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1. Introduction

Let V be an n-dimensional vector space over a field K and let f : V — V be K-linear. The set of
f-invariant subspaces of V form a lattice, which we denote by Inv(V). In this paper, we are concerned
with two sublattices of Inv(V). If a subspace X of V remains invariant for all endomorphisms of V that
commute with f then X is called hyperinvariant for f [7, p. 305]. We say [2] that a subspace X of V is
characteristic for f if X € Inv(V) and «(X) = X for all K-automorphisms « of V that commute with
f. Let Hinv(V) and Chinv(V) be set of hyperinvariant and characteristic subspaces of V, respectively.
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Both sets are lattices, and Hinv(V) C Chinv(V). If the characteristic polynomial of f splits over K (such
that all eigenvalues of f are in K) then one can reduce the study of Hinv(V) and Chinv(V) to the case
where f has only one eigenvalue, in particular to the case where f is nilpotent. Thus, throughout this
paper we shall assume f" = 0. Then (see for example [7, p. 306]) the lattice Hinv(V) is the smallest
sublattice of Inv(V) that contains

Kerf*, Imf*, k=0,1,...,n. (1.1)

It is well known [10,12,2] that each characteristic subspace is hyperinvariant if |[K| > 2. In this paper,
we consider vector spaces V over the field K = GF(2) and we focus on characteristic subspaces that
are not hyperinvariant. The following example shows that in the case of K = GF(2) it may occur that
Chinv(V) 2 Hinv(V). The set of endomorphisms, respectively, automorphisms, of V that commute
with f will be denoted by Endy (V), respectively, Aut (V).

Example 1.1. Let K = GF(2) = {0, 1}. Consider V = K* and

Let ey, ..., e, be the unit vectors of K*. Set z = e; + e3 = (1,0, 1, 0)". Then f2z = 0. Define
X = span{z, fz}. Then

X=1{0,z,fz,z+ fz} ={0,e1 +e3,e4,e1 +e3 +e4} € Inv (V). (12)

Note that Endy (V) consists of all matrices of the form

ab0O0
0c0O0

g= (1.3)
0dcoO

khdc
and g € Auty(V) if and only if

1b00
0100
0d10
khdil

Thus, if g € Autp(V) then
gz=e;+e3+ (k+des, gz=e4, gz+fz) =e1+e3+ (k+d+ 1)ey.

Hence gX C X, and therefore X € Chinv(V). Let 71 = diag(1, 0, 0, 0) be the orthogonal projection
on Keq. Then 771 € Endf(V), and we have 71z = ey, but ey ¢ X. Therefore X is not hyperinvariant.

The example is in accordance with the following result of Shoda [12, Satz 5, p. 619, 9,10, p. 63/64],,
which we state in terms of the Jordan normal form of f.
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Theorem 1.2. Let V be a finite-dimensional vector space over the field K = GF(2) and letf : V — V be
nilpotent. The following statements are equivalent:

(i) There exists a characteristic subspace of V which is not hyperinvariant.
(ii) For some numbers r and s with s > r + 1 the Jordan form of f contains exactly one Jordan block of
size s and exactly one block of size r.

It is the main purpose of this paper to give a new proof of the implication “(i) = (ii)” of Shoda’s
theorem. In order to present a complete picture we also include a proof of the reverse implication “(ii)
= (i)”. Theorem 1.3 below plays a key role in our new proof. It relates characteristic and hyperinvariant
subspaces with marked subspaces. Recall that an f-invariant subspace W C V, W = 0, is said to be
marked [7, p. 83] if it has a Jordan basis (with respect to fj) that can be extended to a Jordan basis of
V. The zero subspace is assumed to be marked.

Theorem 1.3 [2, p. 268]. Let W € Inv (V). Then W is a hyperinvariant subspace if and only if W is
characteristic and marked.

The proof of Theorem 1.2 will be divided into several parts. It relies on results on characteristic
subspaces in Section 4. Auxiliary material and basic facts on generator tuples and marked subspaces
are discussed in Section 3.

