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Abstract.

The Riccati equation X — F*XF + F*XG(I + G*XG)"'G*XF — H*H = 0 is
studied and the existence of a least (and negative-semidefinite) solution X_ is
investigated. If F' is singular then the zero eigenvalue of F' plays a crucial role
for X_. There is no complete analogy between the results for a greatest (and
positive-semidefinite) solution and the results for X _.

KGYWOI'dS: discrete-time algebraic Riccati equation, least solution, negative-
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1 Introduction

This paper deals with the discrete-time algebraic Riccati equation (DARE)
X -FXF+FXGI+GXG) 'G*XF-HH=0 (1.1)

and its hermitian solutions. Here F,G and H are complex matrices of size n x
n,n X p and g x n respectively. The study is motivated by discrepancies between
(1.1) and the corresponding continuous-time algebraic Riccati equation (CARE)

F*X +XF - XGG*X + H*H = 0. (1.2)

Since it is the same type of optimal control problem which — depending on the
time scale — gives rise to (1.1) or to (1.2) it is clear that those two equations
should have many features in common. For example if (F, G) is stabilizable then
both (1.1) and (1.2) have a greatest solution X, such that X, > 0. In the case of
(1.1) X} is the unique solution such that the spectrum o(Fx, ) of the associated
closed loop matrix

Fy, =F -G+ G'X,G)'G*X, F=(I+GGX,)'F

lies in the closed unit disc. In the case of (1.2) the feedback matrix Fx, =
F — GG* X, has all its eigenvalues in the closed left half plane. For the CARE
(1.2) it is immediate that the stronger hypothesis of controllability implies in
addition to X also the existence of a least solution X_ such that X_ < 0 and
o(F — GG*X_) is in the closed right half plane. The following example from [2]
shows that an analogous result does not hold for the DARE. Consider (1.1) with

01 0
(00 o (2). m-na

Then (1.1) has only two solutions, namely

1 2 1 2

Clearly X/ is the least solution, but X, is not negative-semidefinite. Note that

0 1
o= )
3—v5

Hence X, is not anti-stabilizing. We have o(Fy,) C {\[A =0 or [A\| > 1}. If F
is nonsingular and (F, G) is controllable then it is known [3] that a least solution
X_ of (1.1) exists such that X_ < 0 and |\| > 1 for all A € o(Fx_). Hence the
discrepancy between the Riccati equations (1.1) and (1.2) which is displayed by
the preceding example can not occur if 0 ¢ o(F). It is one of the goals of this
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paper to clarify the role of a zero eigenvalue of F' as far as solutions X of (1.1)
and their feedback matrices

Fx = (I+GGX)'F

are concerned. It will be shown that there exists a subspace Uy of €', which can
be described in terms of the triple (F, G, H), such that

U(] = Ker (Fx)n

is a generalized eigenspace which all solutions X have in common. Furthermore
X =Y on U for any two solutions X, Y of (1.1). Our main results are the
following theorems.

Theorem 1.1. The following conditions are equivalent:

(a) There exists a unique solution X_ of (1.1) such that the spectrum of the
associated closed loop matriz satisfies

o(Fx ) SN A=0 or [N >1}). (1.3)

(b) We have
rank (F — A, G)=n if 0 < |\ < 1. (1.4)

Theorem 1.2. Let X_ be a unique solution of (1.1) satisfying (1.3).

(i) Then X _ is the least solution of (1.1), i.e. X_ < X holds for all solutions
of X of (1.1).
(i) We have X_ < 0 if and only if Ker F" C Ker H.
The paper is organized as follows. In Section 2 it will be proved that all
solutions X of (1.1) satisfy I + G*XG > 0. Section 3 deals with the generalized
eigenspace Uy = Ker (Fx)" and Section 4 contains an existence and uniqueness

result for unmixed solutions of (1.1). The proof of Theorem 1.1. and 1.2 is given
in Section 5.

2 An inertia result

If X and Y are solutions of (1.1) then [1] the matrix A = X — Y satisfies
FpAFy — A = FRAG(I+ G*XG) ™t G*AFy. (2.1)
Also note that (1.1) can be written in an equivalent form as

X — FiXFx = F.XTXFy + H*H. (2.2)
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Since (2.1) can be regarded as a discrete-time Lyapunov equation we can relate
the inertia of A to the location of o(Fx) as soon as we know that the righthand
side of (2.1) is semidefinite, in particular that I + G*XG > 0. For the proof of
the following lemma I am indebted to a referee.

