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1. ERRATA AND ADDITIONS

In this short note, we provide some errata and additions to the book “Formulation and Numerical Solution
of Quantum Control Problems”.
All the errata and additions are given in the following list.

(1) Page 57, The first paragraph should be extended as follows:

“A reasonable choice is to take w?, j=1,...,N, equal to the N orthogonal eigenfunctions of the
eigenproblem (2.74) with the lowest energy. If the initial wavefunctions are chosen to be orthogonal,
this property is preserved by the evolution given in (2.82) and Lemma 2.11 can be used to obtain
the density as given in the last line of (2.82).”

(2) Page 130, we add the definition of Z and Z,:
We define the following spaces of functions of time and space with values in CV and their norms:

T
Y = 20,73 L2(2:CVY), Jul2 = / ()24,
T
X = L2(0,T; H) (2 CV)), Jul% = / () 2,
X* = 1200, T: B (2:CV)), lullx- = sup 1]
vex\{o} vl x
W :={u € X such that v’ € X*}, Hu||%v = ||uH§( + ‘|Ul||§(7
7, = L0, T; H*(9; CV) n HY(Q:CV)), lullz, = esssup u(®)l m2(eucs).
t€[0,T)
Z :={u € Z, such that ' € X*}, lullZ = lullZ, + W%

Moreover, Assumption 2 has to be improved as follows.

e Assumption 2 (page 130): “We assume that the correlation potential V. is continuous from
L2(£;CN) to L2(£2), and the map ¥ + V.(¥)¥ is continuously real-Fréchet differentiable with
bounded derivative from Z to Y.”

(3) Page 131, in formula (3.131) the space W has to be replaced with Z. Moreover, the sentence after
the formula has to be replaced with
“In what follows, we assume that W0 € H}(Q;CN) N H2(Q;CV).”

(4) Page 132, Lemma 3.47 is wrong, should be removed. It is only used to prove Lemma 3.53; see page
135-136 for an amendment of this proof.

(5) Page 133, Lemma 3.49 has some typos in its statement and proof. It should be as follows.

Lemma 1 (Lemma 3.49). The exchange potential term V(W)W is Lipschitz continuous, in the sense
that there exist positive constants L and L such that

IVa (@)W () = Va (Y ()Y (@) 220iev) < LIV (E) = YOl L2@sen)
and

IVa(0)¥ = Vo (1) Y| x- < LYW — T x.
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Proof. The function f : CV — CV, f(2) = V,.(2)z is continuously differentiable with bounded
derivative, hence Lipschitz continuous with Lipschitz constant L from CV to CN. Moreover, since
Va(U) € L>=(0,T;L>*°(2;R)), we have that V,(¥)¥ € Y. With this preparation, the Lipschitz
continuity from L? to L? is obtained as follows

/ Vo (O (z,t)U(x,t) — Vm(T(:U,t))T(x,t)Fdx < / L2|\I/(x,t) — T(m,t)|2dx.
Q Q

Similarly, the Lipschitz continuity from X to X* is deduced as follows
Ve (0)¥ = Vo (1) Y5 < ClIVa(9)P = Vo (1)Y3

= [ VW) ¥ t) = Vo ()T ) o

T
< C/ L2|[W (. t) = (2, )| 22 (quom)dt = L2|W = T3 < L?[|@ - T[%,
0
where we use the Gelfand triple X — Y — X*. O

Page 133, Definition 3.50, the sentence after the formulas should be:
“The space of real-linear maps from X to Y is a Banach space and is denoted by £(X,Y") in this
section.”

Page 135, the statement of Lemma 3.53 slightly changes:

Lemma 2 (Lemma 3.53). The map Z > U — V(U)W €Y is continuously real-Fréchet differentiable
with derivative D(V,(¥)¥) = A(¥), where A(V) € L(Z,Y) is given in Lemma 3.52.

Page 135-136. in the proof of Lemma 3.53:
e the first sentence has to be:
“We prove that the real-Gateaux derivative A(¥) of V. (¥)¥ at ¥ is continuous from Z to
L(Z,Y). Then the real-Fréchet differentiability follows immediately from [11,Proposition A.3].”

e the statement
“for all € > 0 36 > 0 such that [[A(V) — A(®)||zw,y) < € V¥ — @|lw < 6.7
has to be replaced with
“Ve>036>0st. [[A(Y) - A(@)|lz(zy) <6 V¥, P € Zst. |V -7 <4

e On page 136, the first line should be “Together, we have Holder continuity for all ¥ € Z 7

e On page 136, some changes are required such that Lemma 3.47 is not used. In particular, the
second part of the proof has to be updated as follows:

“Define Z; := L>(0, T} H?(€;C)). Now, we turn our attention to As(¥) and use the Holder
continuity of As(¥)1);1,, to obtain the following estimate. We have

[ A2 (W) (0W) — A2(¢)(5‘1’)II§
2

N
/ / Z ’6,(/}] A2 '(/ngm - ( >¢]¢m)‘ dzdt

i/ /Z"W% As (U)o — A <>¢J¢m>\ ddt

N N
< 316015, 3 (14290 = A2@)656m)[; + [ Ax(WT50m — Aa(®)350ml}; )

N
c1 ) 116wl Z v — @3
s

= c||0]|Z, N|[® — @[5 < ¢/||o®]|7, No>.
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Furthermore, by the Holder continuity of V, and the embedding Z < Y, we have

1AL (0)(5F) — Ay (@)(6D)|ly < eal| AL (W) — Ay (D)|y, |6V 2.
< sl W — @09 5, < 569 2,

Now, we have the following:

_ _ o AMY) — A(R)(09)]y
[A(Y) — A(®) | £(zy) = wezr\){o} 50,

o
< (m+0//)6a sup H HZ*
swez\{o} 16¥]z

< (VIN + )5 =:e.

