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Some steady Hamilton-Jacobi QVls

max (Av(x) + H(x, Dv(x)), v(x) — Mv(x)) =0 x e R?

Time-dependant equations

max (0v(t, x) + H(t, x, Dv(t, x)), v(t,x) — Mv(t,x)) =0
B { v(0,X) = vo(x)

» Where the Hamiltonian H is defined by
H(x,p) := sup( q-p—{x.q))

geF(x)

where F : R = R? is a multi-valued function, and ¢ : RY x RY — R.
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Outline

ﬂ Controlled systems. Optimal control problems

9 Value functions. HJB equations (case when the value function is smooth)
e Viscosity theory for an abstract HJB equation

0 Hamilton-Jacobi approach for control problems

e Differential Games
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Outline

ﬂ Controlled systems. Optimal control problems
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Controlled systems

@ y state of the system H-H
u
@ u control input Y

Find a control law and its corresponding trajectory that comply with prescribed
constraints (physical or economical constraints on the control and/or the state)
and/or optimize some performances of the system.
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We assume that the system is described by an ODE:
{ y(s) =1f(y(s),u(s))  s€(0,7),
¥(0) = Xo,

where f: R? x R™ is a Lipschitz continuous function.

> Open-loop Control: the control u(-) is a (possibly discontinuous)
function of time taking values in a compact set U. The system can be
rewritten as a (Dl), with
r(x):=f(x,U)

> Closed-loop (feedback) Control: the control u(-) is a (possibly
discontinuous) function of space. Yields to a (DI) with

M(x) := f(x, u(x))

> Controlled problem with uncertainties : ['(x) := f(x, u(x)) + E(x).
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Example 1 (An open-loop control problem)

y1(s) = cosu(s) — 0.25 x tanh(yz(s))

y2(s) = sinu(s) )
y1(0) = =5, y2(0)=0 1 - ”.”

ut)el-ma) e L
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Example 1 (An open-loop control problem)

y1(S) = cosu(s) — 0.25 x tanh(yz(s))

y2(8) = sinu(s) .
y1(0) = =5, y2(0) =0
U(t) S [—7'('7 7T'] ‘71,,.“5‘52-_ 5
Ji(T;y,u) =T, ”
T -
Jb(T;y,u) = /0 ly2(s) — 2.4|ds. Tustz1e
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Example 1 (An open-loop control problem)

y1(S) = cosu(s) — 0.25 x tanh(yz(s))

yo2(S) = sinu(s)
y1(0) = =5, y2(0)=0

u(t) € [—m, 7

Ji(Ty,u) =T,

;
Jo(T;y,u) = /0 ly2(s) — 2.4|ds.
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Example 2 (A closed loop control problem)
@ Double integrator system:

X(s) =u(s), u(s)e[-1,1]

with x(0) = m

@ An equivalent formulation:

yi(s) =ya(s) .. y1(0) = x
{ Vo) —u(s)  With { ¥2(0) = v

@ Find a feedback control
u = u(x, v) steering the system
to the origin in minimum time:
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Trajectory optimization problem for a space launcher

Aim
Maximize the payload my to be

steered from the Earth (Kourou) to a
prescribed Orbit (SSO, GEO, ...).
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@ The physical model involves 6+1 state variables, the position X of the
launcher in the 3D space, its velocity V and its mass M:
y:=(X,V,M).

_)
@ The forces acting on the rocket are: Gravity MH, Thrust F7, Drag I?D,
and Coriolis forces.

@ Newton’s Law:

d7_7

a .

- —

LA S T S
=9 W+W—2§2/\V—Q/\(Q/\)_(>),

@ The launcher is controlled by means of:

- launch parameters I = (¢, w) € R?
- incidence and sideslip angles «(-), (+)

@ Physical state-constraints (intermediate times, end-point, along the time

interval)
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A simplified problem
Example (Goddard problem)

i(s) = v(s)
(s) = - (Fru(s) ~ Fo(r.v)) -

m(s) = =B Fr u(s)
r(0) =1, v(0) =0, m(0) =1

1
r(s)?

altitude
velocity
masse

% of the thrust

» The ratio u(t) is subject to the following constraint: 0 < u(f) < 1.
» The rocket’s mass satisfies the final constraint: r(T) > r*.

The optimal control problem is the following (for T > 0):
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max m(T)
u(t) € [0,1],

r(T)>r".
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Control, u(t)
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Figure: Optimal control laws for different final times T = t.
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@ Pontryagin’s principle: necessary optimality conditions (Euler-Lagrange
and Weierstrass conditions)

@ Bellman’s principle: dynamic programming principle (Verification
theorem)

@ Important breakthroughs in the 80s: nonsmooth analysis, viscosity
theory.
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Mathematical formulation of the Control problem

» For a given non-empty compact subset A of R¥, define the set of
admissible controls as:

A= {a : (0, +00) — R¥ measurable, o(t) € A a.e }

» Consider the following control system:

y(s) :=f(y(s),a(s)), a.e se]0,1],
y(0) :== x,

where f: RY x A — R is continuous, loc. Lipschitz continuous w.r.t y,
and there existe C > 0 such that |f(y, a)| < C(1 + |y|) for all y € RY.

