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ABSTRACT

The solution of the discrete-time algebraic Riccati equation leads to symplectic
pencils of matrices. Normal forms of such pencils under symplectic equivalence are
determined. Special attention is given to characteristic roots of modulus 1 and their
corresponding elementary divisors and inertial invariants.

1. INTRODUCTION: THE ALGEBRAIC RICCATI EQUATION

The motivation for our study comes from the linear-quadratic regulator
problem for discrete-time systems (see e.g. [1, 9, 10]). Consider the linear
system

x(k +1) = Fx(k) + Bu(k), x(0) = x4,

y(k)=Cx(k), k=0,1,2,.. .
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together with the cost functional

V=2 X ly*(k)Ty(k) + u*(k) Ru(k)]

0

oo

SR

k

where F, B, C, T, and R are complex matrices whose dimensions are
consistent with x(k)e C", u(k)e C?, y(k) e C9, and where R is positive
definite (R > 0) and T is positive semidefinite (T > 0). Define

I'=BR™'B* and Q=C*TC,
and let G and D be matrices such that
I'=GG* and Q= P*P.
If the pair (F, B) is stabilizable and if ‘; is detectable, then there exists an
optimal control #(k) which minimizes V (see [10]). The control law can be

derived from the discrete maximum principle [17, 9). The hamiltonian
formalism applied to

H(k) =3[x(k)*C*TCx(k) + u*(k)Ru(k)] + p*(k +1)x(k +1)] (1.1)

leads to a system of linear difference equations which couples the state x(k)
with the adjoint state p(k), namely

x(k +1) = Fx(k)— BR™'B*p(k +1),

p(k) = C*TCx(k) + F*p(k +1). (1.2)

Under the given assumption we have p(k)= Xx(k). The matrix X is a
solution of the discrete-time algebraic Riccati equation

X — F*XF + F*XB(R + B*XB) 'B*XF — Q0 = 0. (1.3)
The optimal control 4 is of the form

(k) =— (R + B*XB) ' B*XFx(k),
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where X is the unique positive semidefinite solution of (1.3). The minimal
cost V is given by

V =1x(0)*Xx(0).
Furthermore, the closed-loop system
x(k+1) =| F - B(R+ B*XB) "' B*XF|x(k)
is asymptotically stable, or equivalently, all the eigenvalues of the matrix
Fg¢=F —B(R + B*XB) 'B*XF

lie in the open unit disc.
To the linear first-order difference equation (1.2) corresponds a matrix
pencil. We rewrite (1.2) as

(o D6 RS-t
and put

M=( 0) and L=(1 F). (1.4)

-Q 1 0 F*

It is the pencil M — zL and its (finite and infinite) elementary divisors and
Jordan chains which determines the solution space of (1.2). From Pappas,
Laub, and Sandell [16], de Souza, Gevers, and Goodwin [6], Mehrmann [13,
14], and other authors we know that the pencil M — zL also plays a crucial
role in the study of the algebraic Riccati equation (1.3).

In this first section we focus on Equation (1.3) and put together the basic
facts on the pencil M —zL. We shall see how certain assumptions on
elementary divisors of M —zL or on factorizations of det(M — zL) are
essential for the existence of solutions of (1.3). Only hermitian matrices
which satisfy (1.3) will be considered as solutions of (1.3).
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Lemma 1.1,

(@) Suppose U, V, and A are complex n X n matrices which satisfy

(o 9)-(0 RN 13

If

(@) U is nonsingular,

(B) VU is hermitian, and

(y) I+ G*VU™ NG is nonsingular,

then

X=vu!

is a solution of (1.3).
(b) If X is a solution of (1.3), then (1.5) holds with

v)=(x) 1)

and
A=(1+TXx)"'F. (1.7)

Furthermore we have

R [E S AT |

where D=D*=(I+TX)"'T and

_(I+TX 0} I o
W”( 0 I)(F*X 1)'

Proof. Let us first note a useful matrix identity (see e.g. [7, p. 3]) which
involves I' = GG*. We have

(I+TX) '=1-G(I+G*XG) 'G*X. (1.9)
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Part (a): If U is nonsingular, then (1.5) is equivalent to

(—FQ (I))(ch)=((l) ;)(,I()A (1.10)

where X=VU™! and A = UAU‘~1. Assumption (y) implies that I+ I'X is
nonsingular, From F =(I +TX)A and — Q + X = F*XA follows

—Q+X=F*X(I+TX)"'F. (1.11)

According to (1.9) the equations (1.3) and (1.11) are the same.
Part (b): If X is a solution of (1.3), then we have

— Q +X=F*X[I1-G(I1+G*XC) "'G*X|F.

