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1 Introduction

Nowadays, neural networks are quite popular. Whether it’s voice-, image-recognition, or
other assistance, this "new" technology advances the standard of life for various people.
But it’s not that new, rather close to 50 years old. In the present-day, its development
reached a new peak, which further increased its popularity. Consequently, one question
appears, what is a neural network in simple terms? Regarding supervised learning, a
neural network calculates, in correlation to the in- and output data, a model or a pattern.
An example would be a cat-picture for an image-recognition, that displays the pattern
"cat" over so-called machine learning. As the name indicates, the machine (computer)
learns to differentiate among several representations of cats. As a result, it establishes
various identifying characteristics - like eyes, ears, pelt, and so forth - which create the
pattern cat. With this, the concept of Al and particularly deep learning distinguishes
itself from the recognized algorithms, mainly because the others couldn’t solve similar
sets of obstacles before.

In 1989 George Cybenko confirmed, that a neural network with solely one hidden-layer
is capable of always approximating a multi-variant continuous function. Although the
neural network in this paper operates on regression, nevertheless, this document won’t
address the necessity of neural networks in regression and classification of data.

The following chapters discuss shallow networks, which are neural networks with only
one of the so-called hidden-layer, and therefore, satisfies Cybenko’s theorem for function
approximation. There are several techniques, for the learning process, in this paper back-
propagation will be applied and explained from a mathematical perspective in chapter
two. Then a visual representation and explanation for the effects of Cybenko’s theorem
are illustrated and lastly, the practical implementation in Matlab, and its results.



2 Mathematical - Backpropagation

A node receives one or more inputs z; ... x,, multiplies them with weights w; ... w, and
adds a bias b to estimate a value v.

v = Z;l w;z; +b

Using matrices, this equation can be written as v = Wx + b, where W = [w; ..., w,]
x = [r1...2,])". In most cases, there will be a function o applied to this value to
determine an output y = o(v). The nature of this so-called activation function will be
described later.

Utilizing multiple of these nodes a single-layer neural network with the inputs z =
[1...2,])" and the outputs y = [y1...ym] is produced. The output y; will now be
calculated by y; = > 7| wi;z; + b;.

Figure 1: A single layer neural network

Again using matrices will simplify the equation for the output to y = o(Wx + b), where

w1 - Win
W = Do : | and b= [by...by|. However, this expression can be reduced
Wl - Wonn
even further by appending the number one to the input = [x; ...z, 1]" and the bias
Wi e Wiy by
to the weights W = Dot : : |. This will not change the value of y but
Wy 0 Wy b

end in the formula y = o(Wx) with the new dimensions for W and x.

Assume now there is concrete data d, that some neural network is supposed to learn,
and some explaining variables x, which describe the input- data. Beginning with random
values for the weights and values one for biases, the discrepancy linking the output of
our network and the supplied data decreases gradually through the gradient descent
method.
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Figure 2: Another implementation for the bias

To accomplish such, a loss-function must be defined as a measurement on how large the
value of the error is. A common loss-function would be the squared error: E = £(d—y)*.
Here y is the output from the network and d is the target-solution to the input. Gradient
descent is employed to minimize the error. Therefore its derivative to the matrix W is
acquired and can be multiplied with a positive parameter o and subtracted from the
preceding value to complete a step. This « is called the learning rate. Picking a high
learning rate produces a faster learning network. Nevertheless, if it is too high, the
iterations will never converge, and consequently, the neural network won’t learn at all.
But it shouldn’t be too low as well, because it may result in a long training process that
could become stuck.

OW oW
aE 11 1n
Wnew:Wold_aW:W()ld_a T :
OF . OF
anl 8Wmn

After repeating this process as often as expedient, the procedure decreases the error to
an acceptable value, but depending on the complexity of the problem this might also fail.
For instance, single-layer neural networks are not capable of solving the XOR-Problem.
This is why the coming section proposes a more complicated neural network with more
reliable approximation capacities.

