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Abstract

Jordan chains of polynomial matrices are used to characterize the
solvability of the generalized Sylvester equation.



1 Introduction and main result

Output regulation with internal stability is one of the problems in control
theory which lead to a generalized Sylvester equation

AX —-YB=C, (1.1)

where the matrices involved are polynomial matrices (see e.g. [5], [1], [2],
[17], [10]). We also refer to [12], [13], [3] where equation (1.1) is used for the
design of control systems, or to [4] for a system theoretic interpretation of

(1.1).

In this note the existence of a polynomial solution (X,Y") of (1.1) will be
characterized in terms of Jordan chains of A and B. A solvability condition
will be derived which extends results of Kucera [11] and Gohberg and Lerer

[9].

Let A, B, C be complex polynomial matrices of size m x m, n x n,
m x n respectively and assume det A # 0 and det B # 0 (zero polynomial).
We shall use the following notation. Put

0 1
N, = .
rxr
For B € C™"[s] define
o(B) = {A|AeC,det B(A)=01}.

Consider a characteristic root A € o(B) with corresponding elementary
divisors

(s=N . (s=N, > >0,>1, I=h+...+1,
such that det B(s) = (s — A)c(s), ¢(\) # 0. We call
J =diag (Al — Ny,,...,.A\[ = N,) (1.2)

the Jordan matriz associated to \. It is known (see e.g. [16] or [8]) that
there exists matrices H € C™*! and H € C™*![s] such that

B(s)H = H(s)(sI —J) (1.3)

and the columns of H are linearly independent over C. We call H a right
Jordan system (r.J.s.) of B(s) corresponding to the characteristic root A.
Let

H = (Hi,...,Hy) (1.4a)



be partitioned according to (1.2) with
Hj = (hjo, ... hji,—1), j=1,....q (1.4b)

If B(s)=>_,Bu(s—A)” then

B(s)H(sI — J)~t e C™![4] (1.5)
implies
Bohjo = 0
Bihjo + Bohj1 =
Bi;—1hjo + ...+ Bohji;—1 = 0,
j =1,...,q. Hence the sequences hjo, ..., hj;,—1, have the properties which

characterize Jordan chains of polynomial matrices. In the terminology of [§]
a Jordan system H forms a canonical set of Jordan chains of B corre-
sponding to A. We say that G is a left Jordan system (1.J.s.) of A(s)
corresponding to A € o(A) if GT isar.J.s. of AT(s). We call (G, H) a pair
of Jordan systems of (A, B) associated to A € o(A)No(B) if G and H are
alJ.s. and ar.J.s. of A(s) and B(s) respectively.

Assume that the elementary divisors belonging to A € o(A) are

(s=NM o (s=N" k> k> 1. (1.6)

Let (G, H) be a pair of Jordan systems corresponding to A, where H is
given as in (1.4), (1.5), and

Gy gi0
a=1[:1, o= o, i=1,....p. (1.7)
Gp gi,ki—l

We say that (G, H) has the property (X) if

(o)
S W (1.52)

ol
l/-‘ro'—‘rT:Tij

ri; =0,1,...,min (k;,l;) =1, i=1,...,p, j=1,...,q, (1.8b)

holds. Property (X) is crucial for the consistency of (1.1). The main result
of the paper is the following.



Theorem 1.1: Assume det A # 0 and det B # 0. The following state-
ments are equivalent.

(1) The equation AX —YB = C has a solution (X,Y) in polynomial
matrices.

(2) For each \ € 0(A)No(B) there exists a pair of Jordan systems (G, H)
of (A, B) with property (X).

(8) For each A € o(A) No(B) all associated pairs of Jordan systems of
(A, B) have property (X).

In the special case where C' is constant and the leading coefficient ma-
trices of A and B are nonsingular the preceding theorem yields the result
of Gohberg and Lerer [9, p. 172], which was obtained by a reduction of (1.1)
to a Sylvester equation

PX -XQ=C (1.9)

with constant matrices. If we take A(s) = P — sI and B(s) = Q — sl
then (1.1) becomes (1.9) and we recover Kucera’s [11] solvability criterion
for (1.9).

Our approach uses a lemma of Cheng and Pearson [2] where the matrices
A and B in (1.1) are transformed into Smith normal form. In [9] and
[11] results corresponding to the equivalence of (2) and (3) in Theorem 1.1
have not been mentioned. The fact that the statements (2) and (3) are
equivalent is crucial. Its proof will lead to another solvability condition for
(1.1) involving polynomial modules [6] associated with A and B.