» Define the set of trajectories:

Spq(X) =1{y € W'1(0, t; RY), y& satisfies (1) for some e € A},

The multi-application: X ~~ Sjo 4(X) is Lipschitz continuous; i.e.,

3L > 0,Sp,4(x) € Sjo.g(2) + Lix — z|Byrs  Vx,z € RO
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Example (1) o Upn(s) = 1 sur(%ﬁ’%jﬂ)ﬁ
-1 sur (555, =55<)

y(s)=u(s) se(0,1), ° yn(s) =

y(0) =0, s— k& sur (5%, 2kt
s 1.1 . (k+1) 2k+1 2k+42
U( ) < { ’ } ’ S+ n sur ( 2n 7 2n

No optimal solution

Yn — 0, y = 0is not an admissible trajectory!!
Unllpoe, 2 =1+ 0
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Example (1)

y(s) = u(s)
y(0)=0
u(s) e [-1,1]

€ (0,1),

y

o up(s) =

° yn(s) =
o

st

2k 2k+1
1 sur (55, 55E1)
—1

2k+1
sur ( j, o

sur (5, 257)

sur (%51, %52)

The DI with "convexified dynamics" admits a closed set of

trajectories

Yn — Oa
[Unl[ L,z =1 740

y = 0 is admissible

2k+2
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Set of constrained trajectories

» Assume that f(x, A) := {f(x,a), a € A} is a convex set.
Then, by Filippov’s theorem, the set of trajectories Sy 7(x) is a compact
set of W'>°([0, t]) endowed with the C°-topology.
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Set of constrained trajectories

» Assume that f(x, A) := {f(x, a), a € A} is a convex set.
Then, by Filippov’s theorem, the set of trajectories Sy 7(x) is a compact
set of W'>°([0, t]) endowed with the C°-topology.

» Introduce the set of feasible trajectories:
Sip.q(¥) == 1{y € Sp.(x) | 9(¥(s)) <0 Vs e [0, ]}

This set is a compact subset of W'>°([0, {]) ... when it is non-empty!
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Set of constrained trajectories

» Assume that f(x, A) := {f(x, a), a € A} is a convex set.

Then, by Filippov’s theorem, the set of trajectories Sy 7(x) is a compact

set of W'>°([0, t]) endowed with the C°-topology.

» Introduce the set of feasible trajectories:
Sip.q(¥) == 1{y € Sp.(x) | 9(¥(s)) <0 Vs e [0, ]}

This set is a compact subset of W'>°([0, {]) ... when it is non-empty!

» Inward pointing (IP) condition: Assume g smooth and

38 >0, Vxst g(x)=0, meer) f(x,A)-Vg(x) < —p.
a

Then, for x € K, S§ 4(x) # 0, and x — Sg ,(x) is Lipschitz.

Ref: Arutyunov’84, Soner'86, Rampazzo-Vinter'99, Vinter-Frankowska'00,
Clarke-Rifford-Stern’02, Hermosilla-Vinter-HZ’18 ...
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Outline

9 Value functions. HJB equations (case when the value function is smooth)

H. Zidani (ENSTA Paris)
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Consider the following control problems:
» Mayer’s problem:

Vix,t) = inf  &(y(t)

Yx€Sjo,1(X)

» Time minimum problem (C closed set in RY):
T(x)=inf{t; yx(t) €C, yx € Spqg(x)}

> Supremum COst (the notation a\/ b stands for max(a, b)):
VI(x,t)= inf 1) \/ sup g(y.

YXGS[o,t](X) 0<[0,1]
» Infinite horizon problem :

V)=t /0 e Mi(yU(1), u(t)) at

YXES[0, +o0]
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@ If & : RY — Ris Lipschitz continuous, then V and V9 are Lipschitz
continuous on RY x [0, T] for every T > 0.
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@ If & : RY — R is Lipschitz continuous, then V and V9 are Lipschitz
continuous on RY x [0, T] for every T > 0.

V(x,0) = V(X' 1) < sup  [&(yx(t)) — S(yw (D)l
YxE€S)p,(x)

< Lo sup |yx(t) — yw (1)

YxE€S)0,4(X)

IN

Loe™|x — x'|.
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@ If & : RY — Ris Lipschitz continuous, then V and V9 are Lipschitz
continuous on RY x [0, T] for every T > 0.

o Ifd:RY > Rislsc, then V and V9 are Isc.
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e If & : RY — R is Lipschitz continuous, then V and V¥ are Lipschitz
continuous on RY x [0, T] for every T > 0.

o lfd:RY 5 Rislsc, then V and V9 are Isc.

@ When the target C is closed, the minimum time function 7 is Isc.
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e If & : RY — R is Lipschitz continuous, then V and V¥ are Lipschitz
continuous on RY x [0, T] for every T > 0.

e Ifo:RY - Rislsc, then V and V9 are Isc.
@ When the target C is closed, the minimum time function 7 is Isc.

@ If the function ¢ is Lipschitz continuous and if the discount factor A > 0 is
big enough, then V*° is Lipschitz continuous.

H. Zidani (ENSTA Paris) Optimal Control and HJB Equations Wiirzburg, September 23-25, 2019 20/68



Optimal control problems. HJB equations
Now, consider again the following control problems:

» Mayer’s problem:

v = inf o
(= int o(yt)

» Time minimum problem (C closed set in RY):
T(x) =inf{t; yi(t) €C, yx € Sp.g(X)}

» Supremum cost:
Vo(x, )= inf &(yx(t)\/ sup g(y«(9))

Yx€Sp0,q(x) 0€[0,1]
» Infinite horizon:

Ve(x)= inf /+Ooe‘“£(y,‘(’(t),u(t))dt

YXES[0, +00(X)
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Dynamic programming principle: HJB equation

Mayer’s Problem
V(x, 1)

min  V(yx(h),t — h) he(0,1),
YxESpo.4(X)

V(x,0) = &(x)
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Dynamic programming principle: HJB equation

Mayer’s Problem
V(x, 1)

min  V(yx(h),t — h) he(0,1),
YxESpo.4(X)

V(x,0) = &(x)

Minimum time problem:
T(x) = min )T(yx(h))+h h<T(x), x¢C,

Y ESo.n (X

T(x) = 0 xec;
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Dynamic programming principle: HJB equation

Supremum cost
VI(x, 1)

min  VI(yx(h),t—h)\/ su )
Yx€Spo,n () (yx(h) )\/OG[OF,)h]g(yX( )

Ve(x,0) = o(x)\/g(x):
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Dynamic programming principle: HJB equation

Supremum cost
VI(x, 1)

min ~ V9(yx(h),t—h)\/ sup g(yx(6))
0€[0,h]

YxE€Spo,n(x)
VI(x,0) = o(x)\/g(x);

Infinite horizon

h
VR = min e M) + [ e uy(s). u(s)) oS
Y5 €S, (X) 0
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Vix,t) = min  (y(t))
Yx€870,1(X)

Vix,t) = min V(y«(h),t—h) he(0,1).
Yx€So,n(X)

V(x,0) = o(x)

» Sub-optimality:

Vyx € Sp,(x), s V(yx(s),t— s) is increasing,

>» Super-optimality
Jyx € Spq(x), s+ V(yi(s),t — s) is constant
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An infinitesimal version of the DPP: Hamilton-Jacobi-Bellman equation (HJB).