A shallow neural network adds a second layer of nodes, the hidden nodes, before the
output.
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Figure 3: A shallow neural network

The output y will now depend on the matrices Wt and W2

Yy = O'Q(WZO'l(Wl.T))

Keep in mind, that the implementation of the bias is accomplished by adding a one to the
input and attaching another column to the matrices containing the weights. This shallow

neural network uses the following activation-function o1: x +— 5 +i*r and o9 1 x — .

Figure 4: The graph of the sigmoid function oy

Gradient descent is used to update W? and therefore minimize the error E, described

by a loss-function, in this case: E(y) = %(d — y)?. To minimize F, the formula y =
oy(W?2a(W'z)) is used and embedded into E. To shorten the expressions y; := o (W'z)

is defined. Now the derivative is equal to

9 2 9 2 9 2 2
WE(@(W y1)) = a—yE(@(W 1)) - a—Wz?J(Uz(W y1)) = —(d—y). xo5(Wy1) -
For this formula these abbreviations are chosen: e = (d—y) and § = e.x o) (W?y;). Here
the multiplication .* is defined as the component-wise product of two vectors with the
same length. According to gradient descent W? is updated:

W2=W?+a-5-y

For W' backpropagation is used. Therefore, the values of the vector ¢ are assigned to
the output y, as shown in the following figure.



Figure 5: How backpropagation works

These values will now be back-propagated to the hidden layer, to define their error, using
the weights in W2,

el = (W2ts

This error is used to compute the update for W; in a similar fashion:
Wh=w!'+a-d0 .ot

In this formula, §) = o} (W'x). % e, which is essentially the same as the formula for
J, except oq being replaced with oy and y; with = (based on its dependents on the input
of the layer).

Replicating this process of adding layers to the neural network produces a deep neural
network, which approximates functions notably better. The output is therefore:

y=0n(W"(-- (:W'2)))

Figure 6: A Deep Neural Network

The weights will be updated as described above, using gradient descent for W™ and
backpropagation for Wn=t ... W1



3 Visual Proof of the Cybenko-Theorem

In this chapter, the Cybenko-Theorem, predecessor to the Universal Approximation
Theorem, is introduced. A visualization of the proof illustrates, how neural networks
approximate a function in its fundamental steps. A "formal" mathematical proof shall
not be presented here, as it can be found in the original paper of G. Cybenko.

Theorem (G. Cybenko):

Let o be a sigmoidal function:

{1 for x — 400
o(z) =
0 forx — —oo.

Then finite sums of the form

g(x) = Z w?a((wjl-)Tx + bjl)

are dense in C(I,) with respect to the supremum norm. Where x € R™, wjz € R”,
wj € R, b; € R. I, is the n—dimensional unit cube [0,1]" and C(I,) is noted for the
space of continuous functions on I,.

In other words, given any f € C(I,) and € > 0, there is a sum, g(x), of the above form,
for which

l9(z) — f(2)] <€

forallxz € I,.

This means, that any continuous function on a compact subset of [0, 1] can be approximated
by a feed forward neural network with only one single hidden layer and a finite number
of neurons.

The neural network computes any continuous function. It is important to explain
this last statement since this doesn’t imply, that one neural network can accurately
approximate any arbitrary function with unspecified complexity. It requires, that the
neural network and its parameters (number of hidden nodes, number of learning iterations
etc.) must be adjusted for each unique function. Under the right circumstances, it is
possible to achieve any desired accuracy e.

Additionally, the class of functions, that can be approximated, does not always need to
be continuous. For some noncontinuous function, a continuous approximation works too
and therefore could be approximated by the neural network (for example a noncontinuous
function with lift-able positions).



In the following, the Cybenko-Theorem is verified by a shallow neural network with
one- and two-dimensional inputs, that is, one or two input nodes and one output node.