We note that it is possible to extend Theorem 1.1 and its proof to ma-
trices over a ring O(G) of complex functions which are holomorphic in a
domain G. Since matrices over O(G) can be transformed into a Smith
normal form [15] the tools and concepts of this paper can be adapted from
the ring R = CJ[s] to R = O(G). The problem of finding holomorphic
solutions X and Y of an operator function equation (1.1) was considered
in [7]. Under the assumption o(A) No(B) = 0 solutions X, Y of (1.1) can
be obtained in closed form using contour integrals [7, p. 125].

2 Auxiliary results

If X is a characteristic root of both A and B then the corresponding Jordan
systems G and H in (1.4) and (1.7) are not uniquely detemined. In this
section we want to show that if condition (X) holds for a particular choice
of (G, H) then it holds for all such Jordan systems. According to [14] there
is a connection between Jordan systems of polynomial matrices and their
Smith normal form.



Lemma 2.1 a: Assume det B#0 and X\ € 0(B). Let Ug and

Ve = (v1,...,0n) (2.1)

be unimodular matrices such that

UBBVB:SB:diag (bl,...,bn), bn‘ ‘bl. (2.2)

Let
(s=N o (s=N, > >0, >1, (2.3)
be the elementary divisors of B corresponding to X, and let vj, j=1,...,q,

be expanded as

i =hjo 4+ g 1(s = N+ (s = N t(s). (2.4)
Put
Hj = (hjo,...,hj’lj,l) . (2.5&)
Then
H = (Hi,...,Hy) (2.5b)

is a right Jordan system of B(s) corresponding to .

Proof: Because of (2.3) the invariant factors b;, j = 1,...,¢, in
(2.2) are of the form b;(s) = (s — \)% 7j(s). Then BVp = Uz'Sp implies
B(s)v(s) = (s — A\)li 9;(s) for some ; € C"[s]. Hence

B(s) [hjo(s ) by (s — A)—l} — hijy,(s) € Cs],
and we obtain
(5=t o (s—=N)7l

B(S) (hj07"'7hj,l]-—1) . :
0 (s— A1

= B(s)H; [sI — (\[ — N,,)] ™" = Hj(s) € C™¥U[g].
Put H = (Hy,...,H,) and let J be the Jordan matrix associated to \ €

o(B). Then B(s)H = H(s)(sI —.J). Since the columns of H(sI —J)~! are
linearly independent over C if and only if the pair (J, H) is observable we

have to check whether
. K J =M
p =ran I

p=l+-+1, (2.6)

is maximal, i.e.,



It is easy to see that
p= (ll —1)—}—---—|—(lq—1)—|—rank (hlo,...,hqo).
Since Vp(s) is unimodular the matrix

Ve(\) = (hio,- -, hgos - )

is nonsingular and we obtain (2.6).

We note the analogous result for left Jordan systems of A(s).

Lemma 2.1 b: Let Uy and V4 be unimodular matrices which transform
A into Smith form,

UsAVy = Sy =diag (a1,...,am), am|...]|a. (2.7)
For A€ o(A) let
(s=NM . (s=N" k> >k, > 1, (2.8)
be the corresponding elementary divisors of A. If
U1

Us=| : (2.9)

Um

and
Ui = gio+ -+ Gik—1(s = NF T (s = N di(s), i=1,...,p, (2.10)

then
G gio

G= , G;= , 1=1,...,p,
Gp Gik;—1
is a left Jordan system of A.

If we define Ay(s) = A(s—A\), and accordingly, By, Cy, then it is obvious
that the matrices G and H are Jordan systems of A and B corresponding
to A if and only if they are Jordan systems of Ay and B) corresponding
to the charactristic value 0. Therefore we can express (1.8) as a condition
for A =0 € o(A)) No(B,) if we use C) instead of C'. Hence it is no loss
of generality to assume from now on 0 € o(A) No(B) and to focus on the
characteristic root A = 0. We write C as C(s) = Cy+ Cy15+ -+ Cyst.

For a matrix (or a vector)

M(s) = M_ps™" + -+ Mo+ Mys+ - + Mys"*



with elements in C[s,s™!] we define
T M=M_s"+ +M_s ",

and if M_, # 0 we put
n(M) = r.

Clearly, if L and M are of the same size, then
n(L 4+ M) < max {n(L),n(M)}.