If the value function is C' in a neighborhood of (x, t), then
> o V(x,t)+H(x,DxV(x,1)) =0, xeR? t>0;

> H(x,DT(x))=1, x¢&C, T(x) < +oo;

> min(9;V9(x, t) + H(x, DVI(x, t)), VI(x,t) — g(x)) = O,

xeRI t>0;

» —AV>®(x)+ H>®(x,DV>=(x)) =0, x € RY;

where

H(x,q) =max(-f(x,a)-q),  H*(x,q):=max(-f(x,a) -q—{(x,a))
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An infinitesimal version of the DPP: Hamilton-Jacobi-Bellman equation (HJB).

If the value function is C' in a neighborhood of (x, t), then

> o V(x,t)+H(x,DxV(x,1)) =0, xeR? t>0;
V(x,0) = ¢(x) Time-dependent HJB equation

> H(x,DT(x)) =1, x¢&C, T(X)<+oc;
T(x)=0onC Steady HJB equation

> min(9;V9(x, t) + H(x, DVI(x, 1)), VI(x, 1) — g(x)) = 0,
V9(x,0) = &(x) vV g(x) HJB-VI inegation

» —AV>®(x)+ H>®(x,DV>=(x)) =0, x € R
Steady HJB equation

v

where

H(x,q) := max(—f(x, a) - q), H>(x,q) := max(—f(x,a) - qg— {x,a))

acA acA
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Verification Theorem - Mayer Problem

Let w € C}(RY x [0, T]). We say that w is a classical verification function if it
satisfies

Ow(x, t) + H(x, Dyw(x, 1) <0 xeR? tel0,T],
w(x,0) = &(x);

with the Hamiltonian function

H(x, q) = max(—f(x,a) - q).

acA
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Verification Theorem - Mayer Problem

Let w € C}(RY x [0, T]). We say that w is a classical verification function if it
satisfies

ow(x, t) + H(x, Dyw(x, 1)) <0 xeRY te]0,T],
w(x,0) = &(x);

Proposition

Let y5 € Sp,7(X) be a feasible arc. Assume that there exists a classical
verification function w, s.t.

w(x, T) = ®(yx(T)),
then y; is optimal on [0, T].
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Proof.

> We take any yy € S, 7j(x), we have:

%[W(VX(SL T —8)] = —0w(yx(s), T — 8) + yx(s) - Dw(yx(s), T — ) = 0.
Which means that s — w(yx(s), T — s) is increasing:

w(x, T) <w(yx(T),0) = ®(yx(T)).
Therefore, w(x, T) < V(x, T).

> w(x, T) = ®(yg(T)) = V(x, T).

> Therefore w(x, T) = ®(y;(T)) = V(x, T), and y; is optimal.
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Van der Pol Problem :
() =y
Vo(t) = =y1 + yo(1 — y2) + a(t)
alt) e [-1,1]

The final cost function:

x2

o) = Iyl =ro

» The HJB equation to be solved for this problem is:

—X
Od(x, t) + (x1 B x2(12— xf)) -Dyd(x,t) + |0x5,9(x, 1) =0

9(x,0) = (x) = [|x]| — ro-
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Outline

e Viscosity theory for an abstract HIB equation

=] F = = DA
H. Zidani (ENSTA Paris) Optimal Control and HJB Equations



Definition.
Let Q c R, and F: Q x R x RM — R be continuous. Consider the HJB
equation:

F(x,u(x),Du(x))=0 inQ. 2)

(i) A function u € USC(RQ) is a viscosity sub-solution of (3) if for any
¢ € C'(Q) and any local maximum point Xy € Q of u — ¢,

F(x0, u(X0), Dip(x0)) < 0.
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Definition.

Let Q c RM, and F: Q x R x RM — R be continuous. Consider the HJB

equation:
F(x,u(x),Du(x))=0 inQ. 2)

(i) A function u € USC(RQ) is a viscosity sub-solution of (3) if for any
¢ € C'(Q) and any local maximum point Xy € Q of u — ¢,

F(x0, u(X0), Dip(x0)) < 0.

(i) A function u € LSC(Q)) is a viscosity super-solution of (3) if for any
@ € C'(Q) and any local minimum point xo € Q of u — ¢,

F (X0, U(x0), Dp(x0)) > 0.
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Definition.

Let Q c RM, and F: Q x R x RM — R be continuous. Consider the HJB

equation:
F(x,u(x),Du(x))=0 inQ. 2)

(i) A function u € USC(RQ) is a viscosity sub-solution of (3) if for any
¢ € C'(Q) and any local maximum point Xy € Q of u — ¢,

F(x0, u(X0), Dip(x0)) < 0.

(i) A function u € LSC(Q)) is a viscosity super-solution of (3) if for any
@ € C'(Q) and any local minimum point xo € Q of u — ¢,

F (X0, U(x0), Dp(x0)) > 0.

