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A FOKKER--PLANCK APPROACH TO THE RECONSTRUCTION
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Abstract. A new method to reconstruct the structure of a cell membrane potential based on
observation of the stochastic motion of particles on the membrane is presented. This inverse problem
is formulated as an optimization problem governed by a mean-field Fokker--Planck equation, which
allows a nonparametric reconstruction. The functional to be minimized includes a least-squares error
term of the computed and observed particles' densities and a Tikhonov regularization term. The
resulting optimization problem is solved on a sequence of time windows to determine the potential
together with an estimate of uncertainty of its reconstruction. Results of numerical experiments
are presented that successfully validate the proposed reconstruction procedure and demonstrate its
applicability in a superresolution microscopy framework.
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1. Introduction. The term superresolution microscopy (SRM) refers to any
optical method aiming at visualizing structures beyond the diffraction-limited resolution of conventional light microscopy, known as the Abbe limit [1]. Specifically, the
wavelength of visible light is roughly 500 nanometers, and this means that the image of, e.g., a 1-nanometer-sized emitting molecule looks like a 250 nanometer-sized
spot. However, since the work by Toraldo di Francia [49], a lot of research effort
has been put to construct optical techniques that allow discrimination of details finer
than the Abbe resolution limit in order to explore cellular structures such as neural
synapses, nuclear membranes, and molecules within living cells. A breakthrough in
this development was marked by the Nobel laurates Eric Betzig [9], Stefan W. Hell
[27] and William E. Moerner [38] for the definition of a superresolved fluorescence
microscopy scheme that allowed imaging of subcellular structures with a resolution of
approximately 10 nanometers, thus making it possible, for the first time, to identify
microtubules and protein structures. A main component of this SRM method is the
time-resolved localization of photoswitchable labeling fluorophores attached to the
imaged molecules, which are sequentially activated, or single standard fluorophores
excited to blinking. With this approach, two classes of SRM imaging modalities
have been developed: techniques that analyze ensembles of molecules by illumination
patterns, and superresolution techniques that image single molecules.
In any case, the optical performance of these methods depends on the labeling
density and the molecular structure being imaged, and this performance is limited by
photon statistics: the more photons are counted the better is the resolution. In fact,
one can state that the precision of localization scales with the inverse square root of
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the number of detected photons. However, as in other imaging modalities, additional
improvement and information can be achieved by a model-based approach, that is, by
merging the spatiotemporal SRM images with the working assumption concerning the
equation of motion of the molecules [28]. Specifically, it is assumed that the dynamics
of the molecules is driven by a stochastic drift-diffusion process modeled by a Langevin
equation adapted to the case of motion on biological membranes [43, 45]. Therefore,
although superresolution data is collected on time intervals that are larger than the
characteristic time scale of microscopic motion [28], it appears that an adequate model
of the observed trajectories is given by the following stochastic differential equation
(SDE):
(1)

dXt = b(Xt ) dt + \sigma (Xt ) dWt ,

where b represents the drift, \sigma  is the dispersion coefficient, and Xt denotes the position
of the observed molecule at time t. In this equation, the drift is supposed to model a
potential velocity field, in the sense that b(x) =  - \nabla U (x), whereas \sigma  modulates local
diffusion given by a Wiener process, Wt . In this continuous Markov process Xt , the
drift and dispersion coefficients satisfy the following:
\biggr] 
\biggl[ 
Xt  -  Xs
|  Xs = z = b(z)
lim \BbbE 
t\rightarrow s
t  -  s
and
\biggl[ 
lim \BbbE 

t\rightarrow s

\biggr] 
| Xt  -  Xs | 2
|  Xs = z = \sigma  2 (z),
t  -  s

where the expected values are computed with respect to the process having value z
at t = s; the operator \BbbE [\cdot  |  Xs = z] denotes averaging over all trajectories conditioned
to be at z at time s. As discussed in, e.g., [20, 28], suitable approximations of the
two limits above allow us to infer the drift coefficient b and the diffusion coefficient
\sigma  2 . This procedure requires tracking single trajectories and involves consideration of
a possibly large sample of trajectories in the neighborhood of the position z at time
s. However, in the case of a relatively small density of particles, this approach may
result in highly fluctuating values of the coefficients and the need to consider large
and irregular neighborhoods for the averaging.
We remark that the precision of this pointillistic approach is very much related
to concepts of classical optics as that of determining the positions of two adjacent
particles and of accounting for the Rayleigh limit [44], rather than accommodating
photon statistics as well as the existence of ensemble of trajectories, which are characteristic of A. Einstein's picture of light and of Brownian motion. Therefore it appears
reasonable to investigate the possibility of combining this picture with an SRM imaging modality to improve the estimation of the drift and diffusion coefficients, whose
knowledge contributes to our insight on the physical properties of the cell membrane,
on the structure of the cytoskeleton, and on the biochemical properties of interacting
molecules [28, 44].
It is the purpose of this work to contribute to this investigation effort by developing a novel robust methodology that aims at estimating the potential velocity field
U , and thus the drift, in a setting that is consistent with the purpose of SRM imaging
of molecules in motion on a cell membrane. For this purpose, we follow Einstein's
and M. Smoluchowski's picture of modeling ensemble of trajectories of a drift-diffusion
process (1) by the time-dependent probability density function (PDF) of the positions

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

FOKKER--PLANCK RECONSTRUCTION OF CELL MEMBRANES

B625

Downloaded 05/19/21 to 132.187.247.26. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

of the molecules, whose evolution is governed by the Fokker--Planck (FP) equation
given by [42, 45]
(2)

