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(1) Prove the following:
Let Q ∈ Rn×n and A ∈ Rm×n be given, and it holds that rank(A) = m, and Q is

positive definite in the subspace ker(A). Then the following matrix is invertible:(
Q AT

A 0

)
.

(2) Let X be a normed space and f : X → R be a function. We say that f is lower
semi-continuous at x0 if and only if for every ε > 0 there exists δ > 0 such that

f(x)− f(x0) > −ε,
whenever ‖x− x0‖ < δ.

Prove that f is lower semi-continuous at x0 if and only if for every sequence xn with
limn→∞ xn = x0, it follows that lim infn→∞ f(xn) ≥ f(x0).

(3) Let (fj), (gj) be any two strongly convergent sequences in an arbitrary infinite di-
mensional Hilbert space H with scalar product (·, ·)H , and (hj) ,(kj) be any two weakly
convergent sequences in H. Prove or find a counterexample:

a) The sequence (fj, gj)H is always convergent.

b) The sequence (fj, hj)H is always convergent.

c) The sequence (hj, kj)H is always convergent.

(4) Find a function in C[0, 1] that is not contained in H1(0, 1). Find a sequence (vn) in
C∞0 (0, 1) which converges to the constant function y = 1 in the L2(0, 1) sense.

(5) Consider the functional

J(y) =

∫ 1

0

(1 + x) (y′(x))2 dx,

where y ∈ C2[0, 1], and y(0) = 0 and y(1) = 1. Of all functions of the form

y(x) = x+ c1 x (1− x) + c2 x
2 (1− x),

where c1 and c2 are constants, find the one that minimizes J .


