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Two topics in modern Loewner Theory

Abstract.
ABSTRACT: The first topic goes back to the talk given by me at the Oberseminar in December 2013.
Holomorphic self-maps of the unit disk D form a topological semigroup w.r.t. the operation of com-
position and the usual topology of the locally uniform convergence. One of the cornerstone results in
Loewner Theory states that its sub-semigroup U consisting of all univalent [ = injective and holomor-
phic] self-maps of D can be represented as the reachable set of (a general version of) the Loewner –
Kufarev ODE regarded as a control system. Given a further sub-semigroup V of the semigroup U, a
natural question arises: does a similar result hold for V, i.e. does there exist a suitable version of the
Loewner – Kufarev ODE whose reachable set is precisely V?
We will give an affirmative answer for the semigroups V defined by prescribing a finite set of boundary
regular fixed points and show as an application that this fact gives another proof of the well-known
Cowen – Pommerenke inequalities for univalent self-maps of D. Finally an optimistic conjecture will be
stated; if proven it would apparently strengthen the method and facilitate its applications in extremal
problems for univalent self-maps with prescribed boundary regular fixed points.
The second topic concerns applications to Markov stochastic processes, namely, to the so-called
continuous-state branching processes. In this case, the probability transition measures are infinite-
ly divisible and as a result, with the help of the Laplace transform they can be encoded in Bernstein
functions, which in turn are known to extend to holomorphic self-mappings of the right half-plane.
In a better investigated case of a time-homogeneous process, the Chapman – Kolmogorov equation
implies that these self-mappings form a one-parameter semigroup. In the non-homogeneous case, one-
parameter semigroups are replaced by (a somewhat modified) evolution families. The latter concept
is one of the three “workhorses” of Loewner Theory.
In this part of the talk I will present some results of a joint work in progress with Takahiro Hasebe
(Hokkaido University, Sapporo, Japan) and José Luis Pérez (Centro de Investigación en Matemáticas,
Guanajuato, Mexico). In particular, two general questions of complex-analytic nature evoked by ap-
plications to stochastic processes will be discussed:
* restricting Loewner Theory to a given topologically closed semigroup (with the Bernstein self-
mappings being an example); * conditions for a continuous evolution family to be a semiflow of a
suitable (non-autonomous) holomorphic vector field.



Alle Interessenten sind herzlich eingeladen !