\partial t f (x, t)  -  \nabla  \cdot  (\nabla U (x) f (x, t))  - 

\sigma  2
\Delta f (x, t) = 0,
2

f (x, 0) = f0 (x),

where f (x, t) represents the PDF of a particle at x \in  \BbbR 2 at time t, \nabla U (x) is the
Cartesian gradient of the potential U , f0 is the initial density, and \Delta  is the twodimensional Laplace operator. This dimensionality results from the fact that we
analyze motion of a molecule on the two-dimensional domain \Omega  defined by an SRM
picture, which should be understood as the projection on the focal plane of the motion
of particles moving on a cell membrane [28]. In this framework, we suppose that this
dynamics is mainly driven by the drift and assume a constant diffusion coefficient
whose value is chosen consistently with estimates of laboratory measurement. Notice
that the SDE (1) and thus the FP equation (2) are valid in the case of noninteracting
particles, which is a valid approximation if the particle density is very low and possible
interaction is very short-ranged as mentioned in [28]. However, in the case of relatively
high density, a mean-field model is more appropriate, and it provides the appropriate
framework to also pursue detection of possible interactions among particles for which
very few experimental results are available; see, e.g., [14, 35]. We discuss the full FP
mean-field model in the next section.
Our aim is to construct an FP-based imaging modality that is based on the
formulation of an inverse problem for U and the observation of a time sequence, in
a time interval [0, T ], of numerical PDFs that are two-dimensional histograms that
are obtained from a uniform binning of particles' positions. We denote this input
data with fd (x, t) and notice that for its construction there is no need to track single
trajectories, which in our approach greatly simplifies the elaboration of measured
data and provides a robust reconstruction scheme as compared to other methods that
require a tracking preprocessing step. A further advantage of using the FP equation is
that it accounts for the off-equilibrium statistical dynamics of the particles ensemble.
Further, the initial distribution may represent the initial condition for our FP
model, f0 (x) = fd (x, 0); however, we also consider a uniform initial distribution to
initialize our FP problem. Thus, this problem is completely specified by prescribing
boundary conditions for f on the boundary of \Omega , and we choose reflecting boundary
conditions [4, 45]. This choice is motivated by the fact that, statistically, the observed
total density is approximately constant, which can be interpreted as the fact that a
similar number of particles enter and exit the domain, assuming that all particles
remain fluorescent during the observation time. With this continuous setting, we can
formulate our inverse problem as a constrained optimization problem as follows:
\int  \int  T
\alpha 
1
(3)
(f (x, t)  -  fd (x, t))2 dx dt + \| U \| 2
min J(f, U ) :=
2 \Omega  0
2
2
\sigma 
(4)
s.t. \partial t f (x, t)  -  \nabla  \cdot  (\nabla U (x) f (x, t))  - 
\Delta f (x, t) = 0
2
with given initial and boundary conditions for the FP equation, and for a chosen
weight \alpha  > 0. Later, we augment the linear FP equation (4) with its mean-field
version.
The significance of the problem (3)--(4) is that we aim at determining U such
that the objective functional J is minimized in the sense that the weighted sum of the
\int  \int  T
space-time tracking error (best fit term) \Omega  0 (f (x, t) - fd (x, t))2 dx dt, and a suitable
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``energy"" of the potential \| U \| 2 should be as small as possible in correspondence
to the f determined by U . While we postpone our discussion on this formulation
and its extension to the next sections, we remark that the continuous formulation
(3)--(4) allows us to avoid any differentiation of the data and makes it possible to
choose the binning size and, in general, the measurement setting, independently of any
choice of parameters that are required in the numerical solution of our optimization
problem.
Our second main concern in determining the potential U is to provide a measure
of uncertainty, and thus of reliability, of its value. From a statistical point of view, this
reliability estimate would require many realizations of the same experiment (measurement, inference), which seems not possible in the case of observation of a (short) living
cell. However, drawing a parallelism of our inverse problem formulation with optimal
control problems governed by FP equations [3, 4], we realize that the so-called model
predictive control (MPC) scheme [24] can be adapted to our purpose of quantifying
uncertainty of the estimation of U by using the data of a single experiment. In fact,
in this framework, our new idea is to consider a sequence of nonparametric inverse
problems (3)--(4) defined on time windows (tk , tk+1 ), k = 0, . . . , K  -  1, that represent
a partition in K subintervals of the time interval [0, T ]. Therefore a statistical analysis
can be performed on the set of the corresponding K solutions for U obtained in the
subintervals.
Clearly, the ability of our approach to estimate U and the related uncertainty
is related to the number of particles being observed. This is obviously also true
concerning the possible detection of interactions among particles. On the other hand,
we aim at developing a robust methodology that applies for a relatively large range
of values of this number. For this reason, we perform an extensive numerical study
based on synthetic data for tuning the few optimization parameters that enter in
our formulation and for testing the accuracy of the reconstruction of the potential
depending on the particles' density. In particular, we investigate the ability of our
method to distinguish features at a superresolution level.
For the task mentioned above, we consider images of cell's membrane structures
(actin, cytoskeleton) as expression of potentials, with which we generate our synthetic
data. In particular, we use an image of actin from a cytoskeleton obtained with a
helium ion microscope [40, 47] and an SRM direct stochastic optical reconstruction
microscopy [26] image of another actin skeleton given in [6]. With these images taken
as potential functions, we perform Monte Carlo simulation of motion of interacting
particles to generate images of molecules at different time instants, thus constructing
the data sets representing the output of measurements. This setting is illustrated in
Figure 1, where we show the image of actin [47] and a plot of a few trajectories of the
corresponding stochastic motion of the particles in this potential.
Once the synthetic measurement data is constructed, we perform a preprocessing step on this data to construct the numerical PDF required in our method and
solve our optimization problem. The potential U solving this problem is then compared with the potential used in the Monte Carlo simulation, and for this purpose
we present the values of the cross-correlation between these two potentials. Furthermore, by implementing our MPC-reconstruction strategy, we compute the mean potential and the corresponding standard deviation at each point of the computational
domain. These experiments are performed with different numbers of particles and
potentials with different structures. The last part of our investigation concerns the
determination of the highest possible image resolution that can be achieved with our
method.
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Fig. 1. A picture of actin from a cytoskeleton as cell membrane potential (close up) obtained
with a helium ion microscope (courtesy of Carl Zeiss SMT, Inc. [47]) (top); a few simulated trajectories of particles (black dots) on the membrane (in reverse colors).

In the next section, we illustrate our mean-field FP model that is central in our
reconstruction strategy for the cell membrane potential. Our choice of a mean-field
model is motivated by the attempt to take into consideration that the molecules on
the membrane could interact by some chemical forces. In section 3, we formulate our
FP-based reconstruction method for the potential as an FP-constrained optimization
problem where the potential U is sought in an H 1 space and the solution of the FP
equation is required to minimize its least-squares error to the measured density of
the particles. In this section, we discuss the characterization of this solution as the
solution of a mean-field FP optimality system and give details on the calculation of
the reduced gradient required in the numerical optimization procedure. Furthermore,
we illustrate our procedure to discern between attractive and repulsive interactions
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among particles. To the best of our knowledge, our method represents the first attempt at an imaging framework that can perform this task. In section 4, we provide
all details concerning our experimental setting and introduce the analysis tools for
determining the accuracy of the proposed reconstruction. In section 5, we present results of numerical experiments that successfully validate our reconstruction method.
For this purpose, we present results where the synthetic particles' data is generated
with a known biologically motivated potential [6, 47]. We show that, based on this
data, our method is able to provide an accurate reconstruction. Moreover, using our
novel on-line uncertainty quantification procedure discussed in section 4, we are able
to obtain estimates of the uncertainty on this reconstruction. In section 6, we perform
similar experiments with a potential given in [6] and consider a much lower density
of the particles subject to a smaller diffusion process. In section 7, we present results
of experiments to analyze the resolution of the FP image reconstruction.
Specifically, we validate the ability of our method to resolve the structure of the
potential, providing a quantitative estimate of its resolution, which demonstrates that
our scheme is appropriate for the purpose of SRM.
In section 8, we illustrate our numerical approximation and optimization methods
to solve our reconstruction problem. A section of conclusion and acknowledgments
complete this work.
2. Mean-field modeling of motion of interacting particles. Consider an
SDE system of N identical interacting particles whose motion is subject to Wiener
noise as follows:
N
1 \sum 
b(Xti , Xtj ) dt + \sigma  dWti ,
=
N j=1

(5)

dXti

(6)

