Systems & Control Letters 58 (2009) 309-313

journal homepage: www.elsevier.com/locate/sysconle

Contents lists available at ScienceDirect

Systems & Control Letters

Diagonal stability of matrices with cyclic structure and the secant condition

Harald K. Wimmer *
Mathematisches Institut, Universitdt Wiirzburg, D-97074 Wiirzburg, Germany

ARTICLE INFO ABSTRACT

Artic{e history: _ An existence result on diagonal solutions of a linear matrix inequality is used to study diagonal Hurwitz
Received 26 April 2008 and Schur stability and to derive the secant condition for systems with cyclic structure.

Received in revised form © 2008 Elsevier B.V. All rights reserved.
16 November 2008

Accepted 19 November 2008
Available online 1 January 2009

Keywords:

Diagonal stability

Matrices with cyclic structure
Matrix inequalities

Secant condition

Small gain theorem

1. Introduction

The starting point of this paper is the stability result in
Theorem 1 below, which deals with real matrices of the form

-0, 0 0 0 Bn
Bi —6, 0 ... 0 0
A: 0 ,32 —03 0 0 ,
0 0 0 ce =61 O
0 0 0 oo B =y
6 >0p#0,j=1,...,n (1)

Such matrices of cyclic structure play a role in the study
of biochemical reactions. Tyson and Othmer [1] and Thron [2]
considered negative feedback cyclic systems of the form

X1 = =fitx1) — gn(xn)
Xy = —fo(x2) + g1(x1)

Xn = _fn(xn) +gn71(xn71)» (2)

assuming that the functions f;(-),j = 1,...,n, and g(-),j =
1,...,n — 1areincreasing and g,(-) is decreasing. A linearization

of (2) at the equilibrium yields a matrix of the form (1) as a Jacobian
matrix. The following result is due to Arcak and Sontag [3, p.1532].
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"l:heoren} 1. Let A be a real n x n matrix given by (1) and assume
Bn < 0,8 >0,j=2,...,n— 1. Then there exists a positive definite
diagonal matrix X such that

A™X +XA <0

if and only if the condition

~ ~ ~ 1/n

B1- - Bn1lBnl 7

LS il < sec — (3)
91 s Gn—len n

is satisfied. If (3) holds then the system x(t) = ;\x(t) is asymptotically
stable.

The secant condition (3) goes back to Tyson and Othmer [1] and
Thron [2]. According to [4] an application of the secant condition to
mathematical biology can also be found in [5], where Kholodenko
analyses a model of negative feedback around mitogen-activated
protein kinase cascades. The connection of (3) with passivity was
made by Sontag [6]. Diagonal stability was in the focus of [ 3], where
Theorem 1 is a tool to obtain results on global stability of nonlinear
systems.

Let xj(t) = —6;x;(t),j = 1,...,n, be n asymptotically stable
scalar systems, which are interconnected through

X1 (6) = =011 () + Baxa(0),
X(0) = —0x;(0) + B_ix(), j=2,....n.
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Define ® = diag(6;, ..., 6,) and
0 ... 0 B
A_|B o 0 0
0 ... Bua O

Then (4), that is x = Ax, can be rewritten as X(t) = (—® + A)x(t).
The gain matrix of (4) is

0o ... 0 Bl
. 61
|1
= . 0 0
I = 6, s
0 |Bn—1l 0
On

and

(1B Bl
/)(1“)—<91 o, )

is the spectral radius of I". It is known (see e.g. [7, p.113] for a more
general result) that p(I") < 1 implies asymptotic stability of (4).
Thus Theorem 1 is complemented by the following result from [6].

Theorem 2. The system x(t) = ;\x(t) is asymptotically stable if

1B1-- Bl /3n|
;- -6,

In this context we also refer to the argument used to study
diagonal stability of the matrix Ej, in [8, p. 13, Lemma 1].

It is the purpose of this paper to give a unified proof of the
two preceding theorems. Essentlally, they represent two different
cases. If the product /31 ﬂ,, is negative then one has the secant
condition, if the product is positive one has a small gain theorem.
A corresponding result will be derived for discrete-time systems.
There is a common generalization of parts of the continuous-
and discrete-time results which involves diagonal solutions of a
general matrix inequality.