Using (1.9) again, we see that (1.11) holds and (1.10) is satisfied with
A= +TX) 'F. It is easy to verify (1.8). [ |

Let ] be the 2n X2n matrix given by
{0 1
As Q and T in (1.4) are hermitian, we have

MJM* = LJL*. (1.12)

A nonsingular pencil M — zL with the property (1.12) is called symplectic. If
L is nonsingular, then M — zL is equivalent to LM —zI, and S=L"'M
satisfies SJS*= J. By a slight abuse of terminology we call such an S a
(complex) symplectic matrix and define the subgroup Sp of GI(2n,C) by

Sp={Slsjs*=J}.

Lemma 1.2.  Let P and R be two nonsingular 2n X2n matrices. For all
symplectic pencils M — zL the equivalent pencil P(M — zL)R is also symplec-
tic if and only if cR is a symplectic matrix for some ¢ € C.

Proof. If S€Sp, then I —2z§ is a symplectic pencil. Assume that the
pencil P(I—zS)R is symplectic for all S€ Sp. Then R™!SR € Sp for all
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Se€Sp, i.e., R is in the normalizer of Sp in GI(2n,C). Hence [8] we have
¢R € Sp for some nonzero number ¢. The “if” part of the lemma is obvious.
B

Derinimion.  Two symplectic pencils M — zL and M'— zL’ are said to
be symplectically equivalent if there is a nonsingular matrix P and a
symplectic matrix R such that

M'—zL'= P(M—zL)R.

Note that

is symplectic if and only if X is hermitian. Hence the pencils M — zL and

(6 1)l »)

in (1.8) are symplectically equivalent.

The main feature of symplectic pencils is a pairing of characteristic roots
A and A7! and of corresponding elementary divisors. [We say A is a
characteristic root if det(M — AL) = 0.] The following result can be found in
[16] and [6]. We give a proof which does not use Jordan chains.

Tueorem 1.3 (See [16, 6]). Let M — zL be a symplectic pencil. If A# 0
is a characteristic root and (z — AF is a corresponding elementary divisor,
then (z — A~V is also an elementary divisor of M - zL. To each elementary
divisor of the form z™ corresponds an infinite elementary divisor of degree m.

Proof. Let S and T be nonsingular such that

S(M—zL)=(ABZI I—OzN)T’ (1.13)

where N is nilpotent. Then A — zI contains the finite and I — zN the infinite
elementary divisors of M — zL. As S(M — zL) is also a symplectic pencil, it is
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no loss of generality to assume S=1. Let T be partitioned according to
(1.13) as

Then
and we have

and

—_ T, JL*
LjLx = NI JL* |

Now (1.12) implies
AT, JM*=T,JL*,  T.JM*= NT,JL*, (1.14)
and (1.14) together with the trivial identities
ITJM*=T,JM*,  T.JL*=IT,JL*
yields
(A= zl)T,JM* = T, J(L* - zM*)
and

TJ(L* = zM*) = (I - zN)T,JL*.
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Hence
A—zl 0 TJIM®y _ L
( 0 I—:N)(Tw]L* = TJ(Lx = zM),
and the pencil M — zL is equivalent to (zM — L)*. |

Noration.  Let g(z) =TI(A, — z) be a complex polynomial with g(0) #
0. Put G(z)=TI(1~ A,z). We call f(z)=2z"qg(z) an unmixed polynomial if
all the common zeros A of g and § satisfy |A| = 1. In particular, a polynomial
f is unmixed if all its zeros lie in the closed unit disc. A solution X of (1.3)
will be called unmixed if the characteristic polynomial of its associated
closed-loop matrix

Fy=(I+TX) 'F=F—G(I+G*XG) 'G*XF
is unmixed. Finally, we say that
det(M —zL) = cz™q(z)d(z), ceC (1.15)

is an unmixed factorization if g is unmixed.

In the case where the symplectic pencil M — zL has no characteristic
roots with modulus 1, the preceding theorem tells us that M —zL is
equivalent to a pencil of the form

(A—zI 0 )
0 I— zA*

and A can be chosen in such a way that det(A — zI) and det(I — zA*) have
no zeros in common. Then

det{ M —~ zL) = det( A — zI) det(I — zA*)

is an unmixed factorization. The situation with no unimodular characteristic
roots arises when the pair (F, B) is stabilizable and (1F>) is detectable, i.e.

when

rank( F — AI,B) = rank( F _P/\I) =n

for all A with JA|>1 [16].
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In the sequel the characteristic roots @ of M —zL with |al=1 will
require special attention. We introduce the following condition.

(E) All the elementary divisors of M — zL which belong to characteristic
roots @ with [a| =1 have even degree.