Xti0 = X0i ,

i = 1, . . . , N,

where Xti \in  \BbbR 2 denotes the position (state) of the ith particle at time t. The function
b(Xti , Xtj ) represents a deterministic drift that results from the action of a velocity field and an interaction between the particles. We assume that all particles are
subject to independent Wiener increments dWti with the same mean constant dispersion coefficient \sigma . This system is supposed to start from an initial configuration X0i ,
i = 1, . . . , N .
In correspondence to (5)--(6), we have the 2N -dimensional linear FP equation for
the PDF fN = fN (x, t), x = (x1 , . . . , xN ), xi \in  \BbbR 2 , given by
\left[ \left( 
\right) 
\right] 
N
N
N
\sum 
1 \sum 
\sigma  2 \sum 
\partial t fN +
\nabla i \cdot 
(7)
b(xi , xj ) fN  - 
\Delta i fN = 0,
N j=1
2 i=1
i=1
fN (x, 0) = f0N (x),
where \Delta i denotes the the \BbbR 2 Laplacian and \nabla i the \BbbR 2 gradient, for the variable
coordinates of the ith particle. The Cauchy
problem is set from the initial PDF
\int 
distribution of X0i , with f0N (x) \geq  0 and \BbbR 2N f0N (x) dx = 1.
Notice that, already with a very low number of particles, this problem is computationally prohibitive due to its high dimensionality. However, by a powerful idea
borrowed from physics, it can be reformulated according to a mean-field strategy
(see, e.g., [19, 30]), which allows us to approximate this problem with one having the
dimensionality corresponding to N = 1.
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The validity of our mean-field approach relies on considering the limit N \rightarrow 
\infty  and supposing the existence of a measure of probability \mu t (dx) such that the
\sum N
replacement of (1/N ) j=1 b(xi , xj ) in (5) with the related expectation \BbbE \mu t [b(Xt , \cdot )]
results in a dynamics of a single particle that is statistically in good agreement with
that of a particle in the original system subject to all interactions; see [12, 19, 48]
for more details. We remark that the above results are valid under the condition
of indistinguishability, which means that the probability measure is invariant under
exchange of particles. This is possible if the initial conditions X0i are independently
and identically distributed and all the drift and dispersion functions are the same and
symmetric under exchange of particles; see, e.g., [3, 48].
Based on these consideration, we can consider the following mean-field driftdiffusion process, where X \in  \BbbR 2 denotes any of the X i . We have
(8)

dXt = \BbbE \mu t [b(Xt , \cdot )] dt + \sigma  dWt ,

(9)

Xt0 = X0 .

As in [12] and under suitable conditions on b and \sigma , the measure \mu  is absolutely
continuous; thus we can write \mu t (dx) = f (\cdot , t) dx, where f is the time dependent PDF
of (8)--(9). With this procedure, we obtain the following mean-field FP model:
\biggl[ \biggl( \int 
\biggr) 
\biggr] 
\sigma  2
(10)
\Delta f (x, t) = 0,
\partial t f (x, t) + \nabla  \cdot 
b(x, y)f (y, t)dy f (x, t)  - 
2
\BbbR 2
(11)

f (x, 0) = f0 (x).

Further in [12], it is proved and demonstrated numerically by Monte Carlo simulation
that the empirical
\surd  PDF obtained with (5)--(6) converges to the PDF given by (10)
with a rate of 1/ N . Therefore we can state that
\int 
fN (x, x2 , . . . , xN , t) dx2 . . . dxN \approx  f (x, t)
\BbbR 2(N  - 1)

for N sufficiently large and any choice of the (N  -  1) integration variables.
This mean-field setting holds, in particular, for a drift having the following structure:
\biggl( 
\biggr) 
\theta   - \rho | xi  - xj | 2
i
j
i
(12)
b(x , x ; U ) =  - \nabla  U (x ) + e
,
2\rho 
where we explicitly denote the dependence of b from U . This structure includes the
gradient of the potential sought and a particle-particle interaction with exponential
decay as suggested in [28]. If \theta  < 0, we say that we have attraction (or consensus);
otherwise we call it repulsion. The case \theta  = 0 corresponds to a system of noninteracting particles. The value of \rho  is the inverse to the mean-interaction distance
between particles.
In our application, we assume that the drift is given by (12). Thus, our mean-field
FP problem extends the linear model (2) by including the gradient of the potential
velocity field and the particle-particle interaction. The formulation of our problem is
completed with the specification of the boundary conditions. For this purpose, notice
that both the linear and the mean-field FP equations can be written in flux form as
\partial t f = \nabla  \cdot  F (f ). Specifically, for the mean-field FP, the flux is given by
\biggl( \int 
\biggr) 
\sigma  2
\nabla f (x, t) + f (x, t)
b(x, y; U )f (y, t)dy .
(13)
F (f )(x, t) =
2
\Omega 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

B630

MARIO ANNUNZIATO AND ALFIO BORZ\`I

Downloaded 05/19/21 to 132.187.247.26. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

Now, we restrict integration to \Omega  \subset  \BbbR 2 and consider the following FP problem with
flux-zero boundary conditions:
(14)

\partial t f (x, t) = \nabla  \cdot  F (f )(x, t),

(15)

F (f ) \cdot  n
\^ = 0,

(16)

f (x, 0) = f0 (x),

(x, t) \in  \partial \Omega  \times  I,

where n
\^ represents the outward normal to the boundary of \Omega . The flux-zero boundary
conditions for f correspond to reflecting
modeled
\int  barriers for the stochastic motion
\int 
by (8). With these conditions, we have \Omega  f (x, t) dx = 1, t \in  [0, T ], if \Omega  f0 (x) dx = 1.
Recently, a great effort has been put into the investigation of existence and uniqueness of solutions to (14)--(16). This effort has been largely motivated by works on
mean-field games [29, 33] and by research on aggregation models [8, 15, 13]; see also
[2].
From these references and especially [7], we can state that our mean-field FP
problem (14)--(16) defined in a bounded convex Lipschitz domain \Omega  \subset  \BbbR 2 , with a
nonnegative initial condition f0 \in  L\infty  (\Omega ) and \nabla U being a Lipschitz function, admits
a unique solution f \in  C([0, T ]; H 1 (\Omega )) \cap  L\infty  ([0, T ]; L\infty  (\Omega )). However, as can be
expected, solutions with higher regularity are obtained assuming more regular initial
conditions and domains with smooth boundaries or a periodic setting; see, e.g., [23, 46]
and, in particular, [10] where existence of classical solutions is established.
3. The FP potential reconstruction problem. The focus of our work is
to reconstruct the potential U from the data consisting of a time sequence of SRM
images where the positions of the particles appear. A schematic snapshot of this
data appears as depicted in Figure 2 (left), where particles are represented by dots
distributed in \Omega , a square domain corresponding to a photo frame for a given time
instant. In our approach, this image is subject to a preprocessing binning procedure
that defines a regular square partition of \Omega  and counts the particles that belong to
the same subdomain. Then a two-dimensional normalized histogram is constructed
whose height in the subdomain is proportional to the number of particles in it. This
procedure for the image at time t defines the (histogram) function fd (\cdot , t) \in  L\infty  (\Omega );
see Figure 2 (right).
Now, suppose that a sequence of L images, denoted with fd (\cdot , t\ell  ), \ell  = 1, . . . , L, has
been obtained. Our purpose is to find the drift such that the following tracking/leastsquares error is minimized:

Fig. 2. A frame of particles (left) and the corresponding histogram, from simulated data.
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This is a standard choice in inverse problems [17], which can be also supported by the
results mentioned at the end of the previous section, i.e., f (\cdot , t\ell  ) \in  L2 (\Omega ). Indeed, one
could also consider an L1 tracking term (the so-called Kantorovich metric); however,
this choice would considerably increase the complexity of our computational procedure
since it would require more sophisticated techniques [18, 51]. We remark that an L1
setting would be certainly appropriate in the presence of divergent PDFs, but this is
not our case.
The next step in the formulation of our inverse problem is the choice of the space
where the potential U is sought. In our case, the natural choice is the space H 1 (\Omega ),
since the drift requires \nabla U . Therefore the regularization term in our functional is
given by
\int 
\| U \| 2H 1 (\Omega ) = (| U (x)| 2 + | \nabla U (x)| 2 ) dx.
\Omega 

