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UNMIXED SOLUTIONS OF THE DISCRETE-TIME
ALGEBRAIC RICCATI EQUATION*

H. K. WIMMERT

Abstract. The algebraic Riccati equation of the optimal control problem associated with the discrete-time
system x(k+1) = Fx(k)+ Gu(k) is studied. It is shown that in the case of a controllable system, there exist
solutions with prescribed unmixed characteristic polynomial of the corresponding closed-loop matrix.
Existence of solutions will also be proved under the weaker condition of modulus-controllability. Maximal
solutions are discussed.

Key words. discrete-time algebraic Riccati equation, symplectic pencils, unmixed solutions, modulus-
controllability, maximal solution

AMS(MOS) subject classifications. 15A24, 93C55

1. Introduction. A solution X of the continuous-time algebraic Riccati equation
(CARE)

(1.1) F*X+XF—-XGG*X—-Q=0

is called unmixed [11] if the closed-loop matrix F—GG*X and the matrix —(F —
GG*X)* have only purely imaginary eigenvalues in common. According to Shayman
[11], [12], such solutions share properties of maximal and minimal solutions of the
CARE (1.1). In this paper, we are concerned with the algebraic Riccati equation that
is the discrete-time counterpart of (1.1). We consider the discrete-time algebraic Riccati
equation (DARE)

(1.2) R(X)=X-F*XF+F*XG(I+G*XG) 'G*XF—Q =0,

where F, G, Q are complex matrices of sizes n X n, n X p, and n X n, respectively, and
Q is positive semidefinite (Q =0). Only Hermitian matrices that satisfy (1.2) will be
regarded as solutions. We prove an existence and uniqueness result for unmixed
solutions of (1.2) and discuss maximal solutions. Our approach is based on the
associated symplectic pencil

(1.3) M~zL=<_FQ 2)—-2(5 ::*), I'=GG*.

Notation. Let o(F) denote the spectrum of F. We write |o(F)| =1, respectively,
|o(F)|=1 if all eigenvalues of F lie on the unit circle, respectively, in the closed
unit disc. A complex number A is a characteristic root of the pencil M —zL if
det (M —AL)=0. Let g(z)=[["_,(A, —z) be a complex polynomial. Put

§(z)= H (1-%,2).

We call g an unmixed polynomial if g and g have only zeros @ in common (if any)
with |e| = 1. In other words, if g(A) =0and |A| # 1, A #0, then g(1~") # 0. In particular,
g is unmixed if all its roots lie in the closed unit disc. We say that X is an unmixed
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solution of (1.2) if the characteristic polynomial det (Fy — zI') of its associated closed-
loop matrix

(1.4) Fx=(I+T'X)'F=F-G(I+G*XG) 'G*XF

is unmixed. Given the pencil (1.3), we see later that it is possible to factorize its
determinant into

(1.5) det (M —zL)=cg(z)g(z), ceC,

if all unimodular eigenvalues of F are G-controllable. We call (1.5) an unmixed
factorization if the polynomial g is unmixed.

Let K = K(F,G)=Im (G, FG, - - -, F""'G) be the (F, G)-controllable subspace
of C". Put K =C"/K. Since the matrix F leaves K invariant, it induces an endomorph-
ism F on K. Define

(1.6) h(z)=det (zI - F).

With respect to an appropriate basis of C", the matrices F and G have the form
F, 0 0

o (5 0) a=(2),
F, F G,

where the pair (F,, G,) is controllable. Then F, is a matrix representation of F, and
we have

(1.8) h(z)=det (zI - F)).

In the case of the CARE (1.1), the pair (F, G) is called sign-controllable (see, e.g.,
[4]) if the polynomials h(z) and h(—z) are coprime or, equivalently, if rank (F—
A, G) <n implies rank (F*+ A1, G) = n. The counterpart to sign-controllability in the
case of the DARE (1.2) will be described in the following definition.