(iii) A function u € C(Q) is a viscosity solution of (3) if it is a sub- and
super-solution.
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Vanishing Viscosity Limits

Lemma

Let u. be a sequence of smooth solutions to the viscous equations:
F(x, uc(x), Duc.(x)) — eAuc(x) =0 x Q.
If u. — u uniformly on Q, when ¢ — 0+, then u is a viscosity solution of

F(x,u(x), Du(x)) = 0.
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Idea of the proof - 1:

» U, is a viscosity sub-solution to the viscous equation.
Indeed, let ¢ € C'(R), and let x € Q a local maximum of u. — 1.
Then
Du.(x) = Di(x),  DU(x) < Ad(x).

Therefore,

.F(X, UE(X)’ D’l/)(X)) - €A1/)(X) < ]:(Xy UE(X)7 DUE(X)) - EAUE(X) =0.
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Idea of the proof - 1:

» U, is a viscosity sub-solution to the viscous equation.
Indeed, let ¢ € C'(R), and let x € Q a local maximum of u. — 1.

Then
Du.(x) = Dy(x), Au(x) < AyY(x).

Therefore,
F(x, u:(x), Dp(x)) — eAyp(x) < 0.

H. Zidani (ENSTA Paris) Optimal Control and HJB Equations Wiirzburg, September 23-25, 2019 32/68



Idea of the proof - 1:

» U, is a viscosity sub-solution to the viscous equation.
Indeed, let ¢ € C'(Q), and let x € Q a local maximum of u, — .
Then
Du.(x) = Di(x), Au(x) < AY(x).

Therefore,
F(x, u:(x), Dp(x)) — eAyp(x) < 0.

» Letp € C'(Q), x € Qis a local maximum of u — ¢.
Vp >0, 36 < p and there exists 1 € C'(Q) s.t.

[ —ellcyq) <6

u. — 1 has a local maximum x. inside the ball B(x, p).
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Idea of the proof - 2:

» Extract a convergent subsequence x. — X € B(x, p). By passing to the
limit in the inequality

F(Xe, Us(Xe), DY(X2)) — eAyp(x:) <0,

we get:
F(x,u(x), Dy(x)) < 0.
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Idea of the proof - 2:

» Extract a convergent subsequence x. — X € B(x, p). By passing to the
limit in the inequality

F(Xe, u(Xe), Du(x:)) — eAy(x:) <0,

we get:
F(x,u(x), Dy(x)) < 0.

» Choosing p small enough, we have |x — x| and |Dy/(X) — Dp(x)| as small
as we want. So by continuity of F, we finally obtain:

F(x,u(x), Dp(x)) < 0.
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Idea of the proof - 2:

» Extract a convergent subsequence x. — X € B(x, p). By passing to the
limit in the inequality

F(Xe, u(Xe), Du(x:)) — eAy(x:) <0,

we get:
F(x,u(x), Dy(x)) < 0.

» Choosing p small enough, we have |x — x| and |Dy/(X) — Dp(x)| as small
as we want. So by continuity of F, we finally obtain:

F(x,u(x), Dp(x)) < 0.

» The supersolution can be proved in the same way.
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A more general stability result

» A general stability theorem holds for viscosity solutions, without additional
requirements on the derivatives.

Theorem
Consider a sequence of continuous functions (u»),>1, where uj, is a viscosity
sub- solutions (resp. super-solutions) to

Fn(X, un(x), Dup(x)) =0, xe€Q.

Assume F, — F uniformly on compact subsets of Q x RY x R? , when
n — +oo0 and u, — u uniformly on .
Then u is a viscosity sub-solution (a super-solution) of

F(x,u(x),Du(x)) =0, xeqQ.
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» The stability results are based on the following "key ingredient”:

Lemma
Let v : Q — R be a upper semi-continuous function that achieves a strict local
maximum at x € Q. Let (v,), be a sequence of upper semi-continuous

function on Q.
Assume that lim sup v,(z) = v(Xx). Then there exists a sequence (x,), in 2

z—X
n—+oo

such that for every n > 1, x, is a local maximum of v, and

0= m_vis) = V%),
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Semi-relaxed limits

Let (un)n be a sequence of functions on .

@ Assume that (u,), are locally uniformly bounded from above Define the
upper relaxed limit by:

ut(x) == |iTil),:p Un(Xn).

@ Assume that (up), are locally uniformly bounded from below. Define the
lower relaxed limit by:

u.(x) = Ikmigf Un(Xn)).
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Theorem (Stability by semi-relaxed limits)
Consider a sequence of usc (resp. Isc) functions (u,),>1, where u, is a
viscosity sub- solutions (resp. super-solutions) to

Fn(x,un(x),Dus(x)) =0, xe€Q.

Assume F, — F uniformly on compact subsets of Q x RY x R? , when

n — —+oo and (u,)n is locally uniformly bounded from above (resp. from below)
on €.

Then u* is a viscosity sub-solution (resp u, is a super-solution) of

F(x,u(x),Du(x)) =0, xeqQ.

H. Zidani (ENSTA Paris) Optimal Control and HJB Equations Wiirzburg, September 23-25, 2019 37/68



Viscosity notion: An equivalent definition.

Let Q c RM and F: Q x R x RM — R be continuous. Consider the HJB
equation:
F(x,u(x),Du(x))=0 inQ, (3)

(i) A function u € USC(Q) is a viscosity sub-solution of (3) if

F(x,u(x),q) <0 Vqge Du(x).

geDtu(x) <= u(y) <u(x)+q-(y —x)+o(ly — xl),

g e D ulx) = uly) =2 u(x) +q-(y = x) + o(ly — x).
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Viscosity notion: An equivalent definition.

