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Abstract. We propose an augmented Lagrangian method for the solution of constrained
optimization problems in Banach spaces. The framework we consider is very general and encompasses
a host of standard problems such as nonlinear programming, semidefinite programming, and optimal
control. We analyze several convergence-related aspects of the method, including global convergence,
the attainment of feasibility, and local convergence. In particular, a result is presented which
guarantees local convergence of the method under the sole assumption that a solution of the problem
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control problems and mathematical programs with complementarity constraints.
Keywords. Augmented Lagrangian method, multiplier-penalty method, Banach space, global
convergence, second-order sufficient condition, strong local convergence.
AMS subject classifications. 49K, 49M, 65K, 90C.

1

Introduction

The present manuscript is the latest in a series of articles on augmented Lagrangian methods
in Banach spaces. Throughout this paper, we consider the Banach space optimization problem
minimize f (x) subject to G(x) ∈ K,
x∈C

(PY )

where X, Y are (real) Banach spaces, f : X → R and G : X → Y suitable mappings, and
C ⊆ X, K ⊆ Y nonempty closed convex sets. Problems akin to (PY ) have long been identified
as a suitable framework for generic optimization; see [7] for more details. In particular,
this framework encompasses standard nonlinear programming, semidefinite programming,
second-order cone programs, optimal control, and many more.
Here, we apply a safeguarded augmented Lagrangian method (ALM) in order to solve
(PY ). The classical augmented Lagrangian approach (or multiplier method) is one of the
standard techniques for the solution of finite-dimensional optimization problems and therefore
described in almost all textbooks; see, for instance, [4, 5, 11, 34]. The need for bounded dual
variables was recognized by many authors [10, 36, 37], eventually giving rise to the concept
of multiplier safeguarding and the ALGENCAN software package [1, 6]. The underlying
∗
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modification of the augmented Lagrangian method uses a slightly different update of the
Lagrange multiplier and turns out to have very strong global convergence properties; see [6]
and, in particular, [26] for more details.
On the other hand, methods of augmented Lagrangian type have also received considerable
attention in the context of variational inequalities and certain Banach space optimization
problems [3, 16, 18, 20–22, 31, 44], but many of these papers suffer from drawbacks such as a
focus on particular problem classes, convex problems, finite-rank constraints, etc. A first
attempt at augmented Lagrangian methods for general Banach space problems was given by
the authors in [24]. That paper is aimed at optimization problems with L2 -type inequality
constraints and uses a generalized notion of multiplier safeguarding combined with suitable
embeddings to obtain a globally convergent algorithm. The underlying theory has since
evolved quite significantly and, in addition, been extended to other problem classes such as
generalized Nash equilibrium problems and quasi-variational inequalities [25, 28].
Keeping in mind the above discussion, the purpose of the present paper is twofold. Our
first aim is to give a global convergence analysis of the safeguarded ALM under fairly general
assumptions. Part of this theory can be seen as a special case of the highly evolved theory
for quasi-variational inequalities from [28], but for the more concrete case of constrained
optimization. As a result, the theory in the present setting is much more accessible and may
therefore be useful to a larger audience. In any case, we provide in this paper a far more
general and widely applicable theory than the previous optimization-specific paper [29], thus
significantly enhancing the literature for the optimization case.
The second and major contribution of this paper is a local analysis of safeguarded
multiplier methods in Banach spaces based on an established notion of second-order sufficient
conditions (SOSC). The main result in this direction is that the augmented Lagrangian
algorithm is locally well-defined and strongly convergent under the aforementioned SOSC. An
attractive feature of the theory is that it does not require any constraint qualifications (which
can be problematic in the infinite-dimensional case), thus opening up a large spectrum of
applications on degenerate problems such as mathematical programs with complementarity
constraints (MPCCs; see [23] for ALMs on finite-dimensional MPCCs).
Note that there exist some papers dealing with local convergence of optimization methods
in finite dimensions, especially stabilized SQP-type methods, under SOSC alone [13, 15, 17,
45, 46]. The paper [14] shows that SOSC is also sufficient to prove local convergence of the
(classical) augmented Lagrangian technique in finite dimensions, provided that the primal
iterates and Lagrange multipliers are sufficiently close to a KKT point.
We are not aware of any paper in the infinite-dimensional setting where it is shown that
one can get local convergence of augmented Lagrangian methods under the second-order
condition without any other assumption. Hence, we believe that our result is the first of this
kind. We also stress that this is not just a simple generalization of the analysis from [14],
but that our assumptions are also weaker in the sense that we do not need any assumption
regarding the multipliers to be close to an optimal Lagrange multiplier. In return, we get
convergence of the primal iterates only, and we do not deal with convergence rates. (A
rate-of-convergence analysis under suitable assumptions can be found in [27].)
Discussion of the Problem Setting
As mentioned before, many authors deal with the augmented Lagrangian method for specific
problem classes only. In this paper, we will deal with the general framework (PY ) under the
assumption that the constraint G(x) ∈ K can, roughly speaking, be interpreted as a Hilbert
2

space constraint. More precisely, we assume that there is a dense embedding e : Y ,→ H for
some real Hilbert space H, and that K ⊆ H is a closed convex set with e−1 (K) = K. Hence,
problem (PY ) is equivalent to
minimize f (x) subject to e(G(x)) ∈ K.
x∈C

(PH )

As commonly done when dealing with embeddings, we will omit the mapping e in most
formulas. Clearly, our setting encompasses the case where Y itself is a Hilbert space. In that
case, we can simply set H := Y , K := K, and the problems (PY ), (PH ) are identical.
In practice, however, the distinction between Y and H is usually necessary (cf. some
of the examples in Section 8 and in [24]) for the treatment of the underlying optimization
problem. The main reason for this is that our multiplier-penalty method makes extensive use
of Hilbert-space techniques such as projections. On the other hand, we cannot entirely drop
the space Y since, in many cases, the optimization problem admits a Lagrange multiplier in
Y ∗ but not in H. Note that Y and H satisfy the chain
∗

e
e
Y ,→ H ∼
= H ∗ ,→ Y ∗ ,

(1.1)

which is occasionally referred to as a Gelfand triple. Hence, the notion of multipliers in H
is stronger than that in Y ∗ . In fact, we will see that the question of whether or not (PY )
admits a multiplier in H has direct consequences for the behavior of our algorithm.
The rest of this paper is organized as follows. Section 2 collects some preliminary results
from optimization and Banach space theory. We continue with a precise statement of the
main algorithm in Section 3 and convergence analyses pertaining to global minimization and
KKT points in Sections 4 and 5, respectively. Section 6 contains some preliminary work on
second-order conditions, and Section 7 includes a detailed discussion of the behavior of the
ALM under second-order assumptions. Finally, Section 8 contains some applications and
corresponding numerical results, and we give some concluding remarks in Section 9.
Notation
Throughout the paper, we denote strong and weak convergence by → and *, respectively.
Moreover, duality pairings are written as h·, ·i, scalar products in Hilbert spaces as (·, ·), and
norms are denoted by k · k with an appropriate subscript to emphasize the corresponding
space (e.g., k · kX ). If S is a nonempty subset of a normed space, we denote by dS = dist(·, S)
the distance to S with respect to the underlying norm. If S is a closed convex subset of a
Hilbert space, we write PS for the projection onto S. Throughout the paper, we denote by
Φ ⊆ X the feasible set of (PY ), and use a prime 0 to denote the derivative of a function with
respect to the primal variable x ∈ X.

2

Preliminaries

Given Banach spaces X and Z, an operator T : X → Z is called bounded if it maps bounded
sets to bounded sets, weakly sequentially continuous if it maps weakly convergent to weakly
convergent sequences, and completely continuous if it maps weakly convergent to strongly
convergent sequences. It is well known that, given a differentiable completely continuous
operator T , the Fréchet derivative T 0 (x) ∈ L(X, Z) is completely continuous for all x ∈ X; see
[12, Thm. 1.5.1]. It is also possible (but slightly more involved) to give sufficient conditions
3

for the complete continuity of the derivative mapping T 0 : X → L(X, Z); see [35]. A function
f : X → R is called weakly sequentially lower semicontinuous (weakly lsc) if for all x ∈ X
and all weakly convergent sequences xk * x, it is valid that lim inf k→∞ f (xk ) ≥ f (x).
For a convex subset S of X (or Y , H), we write
S ◦ := {ψ ∈ X ∗ : hψ, si ≤ 0 ∀s ∈ S}
for the polar cone of S. Moreover, if x ∈ S is a given point, we denote by

RS (x) := {α(s − x) | α ≥ 0, s ∈ S}, TS (x) := cl RS (x) , NS (x) := TS (x)◦ ,
the radial cone (also called the cone of feasible directions), the tangent cone, and the normal
cone of S at x, respectively. If x ∈
/ S, we set TS (x) := RS (x) := NS (x) := ∅. All of these
sets are convex cones; moreover, with the possible exception of RS (x), they are closed.
The following result is a well known and easily proved closedness property of the multifunction NC (·).
Lemma 2.1. Let X be a real Banach space and C ⊆ X a closed convex set. Let x ∈ C,
φ ∈ X ∗ , {xk } ⊆ C, {φk } ⊆ X ∗ such that φk ∈ NC (xk ) for all k, and assume that either
(i) xk * x and φk → φ, or (ii) xk → x and φk *∗ φ. Then φ ∈ NC (x).
We now turn to the optimality conditions of the optimization problem (PY ). To this end,
we define the Lagrange function or Lagrangian of the problem as
L : X × Y ∗ → R,

L(x, λ) := f (x) + hλ, G(x)i.