DEerFINITION 1.1. Let the polynomial h be defined as in (1.6) or (1.8). We call the
pair (F, G) modulus-controllable if (h, =1 or, equivalently, if [Au|=1 implies
rank (F—AI G)=n or rank (F—ulI, G)=n.

If the pair (F, G) is stabilizable, then we have |o( F,)| < 1; hence (F, G) is modulus-
controllable.

The main result of the paper is the following theorem.

THEOREM 1.2. Let

(1.3) M—zL=<F_QZI 1—2211;*)’ I'=GG*
be the pencil associated to the DARE

(1.2) X -F*XF+ F*XG(I+G*XG) 'G*XF-Q=0
and let

(1.4) Fy=(I+TX)'F

be the closed-loop matrix corresponding to the solution X. Assume that (F, G) is modulus-
controllable and let the polynomial h be defined as in (1.6) or (1.8). Then there exists an
unmixed factorization

(1.5) det (M —zL)=cg(z)g(z)
such that
(1.9) (h,8)=1.
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To each unmixed factorization (1.5)" satisfying (1.9), there exists a unique solution X
with det (Fx —zI) = g(z).

For the CARE (1.1), a result analogous to Theorem 1.2 is available [13]. In the
case of the DARE (1.2)', stabilizability of (F, G) is the weakest assumption known to
guarantee the existence of a solution [3].

2. Reduction to the controllable case. The following lemma, together with the
remarks at the end of this section, should make it clear why the concept of modulus-
controllability will play an important role for existence and uniqueness of solutions.

LeEMMA 2.1. Assume that F and G are of the form (1.7)

F=( , G= ,
F, F, G,

and put U'y= G,G% such that T =diag (0,T,). Let

(@ Q,2>
Q (Q:z Q,

be partitioned accordingly. Define

(2.1) M,—zL,= (F jz)zzl I“_ZZI;%)
and put
(2.2) Fo=(I+T,X,)'F,.
Then
(2.3) det (M —zL) =det (F, — zI) det (I — zF§) det (M, — zL,).
A matrix
X, X
(2.4) X = (X %2 le)

is a solution of (1.2) if and only if it consists of blocks that satisfy the following set of
equations:

(2.52)  Ry(Xp) = Xo— FEXoFot FEX,Go(1+ GEX,Gy) ' GEX,F— Q, =0,

(2.5b) X, —FfX,F;=B,
(2.5¢) X,- F¥X,F,=C,
where

(2.6) B= Q.+ FiX,F,
and

(27)  C=FiXHF +(Ff X+ FAX)[ - X H(T+1,X,) ' Fi+ 5]+ Q).
For the closed-loop matrix associated to (2.4), we have
(2.8) det (zI — Fy) = det (zI — F,) det (zI — F).

Proof. The factorization (2.3) is obvious. Using the matrix identity I-—
G(I+G*XG) 'G*X =(I+TX)"" we can write (1.2) as

(2.9) R(X)=X-F*X(I+TX)"'F-Q=X—F*XFyx—Q=0.
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With the matrices

F 0
Fy=(I+TX) 'F= ! . )
x = ) <~F2X12(1+FZX2)“F,+F2 F,

and

Frx = (FTX1+F§‘1X12 Fi"X12+F’z"1Xz)

FIX% FiX,

at hand, it is not difficult to verify that (2.9) is equivalent to (2.5) O
Suppose that a basis of C" is-chosen such that F and G are as in (1.7) and the pair

(2.10) (F,, G,) is controllable.

Starting from (2.5a), i.e., from the Riccati equation $,(X,) =0 that fulfils hypothesis
(2.10), a solution X of (1.2) can be obtained in two steps by solving the linear matrix
equations (2.5b) and (2.5c). It will be seen that unique solvability of (2.5b) is equivalent
to (h, g) = 1. Given the blocks X, and X, there exists a unique solution X, of (2.5¢)
if 1 o(F¥)o(F,), which is equivalent to the condition (h, h ) =1 of modulus-controlla-
bility of (F, G).