In order to further discuss our optimization problem, it is convenient to proceed
considering a continuous-time setting that leads to the following least-squares error
function for the entire time horizon [0, T ]:
\int  T \int 
\int 
2
(f (x, t)  -  fd (x, t)) dx dt + \xi  (f (x, T )  -  fd (x, T ))2 dx,
0

\Omega 

\Omega 

where \xi  > 0, and the second term has the purpose to include the final observation.
We remark that, in our calculation, we take a relatively large value of the weight
\xi  of the terminal cost. We refer to [24] for a discussion on the stabilizing property of
this cost and on its influence to the domain of attraction of the controlled dynamics.
Further, notice that larger values of \xi  enforce the vicinity of the computed PDF at
final time with the corresponding given distribution. This is a desirable feature in our
MPC approach to uncertainty quantification where we aim at having results at each
time window that are as least correlated as possible.
With this preparation, we can formulate our reconstruction problem as the following optimization problem:
\int  \int  T
\int 
\xi 
1
(f (x, t)  -  fd (x, t))2 dx dt +
(f (x, T )  -  fd (x, T ))2 dx
min J(f, U ) :=
2 \Omega  0
2 \Omega 
\int 
\alpha 
(17)
+
(| U (x)| 2 + | \nabla U (x)| 2 ) dx
2 \Omega 
\biggl[ \biggl( \int 
\biggr) 
\biggr] 
\sigma  2
s.t. \partial t f (x, t) + \nabla  \cdot 
b(x, y; U )f (y, t)dy f (x, t)  - 
\Delta f (x, t) = 0,
2
\BbbR 2
f (x, 0) = f0 (x) in \Omega ,

F (f ) \cdot  n
\^ = 0 on \partial \Omega  \times  (0, T ],

where the drift b has the structure (12).
This is a very challenging optimization problem governed by a mean-field FP
equation. However, one can prove that the potential-to-state map U \mapsto \rightarrow  f = f (U ) is
continuous, and since the objective functional has a standard quadratic form, existence of an optimal U can be stated by well-known techniques; see, e.g., [32]. Further, assuming Fr\'echet differentiability of the potential-to-state map in the appropriate spaces [21], it is possible to characterize an optimal U as the solution to the
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first-order optimality condition corresponding to the minimization problem minU
\^ ) := J(f (U ), U ). The resulting optimality system is given by
J(U
\biggl[ \biggl( \int 
\biggr) 
\biggr] 
\sigma  2
\partial t f (x, t) + \nabla  \cdot 
b(x, y; U )f (y, t)dy f (x, t)  - 
\Delta f (x, t) = 0,
2
\Omega 
F (f ) \cdot  n
\^ = 0 on \partial \Omega  \times  (0, T ],
\int 
\sigma  2
\Delta p(x, t) + \nabla p(x, t) \cdot 
\partial t p(x, t) +
b(x, y; U )f (y, t) dy
2
\Omega 
\int 
+
(b(y, x; U ) \cdot  \nabla p(y, t)) f (y, t) dy = f (x, t)  -  fd (x, t),
f (x, 0) = f0 (x) in \Omega ,

(18)

\Omega 

p(x, T ) =  - \xi  (f (x, T )  -  fd (x, T )) in \Omega ,
\partial n\^ p(x, t) = 0 on \partial \Omega  \times  (0, T ],
\int  T
\alpha  U (x)  -  \alpha  \Delta U (x)  - 
\nabla  \cdot  (f (x, t) \nabla p(x, t)) dt = 0 in \Omega ,
0

\partial n\^ U = 0,

on \partial \Omega .

Although the detailed theoretical analysis of our mean-field optimization problem
and the related optimality system is beyond the scope of this paper, we remark that
(18) can be framed in the context of the theory developed in [7]; see also [10, 23].
The last equation in (18) is the so-called optimality condition equation (to be
understood in weak sense), and the Neumann boundary condition \partial n\^ U = 0 is our
modeling choice (alternatively one could choose homogeneous Dirichlet boundary conditions). This elliptic problem, defined on a two-dimensional rectangular domain (our
frame) and a right-hand side in L2 (\Omega ), possesses H 2 (\Omega ) regular solutions [22], and
one can also prove that U \in  W 1,\infty  (\Omega ); see [36] and the references therein. Moreover,
\= \sigma 
assuming a right-hand side in the H\"older space C 0,\~\sigma  (\Omega ),
\~ \in  (0, 1], one can prove that
2,\infty 
\~
U \in  W
(\Omega ) (a weighted Sobolev space); see [5]. Therefore, subject to appropriate
conditions on the data, the requirement that \nabla U is a Lipschitz function results from
sufficiently smooth data.
The optimality condition equation plays a special role in the numerical solution
procedure, since its left-hand side represents the L2 gradient along the FP constraint
with respect to U of the objective functional. For this reason, we define
\int  T
\^
(19)
\nabla U J(U )L2 := \alpha  U (x)  -  \alpha  \Delta U (x)  - 
\nabla  \cdot  (f (x, t) \nabla p(x, t)) dt,
0

\^ ) denotes the so-called reduced objective functional [11]. However, this
where J(U
gradient cannot be directly used in a gradient-based numerical optimization procedure
since U is sought in H 1 (\Omega ), which is a smaller space than L2 (\Omega ). Therefore we
construct an H 1 representative of the reduced gradient as follows; see [52] for more
details. We denote our H 1 gradient with \nabla \scrJ  and define it as the solution to the
following boundary value problem:
(20)

\^ )L2 ,
 - \Delta \phi  + \phi  = \nabla U J(U
\partial \phi 
=0
on \partial \Omega .
\partial  n
\^

Thus \nabla \scrJ  := \phi .
Notice that, in the discussion above, the values of \theta  and \rho  in the chosen interaction
potential appearing in (12) are considered fixed. However, one could include a term
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| \theta | 2 and also | \rho | 2 and thus determine the derivatives of the objective functional with
respect to these variables to obtain their values by the resulting optimality conditions.
Anyway, in our experience, this approach appears ineffective in addition to requiring
additional computational effort. In fact, we see that in this way the effect of a locally
attractive potential in some region of the computational domain can be replaced
(or confused) with the local mutual attraction of particles in the same region, and
similarly in the case of repulsion. This fact shows that our inverse problem becomes
more ill-posed if we attempt to reconstruct U together with \theta  and \rho .
For this reason, we restrict our problem to the determination of the sign of \theta , while
its absolute value and the value of \rho  are known a priori: | \theta |  = | \theta 0 |  and \rho  = \rho 0 . In this
case, we can conclude, at least, that the particles are subject to mutual attraction if
\theta  < 0, or repulsion if \theta  > 0.
Now, in order to illustrate our (unusual) approach to determine the sign of \theta , we
remark that a standard iterative gradient-based scheme works as follows. Suppose
that U 0 is an initial guess for the potential sought (it is taken to equal zero). We also
set \theta  = 0. With this initialization and the given initial conditions for the PDF, we
compute f and then p and assemble the gradient \nabla \scrJ  (U 0 ). Therefore, by pursuing
minimization of the objective functional, we compute the following update of U . We
have
U 1 = U 0  -  s \nabla \scrJ  (U 0 ).
In this descent step, we have to determine the step size s > 0 such that a sufficient
decrease of the value of J is attained. In particular, we have the so-called Armijo
condition given by
(21)