Obviously (E) is sufficient for the existence of an unmixed factorization of
det(M — zL). Why the condition (E) should be important for the algebraic
Riccati equation (1.3) will become clear from the next theorem and Lemma
1.1

Tueorem 1.4, If (E) holds and (1.15) is a given unmixed factorization,
then there are nonsingular matrices K and R such that

. _{A—zl —zD _
(M~:L)R K( N I_ZA*), D=D*  (1.16)
and
det(A —zI) =(-1)"z"g(z).
If R is partitioned into n X n blocks
(U -
R“(V ) (1.17)
then
Uuy_,(U
M(V)-L(V)A (1.18)

and ( g ) has full rank.

Proof. For (1.16) it is enough to consider a 2k X2k Jordan block

B=B,(a)=
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with |al =1. Then B — zl is equivalent to

Bi(a)—zl zE
0 I-2zB(a)* |’

where E = diag(0,...,0,1). In order to verify (1.18) let

k=% )

be partitioned according to (1.17). Then (1.16) implies

u(y)=(f)a e 1f3)=(%)
Hence we have (1.18). ]

The matrix R in (1.16) and (1.17) yields a solution of (1.3) if the blocks U
and V satisfy the three conditions (a)—(y) of Lemma 1.1. It turns out in the
next lemma that we need not be concerned about the nonsingularity of
I+ I'X. Furthermore, if R in (1.16) can be chosen to be symplectic and if
U~! exists, then X =VU™! is necessarily hermitian.

Lemma 1.3. Let K and R be two nonsingular matrices such that (1.16)
holds, and let R be partitioned as in (1.17). If U is nonsingular, then
I+ T(VU™") is nonsingular.

Proof. Put X=VU~!, W=blockdiag(U™!,U*), and K = KW. Then

I - s A -zl —zD
M-—zL ( )=K( - )
( <L) X 0 I—zA*

where A =UAU"! and D =UDU*. Hence we can assume in (1.16) that R

is given as
_{1 S
R=(% 3.
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From
_ I —=-S)_ {1 —ASY(1I AS
v -)R(] T J=x(; ) %)
X(A—zl —zD )(l ~S)
0 I—-zA*]\0 I
follows
(M_ZL)(I 0)___C(A—z1 —z(D+ASA*—S))
X T 0 I—zA* ’
where

C=(Cl Clz)

is nonsingular, and T = T — XS. Therefore

R R T

and

(o rllx 5)-(¢ %) &) am
From (1.19) we obtain C;, = 0, and (1.20) implies C, = I + I'X. Thus
C= (1 +TX O)
and I + I'X is nonsingular. "

LeEmMma 1.6, Let

(5 3

be symplectic. If U is nonsingular then X =VU™! is hermitian.
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Proof. 1f R is symplectic then R™' = — JR*]. Therefore

S T* — g

8 “(—V* U*)
and we have

V¥ U+U*V=0,

and if U is nonsingular then

—(VU ) *+ VU ' =0.

|

The fact that there exists a matrix R which satisfies (1.16) and which is

symplectic will follow from the results of the next section, where we set out

to determine normal forms of symplectic pencils. We shall assume that

condition (E) holds. It will be shown that under symplectic equivalence a
decomposition into blocks of the form

A—zI —zD _ s
( 0 I — zA* ) b= D,
can be achieved, where
A1
A
A= 1
A

In the case of an elementary divisor (z — a)®", lal|=1, we have D=
+diag(0,...,0,1); in the case of a pair of elementary divisors (z = A,
(1— A" '2)*, we have D=0.

2. A NORMAL FORM UNDER SYMPLECTIC EQUIVALENCE

As a first step a given symplectic pencil is reduced to two blocks § — zI
with S € Sp and M'— zL' where det(M’' — zL') =(—1)"z™.
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Tueorem 2.1.  Let M — zL be a symplectic pencil such that det(M — zL)
= z™h(z), h{(0) # 0. Then there are matrices P and R such that

P(M — zL) = blockdiag(S — zI, N — zI,I — z2N*) R (2.1)
and
RJR* = blockdiag(J, —om> Jam) - (2.2)

and N € C™*™ is nilpotent and S is symplectic. The matrix S is determined
up to symplectic similarity, the matrix N up to similarity.