3. Basic facts of the DARE and the associated symplectic pencil. The pencil M —zL
given by (1.3) plays a crucial role in the study of the DARE. Most of the statements
of the following lemma are well known. We refer to [9], [3], [8], and [15].

LeEmmMA 3.1. (i) Let R and S be nonsingular complex 2n X 2n matrices such that

A—zI —-zD
. M —zL)R = D = D*,
(3.1) (M —zL) S( o I—-zA*)’
Let
R .
(3.2) R=< ! )
R21 )

be partitioned into n x n blocks. If R, is nonsingular and X = R,,R;" is Hermitian, then
I+TX (and hence I + G*XG) is nonsingular [15] and X is a solution of (1.2). Suppose
that det (A—zI)=g(z) holds; then (1.5) holds, and Fx = R,AR;" implies det (Fx —

zI) = g(z).
(ii) Let X be a solution of (1.2). Then
I 0\ (I+TX 0\(Fx—zI —zD
(3:3) (M ZL)(X 1)“<F*X I)( 0 I—zF",.})’

where D= D*=(1+T'X)"'I'= G(I+ G*XG) 'G*. Furthermore,

(3.4) det (M —zL) = ¢ det (Fx — zI) det (I — zF%).
The main feature of M —zL is the relation

3.5) MJM* = LJL*,

where J is given by J = (% ). Property (3.5) characterizes symplectic pencils. Elemen-
tary divisors of M — zL corresponding to a characteristic root A appear in pairs (A —z)”
and (1—2zX)” if A #0 and |A|# 1. A pairing also exists between elementary divisors of
the form z” and infinite elementary divisors [9]. Hence an unmixed factorization of
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det (M —zL) exists if and only if all unimodular characteristic roots have even algebraic
multiplicity. If det (M — zL) # 0 whenever |a| = 1, then (1.5) is an unmixed factorization
if and only if (g, &) = 1. In that case, there exist matrices R and S such that (3.1) holds
with D =0 and g(z) is the characteristic polynomial of A.

4. Characteristic roots on the unit circle. In this section, we see that the proof of
Theorem 1.2 can be reduced to the case of a pencil M —zL without unimodular
characteristic roots.

Notation. The generalized eigenspace corresponding to an eigenvalue A of F will
be denoted by E,(F), i.e., E,(F)=Ker (F—AI)". Let

Q

V =V(F, Q)=Ker Q:F

oF"
be the weakly unobservable subspace of C". For A € o(F), put
Vi=VW(F, Q)=E(F)NV.
Since V is invariant under F, we have
V=@[E,(F)N V], Aeo(F),

and we could define V, as the maximal F-invariant subspace of C" contained in
E,(F)NKer Q.

In [3] the existence of unimodular characteristic roots of M — zL is related to the
rank conditions (4.2) and (4.3) below.

LEMMA 4.1. Assume that |a|=1. Then we have

(4.1) det(M —aL)=0
if and only if
(4.2) rank (F—al,T)<n
or
F—al

(4.3) rank( 0 ) <n.

Proof. Let we C*", w#0, be such that
(4.4) (M —aL)w=0.

Put w” = (w], w;). Itis easy to see that (4.4) and |a| = 1 imply —wi(I — aF*) — wiT' =0,
and —Qw;+ (I —aF*)w,=0, which yields

—wi(l —aF*)w,— wiTw,— wfQw,+ wf(l — aF*)w,=0.

From I'z0, Q=0, and wiT'w,+ wfQw, =0, we obtain 'w,= Qw, =0. Hence

(4.5) (F*;&I>w2=0
and
(4.6) (F :?“’ ) W, =0,
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From w # 0 follows (4.2) or (4.3). That (4.2) or (4.3) implies (4.1) is obvious, since
(4.5) and (4.6) yield (0, w¥)(M —zL) =0 and

(M~ zL)(W’) =0,
0
respectively. O

LemMa 4.2. Let U =(U,, U,) be a nonsingular n X n matrix with U;e C"*",i=1, 2.
Then the columns of U, form a basis of V, if and only if

A A
(4.7) U—‘FU=( ! ‘2), U*QU =diag (0, Q,),
0 A,
(4.8) o(A,) ={a},
and A,, Q, are of size n, X n, and
(4.9) rank (Az_ aI) =n,.
Q.