\^ 1 ) \leq  J(U
\^ 0 )  -  r s \| \nabla \scrJ  (U 0 )\| 2 ,
J(U

where r << 1 is a chosen scaling parameter. The usual procedure by backtracking
is to start with s = s0 and eventually reduce its value by some rule, e.g., halving it,
until the Armijo condition is satisfied; see [11] for more details.
Our approach to determine the sign of \theta  is based on the idea that we can perform
the line search (21) twice. That is, starting from \theta  = 0 and performing the first line
\^ 1 )
search separately, with both \theta  = | \theta 0 |  and \theta  =  - | \theta 0 | , we arrive at two values of J(U
by solving the FP equation with \theta  = | \theta 0 |  and with \theta  =  - | \theta 0 | . Thus, we choose the
\^ 1 ). The proposed scheme detects the correct
\theta  that results in a smaller value of J(U
sign, i.e., the sign with which the data is constructed.
We remark that results of additional experiments, with U 0 any smooth oscillating
function with small amplitude, show that the identification of the sign of \theta  is robust
with respect to the choice of the initialization of the potential in our optimization
procedure. Clearly, after the initial step of determining \theta , our optimization scheme
proceeds with the selected \theta .
4. Experimental design and analysis tools. In this section, we describe our
experimental setting. In a real application, the input data fd is given by frames of a
recorded sequence of an SRM experiment, and the desired output is the reconstructed
potential denoted with Ur . In our case, we construct this data based on a sample potential Us (e.g., a picture of actin) that determines the drift function in our stochastic
model (5). Thus we generate our frames of synthetic data first by time-integrating
this SDE in the chosen interval [0, T ] and choosing the initial positions of the particles randomly uniformly distributed. Next, the positions of the particles at different
times are collected in a sequence of two-dimensional bins that results in the sequence
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of distributions fd (x, t\ell  ), \ell  = 1, . . . , L, where L is the length of the resulting time
sequence of frames. With this preparation, we apply our algorithm to obtain Ur ,
which represents the proposed reconstruction of Us . A comparison between these two
potentials allows us to validate the accuracy of the reconstruction as discussed below.
In the first set of simulations, we choose a domain \Omega  = [ - 3, 3] \times  [ - 3, 3], and Us
corresponds to Figure 1. Specifically, the values of Us in \Omega  correspond to the gray
scale pixel values of the picture mapped in [0, 1]. With Us , we perform a stochastic
simulation of Np = 5000 particles (unless otherwise stated) for a time horizon with
T = 1. The other parameters of the drift (12) are given by \rho  = 1 and \theta  =  - 1, and \sigma  =
0.6. To compute the particles trajectories governed by (5) with (12), we use the Euler-Maruyama scheme with a time step \tau  = 10 - 3 , which results in L = 1000 frames. In
this simulation, reflecting barriers for the stochastic motion are implemented. Notice
that we are considering a relatively small number of particles; see [34, 37].
The next step is to perform a binning of the positions of the particles at each frame
to construct fd . For this purpose, we consider a uniform partition of \Omega  in 40 \times  40
non-overlapping squares; see Figure 2 for a plot of particles in \Omega  at a given time and
the corresponding fd . Notice that fd is quite irregular (e.g., an L2 (\Omega ) function) and
our method does not require differentiation of this data. The sequence of fd values
enters in our tracking functional (17), where we choose \alpha  = 10 - 4 , and \xi  = 100.
Our reconstruction procedure consists in solving our FP optimization problem
using the FP optimality system (18), with (19)--(20), that allows us to determine
the gradient for our numerical optimization scheme and includes the detection of the
correct sign of \theta .
For the resulting Ur , we would like to give a measure of its accuracy, and for
this purpose we compute the following normalized cross-correlation factor between
the reconstructed potential Ur and the one used to generate the synthetic data Us .
We have
(22)

cc(Ur , Us ) =

Ur \cdot  Us
.
| Ur |  | Us | 

In this formula, Ur and Us are considered as vectors, and \cdot  represents the scalar
product. Therefore cc represents the cosine of the scalar product of the two vectors;
thus, if cc = 1, we have that the two potentials match perfectly, whereas if its value
is close to 0, the two potentials are dissimilar. The cross-correlation is commonly
used as a similarity measure between two images, especially in medicine and biology;
see, e.g., [31, 41, 50, 53]. Notice that the L2 norm would also provide a measure of
similarity, but it is affected by the possible difference in scaling and translation of the
potential values.
Clearly, one could consider many repetitions of the simulation of the motion of the
particles with the same initial condition and make the final binning on the average of
the resulting frames. In fact, this procedure would result in a less fluctuating fd (x, t\ell  ),
which would allow a better reconstruction. However, in practice this would require
us to have data corresponding to many repetitions of the same experiment (in our
case, many Monte Carlo simulations), but this scenario seems difficult to realize when
considering a living cell.
On the other hand, recent developments in SRM imaging allow us to visualize the
motion of the particles on a cell membrane for a relatively long time (corresponding
to T \gg  1 in our setting), and our approach aims at exploiting this fact considering
a subdivision of the time interval in a number K of time windows and to solve our
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optimization problem in each of these windows in a way that is inspired by the MPC
technique for implementing efficient control strategies. This is a new approach that
allows us to improve the reconstruction Ur and, with the same procedure, makes it
possible to quantify the uncertainty of the reconstruction.
Now, to illustrate our MPC approach, consider a uniform partition of [0, T ] in time
windows of size \Delta t = T /K with K a positive integer. Let tk = k\Delta t, k = 0, 1, . . . , K,
denote the starting- and end-points of the windows. At time t0 , we have the initial
PDF f0 , and we solve our optimization problem (18) in the interval [t0 , t1 ]. This
means that the final time is t1 and the terminal condition for the adjoint variable is
given by p(x, t1 ) =  - \xi  (f (x, t1 )  -  fd (x, t1 )). The resulting potential is denoted with
U1 . Notice that the detection algorithm selects the correct sign of \theta , and this is used
in all subsequent windows.
It is clear that the solution process illustrated above provides also the PDF at
t = t1 . Therefore we can repeat our optimization procedure in the interval (t1 , t2 )
with the computed PDF at t = t1 as the initial condition and U1 as the initial guess
for the potential calculation that gives U2 . Clearly, this procedure is recursive and
can be repeated for k = 1, . . . , K, thus obtaining Uk , k = 1, . . . , K.
The choice of K in relation to L influences the solution and its standard deviation.
Small values of K produce a rough estimate of the average potential and its standard
deviation due to statistical fluctuations of the Monte Carlo experiments. On the
other hand, for greater values of K, the number of frames for each window of the
MPC approach is reduced when L is kept fixed, thus resulting in a worsening of the
reconstruction procedure.
Next, we apply a scaling of these potentials so that their pointwise values are in
the interval [0, 1]. This scaling is performed according to the following formula:
(23)

\^ =
U

U  -  min(U )
.
max(U )  -  min(U )

Thereafter, we obtain the reconstructed potential by pixelwise average of the Uk as
follows:
(24)

\langle Ur \rangle  =

K
1 \sum  \^
Uk .
K
k=1

Moreover, we can also compute the pixelwise standard deviation given by
\sqrt{} 
K
\sum 
\^k  -  \langle Ur \rangle )2
(U
.
(25)
sd(Ur ) =
K  -  1
k=1

