
basis of M .

Proposition 3.3. If W has an h-independent basis then W satisfies (1.1).

Proof: It is obvious that (1.1) is equivalent to

pnW ∩ pn+rM ⊆ pn(W ∩ prM), n ≥ 0, r ≥ 0. (3.5)

Take an element x ∈ pnW ∩ pn+rM . We can assume that r is maximal. Then
x = pnw for some w ∈ W , and h(x) = n+ r. Now let X be an h-independent
basis of W . Then w = α1x1 + · · · + αmxm ∈ 〈X〉. Assume e(αixi) > n,
i = 1, . . . , t, and e(αixi) ≤ n, i > t. Set w̃ = α1x1 + · · ·+ αtxt. Then w̃ ∈ W
and x = pnw̃, and we obtain

n + r = h(pnw) = min{h(pnαixi); i = 1, . . . , t} =

n + min{h(αixi); i = 1, . . . , t} = n + h(w̃).

Hence h(w̃) = r. We have w̃ ∈ prM , and we conclude that x ∈ pn(W ∩prM).

Proof of Corollary 1.3:
If M is of bounded order then M is a direct sum of cyclic submodules (see
e.g. [6, p.88]) and each pure submodule is a direct summand of M . Hence
the equivalence of (i) and (ii) follows immediately from Theorem 1.2. We
refer to [6, p.65]) for the fact that (i) and (iii) are equivalent provided that
M is of bounded order.
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