Proof. According to Theorem 1.3 the pencil M — zL is equivalent to
block diag(A — zI, N — zI, I — zN*) with a nilpotent m X m matrix N and a
nonsingular matrix A. Since for any nonsingular P the two pencils M — zL
and P(M — zL) are symplectically equivalent, it is no loss of generality to
assume

M — zL = blockdiag( A — 21, N — zI,I — zN*) H. (2.3)
Put Il = HJH*. Then 1= — IT* and
blockdiag( A, N, I) IT blockdiag( A*, N*,1)
= blockdiag(I, I, N*) Tblockdiag(1, I, N). (2.4)

Let I1=(I1,)), 4,j =1,2,3, be partitioned conforming to (2.3) so that (2.4)
becomes

ALl AllN*  Ally, I, My ;3N
NI, N* Ny | =| - I, My N
g, ’ ) N*IgN

It is not difficult to show that
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For example, consider the equation AIl;; =TI ;N. Since A and N have no
common eigenvalues, we have II,; = 0. The nonzero blocks in I satisfy

All, A% =TI, = - [T} (2.5)
and
NI, =TI,,N. (2.6)
Now (2.6) implies

block diag( 1,115, 1) (M — zL) = blockdiag(A — zI, N — zI,1 — zN*) H
(2.7)

with H = blockdiag(1,T13!,1) H and
H]H*=b10deiag(Hll’]nz)' (28)

As usual, the inertia In D of a hermitian matrix D is the triple of
nonnegative integers containing the numbers of positive, negative, and zero
eigenvalues of D. Since iJ is congruent to — iJ, we have In(iJ) =(n,n,0),
and (2.8) implies In(iIl,;) =(n — m,n — m,0). Hence

GII,G*=] (2.9)

n—m

for some nonsingular G. Put S = GAG ™. From (2.7) we obtain
blockdiag(G, I3, 1) (M — zL) = blockdiag(S — zI, N — zI,I — zN*) R
with R = blockdiag(G, I, I) H. Because of (2.5) the matrix S is symplectic,
and it is obvious that (2.2) holds.
To prove the last statement of the theorem let us consider a relation

P,(M — zL) = blockdiag($, — zI, N, — zI,I — zN;*) R,

with properties like those of (2.1). Put X=R,R™! and Y= P,P~". Then X
and Y are nonsingular and

blockdiag($, — zI, N, — zI,I1 — zN*) X
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=Y blockdiag(S — zI, N — zI,I — 2N *).

Since equivalent pencils have the same elementary divisors, the matrices S,
and S are similar, as are N, and N. Arguments like those used above for II
show that

X =Y = blockdiag( X,, X,, X; *).
Hence §,X, = X,S. From
RJR* = R, JR} = blockdiag(J,_om> Jam)

we obtain X,J,_;,,X¥=J,_2,,- Thus X, is a symplectic similarity of S,
and S. ]

On the right-hand side of (2.1) two distinct pencils appear, namely
$—zI, S€Sp, and

. (N 0)__(I o0
M —zL (O I) Z(O N*)’ (2.10)

where N™=0. We call the matrix S a symplectic component and N a
nilpotent component of M — zL. The last part of the proof of Theorem 2.1
with the matrix X = blockdiag(X,, X,, X; *) shows that two symplectic
pencils are symplectically equivalent if and only if their symplectic compo-
nents are symplectically similar and their nilpotent components are similar.

The pencil (2.10) can easily be reduced further. Let T be a matrix which
transforms N into Jordan form,

TNT ™! = blockdiag(N,,...,N.) =N,

where the Jordan blocks N, have size m;Xm; The matrix 3 =
block diag(T~*, T*) is symplectic, and

S UM - 2L)S = N-—zl 0 L
0 I—2N*

Hence there exists a matrix R’ such that

R'J(R’)* = blockdiag(J,, ..., ], )



426 HARALD K. WIMMER

and
3~ (M’' - zL') R’ = blockdiag(2,,...,Q,), (2.11)
where
A L R (2.12)
! 0 I—2zN*

The reduction of the pencil S — zI leads to the problem of finding a
normal form of a symplectic matrix S under symplectic similarity. Because
S(iJ)S* = iJ, one can regard S as an isometry of a space with an indefinite
inner product given by the hermitian matrix iJ and refer to [12] or [15}. One
could also refer to papers of Cikunov [4, 5] and of Laub and Meyer [11],
which deal with real symplectic matrices. The results in [12] are too general
for our purposes, since in our case i induces an indefinite inner product
with signature zero. On the other hand [4, 5, 10] are also not directly
applicable in our context, as we are dealing with complex spaces. The
approach which is best suited for our purposes is described in [2] and [3].
Although Ciampi [2, 3] studies hamiltonian matrices, only small modifications
are necessary to derive results on symplectic matrices along the lines of [2].
Therefore we shall present the basic result of Theorem 2.2 without proof.
The case of eigenvalues a of S with |al =1 will be discussed separately. An
appendix (Section 4) describes the inertial invariants introduced in (2.18) in
a coordinate free setting.

The notation M~ * in (2.15) means (M*)~".