Now, we conclude this section by providing conversion formulas for our parameters to allow us to use data from real laboratory experiments. For this purpose, we
introduce a unit of length u such that the side length l of our square
domain \Omega  is given
\surd 
by l = 6 u and the unit of the noise amplitude \sigma  is given by u/s. In real biological
experiments, the typical measure of the length \~l of a cell membrane is given in \mu m.
2
2
Further, the particle's diffusion
\surd  constant\surd D = \sigma  /2 is given in \mu m /s; hence we have
\~
the correspondence \sigma  = l/l 2D in unit u/s.
\~ expressed in unit
Another quantity of interest is the depth of the potential U
\=
\=
of KB T , where KB is the Boltzmann constant and T the absolute temperature. In
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experimental papers, (12) is written with the diffusion constant D and KB T\=, i.e.,
\~ /(KB T\=). As above, we obtain the relationship between the values of a potential
DU
\~ , as U
\~ = U (\~l/l)2 /D in the unit of KB T\=.
U and the scaled U
As an example of the setting above, we see that in a biological experiment, the
superresolution of an acquired image frame can reach the value of 0.02 \mu m/pixel.
With an image of 500 \times  500 pixels, we have \~l = 10 \mu m. Concerning the average
diffusion coefficient of particles (protein molecules) observed in SRM imaging, we
have the estimate D = 0.1 \mu m2 /s [37]. By superresolution techniques, it is possible
to activate a density of 0.5 \div  2/\mu m2 visible particles, which in terms of image pixels
corresponds to 0.5 \div  2 particles in a square of 50 pixels per side. Each frame is usually
sampled at time intervals of \delta t = 30 ms.
In order to set up a consistent Monte Carlo simulation of a real experiment, by
mapping an image of a square of \surd side 10 \mu m on\surd our domain \Omega , we get, from the
above-mentioned formula, \sigma  = 3/5 0.2 \approx  0.268 u/ s.
5. Numerical experiments I. In this section, we present results of numerical
experiments to validate the ability of our FP scheme to reconstruct the potential U
and to provide an estimate of uncertainty on its value.
We simulate 5000 interacting particles, with the initial PDF f0 corresponding
to a uniform normalized probability \surd 
density over the domain \Omega . Further, we have
\theta  =  - 1 u2 /s, \rho  = 1 u - 2 , \sigma  = 0.6 u/ s, and the other dynamical constants are as
illustrated in the previous section. Notice that our detection algorithm selects \theta  =
 - 1 u2 /s in the optimization procedure. The numerical mesh for the reconstruction
algorithm is set to 120 \times  120 subdivisions of the space domain \Omega , and we consider
1000 intervals for the time interval [0, T ] with T = 1. This means that we use a time
discretization where each time step \tau  is equal to \delta t, that is, a frame of the data at each
time step. We use the following weights for our least-squares functional: \alpha  = 10 - 4
and \xi  = 100.
In the first experiment, we validate our MPC scheme, choosing K = 5 windows,
and compare the reconstructed (mean) potential \langle Ur \rangle  with the potential Us used to
generate the synthetic data. In Figure 3, we depict Us and \langle Ur \rangle  for this experiment.
One can see that most of the structure of Us is recovered. While in Figure 3 we depict
\langle Ur \rangle , it is interesting to see the result of the reconstruction on each time window of
the MPC procedure as shown in Figure 4. We see that different features appear at the
different windows, reflecting the nature of the time evolution of the particles. In the
same figure, we also provide the cross-correlation values of the different reconstructions
Uk with respect to Us showing that in the average cc > 0.8.
As we discuss below, our MPC approach has the advantage of allowing a quantification of uncertainty. However, we can also apply our reconstruction procedure on
the entire time interval [0, T ] and obtain a similar reconstruction. To demonstrate this
fact, in Figure 5 we plot \langle Ur \rangle  obtained with our MPC scheme with K = 5 (as above)
and Ur obtained by solving the FP optimization problem on [0, T ] (i.e., K = 1), and in
both cases, we use an fd resulting from one an Monte Carlo run. These plots and the
corresponding cc values, all larger than 0.8, show that similar reliable reconstructions
are obtained.
Now, we make a similar experiment where fd is obtained by averaging of 10 Monte
Carlo runs in order to validate the robustness of our reconstruction procedure applied
to a real experiment where no averaging is possible. The results of this experiment
are also reported in Figure 5 (including the cc values) and compared with the previous
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Fig. 3. The potential Us used to generate the synthetic data (left) and the computed \langle Ur \rangle 
obtained with the MPC scheme with K = 5. In the bottom row, the same potentials from a different
perspective view.

Fig. 4. Sequence of potentials calculated with 5 MPC windows. Cross-correlation values for
each potential (from left): 0.77, 0.82, 0.84, 0.82, 0.85.

ones with one Monte Carlo run. The result is that our algorithm is less sensitive to
fluctuation of the data fd , and very similar reconstructions are obtained.
Already with 5 time windows, we can compute the average \langle Ur \rangle  and the related
standard deviation sd(Ur ) of the reconstruction; see Figure 6. Although a sample of
5 reconstructions is relatively small, we obtain a small value of standard deviation.
Nevertheless, we would like to validate this uncertainty estimate by enlarging our
sample of (Uk ), and, for this purpose, we apply our MPC scheme on the same data
with K = 10. The calculated potentials and their cross-correlation values are depicted
in Figure 7, and the corresponding average potential and standard deviation are given
in Figure 8. Notice that the reconstructed \langle Ur \rangle  and the standard deviation sd(Ur )
are comparable in the cases K = 5 and K = 10.
6. Numerical experiments II. In this section, we discuss results of a second
series of experiments in a setting that is very close to real laboratory experiments
involving SRM imaging. For this purpose, we consider a potential that corresponds
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Fig. 5. Potentials calculated with MPC with 5 windows (left) versus the ones calculated with
one window (right). The upper pictures are obtained with input data fd of average of 10 Monte
Carlo simulations, the bottom ones with one run of Monte Carlo. Cross-correlation factor for the
4 potentials: upper left 0.83, right 0.86; bottom left 0.83, right 0.84.

Fig. 6. The average potential \langle Ur \rangle  (left) and the standard deviation sd(Ur ) (right) obtained
with the MPC scheme with K = 5. The cross-correlation of \langle Ur \rangle  is cc(\langle Ur \rangle , Us ) = 0.83.
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Fig. 7. Sequence of potentials calculated with 10 MPC windows, from top-left to bottom-right.
Cross-correlation values for these reconstructed potentials: 0.80, 0.81, 0.82, 0.81, 0.80, 0.81, 0.79,
0.80, 0.81, 0.82.

Fig. 8. The average potential \langle Ur \rangle  (left) and the standard deviation (right) obtained with the
MPC scheme with K = 10. The cross-correlation of \langle Ur \rangle  is cc(\langle Ur \rangle , Us ) = 0.81.

to a portion of cytoskeleton as depicted in Figure 9. This picture is taken on a square
of size of 10 \mu m, that is, an area of 100 \mu m2 , with 200 \times  200 pixels, and the size of
the pixel is 50 nm. The white regions represent the structure of the cytoskeleton; the
black ones are the ``valleys"" where the proteins are supposed to be attracted.
For the Monte Carlo simulations\surd for generating the synthetic data, we choose
\theta  =  - 1 u2 /s, \rho  = 1 u - 2 , \sigma  = 0.268 u/ s. This value of \sigma  corresponds to a diffusion
constant of D \simeq  0.1 \mu m2 /s. We consider 500 interacting particles, which corresponds
to a (maximum) density of 5 particles per \mu m2 . In this case, we consider a sequence
of L = 2000 frames and T = 60, obtained with an integration step \tau  = 10 - 3 but with
one frame sampled over 30 time steps, so that frames have \delta t = 30 ms, like those of
a real experiment. The resulting (single run) particle trajectories are collected in a
binning process based on a mesh of 40 \times  40 bins.
For our reconstruction scheme, we choose a numerical partition of \Omega  of 80 \times  80
subdivisions, that is, a mesh size of 125 nm. The time integration step coincides
with that of the frames. For the tracking functional, we set \alpha  = 10 - 4 and \xi  = 1.
Our detection algorithm selects
\theta  =  - 1 u2 /s. Further, in the FP setting, we have
\surd 
 - 2
\rho  = 1 u and \sigma  = 0.75 u/ s. Notice that \sigma  in the FP model is chosen larger than
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Fig. 9. Left: Portion of the cytoskeleton (courtesy of [6]). Right: reconstructed potential with
the MPC scheme and K = 5.