This completes the proof of the continuous real-Fréchet differentiability of V,,(¥)¥.”
Page 137, proof of Lemma 3.54, in the last estimates a constant is missing. It should be

Ve (¥ + 69) (¥ + 0%) — Vi ()% — DV (9) ) (09)|1% -

10%|3
< Vi (¥ 4 60)(¥ + 6W) — Vi (V) — D(Vir (¥)9) (09)]f5
- 10%]3

O/ T
< m </O ”(S\IIHQL?(Q;(CN)H\IIH%F(Q;(CN)Héqj”%%ﬂ;(ﬂ")

HIO |22 uem) 108117 (uom) 11172 vy + IINII?nzl(Q;czv)||5\I’||‘iz<9;cw)dt)

O/
< Trar (g 190 e, (1915 + [901%)
W =t=

2 2 2
+OI£%XT ||§\IJ||L2(Q;<CN)Or<nta<XT”\I/”LZ(SZ;(CN)”(S\IJ”X)
0%l (115 + 10%1%) + 10915 15 10 1%
0% |3
< "oy (1215 + 10%%) + C716€ |5y 25 — 0 for [|8%]|w — 0,

< C/l

for some positive constants C, C’, and C”.
Page 138, the following paragraph should be added to the remark at the beginning of the page

“Further, notice that using the embedding Z — W, it follows that a function f that is real-Fréchet
differentiability from W to Y at a € Z is also real-Fréchet differentiable from Z to Y at a as follows:”

et h) = f@ = DF@My _ et k) = f(a) = Df(a)(h)y

< = 0.
[l z—0 Al z Il z—0 | 2]lw

Page 138, Theorem 3.55 has to be changed as follows:

Theorem 1 (Theorem 3.55). The map c: Z x H} (0, T;R) — X*, defined in (3.135) is continuously
real-Fréchet differentiable.

Proof. In the first part of the proof we have shown that ¢ : W x U — X* is Fréchet differentiable,
and its derivative D ¢ given by

v
De(U,u) (09, 0u) = ¢, u) — V,0ul = z% — (=V? + Vo + Vu) 00 — V,6ul.

This derivative is continuous from W x U to X*. By the remark on page 138 (see point 10) this
means ¢ is continuously differentiable from Z x U to X*.

Next, the exchange potential is continuously real-Fréchet differentiable from Z to Y by Lemma
3.53 (see point 7), the correlation potential from Z to Y by Assumption 2 in page 130 (modified as
in point 2), and the Hartree potential from Z to Y by Lemma 3.54 and the remark on page 138 (see
point 10). To summarize, we have the real-Fréchet derivative (3.137) in page 139.

|

Page 139, Theorem 3.56 has to be changed as follows:
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Theorem 2 (Theorem 3.56). The control to state map u € HE(0,T;R) — U(u) € Z is real-Fréchet
differentiable.

Page 139, Theorem 3.57 has to be changed as follows:

Theorem 3 (Theorem 3.57). The cost functional J : Z x U — R defined in (3.130) is continuously
real-Fréchet differentiable.

In the proof, we notice that Jg : Z — R is a well-defined quadratic functional and hence real-
Fréchet differentiable. Moreover, it is proved that J, is continuously real-Fréchet differentiable from
W to R. Therefore, by the remark on page 138 (see point 10), it is also continuously real-Fréchet
differentiable from Z to R.

Page 142, proof of Theorem 3.60, the first estimate has to be replaced with

“Using || ¥, ||z = 1, the Lipschitz continuity of V.., and the estimates in [352, Lemma 2, Theorem
3], we obtain that

Vet Wnlly < (JunllcionlVallze@icny + Vol e ey 1 Pnlly
Virze(Yn)Wn|ly < (max(L, L) JFC”\II?“L”?X)”\IInHYv

which leads to the estimate
L2 (Q;CN)

¢
H\IIO fi/ g(s)ds
0
<O 2 (ueny ([ Veat Unlly + [ Vizze () Wn lly ) <C,

where ¢ and C' are positive constants.”

<0 L2 uen) +ellglly

Page 144, the beginning of the proof of Lemma 3.61 has to be slightly changed as follows

“To show that the term D,V(u) is well defined, we use the implicit function theorem, which
ensures real-differentiability of the map u + ¥(u), H*(0,T;R) — Z. To this end, we show that the
real-Fréchet derivative Dyc(¥,u) : Z — X* is a bijection at any (¥, u) € Z x H'(0,T;R).”

Pages 146-147, in the statement of Theorem 3.63, the space of the local solution (¥, u) is Z x
HY(0,T;R).

Page 147, formula (3.152a) has to be modified as follows
Dy L(¥*,u*,A*) = 0 for all 60 € {® € Z : $(0) = 0}.

Page 147, in the proof of Theorem 3.64 the derivative of ¢ has to be defined from Z x H'(0,T;R)
to X*, that is De(V,u) : Z x HY(0,T;R) — X*.
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