3.1 One-dimensional shallow-neural-network

The neural network, used to demonstrate the Cybenko’s Theorem on the basis of some
examples in section 4 of this paper, has the following form:

Hidden — Layer Sigmoid — function :

oy} z+ b)) L
r )= )
Input P
(z) = 1 , for x — +o0
=10 , for x — —co

Output

S = g(x1,.eyp)

1
Y= WJ( )
@) wetghts

k — Hidden N odes

Bias

Figure 7: n-dimensional shallow-network with bias



In the one-dimensional case of the visual proof, the assumption is taken, that the neural
network just has one input node, as illustrated in the following image:

Number of Hidden-Nodes

Output
N

- y =g() = Y WoW xz+ )
k=1

®__1 <—|

by — o

Figure 8: One-dimensional shallow-network with N-Hidden-Nodes

Similarly defined as in the first chapter and portrayed in the figure above, the neural
network computes the output y. For the sake of simplicity within the visual proof,
imagine a neural network with only two hidden nodes, a weight value w%l) and the

corresponding bias bgl):

As a representation for the other nodes, the
top node is taken into focus. The output of
the node is

a(wg)x + bgl)) = o(10z — 2)
B 1
1 1 e—(102-2)

Figure 9: Computing of the top node



The graph of the output of the top hidden node is visualized in the next figure:

o(z)
1

0.8
0.6
0.4
0.2

o

-0.4 -0.2 ] 0.2 0.4 0.6 0.8 1

-0.2

Figure 10: Sigmoid function

By increasing the weight value wgl), the graph becomes similar to a step function. If

wgl) = 1000 is chosen as an example, that behaviour can be seen in the following figure:

o(x)

1

0.8

0.6

Figure 11: Increased weight value w®

To simplify the analysis, a large weight value wgl) = 1000 is utilized for further description.

By increasing the bias bgl), the step moves to the right and by decreasing the bias value,

it moves to the left. As a consequence, the bias determines the position of the step,

which is also a threshold point, and that this step is at the position |s = _Eb .




For example, for bgl) = —200 the position of the step is at s = 0, 2:

o(z)

0.8
“Step-Location”
2.6 b

s=—|— =0.2
w

0.4

0.2

g

-0.2 0 0.2 0.4 0.6 0.8 1

-0.2

Figure 12: Step Sigmoid function

In this case, by adding another weight w§2) = 1.5 to the output of the top hidden node,
the output of the step function is scaled. This "height" of the step-sigmoid-function is
determined by the second weight, which is illustrated in the right figure.

o(z)

wf?le ol x o)
1.5

bV = _—200— o

0.5

-0.2-0.1 0.10.20.30.40.50.60.70.80.9 1 o

-0.5

Figure 13: Addition of w? Figure 14: Scaled step-function

To complete the neural network from above, the missing two weights and another bias
for the second hidden node are added with the example values shown in the next graph.

10



2
2 1
y =Y w o(w et by)
k=1

Figure 15: Neural network with 2 hidden nodes

Consequently, the weighted output y of the hidden layer is calculated as follows:

2
y=g(x) = wio(wiz +b) = 0.6 (10002 — 200) + (—0.6) * (10002 — 300) = 0.6
k=1

for 0.2 < x < 0.3, and y = 0 elsewhere.

In conclusion, the graph of the output of the neural network is similar to a tower-
function, as the two hidden nodes are "coupled" by setting w§2) = 0.6 and w§2) = —0.6:

o(x)

0.8
0.6 M
0.4

0.2

-1 -0.9-0.8-0.7-0.6-0.5-0.4-0.3-0.2-0.1 0.10.20.30.40.50.60.70.80.9 1
T

Figure 16: Coupled nodes
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On the basis of the mean value theorem for integrals, any continuous function of one
variable can be approximated by dividing the interval [0,1] in N infinitesimal sub-
intervals. Thus by constructing a shallow neural network with 2N hidden nodes - which
means N coupled nodes - it is possible to construct as many towers as desired. Therefore,
any of these functions can be approximated by the neural network.

The structure of the one-dimensional neural network with 2N hidden nodes can be
visualized similar to figure 8 but with 2/NV hidden nodes instead of V.

