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ABSTRACT

The sets of negative semidefinite solutions 7] of two algebraic Riccati equations
RE(X) = ATX + XA, + XB;Bf — C¥C, = (I, X)H(I, X)*, i = 1,2, are compared
under the hypothesis that H, < H,. If X; and X; are the greatest solutions in ]
and 7, respectively, then X; < X7. A more general result will be proved which
allows the comparison of other solutions of 7 and F; besides the extremal ones and
which in the case of stabilizability leads to a Galois connection between J] and 5.
The comparison results are based on one hand on a decomposition of the equations
#(X) =0 into Lyapunov matrix equations and genuine Riccati equations which
induce a corresponding decomposition of the solutions in .7}, and the other hand on a
parametrization of the Riccati components by A -invariant subspaces.

1. INTRODUCTION

Let
F(X)=A*X+XA+ XBB*X - C*C =0 (1.1)

be an algebraic Riccati equation (ARE) where A, B, C are complex matrices
of sizes n X n,n X p,q X n respectively, and let J denote the set of
negative semidefinite solutions of (1.1),

I ={X|X <0, #(X) =0}.
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If the pair (A, B) is stabilizable, then I is a lattice [5] with partial ordering
X; < X, defined by X; — X, <0, and 9 has a greatest element X, and a
least element X_. Together with (1.1) we consider another ARE

R(X) = A*X + XA + XbBB*X ~ C*C = 0, (1.2)

where the matrices

—C*C A*
H= ( " BB*) (1.3)
and
- _C*C
g=-|-¢c¢ 4 (1.4)
A BB*

are related by H < H. Under that hypothesis, stabilizability is carried over
from (A, B)to the o pair (A, B), and according to [8] the least element X_ of
FT={X|X<0, #X)= 0} satisfies X_< X_. We shall see that a corre-
sponding inequality is valid also_for the greatest solutions of (1.1) and (1.2),
i.e. that H < H implies X, < X,. It is the purpose of this paper to extend
the preceding observatlons to a theorem which allows a comparison of other
members of I and & besides their least and greatest elements and which
establishes a Galois correspondence between the two sets of solutions.

Our investigation is based on results from [9] which will be rewewed in
Section 2. We shall associate to ” and J certain sets .#" and .# of A- and
A-invariant subspaces such that—in the case where (A, B) is
stabilizable—order relations between solutions in .7 and F are reflected by
inclusion relations between elements of .#" and %

2. DECOMPOSITION AND PARAMETRIZATION OF SOLUTIONS

The subsequent theorems which describe the structure of the solution set
T are taken from [9]. We shall use the following notation. The partitions

C=C.uUC_UC.=C_uC, (2.1)
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should be self-explanatory in that the subscripts refer to complex numbers A
with Re A < 0, Re A = 0, etc. Put

E\(A) =Ker(A — A",

so that E,(A) is a generalized eigenspace of A if A € 0(A). For ACC
define

E\(A) = A@A E,(A).

In the case where A € {C_,C_,C_,C.} we write E_(A), E_(A), etc,,
so that to (2.1) correspond the decompositions

C"=E_(A)®E_(A)®E,(A)=E_(A)®E, (A).
Let Inv A denote the lattice of A-invariant subspaces of C", and put
Inv( A;C) = {N|N € InvA, N € Ker C}.
To the triple (A, B, C) we associate the controllable subspace
R(A, B) = Im(B, AB,..., A" 'B)
and the unobservable subspace

C

CA
V(A,C) =supInv( A;C) = Ker

car-!
Define
V.(A,C)=V(A,C)NE_(A)
and similarly V_ (A, C),V_ (A, C), etc.
" We know from [3, 4] that there exists a solution X < 0 of (1.1) if and only

V(A,C) + R(A,B) + E_(A) =C". (2.2)
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Because of V_(A,C) c E_(A) the condition (2.2) can be written as
V_(A,C) + [V, (A,C) +R(A,B) +E_(A)] =C"
Put
U=V,(A,C)+R(A,B) +E_(A). (2.3)
Then (2.2) is equivalent to
Cr=0,0 U (2.4)
for some subspace
U, V. (A,C). (2.5)

We call (2.4) with U, as in (2.5) an LR decomposition with Riccati part U,
and a Lyapunov complement U,. If C" admits a decomposition (2.4) with
nontrivial summands, then (1.1) breaks up into a Lyapunov matrix equation
and a genuine Riccati equation.