Lemma 2.1. If X is a solution of (1.1) then we have I + G*XG > 0.
Proof. Let X be a hermitian n x n matrix. For w € €* and y € € define
P(w,y) =w"(I + G XG)w — (Fxy + Guw)* X (Fxy + Gw) + y* Xvy.
Then
Pw,y) =w'w —y" F{ XGuw —w'G*" X Fxy + y" (X — Fx X Fx)y.

If X is a solution of (1.1) then (2.2) implies

* * ] * w *
= (w y)(_F)*(XG > e XFX><y> +y*Hy > 0.

Now choose A such that [\ = 1 and A\ € o(Fx). If § = (M — Fx) 'Gw then
Fxy 4+ Gw = A\y. Therefore

(Fxg + Gu)" X (Fxj + Guw) = §° Xy

and we obtain P(w, ) = w*(I + G*XG)w. By assumption I + G*X G is nonsin-
gular. Hence P(w,y) > 0 yields I + G*XG > 0.
O

3 Generalized eigenspaces related to a zero eigen-
value

If X and Y are solutions of (1.1) then it is known [6] that Ker (Fx)" =
Ker (Fy)"™ and
Ker (Fx)" C Ker (X —Y). (3.1)
A proof of those facts, which differs from [6], will be given below. We consider a
DARE
X -FXF+FXGI+GXG)'G*XG-Q=0 (3.2)
where @) need not be positive-semidefinite. We describe Uy = Ker (Fx)" in

terms of the triple (F,T", Q) where I' = GG*. Since Ker (Fx)" is a generalized
eigenspace we focus on Jordan chains of Flx.
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Theorem 3.1. Let X be a solution of (3.2). Put

—F I+TQ TFQ T(F)Q

0 —-F I+T7Q TF*Q ...
T = 0 0 —F I1+TQ ... |. (3.3)
0 0 0 -F
A chain of vectors v; € C", i =0,1,...,m, satisfies
Fx’UO = 0, Fle = U9y ... 7FXUm = Um—1 (34)

if and only if the vector
o= (vg,v],...,vr,00,.. )" (3.5)
is a solution of TU = 0. Assume that (3.4) holds. Then we have
Xv;=Qui + F*Qui1 + ...+ (F*)'Quy, i =0,1,...,m. (3.6)
For v given by (3.5) set (0)g = vo and define
Uy = span {(0)g,v € Ker T}. (3.7)

Then
Ker (Fx)" = Up. (3.8)

Proof. The DARE (3.2) can be written as a pair of equations
F=(I+TX)Fy (3.9)

together with
X=Q+ F'XFx. (3.10)
Assume first that (3.4) holds. Then (3.10) implies Xv; = Qu;+ F*Xv;_1, v_1 =0,
which yields (3.6). From (3.9) we obtain
FUi:(]+FX)Ui_1, i:O,l,...,m—l, (311)
and in particular
Fuy = 0. (3.12)
From (3.6) and (3.11) we deduce

Fo, = (I +TQ)vy (3.13)
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and
F'U,L' = ([ + FQ)’Ui,1 + FF*Q’Ui,Q + ...+ F(F*)iileo, 1= 2, oo, M. (314)

Clearly (3.12), (3.13) and (3.14) are equivalent to 70 = 0.

Conversely assume now that (3.12) — (3.14) hold. Then it is easy to see that
(3.9) and (3.10) imply F'xvy = 0, Fxv; = v, Xvg = Qup and Xv; = Qui+ F*Quy.
An induction argument yields Xv; = Qu; + F*Qu;_1 and Fxv; = v;_1 for i =
2,...,m.