With the exception of (7) all matrices in the following are
complex (or real) of size n x n, and X shall always be Hermitian
(or symmetric). We write X > 0, resp. X < 0, if X is positive
definite, resp. negative definite. Let o (A) denote the spectrum of
A. With regard to asymptotic stability of continuous-time systems
x(t) = Ax(t) or of discrete-time systems x(t + 1) = Ax(t) we
say that a matrix A is c-stable (or Hurwitz stable) if Re . < O for all
eigenvalues A of A, whereas A will be called d-stable (or Schur stable)
if |]A\| < 1forall A € o(A). The existence of a positive definite
solution X of the Lyapunov inequality

AX+XA<0 (5)

is equivalent to c-stability. Analogously, A is d-stable if and only if
the Stein inequality

X —A*XA >0 (6)

is solvable for X > 0. Many problems, e.g. sliding mode control
[9], the analysis of Volterra-Lotka models of population dynamics
[10, Chapter 15.3] or robust stabilization of digital filters [11],
require a quadratic Lyapunov function of the form V(x) =
V(X1,...,%) = x'Xx = ) cx2. Thus the following refinements
of the concepts of Hurwitz or Schur stability have been useful. We
call a matrix A diagonally c-stable resp. diagonally d-stable, if (5),
resp. (6), holds for some positive definite diagonal matrix X. We
refer to Kaszkurewicz and Bhaya [12] for a comprehensive study
of diagonal stability.

2. A general matrix inequality

The inequalities (5) and (6) are special cases of a more general
linear matrix inequality. Let

H = Coo Co1 (7)
Cio C11
be Hermitian and nonsingular. Define

(L) = coo + Croh + Corh + C11AA. (8)

The curve f(A) = 0is a circle in the complex plane if and only
ifcy1 # 0and detH < 0, and a straight line if and only if c;; = 0.
We define

f(A; X) = cooX + c10A"X + co1XA + c11A™XA. (9)

Iff(A) = —(X + 1) then the inequality f(A; X) > O gives rise to
the Lyapunov inequality (5), and

f(A) >0 forall A € o(A) (10)

is equivalent to c-stability of A. Similarly, if f(1) = 1 — X then
f(A; X) > 0yields the Stein inequality (6). In that case (10) is the
same as d-stability.

Lemma 3. Suppose there exists a nonsingular diagonal matrix D such
that D7'AD is normal. Then Y = (DD*)~' is a positive definite
diagonal matrix. The following statements are equivalent.

(i) Condition (10) holds.

(ii) The matrix Y satisfies f (A; Y) > 0.

Proof. (i) = (ii) Suppose D~'AD is normal and let U be unitary
such that

A =U*D7'ADU = diag(Aq, ..., Ay).

Then (10) is equivalent to f(A;I) > 0, and this is equivalent
to f(A;Y) > 0. (ii) = (i) Suppose X is a Hermitian matrix (not
necessarily diagonal) such that X > 0 and f(A; X) > 0.If Au = Au
then u*f (A; X)u = f(A)u*Xu, which implies (10). O

Corollary 4. Let A be diagonally similar to a normal matrix. Then A
is diagonally c-stable (resp. d-stable) if and only if A is c-stable (resp.
d-stable).

Let us show that Lemma 3 applies to a complex matrix of the
form

a 0 O 0 pn
B 0 0 o0
A=1]10 B « ,
0 0 0 Bur
aeR,Bi#0,j=1,...,n. (11)
If B = diag(Bs, ..., Bn) and
0 0 0 1
p_ 1 0 0 0 (12)
00 ... 10

then A = al + PB.

Lemma 5. Let A be the matrix in (11). Set

r=1B1...B""

and let € and w be given by

Bi...Bn=1"€ and € =¢e®, 0<w<?27. (13)
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If
D:diag(l,&,mfz,...,ﬁ"'ﬂ"?’”) (14)
r’or rn=

then

D7'AD = al + rdiag(e, 1, ..., 1)P, (15)
and D~'AD is normal, and

o 2k
)Lk:oc+re'(ﬁ+7), k=0,1,...,n—1, (16)

are the eigenvalues of A.
Let f()) and f (A; X) be defined by (8) and (9). If (10) holds then

. _ _ _ _ 2
Y = (diag (1, 7|, P2 1B1Bal ™ s T B Bl )T (17)
is a positive definite diagonal solution of f(A; Y) > 0.