THEOREM 2.1.

ry

£ T 2 AN o~
1D Lee Cr=U,®
singular such that

1 rn 1 rro __{¢o N el
be an L.n decomposition. If 5 = \dg, 05, ) 1§ non-

rT
’

Im S, = U,, Im S, =U,, dim U, = n,,

then
0 0
~1AQ — 0 -1R — —
STAS = A, Ar), S™'B (Br)’ CS (O,Cr), (2.6)
o(Ay)cC_, (2.7
and
V>(Ar’cr) +R(Ar’Br) +E<(Ar) =Cn" (2'8)

Assume (2.6)~(2.8). Then we have X € J if and only if

x=(s~1)*(‘)(<)0 ;())S‘l (2.9)

r
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and X, < 0 satisfies the Lyapunov equation

F(Xy) = AX, + Xp Ay = 0 (2.10)
and X, < 0 is a solution of

Z(X,) = A*X, + X, A, + X,B,B*X, — C*C, = 0.

r r T

(2) Let II.C" — U, be the projection on U, along U,. Put p(X) = XII.
Then p(X) € F and (I — II*XII = 0. The projection 11 is independent of
the choice of U,. If X is given as in (2.9), then

p(X) = (s-l)*(g )?r)s-l. (2.11)

In our investigation solutions with Lyapunov part X, = 0 will be of
special interest. Put

F=p(7),

so that .% contains all solutions of the form (2.11).
LEMMA 2.2.

(1) If 7+ &, then we have ¥ =9 if and only if
rank(A — AI,B) =n  forall A€C_. (2.12)

(2) Assume X €F. Then V_(A,C)N U =V(A,CYNR(A, B) N
E_(A) ¢ Ker X. Furthermore we have X €.% if and only if

V_(A,C) c KerX. (2.13)

There is an order isomorphism between % and the following system .#" of
A-invariant subspaces of C". Define

#={N|[NelwvA,V_(A,C)CNCV(AC),

N+ R(A,B) +E_(A) =C"}.
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THEOREM 2.3. The map y: — 4 given by y(X) = Ker X is a bijec-
tion, and both y and y™' are order-preserving, i.e., for X,Y €% and
M, N €. the relations X < Y and M C N imply y(X) € ¥(Y) and v~ (M)
< Y HN).

It is obvious that .#" # & (or equivalently 7 # & or % # ) holds if and
only if V(A, C) €., which yields the condition (2.2) for the existence of
negative semidefinite solutions of (1.1). Furthermore, V(A, C) is the greatest
element of .#; and y~![V(A, C)] = sup . Because X < p(X), the greatest
elements of .9 and .% coincide.

COROLLARY 2.4 [3,4). If (2.2) holds, then T has a greatest element X,
which is characterized by Ker X, = V(A, C).

Since the Lyapunov equation (2.10) with (2.7) has solutions X, < 0 with
arbitrary large spectral norm, a least element of 9" can only exist if 7 =% =
y~'(#). In # the lower bound V_(A,C) is the most noticeable candidate
for a least element. If V_(A, C) is in .#, then we shall see that the
hypothesis H < H ensures the existence of a least element in .# also. We
then have inf.#" = V_(A,C), and V_(A,C) € V_(A,C). In general, i.e. if
V. (A,C) is not in /V, it may happen that inf.#" exists but inf.#" does not.
Con51der the following example (in the order-isomorphic setting of % and
). Let

o A SR AL

be given. Then H — H = diag(0,0,0,0, —1) < 0. From #(X) =2X =0t
follows that X = 0 and 7" =.% = {0}. Put

Then (X) = 2X + X diag(0, 1) X = 0 implies

X=0 or X=

1 2
_Elxml le)

%o —2

Therefore—in contrast to .#—there is no least solution in 5.
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LEMMA 2.5.

(1) The following statements are equivalent:
(i) We have

V_(A,C) es. (2.14)

(i) We have

V_(A,C) +R(A,B) +E_(A) =C" (2.15)
(iii) We have (2.2) and

A — Al

rank( A — AI, B) =n or rank( C

)=n forall AeC, .
(2.16)

(2) If (A, B) is stabilizable, then we have 7 # &, 7 =%, and (2.14).