If v9 # 0 and (3.4) holds then (vg,v1,...,vy) is a Jordan chain of Fx cor-
responding to the eigenvalue 0, and Ker (F'x)" is spanned by such chains. Note
that v € Ker T implies

S o=l .. 0,00, .) €¢Ker T
which yields (3.8) and (3.7).
O

The kernel of T can be related to the rational matrix F'—s ' [—T'(s]—F*)~'Q.
Let y € €"(s) be a vector of rational functions with a formal expansion y(s) =
N

> y,s” and let moy = yo + 115 + ... + ynsY be its polynomial part. To a

v=—00
matrix of rational functions R € €™*"(s), R(s) = Ry + Rys™' + ..., which is
assumed to be bounded at s = 0o, we associate an infinite block Toeplitz matrix

Ry Ri Ry
T(R) = 0 Ry Ry

0 0 Ry

It is easy to verify that a polynomial vector v(s) = vg+v18+ ...+ U, s™ € C"[s]
satisfies m, Rv = 0 if and only if vecv = (vl , 0T, ... 0L 0,0,...)T is a solution of
T(R)vecv = 0. Furthermore w = (wl,w?, ... w},0,0,...)" € Ker T(R) implies
S w = (wl,...,wl 0,0,...)T € Ker T(R), and correspondingly v € Ker 7, R
implies 7,570 = vy + V38 + ... + v, ' € Ker 7, R. In particular if R(s) =
F— s —T(sI — F*)7'Q then the matrix T(R) is given by (3.3). Hence a chain
(vo, V1, - - ., Uy,) satisfies (3.4) if and only if v(s) = vg + v1s + ... + v,s™ is such
that 7 [F — s 1T —T'(s] — F*)7'QJv(s) = 0.

Let

V(F,Q) = Ker :
Qﬁ;nfl
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be the unobservable subspace associated to (F, Q). Define
Vo =V(F,Q)NKer F"

such that Vj is the largest F-invariant subspace in Ker () where the restriction
of F' is nilpotent.

Lemma 3.2. For each solution X of (3.2) we have Vi C Ker X, and F' = Fx
on Vo, and Vy C Ker (Fx)™.

Proof. Let a basis of €" be chosen such that

L.
Vy = Im< ”O"1>. (3.15)

F, F 0 0
F:(OO ;f), Q:(O Q1>’ (3.16)

and o(Fp) = {0} and

Then

rank =M =ny; for A =0.
(1

If we partition

o XO %
<)

according to (3.16) and write (3.2) as X — Fx XF — @ = 0 then we obtain

Xo X0>
— F% Fy=0. 3.17
<X10> X<X10 ‘ (3.17)

Since Fj is nilpotent the equation (3.17) has only a trivial solution Xy, = 0,
X190 = 0. Hence V) C Ker X. Let I' = ( : 1’i1> be partitioned conforming to
(3.16). Then X = diag (0, X;) implies

o F() *
Fx = ( 0 (I+T.X)'F ) (3.18)

which shows that F' and F'x coincide on V4.
O

In the sequel we assume again () > 0, Q = H*H. In that case we shall see that
all solutions X of (1.1) are positive-semidefinite on Uy = Ker (Fx)". Therefore
a solution X satisfies X < 0 only if Uy C Ker X holds.
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Lemma 3.3. Let X be a solution of (1.1). Then we have

v*Xv >0 forallveUy=Ker (Fx)" (3.19)
and
Ker (Fx)" N Ker X = V. (3.20)
Furthermore
Up = Ker (Fx)" C Ker X (3.21)
holds if and only if
Ker F" C Ker H. (3.22)

Proof. Let Fx be given as
FX = dlag ((I)(), (I)Q) (323)

where ®q is nilpotent and ®, is nonsingular. Then Uy = Im (é) Let
Xy X Qo Q3
X = 00 H'H=Q= 20 3.24
< Xoo Xo ) @ ( Q2 Q2 ( )

be partitioned conforming to (3.23). Then (2.2) yields

X,
Xo — ®E XDy = 5(Xo Xi)T ( X°>c1>0 + Qo (3.25)
20

and

X,
Xop — P Xo0Po = P5(Xog X)L ( X°><I>0 + Qsp. (3.26)
20

For later use we also note

X2 - (I);ng)g - SQ, SQ Z O (327)

Because of I' > 0, @y > 0 and since ® is nilpotent it is obvious from (3.25) that
Xo > 0 holds, which proves (3.19).