2. Definitions and notation

We set V[f/] = Ker I, j > 0. Clearly, f* = 0 implies V = V[f"]. Define ¢ = idy and f° = .. Let
x € V.The smallest nonnegative integer ¢ withfzx = 0is called the exponent of x. We write e(x) = ¢.
A nonzero vector x is said to have height q if x € fV and x ¢ f9*1V. In this case we write h(x) = q.
We set h(0) = oo.Let Y € V. We write e(Y) = sife(y) = sforally € Y. Moreover, h(Y) = g shall
mean Y C f9V together with Y ¢ f971V. Let

(x) = span{fix, i> 0}

be the cyclic subspace generated by x.If B C V we define (B) = >, cp (b).Wecall U = (uq, ..., ux)
a generator tuple of V if

V=(u) & - & (w)
and if the elements of U are ordered such that

t1 =ew) = - = e(w) = &k (2.1)
Let U be the set of generator tuples of V. Thus

st sk 0<ty < -e- < (2.2)

are the elementary divisors of f,and t; 4+ - - - 4+ ty = dimV = n and dim Ker f = k. Set

0
10

10

N (2.3)

0
10

txt
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Then J = diag(Ny,, ..., Ng,) is the Jordan form of f. We define
d(r) = dim (V[f] NV VIS mffv) . r=1,2,...,n

Using the terminology of abelian p-groups [8] or p-modules [10, p. 27] we call d(r) the r — 1th Ulm
invariant and

D = (d(1), ..., d(n)) (2.4)

the Ulm sequence of the pair (V, f). Then d(r) is equal to the number of Jordan blocks of size r in
the Jordan form J of f. If V = (x), e(x) = n,then D = (0, ..., 0, 1). Thus, if V[f] = f*"'V then
D=(0,...,0,n/a0,...,0).

Let U = (uy,...,ux) € U.It will be convenient to partition U into subsets of equal exponent.
Denote the distinct elements of {e(u;); 1 < r < k} by aj, a, ..., ay labeledsothat a1 < --- <
a, and set

Ug, ={ueU; ew =ay}, np=1,....,m
Then

U= (Ug,...,Ug,) and e(Uy) =a1 < -+ < e(Ug,) = am, (2.5)
and |Uau| = d(a,,). To (2.5) corresponds the decomposition

V= (Uy) & & (Ug) (2.6)
Let 7, : V — V be the projection with

V= (Uaﬂ), Kerm, = (Ug,, ..., U, 1»Uayiys - Uq,,)-

Note that 77, € Ends(V).

3. Auxiliary results
3.1. Automorphisms and generators

The following lemma shows that each @ € Auty(V) is uniquely determined by the image of a given
generator tuple.

Lemma 3.1 [2]. Let U = (uy, ..., ux) € U be given. For o € Auty(V) define Oy() = (a(uy), ...,
a(uy)). Then

ar Oy(a), Oy :Aut(V) — U,
is a bijection.
The next lemma will enable us to exchange vectors in a generator tuple.

Lemma 3.2. SupposeV = (u1)®---® (up)ande(u;) =a,i=1,...,nlfx € V,x # 0,andh(x) =0,
then there exist an index j such that

(U1, ..o Uj—1, X, Ujgq, ..., Up) €U (3.1)
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Proof. Letx = x1 + - - - + Xk, Xi € (u;). Then

Cio
a1 Ci1
xi= > cf'ui = (Ui,fui e ,faflui)
v=0
Ci,a—1
Set
Cio
Ci1 Cio
G=] ca @ o
Ci,a—1 Ci,a—2 Ci,a—3 --- Cio
Then
(X,‘,fxi . ,fa_lx,‘) = (u,-,fu,- . ,fa_lu,-) C,‘
and

n

(X,fX... ,fa_1X) = Z (u,-,fu,- . ,fa_lu,-) Ci.

i=1

Because of h(x) = 0 we have h(x;) = 0 for some j. Thus cjp # 0, and C; is nonsingular. We obtain

(Llj,fu]' . ,fa71Uj) = (X,fX e ,f"*lx) Cj_l — Z (u,-,fui A ,failu,') C,'Cj_1. (3.2)

i#]
The vectors
B= (u1,fu1 o f T g g ,faflun) (3.3)
are a Jordan basis of V. Because of (3.2) we obtain another Jordan basis if we replace the vectors
(uj,fuj . ,f"_luj) in B by (x,fx e ,f”_lx).This proves (3.1). O

In the proof of Theorem 4.3 we shall use the following observation.