Therefore, the output of the neural network y is calculated as before:
2N
y = Z wPo(wMz + by).
k=1

To visualize the applied method more accurately, the following function is used as an
example of a continuous function that is non-trivial:

f(z) = 0.2z + 0.42° + 0.3zsin(15x) + 0.05cos(50z) + 0.1.

For this example, the interval [0, 1] is divided into N = 4 sub-intervals. Which means,
that 8 hidden nodes must be used for coupling them into 4 pairs:

“Coupled Nodes”

Figure 17: neural network with coupled nodes
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With this amount of hidden nodes, the following approximation of the example function
f can be achieved:

1.2

f(z) = 0.2z + 0.42% + 0.3z * sin(15z) + 0.05 * cos(50z) + 0.1

0.8
0.6

0.4

-0.2 ) 0.2 0.4 0.6 0.8 1 1.2

Figure 18: Approximation (N=4)

By increasing the number of hidden node pairs to i. e. N = 100, f can be approximated
with higher accuracy:

1.2

1 f(z) = 0.2z + 0.42° + 0.32 * sin(15z) + 0.05 * cos(50x) + 0.1

Figure 19: Approximation (N=100)

The figure above indicates, that by increasing the number of coupled nodes and therefore
increasing the number sub-intervals, the function f can approximate with any desired
accuracy.

13



3.2 Two-dimensional shallow-neural-network

For functions with more than one variable, added input-nodes are required. For an
additional example, the task of a function of the form f(x,y) will be explained by
describing the fundamental steps of a 2-dimensional input for neural networks:

bV—

Figure 20: 2-dimensional input

Therefore several parameters, which impact the output of the hidden-nodes are displayed.
For the beginning, the path of the top node is examined:

I)(ll)

J The output of the top hidden-node

gives the shifted ”3D-Sigmoid-Function” in
x-direction, which is illustrated in
the figure below:

Figure 21: 2-dimensional input

3d-Sigmoid in x-direction moved to X=0.5

0.9

0.8

0.7

Figure 22: Sigmoid 3D Graph
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Similar to the one-dimensional case a step-function is generated by increasing the weight
w, ) and increasing the weight wél) afterwards and varying the bias b,(cl) by the formula

5= =20

the next figures:

x-direction:

b{") = —200 o

sy = 0.2

Figure 23: Nodes for x-direction

y-direction:

Figure 25: Nodes for y-direction

15

“Steplocation in x — direction”

“Steplocation in y — direction”

—>|. For this example the step-location occurs at s = 0.2, which is illustrated in

3d-Sigmoid in x-direction moved to X = 0.2

Figure 24: Step-function in x-direction

3d-Sigmoid in y-direction moved to Y = 0.2

Figure 26: Step-function in y-direction



Now the wave is generated, relating to the one-dimensional case, by adding one more
hidden-node to the first hidden-layer.

bV = 200—; 7
m_ _
w'? = 1000 J

Figure 27: Generates wave in x-direction
Therefore the output of the hidden-node is scaled with the weight w,(f), which is given
on several step-points (in this example from s; = 0.2 to sy = 0.6).
For these cases the overall output scales with the weight w,(f) = 40.6 (height of wave)
and in similar manner in y-direction. The following two figures show both waves in each
direction:

X-Wave Y-Wave

N 03

Figure 28: ”Wave” 3D graph x-direction Figure 29: ”Wave” 3D graph y-direction

Subsequently the two waves are added up to get a construct, that is similar to a tower-
function with surrounding plateaus:

16



(X +Y)-Wave => (almost-tower function)

wsy = 1000 bD “
s = —600 .
Figure 31: " Tower”-function with
Figure 30: Nodes for both directions with same surrounding plateaus
step-locations for each direction

To really get a tower-function, the weights w,(f) have to be increased. Also another bias
b,(f) and activation-function (in this case sigmoid-function) must be added to the output-

layer to achieve this goal. In this example w,(f) = 10 and the bias b,(f) varies according to

the formula |b = % . Therefore it amounts to b,(f) = —15. This causes the surrounding

plateau to almost reach zero.
The neural network with all noted parameters to get a tower-function in any position is
shown in the next two figures.