(2.1)

This function occurs quite prominently in the Karush–Kuhn–Tucker conditions of (PY ).
Recall that L0 denotes the derivative of L with respect to x.
Definition 2.2 (KKT conditions). A tuple (x̄, λ̄) ∈ X × Y ∗ is a KKT point of (PY ) if
− L0 (x̄, λ̄) ∈ NC (x̄) and λ̄ ∈ NK (G(x̄)).

(2.2)

Note that (2.2) necessarily implies that x̄ ∈ C and G(x̄) ∈ K, since otherwise at least
one of the corresponding normal cones would be empty.
Furthermore, we remark that the KKT conditions from Definition 2.2 are defined with
respect to the space Y , but it is rather straightforward to make a similar definition for the
problem (PH ) pertaining to the space H. Whenever we wish to distinguish these two, we
will refer to them as the KKT conditions in Y and in H, respectively. Using the embeddings
from (1.1), it is easy to see that the latter imply the former.
For the analysis of KKT points and Lagrange multipliers, it is inevitable to use some
form of constraint qualification. The following is one of the most widely used conditions in
infinite dimensions. Note that intY denotes the interior with respect to the norm in Y .
Definition 2.3 (Robinson constraint qualification). We say that the Robinson constraint
qualification (RCQ) holds in a feasible point x ∈ X if


0 ∈ intY G(x) + G0 (x)(C − x) − K ,
(2.3)
If x ∈ X is an arbitrary, not necessary feasible point and (2.3) holds, then we say that the
extended Robinson constraint qualification (extended RCQ, ERCQ) holds in x.
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Again, we note that the (extended) Robinson constraint qualification could be defined in
H instead of Y . Similarly to before, the continuous embedding Y ,→ H implies that RCQ in
H is stronger than in Y .
For our purposes, it will be convenient to have an analogue of RCQ defined that is not
restricted to feasible points; this is the extended RCQ (ERCQ). Note that the condition
defining ERCQ is the same as for the standard Robinson constraint qualification. The only
difference is that, for the latter, the point x has to be feasible, whereas ERCQ is defined for
arbitrary points.
If x ∈ X is a (local) minimizer of (PY ) and RCQ holds in x, then there exists a Lagrange
multiplier λ ∈ Y ∗ such that (x, λ) is a KKT point of (PY ); see, for instance, [7].
Assume now that we have a point x̂ which is “almost” a solution of (PY ). A popular
definition in this context is that of ε-minimizers: given ε > 0, we say that x̂ ∈ Φ is an
ε-minimizer of (PY ) if f (x̂) ≤ f (x) + ε for all x ∈ Φ. For such approximate minimizers, it is
indeed possible to obtain an inexact analogue of the KKT conditions. This result is usually
called Ekeland’s variational principle.
Proposition 2.4 (Ekeland’s variational principle, [7, Thm. 3.23]). Let x̄ ∈ Φ be an εminimizer of (PY ), let δ := ε1/2 , and assume that RCQ holds at every x ∈ Bδ (x̄) ∩ Φ. Then
there exist another ε-minimizer x̂ of (PY ) and λ ∈ Y ∗ such that kx̂ − x̄kX ≤ δ,

dist −L0 (x̂, λ), NC (x̂) ≤ δ, and λ ∈ NK (G(x̂)).
The final ingredient we will need in this paper is a generalized form of continuity of
the function f (or, more precisely, its derivative). In the infinite-dimensional literature,
variational problems are often treated in the scenario where the variational operator is
monotone (in this case, this would mean the convexity of f ). To achieve a higher level of
generality, we will use the notion of pseudomonotonicity as introduced by H. Brezis [8]. This
can be seen as a generalization of monotonicity, but it is in fact satisfied for large classes of
nonmonotone operators simply by virtue of certain continuity properties (see below).
Definition 2.5 (Brezis pseudomonotonicity). We say that an operator F : X → X ∗ is
pseudomonotone if, whenever
{xk } ⊆ X,

xk * x,

lim sup F (xk ), xk − x ≤ 0,

and

k→∞

then
hF (x), x − yi ≤ lim inf F (xk ), xk − y
k→∞

for all y ∈ X.

The notion of pseudomonotonicity will play a fundamental role in Section 5. Some
sufficient conditions for pseudomonotone operators are summarized in the following lemma.
Lemma 2.6 (Sufficient conditions for pseudomonotonicity). Let X be a real Banach space
and T, U : X → X ∗ given operators. Then:
(a) If T is monotone and continuous, then T is pseudomonotone.
(b) If, for every y ∈ X, the mapping x 7→ hT (x), x − yi is weakly sequentially lsc, then T
is pseudomonotone.
(c) If T is completely continuous, then T is pseudomonotone.
(d) If T is continuous and dim(X) < +∞, then T is pseudomonotone.
5

(e) If T and U are pseudomonotone, then T + U is pseudomonotone.
Proof. (b) is obvious. The remaining assertions can be found in [47, Prop. 27.6]. Note that
[47] defines pseudomonotonicity only on reflexive Banach spaces, but this property is not
used in the proof of the result.
Note that, if the underlying space X is finite dimensional, then pseudomonotonicity is
implied by ordinary continuity, and the converse holds for bounded operators. Thus, in this
case, Definition 2.5 is satisfied by any continuous operator.

3

The Multiplier-Penalty Method

We now turn to the multiplier-penalty method for the optimization problem (PY ), whose
analysis is the main subject of this work. To this end, we define the augmented Lagrangian
of (PH ) as follows.
Definition 3.1 (Augmented Lagrange function). For ρ > 0, the augmented Lagrange function
or augmented Lagrangian of (PH ) is the function


kλk2H
λ
ρ 2
−
.
(3.1)
Lρ : X × H → R, Lρ (x, λ) := f (x) + dK G(x) +
2
ρ
2ρ
Note that there are other variants of Lρ in the literature. However, these differ from (3.1)
only by an additive constant (with respect to x).
A basic property of the augmented Lagrangian is stated in the following lemma.
Lemma 3.2. Let Lρ : X × H → R be the augmented Lagrangian (3.1). If x ∈ X is a feasible
point, then Lρ (x, λ) ≤ f (x) for all λ ∈ H.
Proof. If G(x) ∈ K, then dK (G(x) + λ/ρ) ≤ kλkH /ρ by the nonexpansiveness of the distance
function. Hence, Lρ (x, λ) ≤ f (x) + (ρ/2)kλk2H /ρ2 − kλk2H /(2ρ) = f (x).
For the construction of our algorithm, we will need a means of controlling the penalty
parameters. To this end, we define the utility function


λ
,
(3.2)
V (x, λ, ρ) = G(x) − PK G(x) +
ρ H
The definitions above enable us to formulate our algorithm as follows.
Algorithm 3.3 (ALM for constrained optimization). Let (x0 , λ0 ) ∈ X × H, ρ0 > 0, let
B ⊆ H be a nonempty bounded set, γ > 1, τ ∈ (0, 1), and set k := 0.
Step 1. If (xk , λk ) satisfies a suitable termination criterion: STOP.
Step 2. Choose wk ∈ B and compute an approximate solution xk+1 of the problem
minimize Lρk (x, wk ).
x∈C

Step 3. Update the vector of multipliers to



wk
wk
k+1
k+1
k+1
λ
:= ρk G(x ) +
− PK G(x ) +
.
ρk
ρk
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(3.3a)

(3.3b)

Step 4. Let Vk+1 := V (xk+1 , wk , ρk ) and set
(
ρk ,
if k = 0 or Vk+1 ≤ τ Vk ,
ρk+1 :=
γρk , otherwise.

(3.3c)

Step 5. Set k ← k + 1 and go to Step 1.
Note that we have not specified what constitutes an “approximate solution” in Step 2.
Clearly, there are multiple possibilities when solving the subproblem (3.3a); for instance,
we could look for global minima, local minima, or KKT points. Moreover, the convergence
properties of the overall method depend on the manner in which the subproblems are solved.