Let Q c RM and F: Q x R x RM — R be continuous. Consider the HJB
equation:
F(x,u(x),Du(x))=0 inQ, (3)

(i) A function u € USC(Q) is a viscosity sub-solution of (3) if
F(x,u(x),q) <0 vqe D u(x).
(i) A function u € LSC(Q)) is a viscosity super-solution of (3) if

F(x,u(x),q) >0 Vqge D~ u(x).

geDtu(x) <= u(y) <u(x)+q-(y —x)+o(ly — xl),

g e D ulx) = uly) =2 u(x) +q-(y = x) + o(ly — x).
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Viscosity notion: An equivalent definition.

Let Q c RM and F: Q x R x RM — R be continuous. Consider the HJB
equation:
F(x,u(x),Du(x))=0 inQ, (3)

(i) A function u € USC(Q) is a viscosity sub-solution of (3) if
F(x,u(x),q) <0 Vqge Du(x).

(i) A function u € LSC(Q)) is a viscosity super-solution of (3) if
F(x,u(x),q) >0 Vqge D~ u(x).

(iii) A function u € C(Q) is a viscosity solution of (3) if it is a sub- and
super-solution.

geDtu(x) <= u(y) <u(x)+q-(y —x)+o(ly — xl),

g e D ulx) = uly) =2 u(x) +q-(y = x) + o(ly — x).
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Lemma

Suppose u € C(Q).

(i) g € DT u(x) if and only if there exists p € C'(Q) such that Dyp(x) = g and x
is a local minimum of u — .

(i) g € D~u(x) if and only if there exists ¢ € C'(Q) such that Dy(x) = g and
x is a local maximum of u — .
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Some remarks

< If uis differentiable at x € Q, then D~ u(x) = Dt u(x) = {Vu(x)}.
& A viscosity solution u of the HJ equation satisfies the equality
F(x,u(x),Vu(x)) =0
in the classical sense whenever u is differentiable at x.

& A Lipschitz continuous viscosity solution v is also a solution in the
"almost everywhere" sense. (Indeed, by Rademacher’s theorem, a
Lipschitz continuous function is differentiable a.e.)
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Comparison principle: Doubling variable techniques
(Kruzhkov’s method for conservation laws)

Theorem

Let Q be a bounded open set of R%. Let uy, u, € BUC(Q) be respectively,
viscosity sub- and super-solutions of

u+ H(x,Du(x))=0 onQ,

and uy < up on 99Q. Moreover, assume that H : R? x R? — R is uniformly
continuous w.r.t the x-variable

[H(x1, p) — HO, p)| < w ([x1 — %|(1 + |pI))

where w : R* — R™ is a continous non-deacring function satisfying w(0) = 0.
Then uy(x) < uax(x) for every x € Q.
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Proof - 1: Case where uy, U, are smooth (C' functions)

» Assume uq — Up attains a maximum at xg € Q. Then
p = Dui(xo) = Dun(xo) and:

ui(Xo) + H(Xo0, p) < 0 < ta(x0) + H(Xo, p)-

» We conclude that uq(xp) < u2(Xo).
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Proof - 2: the general case
Assume uy — U» attains a positive maximum at xo € €.
@ It may happen that D™ uy(x) N D~ ux(x0) = 0. In this case, the HJB
equation doesn'’t give any information at xg.
@ The doubling variables idea consists of building two sequences (x.), (.)
in a neighbourhood of xp, such that

Dt uy(x)) N D~ ua(y.) # 0

pe € DYy ()

I
I
I
1
Pe € D7 ua(yc) i
I
I
|

I
I
I
I
I
I
I
I
I
1
a Te Ye b

Ipe € DT ug(ze) N D~ ua(ye)
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Proof - 2: the general case

» Assume u; — U attains a positive maximum at xo € Q. Set
0 1= U (Xo) - U2(Xo) > 0.
» Define the function of two variables:

Cx—yP
2

V. (x,y) = ui(x) — u2A(y)
» V attains its global maximum (x., y.) on Q x Q, and we have:

\U(Xsyys) > \U(X07X0) = ‘V(Xe,ye:) >0>0. (4)
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» Let M > 0s.t||Ui]loo + ||U2]lcc < M. We get:

|X5 — y£|2
v ey Je S M_ )
0 < V(X)) o
wich implies that: |x. — y.| < vV2Me.

Ye

X J—
Moreover, ==—Z° — 0, when ¢ — 0.
13

» Since up € BUC(Q), there exists ¢’ > 0 s.t.:
|uz(X) — u2(y)| < d6/2  whenever |x —y| < v2Me'.

For every e < ¢/, we have: x., y. € 99Q. Indeed, if x. € 99, then we would
have:

Xc — ye|?

V(X.,ye) 5e

IN

(U1 (Xe) — t2(Xe)) + |u2(xe) — t2(ye)| —
0+6/2+0

A

in contradiction with (4).
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> We can check that p. := % € D*uy(x.) N D~ ua(y.)
» From the definition of uy, u», we obtain:

un (Xs) + H(Xsaps) <0< U2(y5) + H(ysape)'
» Finally, by using the assumption on H, it comes:

6 <W(Xe,ye) < un(xe) — U2(ye) < w(lxe — yel(1 + po)l)-

This yields a contradiction when ¢ goes to 0.
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Time dependent case.

Theorem

Let H: RY x RY — R is Lipschitz continuous:

[H(x,p) = H(y,p)| < C(Ix — yI(1 +[p])),
|H(x, p1) — H(x, p2)| < Clp1 — pa.

Let uq, uo are resp., a sub- and super-solution of
ou+H(Xx,Du)y=0 xeRY te(0,T]

Assume that uy(x,0) < ups(x,0), then uy < uz on RY x [0, T].
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Outline

° Hamilton-Jacobi approach for control problems

=] F = = DA
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Optimal control problems. HJB equations
Now, consider again the following control problems:

» Mayer’s problem:

V(x,t) = inf ®(yy(t))
Yx€8]0,1(X)

» Time minimum problem (C closed set in RY):

T(x)=inf{t; yu(t) €C, yx € Spqg(x)}

» Supremum cost:

VI(x,t) = inf  d(yy su (0
(= inf U=V sup g(y(®))
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Theorem

Assume that the minimum time function is continuous. Then it is a viscosity
solution of the steady HJB equation:

H(x,DT(x)) =1, x¢&C, T(x) < +o0,
T(x)=0 xecC.