Proof. Let U denote the set of F-invariant subspaces contained in E,(F) N Ker Q.
Then (4.7) and (4.8) are equivalent to span U, € ll. Suppose now that

(4.10) rank (Az_ aI) <n,.

Q
Then we have (A,—al)w=0, Q,w=0, for some w#0. Hence span (U,, U,w)ell
and span U, is not maximal in I1. To prove the converse, suppose that span (U,, y)ell
for some y¢# U. We can assume that yespan U, such that y= U,w, w#0. Then
Qy=0 and, therefore, Q,w=0. From Fy=FU())=UA,w follows Fye
span U, Nspan (U,, y) N E,(F). Hence we have Fy = ay, which implies A,w = aw. We

have found that
(A2 ~ aI) 0 £0
w=0, w#0,
Q:

which yields (4.10). 0

The notation U™ * below is used for the matrix (U*) ™.

LeMMA 4.3. Consider an eigenvalue  of F such that |a|=1, E,(F) N Ker Q # 0, and
(4.11) rank (F—al,T)=n.

Let U =(U,, U,) be a nonsingular matrix that transforms F and Q as in (4.7) and (4.8).
Let

(4.12) U'TU *= ( Fz)

be partitioned, conforming to (4.7), and put

(4.13) Mz—szz(_"‘(;2 ?) —-z(é ;;)
Then

(4.14) span U; =V,

if and only if
(4.15) det (Mz_aL2)¢0.
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Proof. We know from Lemma 4.1 that det (M, —aL,) =0 holds if and only if the
matrices (A, —al, I';) and
<A2 b Cl!I)
Q

do not both have maximal rank. Now (4.11) and I' = 0 imply that rank (A, — aI,T';) = n,.
Hence (4.15) is equivalent to (4.9), which, according to the previous lemma, is equivalent
to (4.14). O

The following result shows that a unimodular characteristic root « yields a
subspace V,, which lies in the kernel of each solution X.

LEMMA 4.4. Let a be a characteristic root of M — zL with |a|=1, which satisfies
(4.11).

(i) For each solution X of the DARE (1.2), we have V, < Ker X. Furthermore,
E . (Fx)=V,and Fx=Fon V,.

(ii) Let U =(U,, U,) be nonsingular such that span U, =V, let the pencil M,— zL,
be given as in (4.13), and assume that a is not a characteristic root of M, —zL,. Put

(O
w9 vio=(9),

A matrix X is a solution of (1.2) if and only if
(4.17) X = U *diag (0, X,)U™",
and X, is a solution of the DARE
(4.18) X,— AF¥X,A,— AT X,G,(I + GEX,G,) 'G¥X,A,— Q,=0.
Proof. (i) According to [14], condition (4.11) yields
E,(Fx)< E,(F)NKer QNKer X,
and Fx = Fon E,(Fx). Hence E,(Fx) € U. Put k =dim E,(Fx). Then (3.4) implies that
det (M —zL) = (z — a)**b(z), b(a)#0.

Let U=(U,, U,) be a matrix as in Lemma 4.2 such that span U, = V,. Recall n, =
dim V,. From

(4.19) det (M —zL) =det (F,— zI) det (I — zF¥) det (M, — zL,)
and Lemma 4.3, we obtain det (M —zL) = (z — a)*"1 f(z), f(a) #0. Hence k= n, and
Ea(FX) = Va-

(ii) Tt is easy to verify that each X, coming from (4.18) yields a solution X given
by (4.17). It is not obvious, however, that under hypotheses (4.11) all solutions of (1.2)

should be of the form (4.17). We know from part (i) that V, =span U, < Ker X. Hence
U*XU = diag (0, X,), and X, is a solution of (4.18). 0

5. Auxiliary results, proof of Theorem 1.2. A matrix R in (3.1) and (3.2) yields a
solution of (1.2) only if R7" exists. To prove nonsingularity of R,, we use a result on
the discrete-time Lyapunov matrix equation.