Lemma 3.3. Let U = (Ug,, ..., Ug,) € U.Suppose i < j andletw € Uy, y € Ug;- Then there exists
a € Autg(V) such that oy = w + y.

Proof. From y, w € U follows h(y +w) = 0,and e(Uy) < e(Uaj) implies h(f“f”(y—i—w)) =a—1
and e(y + w) = a;. We can assume Uy, = (¥,¥2, ..., ¥r). Set f]aj = yY+wys,...,y) If we

replace U, in U by f]aj we obtain another generator tuple U € /. Then Lemma 3.1 yields the desired
automorphism. [

3.2. Marked subspaces

Marked subspaces can be traced back to [7, p. 83]. They have been studied in [4,6,1,5]. Let s,

0 <ty <--- <ty bethe elementary divisors of f. We say that a k-tuple r = (rq, ..., ) of integers
is admissible if
0<r <t i=1,...,k (3.4)
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Each U € U together with an admissible tuple r gives rise to a subspace
W(r,U) = (f"ur) @ - @ (f*uk), (35)

which is marked in V. Conversely, a subspace W is marked in V only if W = W (r, U) for some U € U
and some admissible r. The next theorem describes those subspaces W (r, U) that are independent of
the generator tuple U.

Theorem 3.4 [2,11, p. 162]. Let U € U be given asin (2.1), and letr = (rq, ..., 1) be admissible. Then
the following statements are equivalent:

(i) The subspace W (r, U) is characteristic.
(i) The tuplest = (t1, ..., ty) and r = (rq, ..., 1) satisfy
rlg...grk and tl_r.lg...gtk_rk_ (36)
(iii) The subspace W (r, U) is hyperinvariant.

Note that (3.6) implies thatr; = rjif t; = tj. Let U = (Ug,, . .., Ug, ), a1 < a2 < --- < ap. Hence
if X is characteristic then X is marked if and only if

X=f"Ug)® - &f™(Ug,) (3.7)
with0<c¢ <aji=1,...,mand
(1<C=<---=cp, and a1 —¢c1 <@ —C = - < ay — Cp. (3.8)

It is known that marked subspaces can be characterized in a basis free manner.

Theorem 3.5 (see [1]). Asubspace W € Inv (V) is marked if and only if
Fwnfrv=pFwnsv)

foralls > 0,r > 0.

A different characterization of marked subspaces can be found in [6].

4. Characteristic subspaces
4.1. Hyperinvariant subspaces and projections

Let U = (Ug, ..., Uq,) € U be given as in (2.5) such that e(Ug,) = a, [Uq,| = d(ay), u =
1,...,m,and let (2.6),i.e. V = (Ug,) ® - -- @ (Ug,), be the corresponding decomposition of V. In
the following we are concerned with characteristic subspaces X which have the property that x € X,
implies

mix € X foralli=1,...,m. (4.1)

We have seen in Example 1.1 that (4.1) is not satisfied for all X € Chinv(V).

Lemma 4.1. If X is a characteristic subspace of V then
XN (Uq) =f9Uq), i=1,....m
forsome 0 < ¢; < a;.
Proof. Let Uy, = (v1, ..., vp).SetX; = XN (Ug,). Assume X; # 0, and h(X;) = ¢;. Then X; C f9(Uy,).