Lemma 2.2: Let

g7 (s)=gos F+-HgisT e€sTICTsT, g0 #0,
and

h(s) =hos '+ +h_1stesIC"s71], ho#0,
be given. Put
gO(s) = gos™ + -+ gacrs™), a=1,... .k,

and
WOl(s) = hos™P 4+ hg1s7t, B=1,...,1,

(2.11)

(2.12)

(2.13)

such that g*l = g and K = h. The following statements are equivalent

(1)
> 9.Cohr =0, r=0,1,...,min (k1) - 1.
v+o+T1=r
(2)
n[gCh] < max (k,1).
(3)

n(g[a]Ch[ﬁ]> <max (o, @), a=1,....k, B=1,...

(2.14)

(2.15)

Proof: (1) < (2) The coefficients &, of g(s)C(s)h(s) = 3 & s F1Hr

are given by &, = Z 9,Cshr. Hence (2.14) is equivalent to

v+o+T=r
9(s)C(s)h(s) = s~ EHOHmRED £(s)

for some f € C[s].
(1) (2) For 1 <a <k, 1<p3<I we have

g )OI (5) = [g(5)5™ + a(s)] C(s) [h(s)s' 7 + b(s)| = s7d(s),

6



where a and b are polynomial vectors and d € C[s]. From (2.11) we obtain

w < max {max (k,l) —[(k—a)+ (—0)],a,f} =max{«,[(}.
|

A modul theoretic approach leads to another characterization of Jordan
systems. Assume 0 € o(B) and det B(s) = s'f(s), f(0) # 0. Define

Kp={w|wes 'C"s'], BueC"[s]}.

Then Kp is a vector space over C and (see Fuhrmann [6]) we have dim Kp =
[. For p € C[s] and w € Kp let a scalar product be defined by p-w = 7_ pw
and put Sw = s-w. Then Kp is a C|[s]-module and the shift S is a
(nilpotent) linear operator on Kp.

Lemma 2.3: Let J be the [ x1 Jordan matriz associated to 0 € o(B). The
matric H € C™! is a right Jordan system of B(s) corresponding to 0 if
and only if the columns of H(sI — J)~! form a basis of Kp.

Proof: If H € C™! isar.J.s. then (1.3) implies
BH(sI —J)™' = H(s) € C™/[s]. (2.16)

Hence the columns of H(sI — J)~! are in Kp. Since they are free over C
and [ = dim Kp they form a basis of Kp. Conversely if the columns of
H(sI —J)~! form a basis of Kp then they are linearly independent over C
and we have (2.16) for some polynomial matrix H.

(|

We note that
m_sH(sI —J)™' = H(sI —J)"1J,

which shows that J is the matrix representation of S with respect to the
basis H(sI —J)™! of Kp.

Lemma 2.4: Let (G, H) be a pair of Jordan systems of (A, B) correspond-
ing to A=0 and let G and H be given as in (1.7) and (1.4). Then (G, H)
has the property (X), i.e.

Z giucahjr =0,
VHoFT=Tij (2.17)
ri;j =0,1,...,min (k;,l;) —1, i=1,...,p, j=1,...,q,
if and only if

n(xzCy) < max [n(z),n(y)] forall z¥ € Kyr and ye Kp. (2.18)



Proof: We are going to apply Lemma 2.2 and put

g M) = gios @ 4 giamrs L =1k, i=1...,p,

h[-ﬁj}(s):hjosfﬁj+"'+hj,6j—15717 Bi=1...0; j=1...,q.

Define HjD = (h[l]

CEERN

~7h£‘lj]) and HP — (HID,...,HPD). Then

HY = (hjo,- .. hjg;—1) (sI = Ni,) ™" and H = H(sI —J)~}

where J = diag (Nll, el qu) . It follows from Lemma 2.3 that the columns
of H” are a basis of Kp, more precisely, a Jordan basis for the shift S with

K € Ker 5% \ Ker §%7!

and Shg-ﬂj} = hg-ﬂj_l]. Now consider y € Kp and 27 € K, r. If n(y) = N
then y € Ker SV \ Ker SN~1 and the Jordan basis H" yields a representa-

tion .
y= > vsh” (2.19)

j=1 B;<N

q
where Z’yjNhBN} # 0. Similarly if n(x) = M then
j=1

p
2= Y a9 (2.20)

i=1 ;<M

p
where Z 0; MgZ[M] # 0. From Lemma 2.2 we know that (2.17) is equivalent

i=1
to

n (gz[ai}ChE-ﬂj]) < max (o, 35),
(2.21)

iIl,...,p, Ozi:1,...,ki, j:].,...,q, ﬂj:1,...,lj.
Taking inequalities of the form (2.11) into account it follows from (2.19) and

(2.20) that (2.21) is equivalent to (2.18).
O

Corollary 2.5: If one pair (G,H) of Jordan systems corresponding to A
has the property (X) then all such pairs have property (X).