Proof. We adapt a scaling argument of Arcak and Sontag [3]. If we
write D in (14) as D = diag(81, 82, ..., §,) then

ﬂnsn —re ,3]’—18]’—1

51 5

= =r, j=2,...,n.

)

Hence
D~'(PBP")(PDP™ 1)

= D™ 'diag(Bn. B, . - -
= rdiag(e, 1, ..., 1).

) ,Bn—l)diag(gns 517 R (Sn—l)

Put
0 0 0 €
P€:10 0 0
00 ... 10

Then diag(e, 1, ..., 1)P = P., and D~'(PB)D = rP, yields (15).
Because of ee = 1 we have P.P} = I, and the matrix al 4 1P is
normal. Note that det (zI — P,) = z" — €. Hence

i Q+21<J)

{k:el(" n k=0,1,...,n—1,

are the eigenvalues of P.. Therefore the eigenvalues of A are those
given by (16). Note that Y = (DD*)~!. Therefore Lemma 3 implies
fAY)>0 O

3. Diagonal stability

Let B = diag(Bi,...,Bn)and® = diag(ts,...,6,) be
complex diagonal matrices such that 8; #% 0 and 6; # 0,i =
1, ..., n. In this section we are concerned with diagonal stability
of the matrix
A=a® +PB

a6y 0 ... 0 B
B ab 0
= 0 BZ o , aelR, (18)
: . . . 0
0 e 0 ﬂn,1 Olgn

where P is the permutation matrix in (12). Define

A

;- 0,

r=

and let €, w and u be given by

M=r”e, €e=¢€“ 0<w<2m,
;- -6,
n = min{w, 27 — w}. (19)

SetA=A® 'and B = BO~!, and let B = diag(B1, ..., Bn). Then
A = ol +PB, and the numbers r and € in (19) and (13) are identical
forAand A. If ® > O then it is easy to see that diagonal c-stability
of Ais equivalent to diagonal c-stability of A. Similarly, if ®*®@ =1
then diagonal d-stability of Ais equivalent to diagonal d-stability
of A.

Theorem 6. Assume; € R, 6; > 0,j =1, ..., n. (i) The matrix
-6, 0 ... 0 B
B -0 0
A=-0+PB= - :
: . ERE 0
0 ... 0 PBp1 —b

is diagonally c-stable if and only if

r<sect. (20)
n

(ii) If (20) holds then

X = diag 6y, 6, . ... 6, (diag (],r91|;§1|_1,...,

- - 2
PGt lBr Bl )
is a positive definite diagonal solution of the Lyapunov inequality
A*X + XA < 0. (21)

Proof. (i) Because of ® > 0 it suffices to deal with diagonal
c-stability of A = A©®~!. We know from Lemma 5 that A is
diagonally similar to a normal matrix. To show that c-stability of A
is equivalent to (20) we consider the eigenvalues of A. In this case
o = —1. Hence the eigenvalues are

)\,<=—l+rei(%+21’(7’”), k=0,1,...,n—1.

ThenRe A = —1+4rcos(2 + 2%). Set

w  2km
s(n,w) = max 1cos g—k— .

k=0,1,...,n— n

Because of 0 < w < 27 we have s(n, w) = cos % or

w 27 2 —
s(n,w) =cos|{ — — — ) = cos .
n n n
Therefore
w .
cos —, ifo <27 — o,
s(n, w) = n
’ - 2T — w .
cos , if2n —w < w.
n
HenceRe Ay < 0,k =0,...,n — 1,is equivalent to —1 + rcos%
< 0. -
(ii) We have seen that (20) holds if and only if A = A®~!
satisfies (10) with f(A) = —(A 4+ A). The diagonal entries of

B = @ 'Bare fj = f;/6;. The matrix Y in (17) is a solution of
fAY) =—(A"Y +YA) > 0.
Therefore X = OY satisfies (21). O
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If A is the real matrix in (1) then Bl . Bn < Oimpliese = —1,
uw = m,and sec% = sec 7. On the other hand, B1 By >0
impliese = 1, u = 0, and sec% = 1. Hence we have recovered
Theorems 1 and 2 as special cases of Theorem 6.