Suppose y € X; and h(y) = ¢. Theny = fSw for some w € V with h(w) = 0. We have w =
wi+ o+ W, Wi € (Ug),j = 1,...,m.Then fw = f9w; + .- + f9wp € X; and (2.6) imply
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fwj = 0ifj # i.Hence y = fw;,w; € Uy, h(w;) = 0.ByLemma3.2 we canreplace some vectorin Uy,
by w;. Thus, without loss of generality we can assumey = fv;.Letoy € Auty(V) be an automorphism
which maps vy to vy, k = 1, ..., £.Since X is characteristic we obtain ay (y) = fv; € X. Therefore

fvr, oo ve) = f9(Ug) S Xi
Hence we have shown that X; = f(Ug,). O

Lemma 4.2. Let X be a characteristic subspace of V. The following statements are equivalent:

(i) X is hyperinvariant.
(ii) We have

X=XN{Uy)) & - & (XN (Ug,))- (4.2)
(iii) If x e X, x =% + -+ Xm, xi € (Uy), i =1, ..., m,then
xieX foralli=1,...,m. (4.3)

Proof. (ii) <> (iii). Because of X N (Ug;) € ;X we have m;X C X if and only if
X =X N (Ug,). (4.4)

It is obvious that (iii), as well as (ii), is satisfied if and only if (4.4) holds for alli,i =1, ..., m.
(ii) = (i) If (4.2) holds then Lemma 4.1 implies

X=fNUay) ® -+ & f™(Uqy)-

Hence X is marked, and it follows from Theorem 1.3 that X is hyperinvariant. (i) = (ii) Set X =
@O, (X N (Ug)). Then X C X. Letx € X. Then 7, € Endf(V) implies w,x = x, € (X N (Uy)),
w=1,...,mHenceX CX. O

We extend Lemma 4.2 to the case where If X € Chinv(V)\Hinv(V).

Theorem 4.3. If X is a characteristic subspace then
X=XN{Uqg)® & XN (Ug)) (4.5)

is the largest hyperinvariant subspace contained in X.

Proof. From Lemma 4.1 we obtain

XN(Uqy) =f"Uy), 0<c<a, i=1,...,m (4.6)
Hence

X=f"Uqy) @ ®fm(Ugp)- (4.7)
We show that X is hyperinvariant. By Theorem 3.4 we have to prove that i < j implies

¢ <¢ and a; —¢ < aj— . (4.8)

Suppose i < jand letv; € Uy, Vv € Uq;. By Lemma 3.3 there exists an o« € Autp(V) such that
avj = v; + v;. Since X is characteristic and f9v; € X C X we have a(f9vj) = f9(vi + vj) € X. Thus

f9vi € f9{Uqg) = X N (Ug) € X

implies f9v; € X. Hence f9v; € X N (Ug,). Then (4.6) yields ¢; > ;.
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The second inequality in (4.8) can be proved as follows. Because of e(v;) = a; = e(v; + f%~%v;)
we can substitute v; in Uy, by v; 4 f%~%v;. Then there exists an & € Aut; (V) with vy = v; + f4~%v;.
Hence

Olfql/i = fCiVi +fq+ajiaivj'.

Because of fv; € X we have f€v;+f9T%~%y; € X, and therefore f5t%~%v; € X.Hence fit%%y; €
(Ug) implies f4T%~%y; € X N (Ug)- Then (4.6) yields ¢; + (aj — ai) > ¢j,ie.ai — ¢ < ¢ — .

It remains to show that all hyperinvariant subspaces contained in X are subsets of X. Let W €
Hinv(V). Then it follows from Lemma 4.2 that

W=WnN{U,)® & WN (Ug,) = f"(Uq,) ® - & f (Ug,),
with suitable integers 0 < d; < a;. Suppose W C X. Then
Fi{Uq) = W N (Ug) S XN (Ug) = f(Uq,).

Therefore (4.7) implies W € X. O

4.2. Special cases

In the following lemma we assume that f is such that
dla)=k>1 and d(r) =0 if r #aq, (4.9)

or equivalently V[f] = f*~'V and dim V[f] = k > 1.In that case there are k blocks in the Jordan form
of f and all Jordan blocks of f have size a.