Fig. 10. Sequence of the 5 calculated potentials obtained with the MPC procedure. Crosscorrelation values: 0.74, 0.76, 0.77, 0.76, 0.77.

the one used in the Monte Carlo simulations. This choice is dictated by numerical
convenience, and it appears that it does not affect the quality of the reconstruction.
The calculations are performed according to the MPC procedure with K = 5 time
windows.
With this setting, we obtain the reconstructed potential shown in Figure 9 (right).
We see that the reconstruction is less sharp in some regions of the domain, which
should be expected considering the much finer structure of the cytoskeleton (compared
to the one of the previous section) and the small number of particles involved.
Further, in Figure 10, we depict the potentials obtained on each time window of
the MPC procedure. With these results, we have obtained the reconstructed potential
Ur in Figure 9, which we replot in level-set format in Figure 11 for comparison.
Also in Figure 11, we depict the standard deviation that suggests that we have
obtained a reliable reconstruction, i.e., small uncertainty.
7. Analysis of resolution of the FP image reconstruction. In the previous
sections, we have shown the ability of our methodology to reconstruct the potential
from the SRM's measurement of motion of particles moving on a cell's membrane.
Now, we further validate our ``imaging instrument"" by quantifying its resolution
for the potential, that is, the smallest space scale at which our method can distinguish
changes of the potential. We recall that SRM microscopy bypasses the diffraction
limit of roughly 250 nm. Specifically, stimulated emission depletion microscopy can
typically achieve down to 50--60 nm of (optical lateral) resolution, whereas single
molecule localization microscopy, with appropriate biological sample preparation, can
distinguish distances of approximately 20 nm resolution. Therefore, assuming this
range of resolution of fluorescently labeled particles' images, our purpose is to propose
a methodology for the quantification of the smallest scale at which geometric features
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Fig. 11. Left: reconstructed mean potential. Its cross-correlation value with respect to the real
image is 0.77. Right: standard deviation of the reconstructed potential.

of the reconstructed potential U can be distinguished. It is clear that part of the
reconstruction process depends on parameters that are not under the control of the
experimenters, such as the amplitude of the random motion of the detected particles
that affect the resolution.
With these initial considerations, we perform the resolution analysis with a setting that mimics a real experiment. For this purpose, we use the following ``target
potential,"" appearing as an alternating sequence of black and white stripes (like those
in test targets used for the resolution measurement of optical instruments; see, e.g.,
``the microcopy resolution test chart NBS standard 1010A) to generate synthetically
the motion data of particles
\biggl( 
\biggl( 
\biggr) \biggr) 
2\pi 
(26)
U (x, y) = A 1 + sin \surd  (x + y)
,
(x, y) \in  \Omega .
2dl
We denote with A the semiamplitude of the difference between the minimum and the
maximum of the potential; l is the length of the side of the domain, and d is the
distance between two peaks of the potential as a fraction of l. We consider a single
Monte Carlo simulation of 500 particles with the setting \theta  = 0, \sigma  = 0.5, T = 180.
The integration steps is \tau  = 10 - 3 , with frames sampled every \delta t = 0.03, so that we
get L = 6000 frames.
In Figure 12, we show (left) the given potential with A = 0.05 and d = 1/6, with
a gray scale value representation in the interval [0, 1].
Notice that with this choice we are using only 10\% of the full range of gray levels.
In order to compare this setting with data of a real experiment, we can suppose
that the pixel's width of the image is 20 nm. This value corresponds to the approximate best superresolution value that can be obtained from experimental data.
In Figure 12 (left), we depict U in a square of side of 500 pixels, corresponding to
\~l = 10 \mu m. Hence, the distance between two peaks is \lambda  = 10/6 \simeq  1.6667 \mu m. Further,
the particle density is 5 particles per \mu m2 , the diffusion coefficient D \simeq  0.3472 \mu m2 /s,
and the potential depth, i.e., the difference between the maximum and the minimum,
\~ = 0.8 KB T . In order to reconstruct the numerical density, we use a binning of
is U
40 \times  40, \alpha  = 10 - 4 , \xi  = 1. In the numerical setting, we use a grid of 80 \times  80 points,
and K = 5.
Also in Figure 12 (right), we show the reconstructed potential \langle Ur \rangle  and notice its
high accuracy that is also confirmed by the high value 0.885 of the cross-correlation.
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Fig. 12. Left: the potential (26) with A = 0.05 and d = 1/6 (the gray scale levels are shown amplified 10 times for a better visualization). Right: result of the reconstruction; the cross-correlation
is 0.885.

Fig. 13. Left: the potential (26) with A = 0.05 and d = 1/12 (the gray scale levels are
shown amplified 10 times for a better visualization). Right: result of the reconstruction; the crosscorrelation is 0.855.

Now, in order to investigate the maximal resolution, we decrease the value of d
to 1/12, i.e., \lambda  = 0.8333 \mu m as a real value. The results with this setting are shown
in Figure 13. We see that the pattern of the given potential is still clearly visible
and the value of the cross-correlation has almost the same value as in the previous
experiment.
Next, we notice that in this case the ability to reconstruct the potential depends
also on the depth A of the potential. For this reason, in the following test, we decrease
the value of A close to what is believed to be that of a real setting of a cell membrane.
\~ = 0.16 KB T , and keep d = 1/12. The results of this last
We choose A = 0.01, i.e., U
experiment are reported in Figure 14, where one can see that a good reconstruction
of the potential is obtained, and in this case the cross-correlation has the value 0.816.
Now, with the aim to define a criterion to establish the resolution measure for
the potential, we introduce a confidence level for the quality of the reconstructed
potential by setting a threshold for the calculated cross-correlation. This approach
has been adopted in [31] for the detection of cellular objects from images acquired
from electron tomography. For that purpose the authors used the threshold value of
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Fig. 14. Left: the potential (26) with A = 0.01 and d = 1/12 (the gray scale levels are
shown amplified 10 times for a better visualization). Right: result of the reconstruction; the crosscorrelation is 0.816.