Now put Dy = Ker (Fx)" N Ker X. Take y € Dg. Then

Yo Xo
o= (1) ot (o
From (3.25) and Xy > 0 we conclude that

XoPoyo = 0, (3.28)
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and

X
F<XO>@oyo =0, Qoyo=0.
20

Then @ > 0 implies Qa0yo = 0 and (3.26) yields ®5X20Poyo = 0. Recall that P
is nonsingular. Hence X50®oyo = 0, which together with (3.28) shows that

Xo

Xy = <X20

)cpoyo = 0. (3.29)

Hence Dy is invariant under Fy. From F = (I + I'X)Fx and (3.29) follows
Fy = Fxy. We already know that Qy = 0. Hence Dy is an F-invariant subspace
in Ker H N Ker F", which implies Dy C Vy. From Lemma 3.2 follows V, C
Ker (Fx)" N Ker X, which completes the proof of (3.20).

Because of (3.20) the inclusion (3.21) is equivalent to
Ker (Fx)" = Vp. (3.30)

If we assume (3.15) then (3.18) shows that (3.30) holds if and only if Fj is
nonsingular which is equivalent to Ker F" C Ker H.
O

4 An existence and uniqueness theorem

Theorem 1.1 is a special case of a more general result on unmixed solutions
of (1.1), which will be derived in this section. Let

F 0 r r * _ v
M—st(_Q I>_S<O F*)’ Q=H"H, T =GGqG",

be the symplectic pencil associated to (1.1). If X is a solution of (1.1) then it is
well known that

ar-sn( g 7 )= (TR ) (P U

For a complex polynomial f(s) = [17_,(s — \,) define f(s) = [T"_,(1 — \,s).

Because of (4.1) a solution X gives rise to a factorization det(M—sL) = cg(s)g(s),
c € €, where g(s) = det(s] — Fx). With respect to a suitable basis of € we

have
Fr 0 0
F: G:
[ on) o=(e)
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where the pair (Fy, G3) is controllable. Put h(s) = det(sI — F}). Then we have

h(X) # 0 if and only if rank (F' — X, G) = n. (4.2)

Also note that
h|det(M — sL). (4.3)
If X = ( N )*(2) is a solution of (1.1), ' = ( N ;2) is partitioned accordingly and

if we set [y = (I +T3yX,) ' Fy then

det(sI — Fx) = h(s)det(sI — F3). (4.4)

Theorem 4.1. [7, p. 868/869] Assume that

rank (FF — X ,G)=n if|A\| =1
and let

det(M — sL) = cg(s)g(s), ceC, (4.5)
be a factorization with the property that

g(A) =g(\) =0 implies |\| = 1. (4.6)
If

(hg) =1 (47

Then there ezists a unique solution X of (1.1) with det(sl — Fx) = g(s).

In the case where det(M — AL) # 0 for |A\| = 1 the predecing theorem can
also be recovered from [§].

Theorem 4.2. Let g be a complex polynomial such that (4.5) and (4.6) hold.
If there exists a unique solution X of (1.1) with

det(sI — Fx) = g(s) (4.8)
then g satisfies (4.7).

Proof. If there exists a solution X with the property (4.8) then (4.4) implies
hlg, and because of (4.6) all common zeros of h and ¢ (if any) have modulus 1.
We shall see that h(\) # 0 if |A] = 1 provided that the solution X with (4.8) is
unique. Suppose h(a) = 0, i.e. rank (F' —al,G) < n for some « with || = 1.
Let R(F,G) = Im (G, FG,...,F"'G) be the controllable subspace of (F,Q&).
Put

K = ®{Ker (\[ — Fx)", A # a} + R(F,G).
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Because of R(F,G) = R(Fx,G) the space K is invariant under Fly. Choose a
basis of €' such that K = Im (é) Then

(A Anw (G
e(4 ). o
and o(Ay) = {a}. Let Ay # 0 be a hermitian solution of A5A; Ay — Ay = 0. For
example, if A, is a single Jordan block

one may choose A, = diag (0,...,0,1). Put A = diag (0,Ay). Then A # 0
satisfies
FiAFx — A = FyAG(I +G*XG + G*AG) 'G*AFy.

Hence Y = A + X is a solution of the DARE (1.1) and Y # X. From I'A =0
and Fy = Fx + (I + T'X) 'T'AFy follows Fy = Fx, which shows that h(a) =0
for some «, |o| = 1, yields a solution Y, Y # X, with det(sI — Fy) = g(s).