We turn to d-stability. Consider

xi(t + 1) = abix; () + Buxa(0),
Xt +1) = afxi(t) + Bi1x(t), j=2,...,n, (22)

as a cyclically interconnected discrete-time linear system. If 0 <
|ab;] < 1,j=1,...,n,thenthescalar systemsx;(t+1) = a6x;(t)
are asymptotically stable. In accordance with [7, Section 4.4] the
corresponding gain matrix is

o ... o Al
N 1— |ab|
|81 0 0
F=11-|a6,] ;
0 | Bn—1] 0
1 — |aBy]

and

~ ~ 1/n
1Bl - 1l
)= .
P ((1—|a91|>---<1—|a9n|>)
- ~ \Un
If 6] = --- = |6] = 1thenr = (|ﬂ1|---|ﬂn|) , and the

condition p(I") < 1isequivalenttor < 1 — |«|. The following
result is a counterpart of Theorem 6.

Theorem 7. Assume

Gl=1 j=1,....,n, and 0 <a < 1. (23)

(i) The matrix A in (18) is diagonally d-stable if and only if

r<—acosﬁ+ /l—azsinzﬁ. (24)
n n

(ii) If (24) holds then

- - - . 2
X = (diag (1, B B -~-ﬂn_1|”>)
is a positive definite diagonal solution of the Stein inequality

X —A*XA > 0.

Proof. (i) Because of ®*® = I we can work with the matrix A in
(11) instead of A = A®. Let A, be an eigenvalue of A. Then (16)
implies

by 2 w 2k 2
1— Arp = (1 — @) — 2ar cos g-f—T —r

Because of 0 < o we have [A¢|> =1 <0,k=0,...,n—1,ifand
only if
w 2k
r? 4+ 2ar max cos (— + —) —(1-0a% <0. (25)
k=0,1,...,n—1 n n

Recall s(n, w) = cos £. Set

q(r) = r? 4 2ar cos% —(1—ad.

Then (25)is equivalent to q(r) < 0.Because of «> < 1the numbers

m LW
rn=—acos—+ . /1—a?sin* = and
n n
m LW
r, = —acos— —  /1—a?sin* =
n n

arereal,and r; > 0,1, < 0. Moreover q(r) = (r — ry)(r — ry).
Hence q(r) < Oisequivalenttor —r; < 0, i.e. to (24). _

(ii) Condition (24) is equivalent to (10) with f(A) = 1 — AX and
A=A®"'.HenceY in (17) satisfies the inequality

fA;X) =X —A*XA > 0,

and because of ©*© = I also X — A*XA > 0.From |¢;| = 1 follows
|Bjl = |Bi|. HenceY =X. O

Fora € (0, 1) the function f (¢) = —a cos ¢+ (1—a? sin® ¢)/?
is strictly increasing in [0, 7 ]. This gives bounds for the right-hand
side of (24).

Remark 8. Suppose0 <« < 1and0 < u < 7. Then

—acos® 4+ [1—a2si2 B
n oy n

7 2
—wcos — 4+ J1—a?sin? = <V1—0a2 < 1.
n

n o=

11—«

IA

IA

IfAis a real matrix then (23) implies ; = £1, and therefore we
have eithere = —land u = w,ore = land u = 0.

Corollary 9. Suppose A € R"™*". Define
r=1Bi---Bul" and € =sign(Bi--- By -01---0n).
Then A is diagonally d-stable if and only if either ¢ = —1 and

T T
r<—ocos —+./1—a?sin? — (26)
nV n

or

e=1 and r<1—a. (27)

We observe that condition (26) is a discrete-time analogue of
the secant criterion (3), whereas the conditionr < 1 — « in (27)
can be obtained from (22) and a corresponding discrete-time small
gain theorem.

4. Concluding remarks

In the class of matrices which are diagonally similar to a normal
matrix one can study diagonal Hurwitz and Schur stability in the
framework of a general matrix inequality. Matrices with cyclic
structure belong to this class. The approach of the paper yields
extensions of results of Tyson and Othmer [1], Thron [2], and
Sontag [6] on the secant condition, and of results of Arcak and
Sontag [3] on diagonal stability.
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