(3) If in addition to (2.15) also (2.12), i.e. T =, holds, then (A, B) is
stabilizable.

Proof. (1): It is clear that (2.14) and (2.15) are equivalent. Now write
(2.15) as

V_(A,C) +V_(A,C)+R(A,B) +E_(A)
= {[V(A.C) + R(A, B)] N E_(4))
®[R(A, B) NE, (A)] ® E_(A)
—E_(A)®E,(A)®@E_(A)=C"

Then (2.15) holds if and only if both [V(A,C) + R(A, B)IN E_(A) =
E_(A) and [R(A, B) N E, (A)] = E, (A)—or equivalently, both

E_(A) CV(A,C) + R(A, B) (2.17)
and

E, (A) CR(A, B) (2.18)
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—are satisfied. The preceding two inclusions can be expressed in terms of
Kalman’s canonical form of (A, B,C). Let C* = K, ® K, ® K; ® K, be a
state space decomposition such that K, = V(A,C) N R(A, B), K, ® K, =
V(A,C), K, ® K; = R(A, B). With respect to a suitable basis we have

(A1 A12 Ay, A14\ B1
a=|® A 0 A B=10 € =(0,0.C,.C
1o 0 Ay Al YN =(0,0,C5,Cy).
0 0 0 A, 0

If we translate (2.17), i.e. E_(A) C K, ® K, ® K,, into
o(A) cC_nC,,
and (2.18), i.e. E, (A) C K, ® K, into
o(A))VUo(A,)cC,,

then we find that (2.17) together with (2.18) is equivalent to

o(A) cC. (2.19)
combined with

o(A)cC_. (2.20)

It is known [3] that (2.19) is equivalent to (2.2), and it is obvious that (2.20) is
the condition (2.16).
(2): Note that stabilizability of (A, B) is equivalent to

R(A,B) + E.(A) =C" (2.21)
or to
E,(A) CR(A,B). (2.22)
Hence in that case (2.2), (2.12), and (2.14) are satisfied.

(3): Recall that (2.15) implies (2.18). Since (2.12) is equivalent to E_ (A)
C R(A, B), we obtain stabilizability in the form (2.22). n



CONTINUOUS-TIME ALGEBRAIC RICCATI EQUATIONS 1261

Part (1) of the preceding lemma can be generalized. For A C C define
VA(A,C) = V(A,C) N E,(A).

We note without proof that in the case where C _ C A, Lemma 2.5 remains
true if V_(A,C) is replaced by V,(A,C) in (2. 14) and (2.15), and A € C,
by A € C\A in (2.16).

As an immediate consequence of the order isomorphism of Theorem 2.3
we obtain the following well-known result.

CoOROLLARY 2.6 [5-7]. If (A, B) is stabilizable, then (1.1) has a least
solution X_< 0, and X_ is characterized by Ker X_=V_(A,C).

3. SOLUTION SETS OF DIFFERENT RICCATI EQUATIONS

Let H and H be given by (1.3) and (1.4). As a consequence of the
inequality H < H, the triple (A, B, C) inherits important properties from
(A, B,C). Whenever in the sequel a subspace N € InW(A; C) appears, we
can assume without loss of generality that a basis of C" is chosen such that

N= {((’;) xec"—"z}. (3.1)
Then
I C =(0,C,) (3.2)
0 A,V e )
where A, € C"2*"*2 and C, € C9*"2, Let
=D 3.3
- 32 ( : )

be partitioned conformingly. If X satisfies #(X) = 0 and is of the form
X = diag(X,, X,) then the block X, satisfies

F(Xy) = A5X, + Xy A, + X, B,BEX, ~ C}C, = 0.  (3.4)
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LEMMA 3.1. Assume H < H. Let A € C be given.