O

5 A least solution

In this section Theorem 1.1 and 1.2 will be proved. We recall some facts on
unimodular eigenvalues of F'x and their generalized eigenspaces. Define

let V(F, H) be the unobservable subspace of (F, H) and put
Vo =V(F,H)NE_(F).

Lemma 5.1 [7]. Assumerank (F'—AI,G) =nif |\| = 1. Let X be a solution
of (1.1). Then we have E_(Fx) =V_, and V_ C Ker X, and Fx = F on V_.

Proof of Theorem 1.1. If A # 0 is a characteristic root of the pencil M —sL,
i.e. if det(M — AL) = 0, then also 1/) is a characteristic root, and if |A\| # 1
then (see e.g. [4]) the corresponding elementary divisors appear in pairs (s — \)¥,
(s — 1/A\)%. Furthermore (see e.g. [5]) if |\| = 1 and

rank (F — M, G) = n, (5.1)
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then the multiplicity of A as a root of det(M — sL) is even (or 0). Therefore if
(5.1) holds for all A with |A\| =1 then there exist a unique factorization

det(M — sL) = cg(s)g(s) (5.2)

such that
g(A\) =0 onlyif A=0 or |A>1. (5.3)

In that case (4.6) is valid and we have g(A\) = 0 only if 0 < |A\| < 1. Now let
(5.2) be a factorization with the property (5.3). Then (4.3), i.e. h|gg, implies
that (h,g) = 1 holds if and only if A(\) # 0 for all A with 0 < [A\] < 1. From
(4.2) follows that (4.7) is equivalent to (1.4). Recall that (4.1) yields det(M —
sL) = c det(sI — Fx)det(I — sF%) for a solution X. Therefore det(sI — Fx) =
g(s) together with (5.3) is equivalent to (1.3). At this point it is obvious that
Theorem 1.1 is a special case of Theorem 4.1 combined with Theorem 4.2.
O
Proof of Theorem 1.2. (i) Let X be a solution of (1.1). Put A =X — X _.
From (3.1) and Lemma 5.1 we obtain

E_(Fx )@ Ker (Fx )" C Ker A. (5.4)

Because of (1.3) we can assume that Fx = diag (A;, A2) such that A =0 or
Al =11if A € 0(A;) and
Al >11if A€ o(Ay). (5.5)

Take Y = X_ in (2.1), i.e.
Fy AFx. —A=F; AG(I+G*XG) 'G*AFx_.

Then (5.4) implies A = diag (0,Ay), and A, satisfies AJAA4; — Ay = Ts.
According to Lemma 2.1 we have I + G*XG > 0. Hence Ty > 0 and (5.5) yields
Ay > 0. Therefore A > 0, which shows that X_ is indeed a least solution.

(ii)) Take X = X_ in Lemma 3.3 and its proof. Let X = (: )*(2) and
Fx = diag (®g, 2) be given as in (3.24) and (3.23) such that @y is nilpotent. P

is nonsingular and Ker (Fx)" = Im (I> The assumption (1.3) implies [A| > 1

o)
for A € o(®P2). Condition (1.4), which is necessary for the existence of X_,
ensures that all unimodular eigenvalues of F' are controllable. Hence it follows

from Lemma 5.1 that E_(Fx) C Ker X, which yields
E_(®,) C Ker X». (5.6)

Recall the Lyapunov equation (3.27), i.e. Xy — ®5XoP5 = Sy, Sy > 0. From
the location of the spectrum of ®5 and because of (5.6) we obtain X, < 0.
Taking (3.19) into account we see that X = X_ < 0 holds if and only if Uy =
Ker (Fx)" C Ker X, which is equivalent to (3.22).

O
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6 Concluding remarks

A singular matrix F' in a discrete-time control system z(t+1) = Fa(t)+Gu(t)
may give rise to phenomena which can not occur in a continuous-time system
#(t) = Fx(t) + Gu(t). Accordingly the presence of a zero eigenvalue of F' is
one of the main reasons why there is no complete analogy between results for
discrete- and continuous-time algebraic Riccati equations. This paper clarifies
the role of 0 € o(F) for the DARE. There exists an (F, G)-invariant subspace
which is the generalized eigenspace corresponding to 0 for all closed loop matrices,
which are associated to solutions of the DARE. That basic fact makes it possible
to investigate solutions with an antistabilizing property or the existence of a least
and negative-semidefinite solution of the DARE.
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