Tower Function

Figure 33:
”Tower” -function

Figure 32: Nodes to compute a Tower-function
at any Position

17



To arrange the tower functions hight, one more hidden-layer must be added. According
to Cybenko’s theorem, this isn’t required, since one hidden-layer should be sufficient.
Regardless of this, the neural network must be extended for an appropriate approximation
of the towers. But it is important to remember, that it is also possible to acquire this
with a shallow-network.

By attaching an additional hidden-layer, the height of the tower-function can be scaled
by the weights w,(;’). For simplicity, the hidden-nodes of the first hidden-layer and
the corresponding biases are not considered and only the several step-locations of each
hidden-node in the first hidden-layer are displayed. Nevertheless, the weights w,(f) are
increased to a high value of positive and negative coupled nodes and the corresponding

e
bias bx(2) of the second hidden-layer is varied, so that the formula b = 32‘“ holds. In
this instance, w,(f) = +10 and b,(f’) = —15 should be enough to generate a tower-function.

Furthermore one more tower-function is added, to show that there can be various of
these towers in any desired position.

o linear

—3-hy
bLZ):—k

height of towerl

height of tower2

Towery

Figure 34: Neural Network with two towers in several positions
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Tower Function

0.7

0.6

Figure 35: Two towers with several heights

In conclusion, the network can be expanded by continuously adding tower-functions,
which can provide an approximation of a 3d-function of the form f(x,y)=z with two
inputs. To show this principle, the following example function is reviewed:

f(z,y) = 0.2 % sin(10x) + 0.5 % cos(4y) + 0.5.

Figure 36: target-function Figure 37: approximation — with  tower-
functions

The visual proof above is not yet phrased for shallow-neural-networks with two inputs.
This will be shown next.
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A multi-layer-perceptron finds a "complex" decision boundary over the space of reals.
To find these boundaries the preceptrons of each hidden-node is focused. A perceptron
operates on real-valued vectors as shown in the next three figures.

Figure 39: threshold for vector-
classification

Figure 38: step-function

1if SNwilz,>T
z =
0 else

o with o almost Stepfunction

Figure 40: Multilayer perceptron "fire" for the threshold T
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For example look at the network to get five of these boundaries.

5 Hidden — Nodes
to get 5 boundary's

/

N

/2\ ’
Figure 42: 5 boundaries with
Figure 41: 5  hidden-nodes to get 5 a pentagon in the
boundaries middle

Therefore this will generate the following output y.

"
R

s
[

] T
Pl

Figure 43: output with 5 boundaries -
likely "pentagon-prism" with
surrounding plateau [2]

The previous problems still occur, because the focus shifted to a network with boundaries,
which should only "fire", if the inputs are in the area of the pentagon in the middle.

But at this point the network also "fires" for the surrounding plateaus. This is why the
other sums should be droped.

21



This can almost be achieved by increasing the number of hidden-nodes. Because by
increasing the sides (boundaries), the area outside of the polygon will be reduced and
therefor also the surrounding plateaus. The polygon in the middle will nearly become a
circle. The output of the neural network will become likely the figure below.

Figure 44: 1000-sides polygon [2]

For a small radius the output produces a nearly perfect cylinder at any location.

radius

Zyk = N(1-— %arccos(min(l, )))

|z — center]|

10

Figure 45: Cylinder Base [2]
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By increasing the boundaries the output will get almost a cylinder

. ) ) ) Figure 47: Not grounded
Figure 46: High approximation of

the cylinder [2]
The sum of each cylinder is N inside and N /2 outside.