3 Proof of Theorem 1.1

Let Up, Vg, Ua, V4 be unimodular matrices as in (2.1) and (2.9) which
transform A and B into Smith normal form such that (2.2), (2.3), (2.7) and
(2.8) hold. Then (1.1) is equivalent to

SsX -YSg=C (3.1)

where X = (%) = V;'XVg, Y = (§;) = UaYUz' and C = (&) =
(uiCv;) = UaCVp. In (3.1) we have a set of scalar equations

aijij—ﬂijbjzéij, i:1,...,m, jzl,...,n. (3.2)

Since the ideal (a;,b;) is generated by d;; = ged (as,bj) we see that (3.2)
holds for some polynomials z;;, 9;; if and only if

which is the solvability condition of Cheng and Pearson [2]. Clearly (3.3) is
satisfied if and only if we have

(s — A)min(kili) |, Coyj (3.4)

for each A € o(a;) No(bj), where A is a root of multiplicity k; of a;(s) and
of multiplicity I; of b;(s). Let u; and v; be given as in (2.10) and (2.4)
and put g;(s) = gios* +- +gi,ki,1s_1 and h;(s) = hjos_lf + - —i—hj’lj,ls_l.
Then (3.4) is equivalent to

9i(5)C(s)hj(s) = (s — ) Eli) £ (s) (3.5)

for some f € C[s]. From Lemma 2.2 we deduce that (3.5) is equivalent to

Cc@(\) .
Z gz‘yTh]‘T, rzO,l,...,mm(ki,lj)—l.
vH+o+T1=r

According to Lemma 2.1 the collections H = (..., h;g 1,...) and GT =
(..., gg ;15 -+ +) are right Jordan systems of B and AT, We have proved
so far that (1.1) is solvable if and only if the special pair (G, H) of Jordan
systems which we obtained from the Smith forms Sp and S4 has the prop-
erty (X). But Corollary 2.5 tells us that property (X) is independent of the

choice of the pair (G, H), which completes the proof of Theorem 1.1.
O



4 An example

Consider (1.1) with

st — 283 + 242 s 52
A(s) = 52 s s ,
s34+ 252 2425 3425241

283 —s?+s s+1
B = (250,
s 264 +2534+3s24+5 245
C(s) = 2+ 0
—53 4452 +35 -1 —2s5+1
It is not difficult to determine the elementary divisors of A(s) to be s2,
s, (s —1)%, and those of B(s) to be s, (s — 1)2. In the case of the

characteristic root A\ = 0 we have r1; = 791 = 0 in (1.8b). Furthermore
A(0) = diag (0,0, 1),

0 2
B(O):<8 1) and C(0) = _01 (1)

From gloA(O) =0 and B(O)hlo = 0 we obtain gio = (1, 0, 0), g20 = (0, 1, 0)
and hio = (1,0)T, and for i = 1,2 condition (1.8a), i.e. gioC(0)h1p = 0 is
satisfied. In the case of A = 1 the following matrices are needed:

—

1 2 1 2
1 1], Am=(2 1 2},
3

S
\]
e
EN

5 3 10
cy=|2 o], ca=| 3
5 —1 8 -2

From g19A(1) = 0, g10A'(1) + g11A(1) = 0 and B(1)hig = 0, B'(1)l
B(1)hi1 = 0 we compute the Jordan chains g9 = (1,—1,0), g11 = (0,0 )
and hig = (—=1,1)7, hyy = (1,1)7. Since both g10C(1)hyg = 0 and
911C(1)h1o + g10C" (1) h1o + g10C(1)h11 = 0 are satisfied it follows that the
given equation has property (3) and thus admits a polynomial solution.
Indeed a particular solution of (1.1) is given by

s 0 0 2+4s
X(s)=| 28 +2s+1 0], Y(s)=—1[0 0
s—1 0 0 —2s+1
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