Proof. Let ¢ € C' is such that 7 — ¢ has a local maximum at x ¢ C, then for
any yx € Sjp,s)(X) we have (for small s):

T(x(8)) — e(¥x(8)) < T(x) = ¢(x).
This implies that:
P(x) = p(yx(8)) < T(x) = T(¥x(s)) <,
and therefore (for f(x, a) = yx(0), with a € A):
—f(x,a) - Dp(x) <1,
so 7 is a subsolution. With similar arguments, we prove that 7 is a

supersolution as well.
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Theorem

Assume that the minimum time function is continuous. Then it is a viscosity
solution of the steady HJB equation:

H(x,DT(x)) =1, x¢&C, T(x) < +o0,
T(x)=0 xecC.

Proof. Let ¢ € C' is such that 7 — ¢ has a local maximum at x ¢ C, then for
any yx € Sjp,s)(X) we have (for small s):

T(¥x(8)) = ¢(yx(s)) < T(x) = p(x).
This implies that:
o(x) — o(yx(8)) < T(x) = T(yx(s)) < s,
and therefore :

H(x, Dp(x)) = sup( —f(x, a) - Dp(x)) <1,
acA
so 7 is a subsolution. With similar arguments, we prove that 7 is a
supersolution as well.
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Assume C is the closure of asmooth domain, and let 7, be the normal to C.
The minimal time function is Lipschitz continuous if and only if

minf(x,a)-nx <0, Vx e dC.
acA

The continuity of T requires a controllability assumption of the system around
the target. This important property is not satisfied in several examples.
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Introduce the Hamiltonian defined as

H(x,q) = rgg}(—f(x, a).q).

Theorem

Assume that ® and g are loc. Lipschitz continuous functions. Then the value
functions V and V*° are loc. Lipschitz continuous functions as well.

» V is the unique viscosity solution of the time-dependent HJB equation:
V(X t) +H(x,DyV(x,t) =0, xeR% t>0
V(x,0) = ®(x).

» VY js the unique viscosity solution of the HJB inequation:

min (9, V9(x, t) + H(x, DVI(x, 1)), VI(x, 1) — g(x)) = O,
V9(x,0) = &(x) v g(x).

(see e.g. Crandall-Lions, Crandall-Evans-Lions, Barles, Bardi-Capuzzo Dolcetta, Ishii, )
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A classical setting: differential games problems

Let « € A be a controlled input, and 5 € B an uncontrolled input
(perturbance). Consider the trajectory:

{ yx(8) = f(yx(s), a(s), B(s)), s €(0,7),
yX(O) =X,

for x e R9and 0 < 7 < T (with T a fixed final horizon).
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A classical setting: differential games problems

Let « € A be a controlled input, and 5 € B an uncontrolled input
(perturbance). Consider the trajectory:

{ yx(8) = f(yx(s) a(s), B(s)), se€(0,7),
¥x(0) = x,

for x e R9and 0 < 7 < T (with T a fixed final horizon).

@ Let C and K be two closed sets (of constraints), and consider a zero-sum
game involving two players:
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A classical setting: differential games problems

Let o € A be a controlled input, and 8 € B an uncontrolled input
(perturbance). Consider the trajectory:

{ yx(8) = f(yx(s) a(s), B(s)), se€(0,7),
¥x(0) = x,

for x c R?and 0 < 7 < T (with T a fixed final horizon).

@ Let C and K be two closed sets (of constraints), and consider a zero-sum
game involving two players:

» The first player wants to steer the system from the initial position at point x to
the target C and by staying in K (and using his/her input a(-) € A);

» The second player tries to steer the system away from C or from K (with
his/her input 5(-) € B).
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Non anticipative strategies (ret. Eiiott and Katton'72)

The set of control inputs are given by:

A = {a:[0,T] — R™ measurable, a(s) € A},
B := {B8:[0,T] — R'measurable, 3(s) € B},

where A and B are compact sets.

We define the set of non-anticipative strategies for the first player, as follows:
M= {a:IB%—>A, ¥(8,3) e Band Vs € [0, ),

(ﬂ(é)) — ((6) a.e. 6 [0, s]) = (a[ﬂ](a) — a[f](h) a.e. 6 € [0, s]) }
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» Assume that K is a closed non-empty set.

» Consider a function g : R? — R, Lipschitz continuous, such that

¥xeRY g(x)<0e xek.
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» Assume that K is a closed non-empty set.

» Consider a function g : R? — R, Lipschitz continuous, such that

¥xeR?, g(x)<0e xek.

» In particular,

[y(s) ek, Vsel0,7]| = m{gx] a(y(s)) <0.
sec|0,7
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» Assume that K is a closed non-empty set.

» Consider a function g : R? — R, Lipschitz continuous, such that

¥xeR?, g(x)<0e xek.