Tueorem 2.2a. Let SE€Sp be a symplectic matrix with elementary
divisors (z — A )k, (z = A7 D% A l# 1L i=1,...,r, and (z — a))*™, la,| =1,
j=1,...,s. Put

J=blockdiag(Ji»---> Ji» Jmp>+-+> Jm,)- (2.13)
Then there exists a matrix R which satisfies
RjR*=]
and which transforms S into

RSR~! = blockdiag(C,,...,C,,A,,...,A,). (2.14)
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The matrices C; correspond to elementary divisors (z — A)*,(z — A7)k and
are of the form

(MI+ N 0
C~= —%
0 (AMI+N)

(2.15)

)2k,-x2k,»

The 2m; X2m; matrices A; are symplectic; they correspond to the elemen-
tary divisors (z — a,)*™.

Remark 2.3.  The pencil

AI+N 0
( 0 (AI+N)_*)—ZI (2.16)

is symplectically equivalent to

(M +N) -zl 0 017
0 I—z(A[+N)*| (2.17)
Proof. Multiply (2.16) on the left by block diag(1,(AI + N)*). ]

Let the rows of the matrix R in Theorem 2.2 be partitioned conforming
to j in (2.13) as

R=(R,....,R",R,,....,R,)",

and let g; € rowspan R; be such that

g,(S—e,1)™ " 0.

Put
aj=a}'"f—1gj][gj(s—ajl)zmj_l]*. (2.18)

It is shown in the appendix that ¢;€R and a;#0. Set €;=signa;. The
numbers ¢; {1, -1}, j=1,...,s, which are associated to the elementary
divisors (z — &)™ are called the inertial invariants of S. Up to ordering of
its entries the tuple (¢,,...,€,) is independent of the choice of R.
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Tueorem 2.2b. Two symplectic matrices are symplectically similar if
and only if they are similar and have the same inertial invariants.

Because of Theorem 2.1 the preceding result can be extended to pencils.
Let us define the inertial invariants of a symplectic pencil to be those of its
symplectic component.

Tueorem 2.3. Two symplectic pencils are symplectically equivalent if
and only if they have the same (finite and infinite) elementary divisors and
the same inertial invariants.

We now focus on a 2m X 2m matrix A which is assumed to be symplectic
with a single elementary divisor (z — @)*™, |a| =1, and inertial invariant €.
By a Cayley transformation we pass to hamiltonian matrices. Put

B=(A—al)(A+al)”}; (2.19)

then BJ = — JB*, i.e., B is hamiltonian, and B is nilpotent with minimal
polynomial z2™. Let y be a row vector such that yB2™~! # 0. Then

22m—ly](yB2m—l)* — a2m—ly][y(s _ aI)Zm—l] * _ €|a|

for some nonzero ¢ €R. It is known (see e.g. [11, 18]) that there exists a
symplectic matrix R such that

>

- N €A 5
RBR 1=(0 _N*)=-B

where
N= e . (2.20)

and

A = diag(0,...,0,1).
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From (2.19) we obtain A = a(I + BXI — B)™ . Hence
RAR '=a(I+B)(1-B) '=A.
An easy calculation shows that

ra a(I+N)(I-N)"" 2ae(I-N)'A(I1+N*"!
0 a(I-N*)(I+N®"' |

Let T be a nonsingular matrix such that

Ta(I+N)(I-N)"'T"'=al+N. (2.21)

P =blockdiag(T, T *). (2.22)

Then P is symplectic and

. I+
pAP-1 = al+ N eV n
0 (al +N)
where
V=2T(I-N)'A(I-N)*T*(al+N) " *. (2.23)

Since A =(0,...,0,1)7(0,...,0,1), we can write V as a dyadic product V = vv*
with

v=_(vg,....0,_;) =V2T(1-N)"'(0,...,0,1)".

Note that v,_; # 0. Ot!_lerwise both (1,9,...,0)T and (0,...,0,1)T would be
right eigenvectors of PAP™!. But rank (A — aI) < 2m —2 is impossible, as A
is nonderogatory. Because v,_, # 0, there exists a nonsingular matrix F =

Lf.N* such that

Fv=(0,...,0,1)".
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Since F commutes with N, we can replace T by FT in (2.21), (2.22), (2.23),
which yields V= A{al + N)™*,

TueoremM 2.4. Let A be a symplectic 2m X2m matrix such that
(z — a@)®™, |al =1, is the only elementary divisor of A, and € is its inertial
invariant. Then there exists a symplectic matrix R such that

al +N eA(al+N)*
0 (al +N) ™"

RAR'=

[tR]

where N is an upper triangular Jordan block and A = diag(0,...,0,1). The
pencil A — z1 is symplectically equivalent to

I+ N)~—zI A
(a Y-z z€ ‘ (2.24)
0 I—z(al+ N)*
Proof. It is easy to verify that the product
1 —€A
(0 (aI+N)*)(A°_ZI)
is equal to (2.24). .

We sum up the information contained in (2.11) and (2.12), in (2.15) and
(2.17), and in (2.24).

