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Inhaltsangabe

Nature is dominated by systems composed of many individuals with a collective behavior.
Examples include wildlife populations, biological cell dynamics, and tumor growth. There
is a fast growing interest in multi-species systems both in theoretical biology and applied
mathematics, but because of their enormous complexity, the scientific understanding is still
very poor. Instead of calculating the trajectories of all individuals, it is computationally much
simpler to describe the dynamics of the individuals on a macroscopic level by averaged
quantities such as population densities. This leads to systems of highly nonlinear partial
differential equations with cross diffusion, which may reveal surprising effects such as uphill
diffusion and diffusion-induced instabilities, seemingly contradicting our intuition on diffusion.

Major difficulties of the mathematical analysis of the cross-diffusion equations are their high-
ly nonlinear structure and the lack of positive definiteness of the diffusion matrix. In this
talk, a method inspired from nonequilibrium thermodynamics is proposed, which allows for
a mathematical theory of some classes of such systems. It is based on a transformation of
entropy variables which make the diffusion matrix positive definite. This property is a purely
algebraic condition and may be shown by computer algebra systems. We explain the tech-
nique for some systems modeling populations and tumor growth. Numerical results illustrate
the cross-diffusion effects.


