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(1) Show that this set of admissible controls is closed, convex and bounded in L2(a, b)

Uad =
{
u ∈ L2(a, b) |u ≤ u(x) ≤ u a.e. in (a, b)

}
,

where −∞ < u < u < +∞.

(2) Consider the following optimal control problem

min J(y, u) :=
1

2

∫ 1

0

(
|y(x)|2 + |u(x)|2

)
dx

s.t. y′(x) = u(x), y(0) = 0,

u ∈ L2(a, b).

Define the reduced cost functional and prove that it is strictly convex. Show that this fact
implies uniqueness of the optimal control.

(3) Find all extremals of the following optimal control problem

min J(y, u) :=

∫ 1

0

y(x)u(x) dx

s.t. y′(x) = u(x), y(0) = 0,

u ∈ Uad := {u ∈ L2(0, 1) |u(x) ∈ [−1, 1] a.e. in (0, 1)}.

(4) Discuss existence, uniqueness, and regularity of solutions to the following optimal
control problem

min J(y, u) :=
1

2

∫ b

a

|y(x)− yd(x)|2 dx+
ν

2

∫ b

a

|u(x)|2 dx+ (y(b))2

s.t. y′(x) = f(x) y(x) + u(x), y(a) = ya,

u ∈ L2(a, b),

where ν > 0 and f ∈ C1[a, b], and yd ∈ L2(a, b) is a given target trajectory.



(5) Discuss existence, uniqueness, and regularity of solutions to the following optimal
control problem

min J(y, u) :=
1

2

∫ b

a

|y(x)− yd(x)|2 dx+
ν

2

∫ b

a

|u(x)|2 dx

s.t. − y′′(x) = u(x), y(a) = ya, y(b) = yb,

u ∈ L2(a, b),

where ν > 0 and yd ∈ L2(a, b) is a given target configuration.