(1) If N € InW(A;C), then A = A on N and N € Inv(A; C). In particu-
lar

Vi(A,C) CV,(A,C). (3.5)
(2) We have

R(A, B) + E,(A) CR(A, B) + E,(A). (3.6)

Proof. (1): Obviously

~, o~ ~ K
- —* + *C —
H-f=|"CCrCC (A=-4) 1, (3.7)
A—A BB* — BB*

implies C*C < C*C. Hence
Ker C € Ker C. (3.8)
From Ker C € Ke(—C*C + C*C) c Ker(A — A) and (3.8) it follows that
Ker C C Ker( A — A). (3.9)

If NeIn(A;C )__is given as in (3.1) so that A and C are of the form (3.2),
then (3.8) yields C = (0, C,). From (3.9) follows

ey )
0 *
which shows that A=A on N and N € InW(A;C). In the special case
where N = V,(A,C), we obtain (3.5) from the fact that V\(A,C) is the
largest subspace in Inv( A; C) contained in E,(A).
(2) Put

_(-BB* —A
K‘( —A* c*c)’
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and define K accordingly. Then H < H is equivalent to K<K. Set M =
C \ A. A modified version of (3.5) yields

Vi (A%, B*) € Vy (A%, B¥). (3.10)
From (3.10) and
Vy (A*, B¥)' = V(A*, B*)" +E4(A*)" = R(A, B) + E\(A)

we obtain (3.6). [ |

To H and %(X) = 0 we associate the set 5 = {X|X < 0, 9 X) = 0},
and we define .%, U,,#, etc. accordingly.

COROLLARY 3.2. Assume H < H.

(D If (A, B) is stabilizable then (A, B) is stabilizable.
Q) If T+ Dthen T + D.
Q) If T+ Dand T =% then I =5

Proof. From (3.6) and (3.5) follow
R(A,B) + E.(A) CR(A, B) + E_(A),
V(A,C) CV(A,C),
and

U =V,(AC)+R(AB)+E_(A)cU. (3.11)
Hence (2.21) implies R(A B)+E (A) = C", which proves (1). Further-
more, (2.2) yields V(A,C) + R(A, B) +E_ (A) = C", which is equivalent
to 7 # . Recall that 7 =.% if and only if U = C". Then (3) follows from
(3.1D). [

The main result of this section extends Theorem 2.3. The symbol y will
also_be used for (1.2) in the_sense that y: & oA is the bijection given by
y(X) = Ker X. Similarly p,7 —>5” is the closure operator on & induced by
an LR decomposition C" = U ® U

THEOREM 3.3. Assume H < H and ¥+ @. If X €, X e, and
X < X, then y(X) € y(X). If N e, N €4, and N C N, then we have

Yy Y(N) < vy Y(N). (8.12)
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Proof. It is obvious that X < X < 0 implies y(X) = Ker X € y(X) =
Ker X. To prove that also y™! is order-preserving, let N be given as in (3.1),
so that A, B, C are as in (3.2) and (3.3). From N + R(A, B) + E_(A) =C"
follows

R(A,,B,) +E_(A,) =C", (3.13)

ie., (A,, B,) is stabilizable. Now V_(A,C) € N implies V_(A,,C,) = 0.
Put X = v }(N), so that X €5 is uniquely defined by Ker X = N. Hence
X = diag(0, X,), and X, < 0 is a solution of the ARE %,(X,) = 0 in (3.4).
Because of (3.13) the subspace system .#; associated to %, = 0 has a least
element, which is V_(A,,C,) = 0 = Ker X,. Therefore X, is the least

negative semidefinite Solution of (3.4). Of course it is well known that the

preceding hypotheses for (3.4) and X, imply o (A, + B,BfX,) c C_ and
the extremal property of X,.
From N € InW(A; C) and Lemma 3.1 follows

Al A12

A= .
0 A,

where the block structures correspond to (3. 2)_ Let X be the unique element
of & with y(X) = Ker X = N. Then N C N implies that X = diag(0, X;)
and X, < O satisfies an ARE

Ry(X,) = AKX, + X, A, + X, B, B3 X, - C3C, = 0. (3.14)
It remains to prove X2 X,. Define

—-Cctc, A%

H2=\ 4, BB

and correspondingly H,. Then H, < ﬁ Since (A,, B,) is stabilizable, we
know from Theorem 1 in [8] that X, < X holds for the least solution X, of
(3.4) and for an arbitrary solution X, of (3 14). |

A correspondence of .% and & will be described in Section 4. For the
moment let us focus on extremal solutions.
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THEOREM 3.4. Assume H < H.

(1) If &+ O, then greatest elements Y and Y of & and % exist, and
they are related by Y < Y.
©Q If

V_(A,C) +R(A,B) +E_(A) =C" (3.15)

holds, then least elements W and W of & and & exist and they satisfy
W<w.