By adding a bias b = —% to the hidden-nodes, the sum of each cylinder will get to
N/2 inside and 0 outside almost everywhere.

q

V4

bias

Figure 49: Grounded

Figure 48: Adding a bias b to the
Output

Numerous of these cylinders with close height to the output value, given by w,(f), will
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yield almost the same result as shown before and approximate any continuous function
of the form f(z,y) with only one hidden-layer.

. o with o for each hidden — node
and bias

k — boundaries for each cylinder
for N Cylinder

Figure 50: neural network with N cylinder

For example, the function f(x,y) = 0.2sin(10x) + 0.5cos(4y) + 0.5 is approximated by
a large number of cylinders, which is shown in the two next figures.

Fa,y) = 0.2 sin(10z) + 0.5 - cos(dy) + 0.5

Figure 52: Increasing the number of

Figure 51: Cylinder-Approximation i
cylinder
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Overall the number of hidden-nodes for this shallow-network will increase enormously
in comparison to the number of nodes for the neural network with two hidden-layer
revealed earlier.

Analog to the one and two-dimensional input examples the identical approaches extend
to higher-dimensional data and hence it confirms, that Cybenko’s Theorem operates, for
higher-dimensional functions.

Just a single-layer network may demand an exponentially large number of nodes to
estimate a function with N inputs. Deeper networks may need fewer neurons than
shallow to represent an identical function because the required number of nodes will
only increase linearly.

Another piece of important information is that the number of nodes can reduce even
more if it involves irrelevant data. This statement manifested itself in the last example
for one-dimensional inputs, which describes why coupled nodes, as seen above, may be
unnecessary to reach an acceptable accuracy for the approximation of a given function.

Yy
1=2
f(z) = 0.2z + 0.42° + 0.3z * sin(15x) + 0.05 * cos(50x) + 0.1
1
/
L/
0.8
0.6
N\
/ \A
0.4
0.2
b ;; Threshold — Line
-0.2 o 0.2 0.4 0.6 0.8 1 1.2
x

Figure 53: Threshold-line for redundant information N = 10

25



4 Implementation in Matlab

After establishing some basis for the topic of artificial neural networks, this knowledge

can be applied to formulate the back-propagation explained in chapter one.

During

the following, Matlab’s function system is utilized to generate a shallow network, that
achieves the approximation described in Cybenko’s theorem. The following five code-

script creates this artificial neural network:

TestCybenko.m

clear all;
close all;

dim = 1;

alpha = 0.001;

interval = 500;

i = 10000;

HiddenNodes = 2 x interval®™;

D = zeros(interval, 1);

X = gridX (interval, dim);
N = interval®™;
X(:,dim+ 1) = ones(N, 1);

for k=1:N
D(k,1) = Func(X(k,:));
end

W1 = 2xrand(HiddenNodes,dim) — 1;
W2 =2xrand(1, HiddenNodes) — 1;

W1(:,dim + 1) = ones(HiddenNodes, 1);
for epoch =1 :1
(W1, W2, H esl| =

Backprop(W1,W2, X, D, N, alpha);
end

26

% HUB for every possible Input.

% Function depended

% Learning rate

% Iteration within the unit

% Repetition of the learning process
% Nodes for Shallow-Learning

% Solution-Matrix

% Adds the bias into the weights

% Inscribing all solutions in D

% Implementing random start-weights.

% Adding bias in weight-matrix W1

% Learning Process

% Backpropagation explained in
Chapter 1



Backprop.m

function [W1,W2, H, esl| =
Backprop(W1,W2, X, D, N, alpha);

H = zeros(N, 1); % H and esl are for hypothetical
esl =0; plotting
for k=1:N
r=X(k,:);
d= D(k,1); % Back-propagation
vl = W1 xux;
yl = Sigmoid(vl);
v2=W2xyl; % Linear output
y =02
ey % Using the generalized delta-rule to
e=a=y correct the weights
delta = e;