LEMMA 5.1. Let A and P be complex n x n matrices such that

(5.1) 1€ o(A¥)o(A)
and P=0. If Y is a solution of
(5.2) Y-A*YA=P,
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then Y =Y™* and

Ker Y = V(A, P)=Ker
PAnwl
Proof. Choose a basis of C" such that

V(A, P)={(’(‘)‘), xleC"n}.

Ay A )
A=(0‘ A‘:), P =diag (0, P,),

Then

and the pair (A%, P,) is controllable. Because of 1¢ o(A¥)o(A,), the equation Y,—
A%¥Y,A,=P,, P,=0 has a unique Hermitian solution Y, that is nonsingular [16]. Then
Y =diag (0, Y,) is a solution of (5.2) with Ker Y = V(A, P) and, because of (5.1), the
solution is unique. 0

The uniqueness statement of Theorem 1.2 will follow from a result of Willems
(see [10, p. 197]).

LeMMA 5.2. Let X and W be two solutions of (1.2); then

(5.3) X — W=F%(X — W)Fy.

Proof. Since [10] seems to be the only reference for (5.3), we include a proof.
Recall (2.9) and note that F=(I+T'W)Fy, and F*= F%(I+ XT). Then

R(X)—R(W)=X — W—(F% XF - F*WF,,)
=X -W-[FLX(I+TW)F, — F£(I+XT)WFy]
=X - W-F%X - W)Fy,

which yields (5.3). 0

After a reduction to the controllable case that was carried out in § 2, we are able
to discard unimodular characteristic roots of M — zL. The following lemma will justify
such a simplification. Since previous results are extended from V, to ®{V,,|a|=1},
we refer to matrices and equations of the preceding section, making the provision that
(4.8) is to be replaced by |o(A,)|=1.

LEMMA 5.3. Assume that

(5.4) || =1 implies rank (F — aI,T') = n.

(i) There exists a nonsingular matrix U such that (4.7) holds with |o(A,)|=1 and
such that the pencil M,— zL, given by (4.13) and (4.12) has no unimodular characteristic
roots.

(i) Putf(z)=det (A,—zI). Then det (M —zL) = cg(z)£(z) is an unmixed factoriz-
ation if and only if
(5.5) g(z) =£(2)b(z)

and

(5.6) det (M,—zL,) = cb(2)b(z), (b, b)=1.
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(iii) A matrix X is a solution of (1.2) if and only if it is of the form (4.17), where
X, is a solution of the Riccati equation given by (4.18) and (4.16).
(iv) A solution X is unmixed with

(5.7) det (Fx —zI) = g(z) = f(2)b(2)

if and only if the matrix X, of (4.17) is an unmixed solution of (4.18) such that the
closed loop matrix

(5.8) ®,=(I1+T,X,)"'A,
satisfies
(5.9) det (®,—zI) = b(z2).

Proof. Parts (i) and (iii) are immediate consequences of Lemmas 4.2 and 4.4. Note
that |0(A,)| =1 is equivalent to f = yf, y € C. Hence (5.5) and (5.6) follow from (4.19).
For a solution X of the form (4.17), we have

Al (I)lz) -1
Fx=U U
X ( O (Dz s

with @, as in (5.8). Hence det (Fx —zI) = f(z) det (®,—zI), and (5.7) is equivalent to
(5.9). 0

THEOREM 5.4. Assume that all unimodular eigenvalues o of F are G-controllable,
i.e., that condition (5.4) holds. If det (M —zL) = cg(z)g(z) is an unmixed factorization,
then there is at most one solution X of (1.2) such that det (Fx —zI) = g(z).

Proof. From the preceding lemma we know that the proof involves only a pencil
M, — zL, without unimodular characteristic roots. Hence it suffices to prove uniqueness
under the assumption (g, &) = 1. Suppose that X and W are two solutions such that

det (Fx —zI)=det (Fy —zI)=g(z).