Tueorem 2.5. Let M — zL be a symplectic pencil. Assume that condition
(E) is satisfied; let (z — A )%, (z = A7 DR (Al #1,i=1,...,7, and (z — A )%,
A l=1, i=r+1,...,m, be the elementary divisors of M —zL, and let
€ 41+ €,, be its inertial invariants. Put

j= blockdiag(]kl, . "’]k,,.)

and let

AM+N 0 1 — €A,
H, = -z
' 0 I 0 (AI+N)*
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be of size 2k, X2k, with

A i 1A,
: idiag(O,...,O,l) if Ial=1,

where the matrix N is a nilpotent Jordan block as in (2.20). Then there exists a
nonsingular matrix P and a matrix R which satisfies RJR* = | such that

P(M — zL)R = blockdiag(H,,...,H,).

A rearrangement of the blocks which make up the matrices H;, R, and P
yields a sharper version of Theorem 1.4. In view of Lemma 1.6 and of
condition (B) of Lemma 1.1, such a refinement is an important tool in our
approach to solve the algebraic Riccati equation {(1.3). Based on the results of
this article and on those of [19], a subsequent paper will deal with the
existence of stabilizing and unmixed solutions of (1.3).

THEOREM 2.6. Let M — zL be a symplectic pencil and let det( M — zL) =
cz™q(2){§(z) be a given unmixed factorization. If (E) holds, then M — zL is
symplectically equivalent to a pencil of the form

A—zI —zD _ %
(o7 ZR) oo

where det(A — zI) = (—1)"z"g(z).

3. THE RICCATI PENCIL

In this section we return to the 2n X2n pencil

o _(F oy. r
M=zl (Q ) (0 ) (3.1)
which is related to the algebrai¢ zquation (1.3). The assumptions are

I'=GG*>0and Q>0. Let 5) d) a Riccati pencil. We are going to

discuss some features related 2 ,5, 2 odular characteristic roots of M — zL.
'7<'"‘r

3
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Lemma 3.1, Suppose (1.3) has a solution X. Then A # 0 is a characteris-
tic root of the Riccati pencil (3.1) if and only if A or A™! is an eigenvalue of

Fe=(1+TX) 'F=F-G(I+G*XG) "'G*XF. (3.2)

If a is a characteristic root with |a| =1 then a is also an eigenvalue of F.

Proof. If X is a solution, then (1.8) and (1.7) yield
det(M — zL) = cdet( Fx — 2I) det(I — 2Fy).

Hence |al =1 and det(M — aL) = 0 imply that « is an eigenvalue of Fy. It
is well known (see e.g. [6]) that X satisfies the discrete-time Lyapunov
equation

X~ F¥XFy = Q + F*XG(I + G*XG) ">G*XF.
Let y be an eigenvector of Fy such that Fyy = ay, y # 0, |a| = 1. Then
0= y*(X — F¥XFy)y = y*Qu + y*F*XG(I + G*XG) "*G*XFy.

Thus Qy = 0 and G*XFy = 0, and from (3.2) we obtain Fyy = Fy=ay. N

In Lemma 3.2 we state a result for matrices of rational functions. It will
be used in the special case of the pencil

A—2zl -2zD
(o7 L) (33)

Let A be the ring of those complex rational function which have no pole at
a. The local ring A is a principal ideal domain with maximal ideal (z — a). If
F and S are two n X n matrices ~er A which have the same elementary

divisors, we write F < S. In other s, UFV = S for some matrices U and
V which are invertible in A"*", X i i
For a complex polynomial f(z)= ‘efine f by f(z)=1Xf,z", and

for h=f/geC(z) put h=Ff/8 & w1;(z)) is an nXn matrix of
rational functions, then H is defined by H = (h,(z™")).



SYMPLECTIC PENCILS 433

LemMa 3.2. Let a € C be such that la| = 1. Assume that F € A"*" and
I' € A"** have the properties

(@) F< diag(L,...,1,(z —a)*,....(z = a)*) and 0 <k, < --- <k,,
G) r="r,
(iii) T'(a) < 0.

Put
P=(F zI‘A)
0 -—2zF
Then we have
P~ diag(L,...,1,(z —a)™,...,(z — a)**)
if and only if

rank(F(z), zF(z))=n for z=a. (3.4) -

Proof. If U and V are invertible in A"*" such that UFV=§=
diag(1,...,1,(z — a&)*,...,(z— a)*) then

(5 95 a)-(0 %)

For S and UTU conditions of the form (i)—(iii)‘ are satisfied. For z =a we
have rank( F(2), 2I'(2)) = rank(S(z), 2U(z)T'(z)U(z)). Hence we can assume
without loss of generality F = blockdiag(1, F,), where

Fy(z) =diag((z —a)*, (2 - a)kr).