Lemma 4.4. Assume (4.9). Then there exist 8, y € Auty(V) suchthat B +y =t

Proof. Let N, be the Jordan block (2.3). Then the Jordan form of f is
J =diag(Ng, ..., Ng) = Ik ® Ng,
and it is no loss of generality to assume f = J. Define M = (N; ® I) — (Ng ® I). Then

0 —I O
I, 0 —I

I
k akxak

and MJ = JM. Set

I,

P1=diag(1907"‘70)a><a®1k= . I

akxak
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0

I
Pc = diag(0,1..., 1)gxqa @I = ) )

I
k ak x ak

and B =M +P;, y =M+ P..Then B,y € Autg(V),and B +y =1. O

Lemma 4.5. Suppose X is a characteristic subspace of V. Let x € X and
X=x1+ +xm xi€(Uy), i=1,...,m
If |Uqg| > 1 then xs € X.

Proof. According to Lemma 4.4 there exist s, y5 € Auty((Us)) such that

Bs + vs = idw)-
Lety : V — Vand¢ : V — V be given by
Yyv=¢v=v forve (Up,...,Us_1, Uy, ..., Up)

and
Yv = Bsv, ¢v=ryv forve Us.
Then ¥, ¢ € Autp(V). Therefore (¥ + ¢)x = (Bs + ys)xs = xs € X. O

The following two theorems, which involve special types of Ulm sequences, will cover the hypoth-
esis (i) of Theorem 5.1. It should be mentioned that the proofs of Theorems 4.6 and 4.8 below employ
marked subspaces and thus are based on Theorem 1.3.

Theorem 4.6. If the sequence (2.4) contains at most one Ulm invariant with d(i) = 1, then each charac-
teristic subspace of V is hyperinvariant.

Proof. Suppose |an| > 1,and |[Ug| > 1ifi # g Letx € Xand x = x1 4+ -+ + X, xi € (Ug),
i =1,...,m Then Lemma 4.5 implies x; € X if i # q. Therefore, also x; € X, and we obtain (4.3).
Then Lemma 4.2 completes the proof. [J

Bru et al. [4, Theorem 3.4, p. 223] have shown (see also [6, 3.2.4, p. 28]) that each invariant subspace
of V is marked if and only if the sizes of blocks in the Jordan form of f differ at most by one. Then, for
some q the space V is of the form V = (Ug) or V = (U) @ (Ug41). We only need the special case
where |Uq| = |Ug41| = 1. Then f has Jordan form | = diag(Ng, Ng41). For the sake of completeness
we consider that case in a lemma and include a proof.

Lemma 4.7. Let
V={(u)®(u) and e(u;) =¢q, e(up) =q+1. (4.10)

Then (i) each invariant subspace of V is marked, (ii) each characteristic subspace of V is hyperinvariant.

Proof. (i) Let W € Inv (V), W # 0. Set h(W) = min{h(w); w € W, w # 0}. It is easy to see that
it suffices to consider subspaces W with h(W) = 0. Suppose W is cyclic, W = (w) and h(w) = 0.
Then e(w) = qore(w) = q + 1. In the first case we have (w, u) € U, in the second case we obtain
(uq, w) € U. Thus (w) is marked.

Now suppose W is not cyclic and h(W) = 0. Then W = (wy) & (wz), w; # 0, wy # 0, and
min{h(wy), h(w;)} = 0. Suppose h(w;) = 0.Ife(w;) = q then we have (wq, uy) € i, and we can
assumewq = uq,suchthatW = (uq)® (wy).lf wy = 21422,z € (u;),i = 1, 2,thenW = (uy) D (z2).
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Let h(z;) = r. Then z; = f"v,, where vy € (uy), h(vy) = 0. Hence e(vy) = g+ 1and (uq, v3) € U.

Therefore W = (uq) @ f"(v3). A similar argument works in the case e(w;) = q + 1. (ii) This follows
from Theorem 1.3. O

Part (ii) of the preceding lemma is a special case of the following result.

