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(1) Prove the following lemma: If h ∈ C1[0, 1] and h(0) = 0, then

‖h‖∞ ≤ 2
[ ∫ 1

0

(h′(x))
2 ] 1

2 .

(2) Prove the following lemma: If f : R→ [0,+∞] is a convex function, then the functional
J : L1(a, b)→ [0,+∞] given by

J(u) =

∫ b

a

f(u(x)) dx

is weakly lower semi-continuous in L1(a, b).

(3) Let X and Y be Banach spaces, and F : X → Y be a function, defined on an open
set D ⊂ X. Show that

1. If F : X → Y is differentiable at x ∈ X, then it is also continuous.

2. The notion of differentiability and the derivative of F do not change if the norms
‖ · ‖X and ‖ · ‖Y are replaced by equivalent norms ‖ · ‖′X and ‖ · ‖′Y .

(4) Consider the function f : L2(0, π) → L2(0, π) given by f(u) = sin(u). Compute its
Gâteaux derivative. Show that this map is not Fréchet differentiable in L2(0, π). (Consider
u = 0.)

(5) Discuss the functional

J(y) =

∫ 1

0

(
x2 (y(x))2 + (y′(x))4

)
dx,

defined in C1[0, 1], and compute its first and second variation.