» In particular,
[y(s) ek, Vsel0,7]| = m{gx] a(y(s)) <0.
sec|0,7

» Consider a function ¢ : RY — R, Lipschitz continuous, such that

Vx eRY, p(x)<0e xeC.
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Formulation of the control problem (Bokanowski-Forcadel-HZ'13,

Gammoudi-HZ'19)

» Consider the following two-players control problem (z € R):

. ; a[ﬂ] /3 alpl, 6
w(T, X):=min max<{ max
(7.%) al.]er BeB {se[o,f] \/99 }

where a\/ b stands for max(b, b).
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Formulation of the control problem (Bokanowski-Forcadel-HZ'13,

Gammoudi-HZ'19)
» Consider the following two-players control problem (z € R):

w(T, x):=min max{ max_g(y2"(s)) \/ @(Yfmﬁ(f))} :

al.]er peB (se[0,7]

Theorem
For every 7 € [0, T], we have:

() Re)={x:wirn <o},

(i)  T(x)=min {T eR, w(r,x) < 0}, forevery x € K,

vy
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Formulation of the control problem (Bokanowski-Forcadel-HZ'13,

Gammoudi-HZ'19)
» Consider the following two-players control problem (z € R):

w(T, x):=min max{ max_g(y2"(s)) \/ @(Yf[ﬁ]'g(f))} :

al.]er peB (se[0,7]

Theorem
For every 7 € [0, T], we have:

(N R(r) = {x: w(r, x) < 0},
(i T(x) =min {T eER, w(r,x) < 0}, for every x € K,

(i) - Under some controllability conditions: for every x ek we have:
T(x) =7 <= w(r,x)=0.
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» Define the Hamiltonian as:

# — mi _ . d
HE(x,p) = minmax (—f(x,a,b)-p)  Vx,peR.

Theorem (AItarovici-Bokanowski-HZ’13, Gammoudi-HZ'19)

The value function w is the unique continuous viscosity solution of the
following Hamilton-Jacobi (HJ) equation:

min <Btw(t, x) + H#(x, Dyw), w(t,x) — g(x)) =0 ]0, T]xRC,

w(0,x) =g(x) \/ (x), RYxR.
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Reconstruction of optimal trajectories - Algorithm A.

» For n> 1, consider (&, =0, 4, ..., t,_1, t, = T) a uniform partition of [0, T]
with h = L.

» Assume that the second player choose to use a given input j3(-)

» Let y"(-) be a trajectory defined recursively on the intervals (t;_1, t]], with
y"(0) = x.
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Reconstruction of optimal trajectories - Algorithm A.

» For n> 1, consider (&, =0, 4, ..., t,_1, t, = T) a uniform partition of [0, T]
with h= L.

» Assume that the second player choose to use a given input j3(-)

» Let y"(-) be a trajectory defined recursively on the intervals (t;_1, t]], with
y"(0) = x.

> [Step 1] Knowing y;’ = y"(ix), choose the optimal control at # s.t.:

ok € arg LT‘EQ (W(tn—kvyl? + hfy (y&, Q»B(tk)))>~
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Reconstruction of optimal trajectories - Algorithm A.

» For n> 1, consider (&, =0, 4, ..., t,_1, t, = T) a uniform partition of [0, T]
with h= L.

» Assume that the second player choose to use a given input j3(-)

» Let y"(-) be a trajectory defined recursively on the intervals (t;_1, t]], with
y"(0) = x.

> [Step 1] Knowing y;’ = y"(ix), choose the optimal control at # s.t.:

ok € arg Lne'ﬂ (W(tn—kvyl? + hfy (y&, Q»B(tk)))>~

> [Step 2] Define o(t) = oy, Vt € (I, tk+1] and y"(t) on (i, tk+1] as the
solution of

V() = f(y(),a"(t), (1)) a.e t € (t, tis],
with initial condition y”(#) = y/ at k.
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Theorem

Let{y"(:),a"(-)} be a sequence generated by algorithm A forn > 1. Then,
the sequence of trajectories {y"(-)}» has cluster points with respect to the
uniform convergence topology.

@ In the case of one-player game (i.e, B = {b}), for any cluster point y(-)
there exists a control law a(-) such that (y(-), a(-)) is optimal for the
auxiliary control problem.

@ In the case of zero-sum game, for any cluster pointy(-) there exists a
control law a(-) such that (y(-),a(-)) is suboptimal.
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Theorem

Let{y"(:),a"(-)} be a sequence generated by algorithm A forn > 1. Then,

the sequence of trajectories {y"(-)}» has cluster points with respect to the
uniform convergence topology.

@ In the case of one-player game (i.e, B = {b}), for any cluster point y(-)
there exists a control law a(-) such that (y(-), a(-)) is optimal for the
auxiliary control problem.

@ In the case of zero-sum game, for any cluster point y(-) there exists a
control law a(-) such that (y(-),a(-)) is suboptimal.

» Let w2 be a numerical approximate solution such that,
‘WA(Ly) - W(tvy)‘ < E; (Atv Ay)7
where E{(At, Ay) — 0 as At,Ay — 0.
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Theorem

Let{y"(:),a"(-)} be a sequence generated by algorithm A forn > 1. Then,
the sequence of trajectories {y"(-)}» has cluster points with respect to the
uniform convergence topology.

@ In the case of one-player game (i.e, B = {b}), for any cluster point y(-)
there exists a control law a(-) such that (y(-), a(-)) is optimal for the
auxiliary control problem.

@ In the case of zero-sum game, for any cluster point y(-) there exists a
control law a(-) such that (y(-),a(-)) is suboptimal.

» Let w2 be a numerical approximate solution such that,
‘WA(Ly) - W(t7y)‘ < E; (Atv Ay)7
where E{(At, Ay) — 0 as At,Ay — 0.

» Same convergence result if we replace w by wA.
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Worst scenario - Algorithm B.

» For n> 1, consider (&, =0, &, ..., t,_1, t, = T) a uniform partition of [0, T]
with h = %

> Let y"(-) be a trajectory defined recursively on the intervals (t_1, t]], with
y"(0) = x.
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Worst scenario - Algorithm B.

» For n> 1, consider (&, =0, &, ..., t,_1, t, = T) a uniform partition of [0, T]
with h = %

> Let y"(-) be a trajectory defined recursively on the intervals (t_1, t]], with
y"(0) = x.

> [Step 1] Knowing y;’ = y"(ix), choose the optimal control at # s.t.:

n H t, n hf n
B € arg r}ggg <am€|2 W(ta—k, Y& + hfa (Y7, oaﬂ))) ,

of € argmin (W(ty—c, 3 + (s a.50) ).
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Worst scenario - Algorithm B.