Proof. (1): According to Corollary 2.4 we have Y = y~ [V(A C)] =
sup.7 = sup.%. From V(A,C) C V(A,C) and (3.12) follows Y < Y.

(2): Since (3.15) implies the condition V_ (A, C) + R(A, B) + E_ (A) =
C", both .# and .# have a least element, namely V_(A,C) and V (A,C)
respectively. As before, (3.5) and (3.12) yield

W=y [V.(A,C)] =infZ W =y |V _(4,C)] = inf S

At this point we digress from the main line of our investigation to prove a
comparison result which besides the Riccati parts also considers the Lya-
punov parts of solutions. Recall the definition p(X) = XII, X € 7, where
I:C" » U, is a projection along a Lyapunov complement U, of U,. Put
o(X) = X(I — II). In the setting (2.6)—(2.9) of Theorem 2.1 we have

o(X) = (S™")" diag( X,,0) S~

Similarly we define o(X) = X — p(X) for X € F.

THEOREM 3.5. Assume H < Hand T+ D. Let X €7 and X €T be
given. Then we have X < X if and only if both a(X) < 0(X) and p(X) <
p(X) hold.

Proof. Let

Cr=U,eU=U,® U (3.16)
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be two LR decompositions induced by (A, B, C) and (A, B, C) respectively.
From U, C U, we obtain U, ® U, c U, + U = C". Hence there is a sub-
space U, of U, such that

A ~

cr=0, @ (3.17)

e

From
UycV_(A,C)cV_(A,C) (3.18)

it follows that (3.17) is an LR decomposition. Hence we can assume in (3.16)
that U, € U,. Set T = U, N U,. Then the modular law yields Uy+T=
U, N (U + U) = U,, and 51m11arly, T+U = U Furthermore we have
UﬂT Qand TN U, = OandthereforeUOGBTGBU*C" Now let X
and X be partitioned in accordance with that decomposition as

Xa XaB 0 XO 0 0
X=1|X}s X3 O and X=1{ )EB "
0 0 Xr 0 % %
Then X < X implies
‘- X, Xup X, ©
0 X:ﬂ XB 0 )Eﬁ

From diag(X,, X ) < diag( X,, 0) we conclude that
o(X) = diag( X,,0) < o(X) = djag()zo,0,0).

We now turn to the operator p. From Lemma 2.2 we know that V _ (A,C) c
Ker p(X). Hence (3.18) yields U, C Ker p(X). If X <X <0 holds, then
Kerp(X) = U, + Ker X C U, + Ker X € U, + Kerp(X) = Ker p(X). Ap-
plying (3.12) to Ker p(X) C Ker p(X) ylelds p(X) < p(X).

The second part of the proof is obvious from X = ¢(X) + p(X). [ |
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4. A GALOIS CORRESPONDENCE

The inequality H < H gives rise to a connection between the solution sets
& and ¥ which will be described in this section. We shall see that there are
sublattice homomorphisms which establish a Galois correspondence between
% and &

In the following we use the terminology of [2]. Let .2 and & be two sets
with a partial ordering < . A pair (¢, ¢) of maps ¢:# - & and :@ > P
is a Galois correspondence between & and @ it

(1) ¢ and ¢ are order-preserving,
(2) Ye(P) = P and ¢y(Q) < Q hold forall P €2 and Q € @.

We regard .#" as a substructure of the lattice % = Z(C") of subspaces of C"
or of its sublattice Inv A, where the join and the meet operations are given by
M,VM,=M +M, and M, AMy =M, N My, M,E%, i = 1,2. Sup-
pose N|, N, €. Then the definition of .#" implies N, + N, €.#. Hence ./
is a V-semilattice. If V_(A,C) €4 i.e.

V_(A.C) + R(A, B) + E.(A) = C", (4.1)

then V_(A,C) € N, N N, and (4.1) imply (N, N N,) + R(A, B) + E_(A)
= C". Therefore N, N N, €#. Thus under the hypothesis (4.1) # is a
lattice given by the interval [V_(A, C), V(A, C)] = {NIN € Inv A,
V_(A,C)S NC V(A C)L

LEMMA 4.1. Assume H < H. Let N €4 and N €4 be given. Then

(D N+ V_(A4, C) e,
@ N et is equivalent to V _ (A,C) CN.