4

Convergence to Global Minimizers

In this section, we analyze the convergence properties of Algorithm 3.3 under the assumption
that we can solve the subproblems in an (essentially) global sense. This is of course a
rather restrictive requirement and can, in general, only be expected under certain convexity
assumptions. However, the resulting theory is still appealing due to its simplicity. Indeed,
the results below merely require some rather mild form of continuity (no differentiability),
and can easily be extended to the case where the function f is extended-valued, i.e., it is
allowed to take on the value +∞.
Assumption 4.1 (Global minimization). We make the following assumptions:
(i) f and dK ◦ G are weakly sequentially lsc on C.
(ii) The sequence {xk } satisfies xk ∈ C for all k.
(iii) For every x ∈ C, there is a null sequence {εk } ⊆ R such that Lρk (xk+1 , wk ) ≤
Lρk (x, wk ) + εk+1 for all k.
Some remarks are due. Recall that, for convex functions, weak sequential lower semicontinuity is implied by ordinary continuity (see [9, Cor. 3.9]). Thus, if f is a continuous convex
function, then f is weakly sequentially lsc.
A similar comment applies to the weak sequential lower semicontinuity of the function
dK ◦ G. Indeed, there are two rather general situations in which this condition is satisfied: if
G is weakly sequentially continuous, then dK ◦ G is weakly sequentially lsc since dK is so by
its continuity and convexity. On the other hand, if G is continuous and concave with respect
to the recession cone of K in the sense of [27] (for instance, G could be affine), then it can
be seen that dK ◦ G is a continuous convex function and thus again weakly sequentially lsc.
Let us also remark that, if G is continuous and affine, then both the above cases apply.
Finally, another salient feature of Assumption 4.1 is the dependence of the sequence
{εk } on the comparison point x ∈ C. The motivation behind this is that, if (PY ) is
a smooth convex problem and the point xk+1 is “nearly stationary” in the sense that
dist(−L0ρk (xk+1 , wk ), NC (xk+1 )) ≤ δ for some (small) δ > 0, then, by convexity, we obtain
an estimate of the form
Lρk (x, wk ) ≥ Lρk (xk+1 , wk ) + L0ρk (xk+1 , wk )(x − xk+1 )
≥ Lρk (xk+1 , wk ) − δkxk+1 − xkX .
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This suggests that we should allow the sequence {εk } in Assumption 4.1 to depend on the
point x. In any case, the stated assumption is satisfied automatically if xk+1 is a global
εk+1 -minimizer of Lρk (·, wk ) for some null sequence {εk }.
We now turn to the convergence analysis of Algorithm 3.3 under Assumption 4.1. The
theory is divided into separate analyses of feasibility and optimality. Since the augmented
Lagrangian method is, at its heart, a penalty-type algorithm, the attainment of feasibility is
particularly important for the success of the algorithm. A closer look at the definition of the
augmented Lagrangian suggests that, if ρ is large, then the minimization of Lρ essentially
reduces to that of the infeasibility measure d2K (G(x)). Hence, we can expect (weak) limit
points of the sequence {xk } to be minimizers of this auxiliary function, which means that,
roughly speaking, these points are “as feasible as possible.” A precise statement of this
assertion can be found in the following lemma.
Lemma 4.2. Let {xk } be generated by Algorithm 3.3, let Assumption 4.1 hold, and let x̄ be
a weak limit point of {xk }. Then x̄ is a global minimizer of the function dK ◦ G on C. In
particular, if the feasible set of (PY ) is nonempty, then x̄ is feasible.
Proof. Note that C is weakly sequentially closed since it is closed and convex, hence x̄ ∈ C.
To show the desired minimization property, we first consider the case where {ρk } remains
bounded. Then (3.3c) and the definition of V yield


wk
k+1
k+1
k+1
0 ≤ dK (G(x )) ≤ G(x ) − PK G(x ) +
= Vk+1 → 0.
ρk
H
The weak sequential lower semicontinuity of dK ◦ G (by Assumption 4.1) therefore implies
that dK (G(x̄)) = 0. Hence, x̄ is feasible and there is nothing to prove.
Assume now that ρk → ∞, and let xk+1 *I x̄ for some subset I ⊆ N. Let x ∈ C be an
arbitrary point and let {εk } be the corresponding null sequence from Assumption 4.1. Then
Lρk (xk+1 , wk ) ≤ Lρk (x, wk ) + εk+1 for all k, which implies




ρk 2
ρk 2
wk
wk
k+1
k+1
≤ f (x) + dK G(x) +
+ εk+1 .
(4.1)
f (x ) + dK G(x ) +
2
ρk
2
ρk
Observe now that {f (xk+1 )}k∈I is bounded from below since f is weakly sequentially lsc.
Hence, dividing both sides by ρk and taking the lim inf for k ∈ I, we obtain




wk
wk
2
k+1
2
≤ lim inf dK G(x) +
= d2K (G(x)).
lim inf dK G(x ) +
k∈I
k∈I
ρk
ρk
Using the fact that wk /ρk → 0 and that dK ◦ G is weakly sequentially lsc, it follows that the
left-hand side is greater than or equal to d2K (G(x̄)). This completes the proof.
The idea to link the feasibility properties of the iterates {xk } to the minimization of the
infeasibility measure d2K ◦ G is a recurring theme in the convergence theory of augmented
Lagrangian methods. In fact, we will encounter similar statements in the context of stationary
points.
Let us now turn to the optimality part.
Theorem 4.3 (Convergence to global minimizers). Let {xk } be generated by Algorithm
under Assumption 4.1 (ii)–(iii). Then
lim sup f (xk ) ≤ f (x)
k→∞

8

for all x ∈ Φ.

If furthermore Assumption 4.1 (i) holds and the feasible set of (PY ) is nonempty, then every
weak limit point of {xk } is a global solution of (PY ).
Proof. Let x ∈ X be an arbitrary feasible point, and let {εk } be the sequence from Assumption 4.1. By Lemma 3.2 and the assumption, we have


kwk k2H
wk
ρk 2
k+1
k+1
−
≤ Lρk (x, wk ) + εk+1 ≤ f (x) + εk+1 . (4.2)
f (x ) + dK G(x ) +
2
ρk
2ρk
Clearly, if ρk → ∞, then kwk k2H /(2ρk ) → 0. In this case, the nonnegativity of dK and the
fact that εk → 0 imply lim supk→∞ f (xk+1 ) ≤ f (x).
Consider now the case where {ρk } remains bounded. The triangle inequality yields




wk
wk
wk
k+1
k+1
k+1
dK G(x ) +
≤
.
+ G(x ) − PK G(x ) +
ρk
ρk H
ρk
H
The last term converges to zero by the penalty updating scheme (3.3c). Using the boundedness
of {wk } and squaring on both sides, it is easy to deduce that
" 
#

2
wk
wk
2
k+1
lim sup dK G(x ) +
−
≤ 0.
ρk
ρk H
k→∞
Since {ρk } is bounded, it follows again from (4.2) that lim supk→∞ f (xk+1 ) ≤ f (x).
Now let Assumption 4.1 be satisfied and the feasible set of (PY ) be nonempty. Suppose
that xk+1 *I x̄ for some (infinite) subset I ⊆ N. Then x̄ is feasible by Lemma 4.2, and the
weak sequential lower semicontinuity of f implies that f (x̄) ≤ lim inf k∈I f (xk+1 ) ≤ f (x) for
every feasible x. Hence, x̄ is a global solution of (PY ).
If the problem is convex with strongly convex objective, then it is possible to considerably
strengthen the results of the previous theorem. Recall that, in this case, the weak sequential
lower semicontinuity of f from Assumption 4.1 is implied by (ordinary) continuity. Recall
also that a sufficient condition for the convexity of the feasible set Φ is the concavity of G
with respect to the recession cone of K, see [27]. In this case the distance function dK ◦ G is
convex, and thus the weak sequential lower semicontinuity from Assumption 4.1 is implied
by (ordinary) continuity of G.
Corollary 4.4. Let {xk } be generated by Algorithm 3.3 and let Assumption 4.1 hold. Assume
that X is reflexive, f is strongly convex on C, and the feasible set of (PY ) is nonempty and
convex. Then {xk } converges strongly to the unique solution of (PY ).
Proof. Note that Assumption 4.1 implies that the feasible set Φ is closed. Since f is strongly
convex, the existence and uniqueness of the solution x̄ follows from standard arguments.
Now, denoting by c > 0 the modulus of convexity of f , it follows that
 k+1

c k+1
f (xk+1 ) + f (x̄)
x
+ x̄
2
kx
− x̄kX ≤
−f
(4.3)
8
2
2
for all k. Moreover, by Theorem 4.3, we have lim supk→∞ f (xk+1 ) ≤ f (x̄). Taking into
account that f is bounded from below, it follows from (4.3) that {xk } is bounded. Since
X is reflexive and every weak limit point of {xk } is a solution of (PY ) by Theorem 4.3, it
follows that xk * x̄. Since f is weakly sequentially lsc and lim supk→∞ f (xk+1 ) ≤ f (x̄),
we conclude that f (xk+1 ) → f (x̄). Moreover, since (xk + x̄)/2 * x̄, we also have f (x̄) ≤
lim inf k→∞ f ((xk+1 + x̄)/2). Hence, (4.3) implies that kxk+1 − x̄kX → 0.
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5

Stationarity of Limit Points

The theory on global minimization which we have developed in the preceding section is
certainly appealing from a theoretical point of view. However, the practical relevance of
the corresponding results is essentially limited to problems where some form of convexity
is present. It therefore seems natural to conduct a dedicated analysis for the augmented
Lagrangian method which, instead of global minimization, takes into account the optimality
and stationary concepts from (PY ).
The present section is dedicated to precisely this approach. To that end, we assume that
the functions defining the optimization problem are continuously differentiable and that we
are able to compute local minimizers or stationary points of the subproblems (3.3a) which
occur in the algorithm. Note that the first-order optimality conditions of these problems are
given by
−L0ρk (x, wk ) ∈ NC (x).
Similarly to the previous section, we will allow for certain inexactness terms. A natural way
of doing this is by considering the inexact first-order optimality condition
εk+1 − L0ρk (x, wk ) ∈ NC (x),
where εk+1 ∈ X ∗ is an error term. For k → ∞, the degree of inexactness should vanish in
the sense that εk → 0. Hence, we arrive at the following assumption.
Assumption 5.1 (Convergence to KKT points). We assume that
(i) f and G are continuously differentiable on X,
(ii) the derivative f 0 is bounded and pseudomonotone,
(iii) G and G0 are completely continuous on C, and
(iv) xk+1 ∈ C and εk+1 − L0ρk (xk+1 , wk ) ∈ NC (xk+1 ) for all k, where εk → 0.
Notice that Lρk is continuously differentiable by the differentiability of d2K . The derivative
(with respect to x) can be calculated by applying the chain rule together with a standard
projection theorem. One obtains