Let T be partitioned conforming to F:
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Then P ~ blockdiag(1, P,) with

F zT
p,=|’ 2|
0 —2zF,

We want to show that (3.4) is equivalent to [,(@) < 0. Because Fy(a) =0,
it is obvious that (3.4) holds if and only if

rank(zrgl(z), zF2(z))=r for z=a. (3.5)

Suppose I',(a) is singular and [,(a)b =0, b # 0. Then
(0 b)) =b*Ta(a)b =0,
and (Gii) implies
(0 b* )T (a)= b*(rﬂ(a)’ ar2(a) ) =0,

which is incompatible with (3.5). On the other hand, if I';(«) is nonsingular,
then we have (3.5). Therefore it is no loss of generality to continue under the
assumption that r =n and F = F, = diag((z — ). (z—a)n), 0<k, <
.-+ <k,. Let us consider first the hypothesis that (3.4) or equivalently
I'(a) < 0 holds. Then T ~ ! < I, and elementary a-equivalent transforma-
tions yield

)

ET™'F 0/
Because I'(a) <0, all principal minors of T = EFT~!'F are nonzero. Since F
is diagonal, the ged of all » X v minors of T is (z — @), and e, = X}_ 2k,
Therefore T ~ FF and

pP= diag(l,...,l,(z —a)® . (z— a)zk"). (3.6)

Conversely, assume now that (3.6) holds. Since n elementary divisors of P
are equal to 1, there must be an nXn submatrix H of P such that
det H(a) # 0. But F(a)=0; therefore H = zT". From (iii) follows T'(a) < 0.
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Condition (E) is closely related to the B-controllability of eigenvalues «
of F. Recall that ' = BR"!B* and R > 0. Hence

rank( F —aI, T)=rank(F —al, B).

Tueorem 3.3.  Let (1.3) have a positive semidefinite solution X, and let
GG—a)k, i=1,...,r, be the elementary divisors of Fy = (1 + T'X)™'F which
belong to an eigenvalue a with |al=1. Then

M —zL ~ diag(1,...,1,(z —a)™',...,(z — a)**") (3.7)
is equivalent to
rank(F —al, T)=n. (3.8)

If (3.8) holds for all a with |al=1, then the Riccati pencil (3.1) satisfies
condition (E), and dll inertial invariants of (3.1) are equal to ~1.

Proof. According to (1.8) the pencil M — zL is symplectically equivalent
to

(A—zl —zD )’ (3.3)

0 I—zA*

where A=Fy and D= D*=(I+TX)"'I'> 0. Lemma 3.2 applied to the
pencil (3.3) shows that (3.7) is equivalent to

rank(A—al, —aD)=n.
The definitions of A = Fy and of D yield
rank(A —al, —aD)=rank(F —al, T).
If (3.7) holds for all @ with |al =1, then we have (E). Using arguments
which lead to Theorem 2.5, one can assume A = blockdiag(A,,...,A,,) with

A;= A1+ N and D = blockdiag(D,,..., D,,) where D, # 0 if |A,| # 1. Then
D > 0 implies €; = —1 for all inertial invariants. [ ]
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4. APPENDIX: INERTIAL INVARIANTS

Let V be a complex 2n-dimensional vector space, and let w:V XV ->C
be an indefinite inner product on V which has the following properties: For
all x,x,,x5,y €V and for all ¢;,¢, € C we have

(1) wlc x, +cyxg, 4) = c oz, y)+ coo(xy, y),

@) w(y,x)=-w(x,y),

(3) w(,*) is nondegenerate, ie., if w(x,y,)=0 for all x €V then
Yo=0.

A subspace U of V is called isotropic if w(u,w)=0 for all u,weU. If
(4) V=U,8U, and U,, U, are isotropic,

then iw is a hermitian form on V with signature 0. We call the pair (V, w) an
so-space if (1)-(4) are satisfied.

For our definition the Lagrange splitting in (4) is essential, In the case of
real symplectic spaces (which involve nondegenerate skew symmetric bilin-
ear forms) condition (4) is a consequence of (1)-(3).

Let

B=(b,,....by,) (4.1)
be a basis of V, and let
Q=(w(b.b;)), i.j=1,....2n, (4.2)

be the matrix of the inner product corresponding to B. Then ) = — {}* and
Q) is nonsingular. Condition (4) is equivalent to the existence of a symplectic
basis 3 =(s,,..., s3,) for which (w(s,, s;)) = J holds.

A subspace U of V is called nondegenerate [an s,-subspace] if wly is
nondegenerate [(U, w|y) is an sg-subspace]. In the following it will often be
convenient to denote the inner product by [+, -], so that [x, y] = w(x, y).