» For n> 1, consider (&, =0, &, ..., t,_1, t, = T) a uniform partition of [0, T]
with h=T.

> Let y"(-) be a trajectory defined recursively on the intervals (t_1, t]], with
y"(0) = x.

> [Step 1] Knowing y;’ = y"(ix), choose the optimal control at # s.t.:

n H t7 n hf n
B € arg r}ggg <am€|2 W(ta—k, Y& + hfa (Y7, oaﬁ))) ,

of € argmin (W(ty—c, 3 + (s a.50) ).
> [Step 2] Define o'(t) := «f and B"(t) := 5{, Vt € (&, t+1] and y'(t) on
(, k1] as the solution of

y(t) = f(y(1), a"(1), 8"(1)) a.e t € (t, tiy],
with initial condition y"(#) = y/ at k.
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Let {y"(:),a"(:), 8"(-)} be a sequence generated by algorithm B for n > 1.
Then, the sequence of trajectories {y"(-)}, has cluster points with respect to
the uniform convergence topology.

» (o, 5") satisfies a Nash equilibrium.

» Any cluster point is suboptimal soulution (coresponding to the worst
case).
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A controlled heterogeneous population of cells -
(Carrere-HZ’18)
Ref: Barbolosi-Freyer-Ciccolini-lliadis’03, Ding et al.13, .
& (1) = ps(t)(1 —M) Bi(t)s(tu(1),
t

o (1) = pr(t)(1 —M) Ba(t)s(t)r(t),
G (1) = pw — pw(t) — vw(t) max(0, u(t) — Ueo).

(MHP)

s(t) : sensitive cancerous cells population
r(t) : resistant cells population
w(t) : a health indicator (white blood cells count)

u(t) € [0, Umax| : drug dosage

VVVVV

B8 = (p1(t), B2(t)) € B: uncertainties on the drug efficiency

Y

0, Pws I, U, Ue oy - KNOWN parameters

Y

resistant cells

K is the size of the Petri dish and m the size ratio between sensitive and
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Problem 1

Let 0 < Q < K be a fixed threshold in tumour size. Given x € R®, does there
exist a strategy u such that for any perturbation 3(-), the tumour size never
exceeds the size Q:

y(t)e K:={(s,r,w)| s+ mr<Q}.

We need to determine the set:

Problem 2

Given a certain time of treatment T, and for x € R®, does there exist a
strategy u such that for any perturbation 3(-), the tumour size can be
stabilized under the threshold Q.

vy
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Problem 1

Let 0 < Q < K be a fixed threshold in tumour size. Given x € R®, does there
exist a strategy u such that for any perturbation 3(-), the tumour size never
exceeds the size Q:

y(t)e K:={(s,r,w)| s+ mr<Q}.
We need to determine the set:

Nk :={xeR®| u[], VBeB Vt>0, y;'[ﬁ]’ﬁ(t) € K}

Problem 2

Given a certain time of treatment T, and for x € R®, does there exist a
strategy u such that for any perturbation 3(-), the tumour size can be
stabilized under the threshold Q.
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Problem 1

Let 0 < Q < K be a fixed threshold in tumour size. Given x € R®, does there
exist a strategy u such that for any perturbation 3(-), the tumour size never
exceeds the size Q:

y(t)e K:={(s,r,w)| s+ mr<Q}.
We need to determine the set:

Nk :={xeR®| u[], VBeB Vt>0, y)t'[ﬁ]’ﬁ(t) € K}

Problem 2

Given a certain time of treatment T, and for x € R®, does there exist a
strategy u such that for any perturbation 3(-), the tumour size can be
stabilized under the threshold Q.

Rr={xeR | u[], vBeB, y¥P)cD, and3telo, Ty (1) e

Ve

vy
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Problem 1
» Consider the control problem:

+oo
e f —Xt 4+ (51,8
Vo = minmax [ e e (7 ()t
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Problem 1
» Consider the control problem:

+oo
e f —Xt 4+ (51,8
Vo = minmax [ e e (7 ()t

» We have:
Nk = {xeR®| V(x)=0}.
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Problem 1
» Consider the control problem:

+o00
( ) —nl;\[l? ryeag(/ e—)\td—l—( u[gl.B (t))dt

» We have:
Nk = {xeR®| V(x)=0}.

Problem 2: For a given time horizon T
» Forevery x e R"and t € [0, T], we define

W(x, 1) == minmax { ( max dp(y"(7))) \/ Va(i1*()}.

ul] BeB 0<r<t
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Problem 1
» Consider the control problem:

+o00
( ) —nl;\[l? ryeag(/ e—)\td—l—( u[gl.B (t))dt

» We have:
Nk = {xeR®| V(x)=0}.

Problem 2: For a given time horizon T
» Forevery x e R"and t € [0, T], we define

W(x, 1) == minmax { ( max dp(y"(7))) \/ Va(i1*()}.

ul] BeB 0<r<t

» We have:
Rr:={xeR®| W(x, T)<0}.
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An illustration with Q = 0.13, stability kernel and some
viable trajectories (without uncertainties)

Stbility kernel ‘ControlInputs -

Resistant Cells

= - B

2 3° =

= = =

£ £ z

e £ Hos
E
2
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An illustration with Q = 0.13, Reachability and some
robust trajectories (without uncertainties)

PReachable Set at T=10 . Fwachable Set st T=10

Resistant Colls
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Stability kernel, reachability set (case with
uncertainties)

Resistant Cells

Resistant Cells

Reachable Set a1 T=5

1 s z 25 B
Sensitive Cells

Reachable Set at T=5

1 s z z5 B
Sensitive Cells

H. Zidani (ENSTA Paris)

Resistant Cells

Resistant Cells
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Reachabie Set at T=5

1 5 z
Sensitive Cells

Reachable Set at T=5
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