Theorem 4.8. Suppose the Ulm sequence (2.4) contains exactly two invariants d(i) and d(j) equal to 1,
and i and j are successive integers. Then each characteristic subspace X C V is hyperinvariant.

Proof. We can assume |Uq,| = [Ugy,| = 1,85 = ¢, as41 = q+ 1,and [Ug, | > 1ifa, # asand
a, # asy1.Suppose X C V is characteristic. Let x € X be decomposed as
X=x1+ -+ X1+ &K+ Xs41) + X2 + - - + Xm, (411)

Xy € (Ug,). Then Lemma 4.5 implies x, € X if 4 # s,u 7# s+ 1. Hence x; + xs41 € X. Set
X, =X N (Ug,). Then

X=X1&-- @X571 @ (Xm (Uas, Ua5+1>) @Xerz D D Xn.
Lemma 4.1 yields

X, = C#(Uau), if w#s, w#s+1. (4.12)

Letf be the restriction of f on (Uy, Ug,_, ). We show that the subspace X; 41 := X N (Ug,, Ug,,,) is
characteristicin (Ug,, U, ,) with respect tof. Let & be an automorphism of (Ug, , Ug, 1) thatcommutes
withf, and let {,, u = 1, ..., m, be the identity map on (Uaﬂ). We extend & in a natural way to an
automorphism « of V such that

A= 4 T+ Lo+ + G € Autp(V).
If x € Xs541 then &x = ax € X.Thus, &x € X; 41, which implies that X, 11 is characteristic in

(Uq,, Ug,+1) withrespect tof. The pair (Ug,, Ug,+1) is a generator tuple of (Ug,, Ug,+1). From Lemma 4.7
we know that the characteristic subspace X; 541 is hyperinvariant and therefore marked in (Us, Us41).
Hence

X N (Us, Us1) = X541 = f©(Us) @ F (Usy1), (4.13)

with (Us, Us11) = (Us, Us41). Combining (4.12) and (4.13) shows that X is marked. Therefore, by
Theorem 1.3, the subspace X is hyperinvariant. [J

4.3. Characteristic but not hyperinvariant

Theorem 4.10 below is crucial for a proof of the implication “(ii) = (i)” of Theorem 1.2. We first
note a technical lemma, which is adapted from [10, p. 63]. It clears the way for Theorem 4.10. Define

(Uiij) = (Ug» ... Ug), 1<i<j<m.
Lemma4.9. Let U= (Ug, ..., Uq,) €U, and

[Uag,| = [Ug, | =1, ap+1<ay. (4.14)
LetUq, = (u(p)), Ua, = (u(r)). Define

z =" 4+ o U (4.15)
and

Y={yeV;ely) =2, h(y) =a, — 1, h(fy) =a, —1}. (4.16)
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Then (Y) is characteristic, and

(¥) =@ @ (Up+1,e-1)IF] © (Opesr,m) 1. (4.17)
Proof. The subspace (Y) is defined via exponent and height. Hence it is characteristic. Set

Q=@ & (Up+1.c-1)f] & (Oprsrmpl1.
We first show thatY € Q.Lety € Y,

y=xt1+ - +xpxic€(Uy), i=1,...,m
Putxjijj =% +---+x,1 <i<j<mFrom h(y) =a, — 1 follows

y € L, f* N Ua) = F* " (ugp) & f 7 ((Ugp1.m)
and h(fy) = a; — 1 implies

fef L, (Uy) =f""" &L, (Ug).
Therefore fx; = 0,i=p,..., 7 — 1,and

y € Nugp) @ (Upps1,e—11) [F1 @ F > (Upe,my)- (4.18)
From e(y) = 2 we obtain

Yy € £ Nugp)) @ (Oppr1.0-1) 1 @ (Upe.m)) 21,
We have

(Otp 1011 = B, 1 f5 (Ug) S FH T @) (Ug) S FoV.
The assumption a; > a, + 1 implies