wk
wk
L0ρk (x, wk ) = f 0 (x) + ρk G0 (x)∗ G(x) +
− PK G(x) +
(5.1)
ρk
ρk
L0ρk

and, in particular, L0ρk (xk+1 , wk ) = L0 (xk+1 , λk+1 ).
As in the previous section, we treat the questions of feasibility and optimality in a separate
manner. For the feasibility part, we relate the augmented Lagrangian to the infeasibility
measure d2K ◦ G.
Lemma 5.2. Let {xk } be generated by Algorithm 3.3 under Assumption 5.1, and let x̄ be a
weak limit point of {xk }. Then x̄ is a stationary point of the problem minx∈C d2K (G(x)). If
ERCQ holds in x̄ with respect to the constraint system of (PY ), then G(x̄) ∈ K.
Proof. Let xk+1 *I x̄ for some index set I ⊆ N. Observe that x̄ ∈ C by the weak sequential
closedness of C. If {ρk } is bounded, then we can argue as in Lemma 4.2 to see that x̄ is
feasible, and there is nothing to prove. If ρk → ∞, then Assumption 5.1 implies that
εk+1 − L0ρk (xk+1 , wk ) ∈ NC (xk+1 )
10

for all k ∈ N. We now divide this inclusion by ρk , use (5.1) and the fact that NC (xk+1 ) is a
cone. It follows that



wk
wk
εk+1 − f 0 (xk+1 )
k+1
k+1
0 k+1 ∗
∈ NC (xk+1 ).
− G (x ) G(x ) +
− PK G(x ) +
ρk
ρk
ρk
We now take the limit k →I ∞, use the boundedness of {f 0 (xk+1 )}, the complete continuity of
G and G0 (by Assumption 5.1), and Lemma 2.1. This yields G0 (x̄)∗ [PK (G(x̄))−G(x̄)] ∈ NC (x̄),
which is precisely the first-order optimality condition of minx∈C d2K (G(x)).
Now, assume that ERCQ holds in x̄, and let r > 0 be such that BrY ⊆ G(x̄) + G0 (x̄)(C −
x̄) − K, where BrY is the closed r-ball around zero in Y . Then, for any y ∈ BrY , there are
z ∈ C and w ∈ K such that y = G(x̄) + G0 (x̄)(z − x̄) − w. Thus, we have


hG(x̄) − PK (G(x̄)), yi = G0 (x̄)∗ G(x̄) − PK (G(x̄)) , z − x̄
+ hG(x̄) − PK (G(x̄)), G(x̄) − wi.
Observe that G0 (x̄)∗ [G(x̄) − PK (G(x̄))] is just the derivative of 12 d2K ◦ G in x̄. Hence, the
first term above is nonnegative by the stationarity of x̄, and so is the second term by
standard projection inequalities. Thus, hG(x̄) − PK (G(x̄)), yi ≥ 0 for all y ∈ BrY , which
implies hG(x̄) − PK (G(x̄)), yi = 0 for all y ∈ BrY and, since Y is dense in H, it follows that
G(x̄) − PK (G(x̄)) = 0. This completes the proof.
The above lemma indicates that weak limit points of the sequence {xk } have a strong
tendency to be feasible points. Apart from the heuristic appeal of the result, there are several
nontrivial cases where Lemma 5.2 automatically implies the feasibility of the limit point x̄.
Here, two cases in particular deserve a special mention: first, if ERCQ is fulfilled, as already
mentioned in the Lemma. Second, if the function d2K ◦ G is convex as already discussed
above, and it follows that x̄ is a global minimizer of this function. Hence, if the feasible set
Φ is nonempty, then x̄ ∈ Φ.
The assertion of the next lemma can be described roughly as a kind of “asymptotic
normality” between λk and G(xk ), the proof can be found in [28, Lem. 5.2].
Lemma 5.3. There is a null sequence {rk } ⊆ [0, ∞) such that (λk , y − G(xk )) ≤ rk for all
y ∈ K and k ∈ N.
Note that, by virtue of the Gel’fand triple Y ,→ H ,→ Y ∗ , the inequality from Lemma 5.3
also holds if we replace K by K and the scalar product by the duality pairing on Y ∗ × Y .
Recall furthermore that the KKT conditions of (PY ) postulate the existence of a Lagrange
multiplier λ̄ ∈ NK (G(x̄)) ⊆ Y ∗ . The assertion of Lemma 5.3 is essentially an asymptotic
analogue of this condition, and it will prove useful in the convergence analysis.
Example 5.4 (Cone constraints). If the set K is a closed convex cone, then some parts
of Algorithm 3.3 and Lemma 5.3 can be simplified. In this case, we can use the Moreau
decomposition ([2, Thm. 14.3]) to restate the multiplier update (3.3b) as λk+1 = PK◦ (wk +
ρk G(xk+1 )), therefore λk ∈ K◦ for all k. This implies that (λk , y) ≤ 0 for all y ∈ K, and it is
easy to see that the assertion of Lemma 5.3 is then equivalent to

lim inf λk , G(xk ) ≥ 0.
k→∞
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We now analyze the optimality properties of limit points. Recall that L0ρk (xk+1 , wk ) =
for all k. Hence, combining Assumption 5.1 and Lemma 5.3, we obtain the
asymptotic KKT conditions (for k ≥ 1)
L0 (xk+1 , λk+1 )

εk − L0 (xk , λk ) ∈ NC (xk ) and

λk , y − G(xk ) ≤ rk ∀y ∈ K.

(5.2)

Note that the second inequality also holds with K replaced by K, by the embedding. Hence,
our main goal is to use these asymptotic KKT conditions to obtain the optimality of weak
limit points of {xk }. The main result in this direction is the following.
Theorem 5.5. Let {(xk , λk )} be generated by Algorithm 3.3 under Assumption 5.1, let
xk *I x̄ for some index set I ⊆ N, and let x̄ satisfy ERCQ with respect to the constraint
system of (PY ). Then x̄ is a stationary point of (PY ), the sequence {λk }k∈I is bounded in
Y ∗ , and each of its weak-∗ limit points belongs to Λ(x̄).
Proof. Note that x̄ is feasible by Lemma 5.2. We first prove the boundedness of {λk } in
Y ∗ . Applying the generalized open mapping theorem [7, Thm. 2.70] to the multifunction
W(u) := G(x̄) + G0 (x̄)u − K on the domain C − x̄, we obtain the existence of r > 0 such that


BrY ⊆ G(x̄) + G0 (x̄) (C − x̄) ∩ B1X − K,
where BrY again denotes the closed r-ball around zero in Y . Now, let {y k } ⊆ Y be a sequence
of unit vectors such that hλk , y k i ≥ 21 kλk kY ∗ . Then −ry k ∈ BrY and therefore
−ry k = G(x̄) + G0 (x̄)(v k − x̄) − z k
with {v k } ⊆ C a bounded sequence and {z k } ⊆ K. It follows that ry k = z k − G(xk ) −
G0 (xk )(v k − xk ) + δ k with δ k → 0 as k → ∞. Let k be large enough so that kδ k kY ≤ r/4.
Then, by the asymptotic KKT conditions (5.2), we obtain
r k
r
kλ kY ∗ ≤ λk , ry k ≤ λk , z k − G(xk ) − λk , G0 (xk )(v k − xk ) + kλk kY ∗
2
4
r
≤ λk , z k − G(xk ) + f 0 (xk ) − εk , v k − xk + kλk kY ∗ .
4
Now, using again (5.2) and the boundedness of f 0 , it follows that the first two terms are
bounded from above by some constant c > 0. Hence, 4r kλk kY ∗ ≤ c.
We now show the second assertion. Let I ⊆ N be an (infinite) subset such that λk *∗I λ̄
in Y ∗ . By (5.2) and Lemma 2.1, we have λ̄ ∈ NK (G(x̄)). Now, let y ∈ C be arbitrary. Then,
by (5.2),
εk , y − xk ≤ f 0 (xk ), y − xk + λk , G0 (xk )(y − xk ) .
(5.3)
By complete continuity, we have G0 (xk ) → G0 (x̄). The complete continuity of G implies that
G0 (x̄) is a compact linear operator, cf. [12, Thm. 1.5.1], thus G0 (x̄)(y −xk ) → G0 (x̄)(y − x̄). Inserting y := x̄ into (5.3) yields lim inf k→∞ hf 0 (xk ), x̄−xk i ≥ 0. Hence, by pseudomonotonicity,
we obtain that, for all y ∈ C,


hf 0 (x̄), y − x̄i + hλ̄, G0 (x̄)(y − x̄)i ≥ lim sup f 0 (xk ), y − xk + λk , G0 (xk )(y − xk ) ≥ 0.
k→∞

But this means that −L(x̄, λ̄) ∈ NC (x̄). Hence, (x̄, λ̄) is a KKT point of (PY ).
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Observe that the sequence {λk } is only bounded in Y ∗ and not necessarily in H. If the
extended RCQ holds with respect to the transformed constraint G(x) ∈ K (instead of the
original condition G(x) ∈ K), then the result remains true with Y ∗ replaced by H. However,
this assumption is too restrictive for many applications, in particular those where (PY ) is
regular (in the constraint qualification sense) with respect to the original space Y , but not
with respect to the larger space H.
In the context of optimality properties, it is worthwhile to briefly discuss the case of
bounded penalty parameters. This is particularly interesting because any assertion made
under this assumption is a necessary condition for the boundedness of {ρk }. It turns out
that no constraint qualifications are needed in the bounded case, and the algorithm produces
a Lagrange multiplier in H.
Corollary 5.6. Let {(xk , λk )} be generated by Algorithm 3.3, let Assumption 5.1 hold, and
let x̄ be a weak limit point of {xk }. If {ρk } remains bounded, then {λk } has a bounded
subsequence in H, and x̄ satisfies the KKT conditions of (PH ) with a multiplier in H.
Proof. By (5.2), the sequence {(xk , λk )} is an asymptotic KKT sequence for (PY ). Now, let
xk+1 *I x̄ on some subset I ⊆ N, and assume that {ρk } remains bounded. By arguing as in
the proof of Lemma 5.2, it follows that x̄ ∈ Φ. Moreover, by the definition



wk
wk
k+1
k+1
k+1
− PK G(x ) +
λ
= ρk G(x ) +
ρk
ρk
of λk+1 , and the boundedness of all the involved quantities, the sequence {λk+1 }k∈I is
bounded in H. Thus, this sequence admits a weak limit point in H, and this point is a
Lagrange multiplier in x̄ by (5.2).
The above result implies that {ρk } can only remain bounded if (PY ) admits a multiplier
in H.