Let o be an isometry of V, i.e. an endomorphism of V which satisfies
[x,yl=[ox,0y] for all x,y €V, and let B and ( be as in (4.1) and in (4.2).
If S=(s,,) is the matrix representation of o with respect to the basis B
such that o(b,) = L2" s, b,, k=1,...,2n, then SQS* = (). In the case of a

vl

symplectic basis (with € = J) the matrix S is symplectic.
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The decomposition (4.3) below leads to the block diagonal form (2.14).

Tueorem 4.1. Let (V,w) be an syspace, and let o be an isometry
of V with elementary divisors (z — A ¥, (z = A7 D%, Al #1,i=1,...,r, and
(z - aj)'f, Iajl =1, j=1,...,s. Then there exists an orthogonal decomposition
of V into o-invariant subspaces

V=W,® - oW.eU® - &U,

s

(4.3)

with the following properties: W, is an sy~space, W, = W0 W,, with dimW,,
=dimW, =k,, both W,; and W,, are isotropic and_o-invariant, olw, and
olw, have minimal polynomial (z — A% and (z — A7)k respectively, the
subspaces U, are nondegenerate, dim U, =t,, and (z — a,)" is the minimal
polynomial of oy,

Let |a] =1 be an eigenvalue of «, and assume that (z — a)’ appears p
times in the sequence of elementary divisors of . Let

U=Ut® - eU"
be the direct sum of those p subspaces in (4.3) which correspond to (z — a)'.

LemMma 4.2. Put U=U /(o — a)U, and define

y(55) =a" Yz, (0 —a)' 7y]

for i=x+(c—a)U, j=y+(oc—a)U, x,y€U. Then y:UXU>C is a
well-defined nondegenerate form on U which satisfies

y(e,x, + 0252’!7) =c,y(%,,4) + 027(52:!7)

and

y(7.8) = (-1 y(%.7) . (44)
Proof. Since o is an isometry, we have

[x,(c —a)y] = [(a"l - Ex')x,y],
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and |a| =1 yields
[x.(0 — a)y] = — &l(o - a)x, 7y].

Hence

[(o-—a)ix,((r—a)ky]=0 if i+k>t, (45)
and x,y € U. From (4.5) it follows that y is well defined. In order to show
that y is nondegenerate, let o and w be restricted to U and to U XU,
respectively. Let © = v +(o —a)U be such that y(u,7)=0 for all z€U.
Then [u,(0 — a)' " 'v]=0 for all u €U. Since U is nondegenerate, we have

(0 — a)'~'v = 0. Therefore v € Ker(o — a) '=Im(o — a)=(o — a)U and
© = 0. The property (4.4) can be verified as follows:

Y385 =y (0~ a) s
=at_1(—&)t_l[(0' —a)t_ly,O"_lx]

=(—1)'_1[(0'—a)t_ly,(0'—a+a)t_1x]

=(—-l)t_1[(a'—a)t_ly,at_lx] :(_l)fat-—l [x’(a._a)‘_ly]

=(-D'y(%.7) .

]
Only the case where the degree of (z — a)' is even will be of interest
here.

Lemma 4.3. Let Y be a nondegenerate o-invariant subspace of V such
that dimY = 2m and (z — a)®™, |al =1, is the only elementary divisor of oly.
Then Y is an sy-subspace of V.

Proof. Since (z — @)®*™ is the minimal polynomial of o on Y, there
exists a vector x, € Y such that (o — a)*" " 'x, # 0. Define x; = (o — a)'x,,
i=0,....2m —1, and put

Q=([x;,x]), i,k=0,....2m—1.
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From [x,,x,1=[(o — @)'xo,(0 — @)*x,] and (4.5) it follows that [x;,x,]= 0 if
i+k >2m. We know that ) = — Q*. Hence

(Mo
a-( ¥ %)

where M = — M* and Q is nonsingular. Put

ol
0 I
Then
0 Q*
* =
TQT ( P )
which shows that Y is an s,-subspace. n

If ¢t =2m, then the form ¥ in (4.4) is hermitian. Its inertia is completely
determined by U. The inertial invariants introduced via (2.18) are now
derived from a matrix representation of 7.

LemMa 4.5. Let U, U, and y be as in Lemma 4.3, and assume t = 2m.
Let g,€U?, i=1,...,p, be vectors such that (¢ — a)*" g, #0. Put g, =
g, +(o — a)U. Then

v(&:.8) = a2m—1[gi’(a, - a)2m_1gi] = f,'|C,~|_2, (4.6)

where €, €{(1, — 1} and c, # 0. Furthermore, G =(c,g,,...,¢,g,) is a basis of
U, and the matrix of y with respect to G is given by diag(e,,...,€,).

Proof. Since y is a nondegenerate hermitian form on U? /(o — a)US
we see that sign €, in (4.6) is independent of the choice of g,. [ |
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