% Cross-entropy
el = W2 % delta;
deltal = yl. % (1 —yl). xel;

dW1 = alpha x deltal * x';
W1=W14+dW1;

dW 2 = alpha * delta * y1';
W2 =W2+dW2,

7 Tnecrihine error : : s o
Hk,:) =y; % Inscribing (,11()17(1171(1 'golllt%()11' f()%
esl = esl+ (d —y)% potential plotting.

end

end

Func.m

function [y]=Func(x)
y=exp(x(1)-1); % The function that will be approximated
end

Sigmoid.m
function [y] = Sigmoid(x)

y = 1./(1+exp(-x));
end

27



gridX.m

function [X] = gridX(interval,n)
H = zeros(interval™ + 1, n);
H(1,:) = eye(1l,n);

X = zeros(interval”, n);

X1 =
(1.0/interval:1.0/interval:1.0)’;
for k = 2:interval™ + 1
H(k,1) = H(k-1,1)+1;
form = 2mn

if mod(H (k-

1,1),intervallm — 1)) ==
H(k,m) = H(k-1,m)+1;
else

H(k,m) = H(k-1,m);

end

end

end

for k = l:interval™ + 1
H(k,1) = H(k,1)-1;

end

for k = 2:interval™ 4 1
X(k-1,:) = H(k,:);

end

for k = 1:interval”

form = 1:n

if mod(X(k,m),interval)==
X(k,m) = interval,

X(k,m) = X1(X(k,m),1);
else

X(k,m) = mod(X(k,m),interval);
X(k,m) = X1(X(k,m),1);
end

end

end

end

28

Instead of commenting gridX, it’s
easier to show an example with
dim=2 and interval=4:

0.25 0.25
0.5 0.25
0.75 0.25
1.0 0.25
0.25 0.5
gridX(4,2)= : :
1.0 0.5
0.25 0.75

1.0 1.0



This code creates an artificial neural network, which approximates multi-variant functions
to an error-tolerance between 1072 and 1074,

The opening segment uses the following one-dimensional function and explains the
occurrences within the first 10000 learning steps:

y=02-24+04-2°+0.3-2-sin(15-x) +0.05 - cos(50 - x) + 0.1

The left figure represents the learned function with alpha = 0.001 and interval =
500 for epoch = 10000. The fundamental difference to the target occurs within direct
surrounding to x = 0, where the approximation fails, to visually overlap the target-
function. With more learning steps, this error gets marginally smaller but has its limits
for accuracy. In the right picture is the behavior of the mean error. The fastest learning
part is within the first 100 learning iterations, whereas after epoch = 1000, detecting a
visual change is almost impossible.
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The following graphs display the sum of entries for the weight-matrices, which for the first
weight includes the bias on the hidden layer. In the second diagram, the weight-matrices
make a rapid change within the first 100 learning steps that sometimes occur even during
later stages (as seen in the two-dimensional function later in this chapter). The error
stays between 1073 and 5 - 10~% within the last 1000 learning iterations. The entire
change in the sum of weight-matrix entries amounts to 0.1 for 500-1000 matrix entries.
Thus there is a small mean difference per weight-entry during the last 1000 learning steps.
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The real difficulty occurs for higher-dimensional approximations and therefore, already
at two dimensions, which will be further analyzed using the following function:

2=10.2-sn(10-x)+0.5-cos(4-y) +0.5

On the left is the target function and on the right the approximation with alpha = 0.005
and interval = 100 for epoch = 10000. The reoccurring issue in proximity to (z,y) =
(0,0) remains unchanged, as expected, but the extrema won’t converge as efficiently as
for the one dimensional input.