6

Second-Order Sufficient Conditions and Quadratic Growth

In the finite dimensional context the second order sufficient condition (SOSC) is well known
to yield nice local properties such as local quadratic growth. This section uses of an infinitedimensional analogue of SOSC to derive an extended quadratic growth condition which
forms the basis of suitable strong convergence results. The particular definition of SOSC
that we use is basically taken from [7], with a mild modification to account for the additional
constraint set C.
It should be noted that, as with constraint qualifications and KKT conditions, secondorder conditions for (PY ) can be formulated either with respect to Y or H. In this section, to
avoid unnecessary notational overhead, we will simply formulate the second-order condition
and its consequences with respect to Y . The results below all remain true when Y is replaced
by H (note that the choice Y := H is even admissible in our framework).
Let (x̄, λ̄) ∈ X × Y ∗ be a KKT point of (PY ). Throughout this section, we assume that
f and G are continuously differentiable in a neighborhood of x̄, and twice differentiable in x̄.
Consider, for η > 0, the extended critical cone


f 0 (x̄)d ≤ ηkdkX ,
Cη (x̄) := d ∈ TC (x̄) :
.
(6.1)
dist(G0 (x̄)d, TK (G(x̄))) ≤ ηkdkX
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Note that Cη depends on x̄ only. The following is the general form of second-order sufficient
conditions which we will use throughout this section.
Definition 6.1 (Second-order sufficient condition). We say that the second-order sufficient
condition (SOSC) holds in a KKT point (x̄, λ̄) ∈ X × Y ∗ of (PY ) if there are η, c > 0 such
that
L00 (x̄, λ̄)(d, d) ≥ ckdk2X for all d ∈ Cη (x̄).
As mentioned before, the extended critical cone and SOSC can also be formulated with
respect to K and H for KKT pairs (x̄, ȳ) ∈ X × H.
The above should be considered the “basic” second order condition which can be stated
without any assumptions on the specific structure of (PY ). For many problem classes, it
is possible to state more refined second-order conditions which are either equivalent to
Definition 6.1 or turn out to have similar implications. Some information in this direction
can be found, for instance, in [7, Section 3.3].
One of the most important consequences of second-order conditions is the local quadratic
growth of the objective function on the feasible set, i.e., the existence of c > 0 such that
f (x) ≥ f (x̄) + ckx − x̄k2X for all x ∈ Φ near x̄, see, for instance, [7, Thm. 3.63]. Here, we
will prove a slightly stronger version of this statement with the aim of applying it to the
augmented Lagrangian method. In this context, it will be essential to discuss the impact of
SOSC on sequences of points {xk } which are not necessarily feasible but satisfy some kind
of asymptotic feasibility, e.g., of the form dK (G(xk )) → 0. It turns out that the quadratic
growth condition can be extended to such points.
For the statement of this result, we use the Landau symbol ak = o(bk ) for nonnegative
real sequences {ak } and {bk }, which means that ak ≤ zk bk for some null sequence {zk }. The
sequences {ak } and {bk } themselves are not required to converge to zero.
Theorem 6.2 (Extended quadratic growth). Let SOSC hold in a KKT point (x̄, λ̄) ∈ X ×Y ∗
of (PY ). Then there are r, c > 0 such that, for every sequence {xk } ⊆ Br (x̄) ∩ C with
dK (G(xk )) = o(kxk − x̄kX ), we have


lim inf f (xk ) − f (x̄) − ckxk − x̄k2X ≥ 0.
(6.2)
k→∞

Proof. Let η, c̄ > 0 be the constants from SOSC and choose r small enough so that
f (x̄ + d) − f (x̄) − f 0 (x̄)d ≤
G(x̄ + d) − G(x̄) − G0 (x̄)d
and

Y

η
kdkX ,
2
η
≤ kdkX ,
2

1
c̄
L(x̄ + d, λ̄) − L(x̄, λ̄) − L0 (x̄, λ̄)d − L00 (x̄, λ̄)(d, d) ≤ kdk2X
2
4

for all d ∈ X with kdkX ≤ r. Furthermore, set
n η c̄ o
,
.
c := min
2r 4

(6.3)
(6.4)
(6.5)

(6.6)

Now, let {xk } ⊆ Br (x̄)∩C be a sequence with dK (G(xk )) = o(kxk −x̄kX ), and set dk := xk −x̄.
Passing onto a subsequence if necessary, we assume that the lim inf in (6.2) is a proper limit.
If f 0 (x̄)dk > ηkdk kX for infinitely many k, then by (6.3) and (6.6) we obtain
η
η
f (xk ) − f (x̄) ≥ f 0 (x̄)dk − kdk kX ≥ kdk kX ≥ ckdk k2X
2
2
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for all these k, which implies (6.2). We now consider the case where f 0 (x̄)dk ≤ ηkdk kX for
all but finitely many k. From (6.4), the fact that K − G(x̄) ⊆ TK (G(x̄)), and dK (G(xk )) =
o(kdk kX ), it is easy to deduce that

 η
dist G0 (x̄)dk , TK (G(x̄)) ≤ dist G(x̄) + G0 (x̄)dk , K ≤ kdk kX + o(kdk kX ).
2
Hence, dk ∈ Cη (x̄) for sufficiently large k. Applying (6.5), (6.6) and SOSC yields
c̄
c̄
L(xk , λ̄) − L(x̄, λ̄) − L0 (x̄, λ̄)dk ≥ kdk k2X − kdk k2X ≥ ckdk k2X .
2
4

(6.7)

Observe now that −L0 (x̄, λ̄)dk ≤ 0 since (x̄, λ̄) is a KKT point and dk ∈ C − x̄. Moreover,
L(xk , λ̄) − L(x̄, λ̄) = f (xk ) − f (x̄) + λ̄, G(xk ) − G(x̄) ,
and the last term is asymptotically nonpositive since λ̄ ∈ NK (G(x̄)). Inserting this into
(6.7), we obtain f (xk ) − f (x̄) ≥ ckdk k2X + o(1), and the result follows.
The ordinary quadratic growth condition can be seen as a direct corollary of the above
theorem.
We now give a second consequence of Theorem 6.2 which will be particularly useful for
later results. The main idea is that we can use the theorem to give a sufficient condition for
a sequence of asymptotically feasible points to converge to x̄.
Corollary 6.3. Let (x̄, λ̄) ∈ X × Y ∗ be a KKT point of (PY )satisfying SOSC. Then there
exists r > 0 such that, whenever {xk } ⊆ Br (x̄) ∩ C is a sequence with dK (G(xk )) → 0 and
lim supk→∞ f (xk ) ≤ f (x̄), then xk → x̄ (strongly) in X.
Proof. Let r, c > 0 be as in Theorem 6.2 and {xk } ⊆ Br (x̄) ∩ C a sequence with the stated
properties. Assume that {xk } does not converge to x̄. Passing onto a subsequence if necessary,
we may assume that kxk − x̄kX ≥ ε for all k and some ε > 0. Then dK (G(xk )) = o(kxk − x̄kX )
holds trivially; hence, by Theorem 6.2, we obtain


0 ≤ lim inf f (xk ) − f (x̄) − ckxk − x̄k2X ≤ −c lim sup kxk − x̄k2X ,
k→∞

k→∞

where we used the fact that lim supk→∞ f (xk ) ≤ f (x̄) by assumption. It follows that
kxk − x̄kX → 0, which is the desired contradiction.
Note that the above result uses the distance function dK with respect to K ⊆ Y (and
therefore depends on the norm k · kY ). In our setting (PH ), if the second-order condition is
taken with respect to H, then this becomes the distance to K ⊆ H which depends on k · kH .