Then 1€ o(F¥%)o(Fyw), and A=0 is the only solution of A — FXAF,, =0. Thus, accord-
ing to Lemma 5.2, we have X — W=0. O

THEOREM 5.5. Suppose that (F, G) is controllable. Then there exists an unmixed
factorization of det (M —zL). To each unmixed factorization det (M —zL) = cg(z)g(z),
there exists a unique solution X such that

(5.10) det (Fx —zI)=g(z).

Proof. The fact that the controllability hypothesis (5.4) of Lemma 5.3 holds allows
us to work with a pencil M —zL that has no characteristic roots of modulus 1 and,
accordingly, to proceed under the assumption (g, g)=1. In that case, there exist
nonsingular matrices R and S such that

0 I—-zA*
and det (A —zI) =g(z). Let R be partitioned as in (3.2). Then

(5.11) (M—zL)R=S(A—ZI 0 )

(5.12) rank (11:1 ) =n.

21

To obtain a solution X in the form X = R,;R;', we must make sure that R, is
nonsingular. Put Y = R¥ R,. We want to first show that

(5.13) Ker Y = Ker R,,
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holds. Since R;x =0 implies Yx =0 and (5.13) yields R,,;x =0, we would obtain x =0
from (5.12). Hence as soon as we have established (5.13), we know that R, is
nonsingular.

The subsequent argument that yields the discrete-time Lyapunov equation (5.16)
can be found in [3]. From (5.11) follows

(o )G e)len)n

which is equivalent to the pair of equations

(5.14) FR,=R,A+TR,A
and
(5.15) —R¥Q+R% = A*R}F.

Multiplying (5.14) from the left by A*R% and (5.15) from the right by R, are steps
that lead to

(5.16) Y- A*YA=A*RETR, A+ R¥QR, =P.

Since (g, £) =1 is equivalent to (5.1), it follows from Lemma 5.1 that Ker Y = V(A, P).
Hence Ker Y is a A-invariant subspace spanned by chains of eigenvectors and general-
ized eigenvectors of A, like x;, - - -, x,, which satisfy Ax;=Ax;+x;,_,, i=1,---,k,
xo=0, x, #0, and Px; =0. Induction will show that for such a chain, we have

(5.17) x; € Ker Ry,

forj=0,1,- -, k Assume that (5.17) holds for j=i—1. Then Px;=0,and '=0, Q=0
imply that

(5.18) I'R,;Ax; =0
and
(5.19) QR,x;=0.

From (5.14) and (5.15) we obtain
(5.20) R21x,~ = F*RZIAX,-.

In the case where A =0, we find that R,,x; = F*R,,x;_; and the induction hypotheses
yield R,,x;=0. In the case where A #0, we conclude from (5.18) and (5.15) that
I'R,,x; =0 and R,,x; = F*R,,Ax;. Hence

(R21xi)*(X_II —-FTI)=0.

In this case, controllability of (F,I'") implies R, x; =0.

To show that X = R,;R;' is Hermitian, note that because of (5.1) the matrix
Y = R¥ R, is a unique, and hence Hermitian, solution of (5.2). Therefore Y = RfR,,
and X = R;*YR;'. Hence, X is also Hermitian.

From (5.14) we obtain F=(I+T'X)R,AR;" and

(5.21) Fy = R,AR;".