Suppose (4.1) holds. Then

B) NNV(A,C)enr.
(4) N e is equivalent to N € V(A,C).

Proof. (1): We know from Lemma 3.1 that N €. satisfies N €
InV(AC) and N+R(AB)+E (A)—C" Put M = N+V(AC)
Then V_ (A,C)C M, and the properties of N ensure that MEeL.

2): Clearly, for N €4 we have

V_(A,C) cN. (4.2)
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Conversely, (4.2) is equivalent to N =N + V<(A~, ¢). Hence (1) yields
N ev.

(3): Put D = N N V(A,C). According to Lemma 3.1 we have A = A on
V(A,C). Hence D € InvA. From V_(A,C)CV_ (A,C) SN and the
trivial inclusion V_(A,C) € V(A,C) it follows that V\ (A, C) c D. There-
fore (4.1) implies D + R(A, B) + E_(A) = C", and D has all the proper-
ties of a member of .#.

It is not difficult to see that (4) is a consequence of (3). [

COROLLARY 4.2. Assume H < H Let (4.1) be satisfied. Then the great-
est and the least elements of & and P exist. Let them be denoted by Y, Y and
W, W respectively. Then

FNF={Xes|W<x}={XeF|X<Y)

In particular, if W < Y, then W is a solution of #(X)=0 and Y is a
solution of F#(X) = 0.

Proof. Under the hypothesis (4.1) we deduce from the preceding lemma
that

#nA={Nelva,V (4C)cNCV(AC))
- (NemvA v (4C)cNcV(AC)}). m

The fact that the maps y:%—>.# and y: P >N are isomorphisms
between partially ordered sets, combined with Theorem 3.3, allows us to
formulate results for .% and .% and to pass to # and A for their proofs.

THEOREM 4.3. Assume H < H and &+ @.
(1) For each X €. there exists

~

a(X) = inf{X €5, X < X}, (4.3)
and a(X) = U if and only if
Ker U = Ker X + V_ (A~é)

The map a:% — % is a V -semilattice homorphism.
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(2) Assume (4.1). Then for each X € & there exists
B(X) = sup{X €, X < X}, (4.4)
and B(X) = U if and only if
Ker U = Ker X N V(A,C).
The map 3:5; - isa A-semilattice homomorphism.

Q) If 4D holds, then the pair (a, B) is a Galois correspondence
between % and .

Proof. (1): For N €4 define
@o(N) =N+ V_(A,C). (4.5)

According to Lemma 4.1 we have o(N) €. Since Ne€# and NCN
implies N + V_(A,C) € N, we conclude that

o(N) = inf(N €4, N cN}. (4.6)

It is obvious Ehat N > A isa V -morphism.
(2): For N €.# define

¥(N) =NNV(A,C). (4.7)

Under the hypothesis (4.1) we have y(N) €. From N €4 and N C N
follows N € N N V(A, C), and we see that

¢(N) = sup{N €4, N g2\7} (4.8)

The definition (4.4) shows that .4 —.# is a A -morphism.

(3): If @ and ¢ are given by (4.6) and (4.7), then according to [2, p. 126]
or [1, p. 173] we have a Galois correspondence. Since ¢ and ¢ are given
explicitely by (4.5) and (4.7), we could also argue as follows. From (4.5) and
(4.7 it is obvious that ¢ and ¢ are order-preserving. Take N €4 and
N €.#. Then

bo(N) = [N+ V_(4.C)] nV(4,€) 2NN V(A,C) =N,
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and

e¥(N) =[N nv(a,C)] +V (4C)

c [NnV(4.CE)| + Vv, (A.C)=N. -

Recall that stabilizability of (A, B) implies 7 # &, 7 =%, and (4.1), and

that under the additional assumption H < H also (A, B) is stabilizable.
Under those assumptions the prgcedmg theorem describes a connection
between the solution sets . and 7.

COROLLARY 4.4. Assume H < H, and let (A, B) be stabilizable. Then

the maps @:9 — F and B.9 — T given by (4.3) and (4.4) are well defined,
and the pair (a, B) is a Galois correspondence between  and F.

I am grateful to a referee for valuable comments.
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