7

Existence of Local Minimizers and Strong Convergence of
the Algorithm

We now consider the subproblems from Algorithm 3.3, the existence of solutions thereof,
and the closely linked strong convergence of the method. A recent analysis in [14] for finitedimensional nonlinear programming showed that the subproblems generated by augmented
Lagrangian methods admit minimizers if the underlying optimization problem satisfies the
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second-order sufficient condition (SOSC) and the primal-dual iterates (xk , λk ) are close to a
KKT point (x̄, λ̄).
Here, we extend these results to our general setting from (PY ), (PH ) and show the
existence of minimizers using only the proximity of xk to x̄, whereas no assumption regarding
the proximity of the multipliers λk is required. Closely linked to the existence of local
minimizers is also the local (and strong) convergence of Algorithm 3.3.
The basic approach to the existence of local minimizers is the following. Let r > 0 be
a sufficiently small radius, B ⊆ H a bounded set, and consider, for ρ > 0 and w ∈ B, the
“localized” problem
minimize Lρ (x, w) subject to x ∈ Br (x̄) ∩ C.
x∈X

(7.1)

Under suitable assumptions, this problem admits minimizers (or approximate minimizers) in
Br (x̄) ∩ C. If we can now show that, for sufficiently large ρ, these minimizers actually lie
in the interior of Br (x̄), then the spherical constraint in (7.1) is superfluous and we obtain
local minimizers of Lρ (·, w) subject to x ∈ C.
Note that, for the existence of exact minimizers of (7.1), one in general needs suitable weak
compactness and lower semicontinuity assumptions; however, the existence of approximate
minimizers follows trivially if r > 0 is sufficiently small, since in that case the objective in
(7.1) is bounded from below on Br (x̄) ∩ C by continuity.
The above localization property can equivalently, and more conveniently, be stated in
terms of sequences. We need to show that, whenever {wk } ⊆ B is an arbitrary (bounded)
sequence, ρk → ∞, and, for all k, y k+1 is an (approximate) solution of
minimize Lρk (x, wk ) subject to x ∈ Br (x̄) ∩ C,
x∈X

(7.2)

then ky k+1 − x̄kX < r for all k sufficiently large. Indeed, we will show that any such sequence
converges strongly to x̄, and the existence of local minimizers of the augmented Lagrangian
subproblems follows directly by the above arguments.
To prove the convergence of minimizers of (7.2) to x̄, we will make use of Corollary 6.3, which is a consequence of the second-order sufficient condition. This result
guarantees the convergence y k+1 → x̄ if we are able to show that dK (G(y k+1 )) → 0 and
lim supk→∞ f (y k+1 ) ≤ f (x̄) as k → ∞.
Lemma 7.1. Assume that there is a KKT point (x̄, λ̄) ∈ X × H of (PH ) which satisfies
the SOSC from Definition 6.1 with respect to H. Then there is a radius r > 0 such that the
following holds: whenever {wk } ⊆ H is a bounded sequence, ρk → ∞, εk ↓ 0, and, for all k,
y k+1 is an εk+1 -minimizer of (7.2), then y k+1 → x̄.
Proof. Let r > 0 be as in Corollary 6.3. Shrinking r if necessary, we may assume that f is
bounded on Br (x̄). In particular, it follows that Lρ (·, w) is bounded from below on Br (x̄)
for all ρ > 0 and w ∈ B.
Now, let {y k+1 } be as specified. Then the εk+1 -minimality of y k+1 and Lemma 3.2 yield


kwk k2H
wk
ρk 2
k+1
k+1
f (y ) + dK G(y ) +
−
≤ Lρk (x̄, wk ) + εk+1 ≤ f (x̄) + εk+1
(7.3)
2
ρk
2ρk
for all k. Dividing by ρk and using the boundedness of {wk } and {f (y k+1 )}, it follows that
dK (G(y k+1 ) + wk /ρk ) → 0 and thus dK (G(y k+1 )) → 0. Moreover, since ρk → ∞, we also
obtain from (7.3) that lim supk→∞ f (y k+1 ) ≤ f (x̄). Hence, the desired convergence follows
from Corollary 6.3.
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Lemma 7.1 implies that the augmented Lagrangian subproblem admits approximate local
minimizers in a neighborhood of x̄, provided that ρ is large enough and ε sufficiently small.
Since practical algorithms typically compute stationary points of the subproblems, it is
important to clarify whether such points can also be found, at least in an approximate sense.
This is indeed true and follows from a careful application of Ekeland’s variational principle
(Proposition 2.4).
Theorem 7.2. Let SOSC hold with respect to the space H, and let B ⊆ H be a bounded set.
Then there are ρ̄, ε̄, r > 0 such that, for all w ∈ B, ρ ≥ ρ̄, and ε ∈ (0, ε̄), there is a point
x = xρ,ε (w) ∈ C with kx − x̄kX < r and the following properties:
(i) x is an ε-minimizer of Lρ (·, w) on Br (x̄) ∩ C,
(ii) x satisfies dist(−L0ρ (x, w), NC (x)) ≤ ε1/2 , and
(iii) x = xρ,ε (w) → x̄ uniformly on B as ρ → ∞ and ε → 0.
Proof. Let r > 0 be as in Lemma 7.1. For ρ > 0 and w ∈ B, consider the problem
minimize Lρ (x, w) subject to x ∈ Cr := Br (x̄) ∩ C.
x∈X

Observe that the constraint x ∈ Br (x̄) ∩ C trivially satisfies the Robinson constraint qualification. Hence, by Ekeland’s variational principle (Proposition 2.4), there are points x = xρ,ε (w)
such that x satisfies (i) and, in addition, dist(−L0ρ (x, w), NCr (x)) ≤ ε1/2 . By Lemma 7.1,
it follows that xρ,ε → x̄ uniformly on B as ρ → ∞ and ε → 0. Hence, there are ρ̄, ε̄ > 0
such that kxρ,ε (w) − x̄kX < r for all ρ ≥ ρ̄, ε ∈ (0, ε̄), and w ∈ B. But NCr (x) = NC (x)
whenever x ∈ C and kx − x̄kX < r. Hence, the result follows.
If X is reflexive and the augmented Lagrangian Lρ (·, w) is weakly sequentially lsc, then
the assertions of the above theorem remain valid if we replace the ε-minimizers by exact
minimizers. In this case, we obtain points x = xρ (w) which satisfy (i) and (ii) with ε := 0
and which converge to x̄ uniformly on B as ρ → ∞.
It should be noted that the above result is not specifically tied to the augmented
Lagrangian method (Algorithm 3.3). When applied to the algorithm, the result has two
important consequences: first, it shows that the augmented subproblems admit approximate
local solutions if ρ is sufficiently large, and secondly, it follows that these solutions converge
to x̄ if ρk → ∞. Indeed, in the setting of Algorithm 3.3, this convergence also holds if {ρk } is
bounded, so that Theorem 7.2 effectively yields a strong convergence result for the algorithm.
The details are contained in the following corollary.
Corollary 7.3. Let the assumptions of Theorem 7.2 be satisfied. Assume that, for sufficiently
large k, Algorithm 3.3 chooses xk as one of the approximate minimizers from Theorem 7.2,
or any other εk -minimizer of (7.1) with r > 0 and εk ↓ 0. Then xk → x̄ strongly.
Proof. If ρk → ∞, then the desired convergence follows from Lemma 7.1. On the other hand,
if {ρk } remains bounded, then we can argue as in Lemma 4.2 to see that dK (G(xk )) → 0.
Moreover, Theorem 4.3 yields lim supk→∞ f (xk ) ≤ f (x), so that the convergence xk → x̄
finally follows from Corollary 6.3.
In the remaining part of this section, we briefly analyze the case where the second-order
condition holds not with respect to H but Y . This is the more natural condition in some
application problems (since (PY ) is originally formulated in Y ), but it is a little more intricate
17

to discuss in the context of augmented Lagrangian methods since H, not Y , plays the role of
the augmentation space. However, by using complete continuity techniques, it is nevertheless
possible to deduce an analogue of Theorem 7.2 for the case of SOSC with respect to Y .
Proposition 7.4. Let (x̄, λ̄) ∈ X × Y ∗ be a KKT point of (PY ) which satisfies SOSC with
respect to the space Y , and B ⊆ H a bounded set. Assume that
(i) the space X is reflexive,
(ii) f is weakly sequentially lsc on X, and
(iii) G is completely continuous from X into Y .
Then there are ρ̄, r > 0 such that, for every w ∈ B and ρ ≥ ρ̄, the problem minx∈C Lρ (x, w)
admits a local minimizer x = xρ (w) in Br (x̄) ∩ C, and xρ → x̄ uniformly on B as ρ → ∞.
Proof. We argue similarly to the proof of Lemma 7.1 and Theorem 7.2. Let r > 0 be small
enough so that x̄ is a strict minimizer of f on Br (x̄) ∩ Φ, and such that the assertions of
Corollary 6.3 hold. Let {wk } ⊆ B and ρk → ∞ be arbitrary sequences and, for each k, let
y k+1 ∈ Br (x̄) ∩ C be a (global) minimizer of (7.2). Note that y k+1 exists since Br (x̄) is
weakly compact and Lρ (·, w) is weakly sequentially lsc under the given assumptions.
We need to show that y k+1 → x̄ as k → ∞. By SOSC, x̄ is a strict local minimizer of (PY );
hence, a subsequence-subsequence argument shows that y k+1 * x̄. Now, Theorem 4.3 and
the weak sequential lower semi-continuity of f yield f (y k+1 ) → f (x̄). Since G is completely
continuous, we obtain G(y k+1 ) → G(x̄), which implies that dK (G(y k+1 )) → 0 (note the K
instead of K). Thus, Corollary 6.3 yields y k+1 → x̄, and the proof is complete.
The above result is relevant, for instance, for optimal control problems involving partial
differential equations and state constraints, and can also be seen as generalization of a related
result from [30].
Similarly to before, it is possible to formulate the previous results in terms of Algorithm 3.3
and obtain a strong convergence result.
Corollary 7.5. Let the assumptions of Proposition 7.4 be satisfied. Assume that, for
sufficiently large k, Algorithm 3.3 chooses xk as one of the minimizers from Proposition 7.4,
or any other minimizer of (7.1) with r > 0. Then xk → x̄ strongly.
Proof. Let r > 0 be as in Proposition 7.4 and recall that, in particular, x̄ is a strict minimizer
of f on Br (x̄) ∩ Φ. If ρk → ∞, then the desired convergence follows as in Proposition 7.4.
On the other hand, if {ρk } remains bounded, then we can argue as in Theorem 4.3 to see
that every weak limit point of {xk } is a minimizer of f on Br (x̄) ∩ Φ. Since x̄ is the strict
minimizer of f on this set, a subsequence-subsequence argument yields xk * x̄. As in
Proposition 7.4, this implies f (xk ) → f (x̄) and G(xk ) → G(x̄). Hence, dK (G(xk )) → 0, and
Corollary 6.3 yields xk → x̄.