Lemma 3.1(i) tells us that we have found a solution X of (1.2) with the desired property
(5.10). By Theorem 5.4 such a solution is unique, which completes the proof. O
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From (5.16) and (5.21) follows the equation
(5.22) X —F%XFyx = F{XTXFyx+ Q,

which leads to inertia results for Riccati equations (see [1]).
Proof of Theorem 1.2. We now perform the construction described at the end of
§ 2. We assume that F and G are given as in (1.7)

F, 0 0
e n) o o(a)
F, F G,

such that (F,, G,) is controllable, and h(z) = det (F, — zI'). Modulus-controllability of
(F, G) is equivalent to (h, h)=1.Letdet (M —zL) = cg(z)g(z) be an unmixed factoriz-
ation that satisfies (ﬁ, g)=1. Then (2.3) implies h|g. Put f=g/h and let M,—zL, be
the pencil (2.1). Then det (M,—zL,)= cf(z)f(z) is an unmixed factorization. Since
(2.5a) is a Riccati equation where the pair (F,, G,) is controllable, we know from
Theorem 5.5 that :,(X,) =0 has a unique solution X, such that det (132—21) =f(z),
where F, is given by (2.2). The solution X, enters into the definition of B in (2.6).
From (h, g)=1 follows (ﬁ,f) =1 or, equivalently, 1¢ O'(F;k)O'(ﬁz). Hence (2.5b) has
a unique solution X;,. Given X, and X,,, the matrix C in (2.7) is well defined. Now
consider (2.5¢). Modulus-controllability amounts to 1¢ o(F¥)o(F;). Hence (2.5c)
determines X, uniquely. The block matrix (2.4) is a solution of (1.2). From (2.8) we
obtain det (Fx —zI)=h(z)f(z)=g(z), and X is the only solution with that
property. 0

6. Maximal solutions. It is known that (1.2) has a solution if the pair (F, G) is
stabilizable [3]. In that case [7], there exists a maximal solution X with the properties
X =0 and

(6.1) lo(Fx)|=1.

In this section we focus on property (6.1) and its relation with maximality. As a
stabilizable pair, (F, G) is necessarily modulus-controllable; the following result is a
special case of Theorem 5.5. The existence statement in the subsequent theorem can
be found in [3].

THEOREM 6.1. If (F,T') is stabilizable, then there exists a unique solution X of (1.2)
such that |o(Fx)|=1.

A solution X is called maximal if X — W =0 holds for all solutions W of (1.2).
We see that (6.1) is equivalent to maximality of X, provided that the standing assumption
(5.4) holds. Two auxiliary results will be needed.

LEMMA 6.2 (see [2]). Let X and W be two solutions of (1.2). Then A=X-W
satisfies the equation

(6.2) A— F%AFy = FAG(I+ G*WG) 'G*AFy.
LeMMa 6.3. If X and W are two solutions of (1.2), then
(6.3) In (I+ G*XG)=1In (I + G*WG).

Proof. Relation (6.3) appears in [6] where (1.2) is approached by factorization
results of matrices of rational functions under the hypotheses that (F, G) is controllable
and |o(F)|< 1. Here we use the pencil M — zL. It is easy to verify that (3.3) implies that

(6.4) (I 0)(M —zL)_'<(I)) =z(Fx —zI)'(I+TX)'T'(I-zF%)™".
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Note that (I+T'X)'I'= G(I+ G*XG) 'G*. Consider (6.4) and the corresponding
expression for the solution W and take z = e, where |@|=1 and det (M —zL) #0. If
the symbol ~ denotes congruence, then

(6.5) G(I+G*XG)'G~GUI+G*WG)™'G.

It is not difficult to show that (6.5) implies (6.3). 0

THEOREM 6.4. Assume that rank (F—al,T')=n for all « with |a|=1. If X is a
solution of (1.2) that satisfies |o(Fx)|=1, then X is a maximal solution.

Proof. According to Lemma 5.3, each solution X of (1.2) is of the form X =
U *diag (0, X,) U™", where X, is a solution of a Riccati equation whose associated
pencil M,—zL, has no unimodular characteristic roots. Hence we can assume for the
proof that X is a solution with the property

(6.6) |o(Fy)|<1.

It is a known application of (5.22) that (6.6) implies X = 0. Therefore I + G*XG >0,
and by the preceding lemma we have I + G* WG > 0 for all solutions W.PutA=X — W
and define S = FXAG(I + G*WG) 'G*AFy. Then A— FXAFy = S is (6.2). From (6.6)
and S=0 follows A=0; hence X is a maximal solution. 0
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