[ target-function W Approximation

The mean error - although reaching 10~* - only very slowly declines in time and even
jumps to higher errors within the first 2000 learning steps. This behavior of the error
should not happen, but there exist counter-measurements, that would need more learning
steps and maybe a change in the learning rate. Adding more nodes or implementing
deep learning could also improve the approximation. Although this shows a feasible 2-
dimensional-functions approximation with this shallow network, its flaw lies within the
increase in time needed to achieve visually appealing results and the low accuracy.
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The following two pictures describe the weights, but this time it’s obvious, they are
converging to a fixed point. The waves created in the error-function are visible as well.
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Although this code is fast, it represents one of the least accurate results, because the
node-count for the calculated functions is too low. As explained in chapter 3, the optimal
number of nodes grows almost exponentially with the dimensions of the input data. The
"cylinder-tower-functions" - in the 2-dimensional case - will only work to a specific
accuracy for the given parameters and adding more nodes will slow down the process,
but achieve same results with a smaller amount of learning steps. The following part
reviews the previous functions with slight changes in settings, to demonstrate the effects
of a higher node-count with changed learning-rate:

One-Dimensional-Function:
The nodes are increased by the factor 10, and the replaced parameter is alpha = 0.0001.

For a higher node-count, the results are better, and the mean error reduced by a factor
0.1.
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The real changes appear in the weights. Instead of the slow approximations over time,
the graphs change directions within the first 100 learning steps and continue to improve
marginally.
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Taking the same configurations as for the one-dimensional function, this code achieves
a similar result with 1/100 of the learning steps.
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The weights show similar behavior as the first weights did in the last 100 steps.
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Although the improvement of the results for one-dimensional functions is rather slim, the
effects of more nodes are remarkable in higher dimensions. Nevertheless, the computation
time increases exponentially related to the number of input data, and it is still not viable
for complex systems with multiple inputs.
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5 Excursion/Outlook: Deep Learning

The changes in node-count increased the run-time of the code, thus having higher
dimensions then 2 proposes a new problem, not about the accuracy, but run-time. While
preserving the small mean error, the hidden layers must expand, and therefore deep-
learning replaces shallow-learning. Although deep-learning is not the main topic of this
paper, its importance in artificial neural networks is remarkable. As the realization of one
of numerous follows up on Cybenko’s theorem, this is manageable through manipulation
of the former program.

The first change is the addition of another weight-matrix - with matching dimensions
- between the input and output on the same base of chapter 1 (back-propagation) and
applying the sigmoid function to the created second layer. The new weight-matrix
demands an adjustment of the back-propagation algorithm. For simplicity, the addition
of the new bias vector happens separately from the weight and needs consideration in
the back-propagation as well.

For the approximation of the one- and two-dimensional function from the previous
chapter, two hidden-layers are sufficient to achieve satisfying results:

One Dimensional Function:

The following pictures show the results of the deep-learning algorithm with said changes.
The new error is 0.000012168 after only 100 learning iterations. As the left figure shows,
the approximation close to x = 0 has improved drastically.
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The next pictures show the weights with their bias, as explained in the previous chapter.
Even though there are only 100 learning iterations, the graphs indicate convergence.
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Two Dimensional Function:

With the appropriate settings the code achieves an error of 0.0000033636 for 10000
learning iterations and the following graphs.
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The error, as well as the weights, converge after 5000 learning iterations.
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6 Conclusion

This paper demonstrated the basics for back-propagation, illustrated a visual proof of
Cybenko’s Theorem, and concluded with the implementation of a functioning system in
Matlab. The question asked within this paper was, whether a shallow network satisfying
Cybenko’s-Theorem, can approximate any multi-variant continuous function to a certain
error-tolerance. The answer - as shown in chapter 3 - is theoretically yes, but since with
higher precision, the required node-count, especially for more than two inputs, grows
exponentially. Therefore it becomes practically inefficient to reach a small error within
a reasonable run-time.

Later developments in the field of machine-learning solved this problem, as pointed
out in chapter 4 by the improvements of deep learning. Shallow networks makes an
approximation to some degree possible, but they won’t be enough for voice-,image-
recognition or any assistance that comes with numerous inputs and configurations, while
still demanding precision, and durability. The advantage of deep learning is that the
required nodes only grow linear instead of exponential in the shallow-network.
Cybenko’s theorem is the founding stone for what, we use today and reveals itself as the
predecessor to nowadays technology, that gave rise to more and better opportunities.
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