8

Applications

We now apply the augmented Lagrangian method to some example problems. Note that our
algorithm is a generalization of the one from [29]; hence, the examples given there apply to
our framework as well. This section is therefore dedicated to applications which are covered
by our theory but not by [29]. In particular, we will consider problems where the additional
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constraint x ∈ C cannot be eliminated, and we will give an example which demonstrates the
consequences of second-order conditions established in Sections 6 and 7.
All our examples follow the general pattern that X, Y , H are (infinite-dimensional)
function spaces on some bounded domain Ω ⊆ Rn , n ∈ N. Given such a function space,
we write Y+ (Y− ) for the positive (negative) cone in Y . The sets K and K often model
inequality constraints which involve these cones. In each of the subsections, we first give a
general overview about the problem in question and then present some numerical results on
a simple domain Ω.
In practice, Algorithm 3.3 is then applied to a (finite-dimensional) discretization of
the corresponding problem. Hence, we implemented the algorithm for finite-dimensional
problems. The implementation was done in MATLAB and uses the parameters
λ0 := 0,

B := [0, 106 ]m ,

ρ0 := 1,

γ := 5,

τ := 0.9

(where m is the appropriate dimension), together with a problem-dependent starting point
x0 . The overall stopping criterion which we use for our algorithm is given by
k∇f (x) + ∇G(x)λk∞ ≤ 10−4

kmin{−G(x), λ}k∞ ≤ 10−4 .

and

(8.1)

If further equality constraints h(x) = 0 are present, we also check kh(x)k∞ ≤ 10−4 . Thus
we verify an inexact KKT condition for the discretized problem. To make the termination
criterion independent from the discretization fidelity, we use the infinity norm. Furthermore,
in each outer iteration, we solve the corresponding subproblem in Step 2 by computing a
point xk+1 which satisfies
L0ρk (xk+1 , wk )
≤ 10−6 .
∞

Hence if the solver for the subproblem does not fail, the first condition of (8.1) is always
true, cf. (5.1). We now turn to our test problems.

8.1

State-Constrained Optimal Control Problems

We now turn to a rather prominent class of optimization problems with partial differential
equation (PDE) constraints. Let Ω ⊆ Rn , n ∈ {2, 3}, be a bounded Lipschitz domain. We
consider the optimal control problem given by the functional
1
α
J(y, u) := ky − yd k2L2 (Ω) + kuk2L2 (Ω) ,
2
2

(8.2)

where y ∈ H01 (Ω)∩C(Ω) and u ∈ L2 (Ω), together with the PDE, state and control constraints
− ∆y + d(y) = u in H −1 (Ω),

y ≥ yc

in Ω,

and ua ≤ u ≤ ub

in Ω.

(8.3)

Here, ∆ : H01 (Ω) → H −1 (Ω) is the Laplace operator, α > 0 is a regularization parameter,
and ua , ub ∈ L∞ (Ω), yd ∈ L2 (Ω), yc ∈ C(Ω), yc ≤ 0 on ∂Ω, are given functions. The
nonlinearity d in the elliptic equation is induced by a function d : R → R, which is assumed
to be sufficiently regular and monotonically increasing.
We now follow a standard technique in PDE-constrained optimization and eliminate the
variable y. By elliptic regularity results, the PDE in (8.3) admits, for any given u ∈ L2 (Ω), a
unique solution y = S(u) ∈ H01 (Ω)∩C(Ω). The resulting mapping S : L2 (Ω) → H01 (Ω)∩C(Ω)
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is completely continuous and continuously differentiable, see [40], and thus we can restate
(8.2) as the smooth minimization problem
¯
minimize J(u)
:= J(S(u), u) subject to S(u) ≥ yc .
u∈L2 (Ω)

(8.4)

This is usually called the reduced form of the problem. In the context of our general framework
(PY ), we have the data
X := L2 (Ω),

C := {u ∈ L2 (Ω) | ua ≤ u ≤ ub },
K := Y+ ,

H := L2 (Ω),

Y := C(Ω),

G(u) := S(u) − yc ,

K := H+ .

We can now apply the augmented Lagrangian method to eliminate the constraint S(u) ≥ yc ,
thus obtaining a sequence of penalized problems. For efficiency reasons, we tackle these
problems by reintroducing the state variable y and writing the problems as

 2
k
minimize
J(y, u) + ρ2k max 0, yc − y + wρk
y∈H01 (Ω), u∈L2 (Ω)

subject to

−∆y = u

and

ua ≤ u ≤ ub .

(8.5)

We now discuss the applicability of the convergence results. Due to the nonconvexity of the
problem, we can only expect to compute stationary points of the augmented subproblems.
This makes the theory from Section 5 a natural candidate for the present situation. To apply
the main results from that section, we need to verify the following properties:
• The mapping G0 : X → L(X, Y ) is completely continuous. In the present setting, since
X = L2 (Ω) is reflexive and G0 (u) ∈ L(X, Y ) is compact for all u (by [12, Thm. 1.5.1]),
this is equivalent to the following property: whenever uk * u and hk * h in X, then
G0 (uk )hk → G0 (u)h strongly in Y . A proof of this statement (for the Neumann case)
can be found in [30, Lem. 4.7].
• The mapping J¯0 : X → X ∗ is bounded and pseudomonotone. Note that J¯0 (u) =
S 0 (u)∗ (S(u) − yd ) + αu for all u ∈ X. As seen above, S and S 0 are completely
continuous, hence bounded (since X is reflexive). This implies the boundedness of J¯0 .
The pseudomonotonicity follows from the fact that the first term in J¯0 is completely
continuous and the second term is monotone (see Lemma 2.6).
Moreover, we need the Robinson constraint qualification (RCQ) to hold at feasible points of
(8.4). For this, the following observation is helpful. Since the set K has a nonempty interior,
RCQ is equivalent to the linearized Slater condition
∃û ∈ X :

G(u) + G0 (u)(û − u) ∈ int(K),

which is a standard assumption in the optimal control context. If the linearized Slater
condition holds, then we obtain RCQ (and its extended version from Definition 2.3), see
[40, p. 332]. This implies that the main results from Section 5 are applicable. In particular,
we obtain from Theorem 5.5 that every weak limit point ū of the sequence {uk } is a stationary
point of (8.4), the corresponding subsequence of {λk } is bounded in C(Ω)∗ , and its weak-∗
limit points are Lagrange multipliers in ū.
We now turn to numerical results. The following test problem is a small modification of
the example presented in [33]. Let Ω := (0, 1)2 , d(y) := y 3 , α := 10−3 , ua = −10 ub = 10,
and
2 1
yc (x) := − + min{x1 + x2 , 1 + x1 − x2 , 1 − x1 + x2 , 2 − x1 − x2 }.
3 2
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n
outer it.
inner it.
final ρk

16
27
211
54

32
30
238
55

64
38
289
57

128
46
332
58

256
52
370
59

Table 1: Numerical results for the optimal control problem from Section 8.1.
Clearly, in this setting, (8.2) and its reformulation (8.4) are nonconvex problems. The
augmented subproblems are solved by applying the MATLAB function fmincon, where the
Hessian of the objective is approximated by a generalized second-order derivative, known as
Newton derivative, in the sense of [21]. Table 1 contains the resulting iteration numbers and
final penalty parameters for the augmented Lagrangian method. The method scales well
with increasing dimension.

(a) Constraint function yc

(b) Optimal state ȳ

(c) Optimal control ū

(d) Lagrange multiplier λ̄

Figure 1: Numerical results for the optimal control problem from Section 8.1 (n = 256).
The state constraint yc and the results of our method are given in Figure 1. It is interesting
to note that the multiplier λ̄ appears to be much less regular than the optimal control ū and
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state ȳ. This is not surprising because, due to our construction, we have
ū ∈ L2 (Ω),

ȳ ∈ C(Ω),

and λ̄ ∈ C(Ω)∗ .

The latter is well-known to be the space of Radon measures on Ω, which is a superset of L2 (Ω).
In fact, the convergence data shows that the (discrete) L2 -norm of λ̄ grows approximately
linearly as n increases, possibly even diverging to +∞, which suggests that the underlying
(infinite-dimensional) problem (8.4) does not admit a multiplier in L2 (Ω) but only in C(Ω)∗ .