(Ue.m)[F?] = LS (Ug) € L f"*(Ug) S F*V
and

(Uie+1mD ] € B 1 f 7 Uq) S B f " (Ua)- (4.19)
Hence (4.18) and h(y) = a, — 1yieldx, # 0,i.e.x, :faﬂ_lu(p).Then

v = (g + Kip1,0-11) + X + Xe1,m)

= X[p,t—1] + X[z,m]> X[p,1—1] € <U[,0,‘[71]>[f]7 X[z+1,m] € U[r+l,m])[f2]-

From e(y) = 2 and fx[, ;—1] = 0 follows x[¢,m] # 0, e(X[r,m]) = 2, and fy = f(X[r,m]). Therefore
Xz 7 0. Otherwise X[r+1,m] 7 0, and then (4.19) would imply h(fy) = h(fx[r+1,m]) > a;. Hence

Xr =f“f_2u(r) + yf“’_lu(t), y € {0, 1}.
Putting the pieces together we obtain

y= (fa”_lU(p) + Uy + Vfa’_lu(w) + X(p+1,0-1] + X[z 41,m), (4.20)
and

Xp+1,1-1] € Wipt1le—1DF)s Xetm) € (Upet1,m)[F2] (4.21)
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and

gy + F Uy + v e =2+ vz € (2).
Hencey € Q and (Y) C Q. The space Q is generated by vectors of the form

Z+ Xp+1,0-1] T X[e+1mls  Z+JZ+ X[pi1,0-1] + X[z +1,m]>» (4.22)
where X[y41,7—1] and X[z 1,m] satisfy (4.21). It is easy to see that the vectors (4.22) lie in Y. Hence

Qc(y). O

In general, if (4.14) holds then there exists more than one characteristic subspace of V that is not hy-
perinvariant. In a subsequent paper [3] we construct a larger class of characteristic non-hyperinvariant
subspaces of V, which includes (Y) as a special case.

Example 1.1 [continued.] If |[K| = 2,
V=K'= (e1) ® (e2), eler) =1, e(e)) =3,

then (4.14) holds with (ay, az) = (1, 3). Let X be the subspace as in (1.2). Setz = ey + fe; = eq + e3
andY = {y; e(y) =2, h(y) =0, h(fy) = 2}. ThenX = (z) = (Y).
If [K| > 2then Y = {cie; 4 d3e3 + dsesq; c1 # 0, d3 # 0} and

(Y) = span{eq, e3, e4} = I(erfz.

Then (Y) is hyperinvariant, and (z) C (Y).

=

Theorem 4.10. Suppose K = GF(2). Assume that (4.14) holds. Let
Y={y;e(y) =2, h(y) =a, — 1, h(fy) = a; — 1}. (4.23)
Then the subspace (Y) is characteristic and not hyperinvariant.

Proof. Let 7, : V — V be the projection on (u(,)) along the complement (U, ..., Ua, 1, Uq, ;>
..., Ug,). Then 7, commutes with f. If z is given by (4.15) then z € (Y) and 77,z = fap—lu(p). Note
that f”ﬂ_lu(p) ¢ (z). Therefore (4.17) implies 7w,z ¢ (Y). Hence (Y) is not hyperinvariant. [

5. Proof of Shoda’s theorem

We reformulate Theorem 1.2 in terms of Ulm invariants and thus make the connection with Theorem
26 of Kaplanski [10, p. 63].

Theorem 5.1 [12,10]. Let K = GF(2) and f : V — V be nilpotent. Then the following statements are
equivalent:

(i) At most two Ulm invariants of (V, f) are equal to 1, and if there are exactly two, then they correspond
to successive integers.
(ii) The characteristic subspaces of V are hyperinvariant.

Proof. Suppose condition (i) is satisfied. If there exists at most one Ulm invariant equal to 1 then we
can apply Theorem 4.6. If there are exactly two Ulm invariants d(r) and d(s) equalto 1 ands =r + 1,
then we can apply Theorem 4.8. If condition (i) is not satisfied then we have (4.14) for some p, 7. Thus
Theorem 4.10 completes the proof. [
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