8.2

Complementarity Constraints

We now give an example whose main purpose is to illustrate the results related to second-order
sufficient conditions; see Sections 6 and 7. Since the theory established there does not assume
any constraint qualifications, a prime candidate for a suitable example is an optimization
problem with complementarity constraints (MPCC). Such problems are known to be highly
irregular even in the finite-dimensional case [19, 32, 39], and the behavior of augmented
Lagrangian methods for finite-dimensional MPCCs was analyzed in some detail in [23].
Here, we will consider MPCCs in infinite dimensions; some recent literature on this topic
includes [42, 43]. In particular, it is known that the Robinson regularity condition is never
satisfied for such problems, and the set of standard Lagrange multipliers in a local minimum
may be empty or unbounded.
Now, let Ω ⊆ Rn , n ∈ N, be a bounded domain and consider the problem
min f (x, y) s.t. x, y ≥ 0, (x, y)L2 (Ω) = 0,

(8.6)

where x, y ∈ L2 (Ω). This problem can be put into our general framework (PY ), (PH ) by
setting
X := L2 (Ω) × L2 (Ω), Y := H := L2 (Ω) × L2 (Ω) × R,
and

G(x, y) := x, y, (x, y)L2 (Ω) ,

K := K := L2+ (Ω) × L2+ (Ω) × {0},

where L2+ (Ω) denotes the nonnegative cone in L2 (Ω). The Lagrangian of this problem is
given by
L(x, y, λ) = f (x, y) − (λ1 , x)L2 (Ω) − (λ2 , y)L2 (Ω) + λ3 (x, y)L2 (Ω) ,
where λ1 , λ2 ∈ L2 (Ω) and λ3 ∈ R. The KKT conditions can be written as
Dx f (x̄, ȳ) − λ1 + λ3 ȳ = 0,
Dy f (x̄, ȳ) − λ2 + λ3 x̄ = 0,
where x̄, ȳ, λ1 , λ2 ≥ 0 in L2 (Ω) satisfy the complementarity conditions
(x̄, ȳ)L2 (Ω) = (λ1 , x̄)L2 (Ω) = (λ2 , ȳ)L2 (Ω) = 0.
We now consider a fairly simple example by setting
1
1
f (x, y) = kx − 1k2 + ky − 2k2 ,
2
2
where 1 and 2 are understood to be the corresponding constant functions. A straightforward
calculation shows that (x̄, ȳ) := (0, 2) is the unique solution of the problem. Moreover, the
KKT conditions hold for any multiplier triple satisfying
λ1 − 2λ3 = −1 and λ2 = 0.
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The simplest such triple is given by λ̄ = (0, 0, 1/2), and the corresponding Lagrange function
is a quadratic functional with


I 12 I
00
,
L (x, y, λ̄) = 1
I
2I
where I is the identity operator on L2 (Ω) and the derivative is understood with respect
to (x, y). This implies that (x, y) 7→ L(x, y, λ̄) is strongly convex. In particular, SOSC is
satisfied for this example, and we expect the augmented Lagrangian method to behave well
due to the assertions of Corollary 7.3.
We now give some numerical results which use Ω = (0, 1) and a discretization of n ∈ N
points. The resulting iteration numbers are given as follows.
n
outer it.
inner it.
final ρk

16
3
13
1

32
3
11
1

64
3
13
1

128
3
12
1

256
3
14
1

As suggested by our theoretical analysis, the augmented Lagrangian method performs quite
well on this problem. Note that we do not give an image displaying the results because the
solution is simply given by x̄ = 0, ȳ = 2. We did, however, check that the algorithm in fact
finds the correct solution.

8.3

Optimal Control of the Obstacle Problem

Our final example is based on [41] and incorporates elements from both of the previous
examples. Note that this example is highly irregular and its theoretical background in view of
the previous convergence theorems (e.g. 4.3, 5.5, 7.3 and 7.5) is rather doubtful. Nevertheless,
we have decided to include the example in our presentation because the multiplier-penalty
method performs fairly well for this problem.
Recall that the standard obstacle problem [20, 38] has the form
min

1
k∇yk2L2 (Ω) − hf, yiH −1 (Ω),H01 (Ω)
2

s.t. y ≥ ψ,

where Ω ⊆ Rn is a bounded domain, f ∈ H −1 (Ω), y ∈ H01 (Ω), and ψ ∈ H 1 (Ω) satisfies ψ ≤ 0
on ∂Ω. The KKT conditions of this problem can be written tersely as
−∆y = f + ξ

and 0 ≥ ψ − y ⊥ ξ ≥ 0

with a suitable multiplier ξ ∈ H −1 (Ω). We now consider this problem in an optimal control
framework where the fixed function f is replaced by f + u with u ∈ L2 (Ω). Hence, we obtain
lower-level complementarity constraints of the form
−∆y = u + f + ξ

and 0 ≥ ψ − y ⊥ ξ ≥ 0.

Finally, choosing a similar objective function as in Section 8.1, we arrive at the optimal
control problem
1
α
min
ky − yd k2L2 (Ω) + kuk2L2 (Ω)
2
2
(8.7)
s.t. − ∆y = u + ξ + f,
0≥ψ−y ⊥ξ ≥0
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where (y, u, ξ) ∈ H01 (Ω) × L2 (Ω) × H −1 (Ω) and yd ∈ L2 (Ω).
The above problem was analyzed in depth in [41]. Among other things, it was shown
that local minima of (8.7) are strongly stationary under moderate assumptions. However,
the problem is still highly irregular in many aspects. For instance, since the problem is an
infinite-dimensional MPCC, strong stationarity is weaker than the standard KKT conditions
[42]. In particular, it is not clear whether a KKT point exists at all. This issue is somewhat
mitigated by the fact that we will eventually consider finite-dimensional discretizations of
(8.7) anyway; for these, the aforementioned equivalence of strong stationarity and the KKT
conditions is satisfied, and the latter are known to be necessary optimality conditions under
certain assumptions [39].
Another issue regarding the minimization problem (8.7) is the violation of the Robinson
condition at any point. This follows from the presence of the complementarity condition
0 ≥ ψ − y ⊥ ξ ≥ 0,

(8.8)

cf. [42, 43]. As a consequence of this irregularity, we cannot expect the multiplier sequence
generated by the multiplier-penalty method to remain bounded.
On the positive side, the objective function in (8.7) is strongly convex with respect to
(y, u). Note that ξ is effectively an implicit variable due to the structure of the constraints;
hence, we may consider (8.7) as a problem in (y, u) only. The strong convexity of the
objective suggests that the problem may satisfy a quadratic growth condition akin to the
one from Theorem 6.2, or even the second-order sufficient condition, provided a KKT point
exists. However, since the solution of (8.7) is nontrivial to calculate, we cannot analyze these
properties in more detail. In our implementation the complementarity constraint (8.8) is
augmented in the Lagrange function, while the PDE-constraint is treated in the solver for
the subproblem as in (8.5).
We now give some numerical results which use Ω = (0, 1)2 and a discretization of n2
(n ∈ N) points. The problem parameters are given by f = 0, α = 10−3 , the starting point x0
is the solution of the standard obstacle problem (which we also computed with Algorithm 3.3),
and the desired state is given by yd := ψ, i.e., it is the obstacle itself.
The treatment of the augmented Lagrangian subproblems requires special care because
the (discretized) equality constraint h(x, y) := xT y induces an addend of the form
  T  T

yy
yxT
y y
=
x x
xy T xxT
in the Hessian matrix of the augmented Lagrangian. This term makes the overall Hessian
nearly dense and thus hard to deal with. It is possible to decompose the Hessian into a
sparse part and the above rank-one term, and use the well-known Sherman–Morrison formula
for the solution of linear equations involving the Hessian, but the tailored nature of this
approach rules out most standard Newton-type implementations. For the present problem,
we solved this issue by using a semismooth SQP method with a simple trust-region type
globalization. Let us stress that, while this method works sufficiently well for our purposes,
the resolution of the inner problems is not the main subject of the present paper, and a more
detailed discussion of possible methods is outside the scope of our work.
The resulting iteration numbers can be found below.
n
outer it.
inner it.
final ρk

16
13
97
52

32
17
733
54

64
22
2732
54
24

128
33
8484
55

256
35
19007
55

(a) Constraint function yc

(b) Optimal state ȳ

(c) Optimal control ū

(d) Optimal multiplier ξ¯

Figure 2: Numerical results for the optimal control of the obstacle problem with n = 256.
Note that the augmented Lagrangian method is able to solve the obstacle-type control
problem with a fairly modest growth of iteration numbers and penalty parameters. The
Newtonian method used for the resolution of the subproblems is sufficiently robust and
efficient to yield an overall solution of the problem, but incurs more substantial iteration
numbers with increasing discretization fidelity. As discussed above, this matter is down
to the specific choice of inner algorithm and no indicator of the performance of the outer
algorithmic framework.

9

Final Remarks

We have presented an augmented Lagrangian method for the solution of a very general class
of minimization problems. This method is in the spirit of recent developments for similar
finite-dimensional methods [6] and generalizes a related approach for L2 -type inequality
constraints [29]. The numerical results we have presented build upon the earlier work of the
authors in [29] and appear quite promising.
A key feature of our method is the ability to solve optimization problems with arbitrary
inclusion constraints. This generality allows us to treat various problem classes, ranging from
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classical nonlinear programming to more specific problems such as semidefinite programming
and optimal control. It follows that all the results we have established hold for any of these
problem classes.
The convergence analysis we have presented includes, on the one hand, a generalization
of the global analysis from [29]. This encompasses results pertaining to global minima of
the subproblems as well as stationary points. On the other hand, we have established a
novel result implying local convergence of the augmented Lagrangian method under the
second-order sufficient optimality condition alone. To the best of our knowledge, this is the
first such result for general cone-constrained optimization problems. It also extends a recent
result in [14].
We believe that the sum of these contributions makes the augmented Lagrangian method
a viable technique for generic minimization problems in Banach spaces. Therefore, we
hope that this report will facilitate research in similar directions and contribute to the rich
theoretical background of multiplier-penalty methods in both finite and infinite dimensions.
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