0.5, whereas in our case, we set a more strict threshold-cc level equal to 0.8. With this
threshold, we can state that the test pattern depicted in Figure 14 is satisfactorily
reconstructed and determine that the resolution measure associated to our imaging
instrument is 833 nm. Notice that this value can be further improved by changing the
other parameters of the experiment, such as K or the time T of the motion sampling.
8. Numerical approximation and optimization. The main numerical issues
for solving our FP optimization problem concern the numerical solution of the FP
equation and of its adjoint in (18) and the assembly of the reduced gradient (20) to
be used in a gradient-based optimization scheme.
In this section, we mainly focus on the former problem of approximation, while
for the latter, we choose the well-known nonlinear conjugate gradient (NCG) scheme;
see, e.g., [11].
Based on our previous experience in simulation and optimization with linear FP
problems [4], we develop an extension of the Chang--Cooper (CC) method [16] for
the mean-field case. In the linear case, it has been proved that the finite-volume CC
method provides a second-order accurate spatial discretization of the FP operator
that, together with a time-discretization scheme (Euler, second-order backward differentiation formula) results in a numerical evolution of the density f that guarantees
nonnegativity and conservation of the total probability [4, 39].
To illustrate the CC method for our nonlinear FP problem, we discuss a onedimensional case; the two-dimensional case is similar [4].
Consider the domain \Omega  = (r, s) and the time interval I = [t0 , tf ]. We set the
mesh sizes h and \delta t as follows:
h :=

s  -  r
tf  -  t0
and \delta t :=
with N, M \in  \BbbN .
N  -  1
M

We consider uniform meshes in space and time and define
(27)

\=
\Omega h := \{ xj = r + (j  -  1)h, j = 1, . . . , N \}  \subset  \Omega ,
I\delta t := \{ tn = t0 + n \delta t, n = 0, . . . , M \}  \subset  I.

As already mentioned, we can write the mean-field FP equation in flux form as
follows:
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(28)

\partial t f (x, t) = \nabla F (f )(x, t),

where F (f )(x, t) := C \nabla f (x, t) + B(f )(x, t) f (x, t), C = \sigma  2 /2, and
\int  s
b(x, y; U )f (y, t) dy.
(29)
B(f )(x, t) :=  - 
r

The divergence of F in (28) is approximated by the CC scheme as follows. Let xj
represent the cell centres of our space grid, where the numerical f and p are defined.
The value of f at xj is denoted with fj . Further, denote with xj\pm  12 = xj \pm  h/2,
j = 1, . . . , N , the cell faces, and variables constructed on these faces are indexed with
j \pm  1/2. For the moment, we assume semidiscretization in space.
For the function B we have
\sum 
(30)
Bj+1/2 (t) :=  - h
b(xj+1/2 , xk ; U ) fk (t),
k

which corresponds to a rectangular quadrature.
Now, for the approximation of the divergence of F , we have
\partial x F (xj , t) \approx 

Fj+ 21 (t)  -  Fj -  21 (t)
h

.

This is a finite-volume approximation that together with the condition of zero fluxes
at the boundary guarantees conservativeness of the total mass (probability).
The characterizing step in the CC scheme is the use of a special weighted average
of f to obtain its approximation on the cell faces as follows:
fj+1/2 (t) = (1  -  \delta j (t)) fj+1 (t) + \delta j (t) fj (t),
where the weight \delta j (t) \in  [0, 1/2] is given by
(31)

\delta j (t) :=

1
1
 - 
.
h Bj+ 21 (t)/C
exp\{ h Bj+ 12 (t)/C\}   -  1

This setting results in the following numerical flux at xj+1/2 :
\biggl( 
\biggr) 
\biggr) 
\biggl( 
C
C
Fj+ 21 (t) = (1  -  \delta j (t))Bj+ 12 (t) +
fj+1 (t)  - 
 -  \delta j (t)Bj+ 21 (t) fj (t).
h
h
Now, we can formulate the semidiscrete (SD) approximation to our mean-field
FP problem. We have
\Biggl\{ 
\prime 
fSD
(t) = \scrA h (t)fSD (t),
(32)
fSD (t0 ) = fSD (0),
where \scrA h (t) is defined below. Notice that (32) is a system of ordinary differential
equations parametrized by the space mesh size h, with the difficulty that the resulting
system is nonautonomous. Therefore fSD (t) = \{ fSD,1 (t), . . . , fSD,N (t)\}  \in  \BbbR N can be
viewed as a grid function, where each component describes the time evolution of fSD
on the correspondent grid point of \Omega h . The boundary condition (15) is included in
the definition of \scrA h (t). The initial value fSD (0) represents the restriction on the grid
\Omega h of the supposed continuous initial data f0 .
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We define
wj (t) := exp\{ h Bj+ 21 (t)/C\}  \geq  0,
\beta j (t) := C/h  -  \delta j (t) Bj+ 12 (t) = Bj+ 12 (t)/(wj (t)  -  1) \geq  0
and obtain the tridiagonal matrix \scrA h (t) as follows:
(33)
\left\{ 
\beta i - 1 (t)/h,
j = i  -  1, 2 \leq  i \leq  N,
 - (\beta i - 1 (t) wi - 1 (t) + \beta i (t))/h,
j = i,
1 \leq  i \leq  N, \beta 0 = \beta N = 0,
\scrA hij (t) =
\beta i (t) wi (t)/h,
j = i + 1, 1 \leq  i \leq  N  -  1,
0
otherwise.
This matrix has the important
property that the norm-1 logarithmic matrix
\sum 
norm \mu 1 (\scrA h ) := maxj (\scrA hjj + i\not =j | \scrA hij | ) is exactly equal to zero independently of
t, \mu 1 (\scrA h (t)) = 0. Further, the diagonal elements are negative, and the off-diagonal
elements are positive. Therefore the continuous in time solution of (32) is stable [25].
The next approximation step is to choose a discretization of the time derivative in
(32). For this purpose, we denote with f\^jn the approximation to fSD,j (tn ) and choose
the implicit Euler scheme. We obtain the following space-time discretization of our
nonlinear FP model:
f\^n+1 = f\^n + \scrA h (f\^n+1 ) f\^n+1 \delta t.
Notice that this scheme involves also a quadrature of an integral with the variable
f\^n+1 , which is computationally very expensive. For this reason, we follow a semiimplicit approach that results in the following scheme:
f\^n+1 = f\^n + \scrA h (f\^n ) f\^n+1 \delta t.
Therefore we implement the following time-stepping procedure:
(34)

(I  -  \scrA h (f\^n ) \delta t) f\^n+1 = f\^n .

Notice that the matrix (I  -  \scrA h (f\^n ) \delta t) is diagonal dominant by rows for every \delta t
and independently on f n ; hence the inverse is a positive matrix. This guarantees,
unconditionally, the nonnegativity of \{ f\^n \}  that together with the conservativeness
property gives the stability of the discrete solution.
While a rigorous analysis of accuracy of our discretization schemes is beyond the
purpose of this paper, we provide some remarks on the consistency of these schemes
in the case of a sufficiently regular setting.
Based on (33) and (34), we have
\biggr) 
\biggl( 
\delta t
1 + (\beta i - 1 (tn ) wi - 1 (tn ) + \beta i (tn )) fi,n+1
h
\delta t
(35)
 -  (\beta i - 1 (tn ) fi - 1,n+1 + \beta i (tn ) wi (tn ) fi+1,n+1 )
= fi,n .
h
Our purpose is to estimate the truncation error considering the exact solution f (x, t)
replaced in the numerical scheme and noticing that the coefficients \beta  and w are also
functions of f .
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For the latter reason, a preliminary approximation analysis has been carried out.
According to the definition of the SD operator Bj (t) of (30), we introduce the quadrature error \eta B such that
(36)

Bj+1/2 (t) = B[f ](xj+1/2 , t) + \theta  h2 \eta B (xj+1/2 , t).

We recall that B[f ] is defined in (29). This equality is considered in wj and \beta j , and a
Taylor expansion with respect to the mesh size h is performed. By using the resulting
expansion in (35), we obtain that the local truncation error is given by the sum of
the following functions:
\biggr) 
\biggl( 
\partial x (B 2 \partial x f ) \partial x3 (B f ) \partial x (B \partial x2 f )
(37)
+
+
+ \theta \partial x (\eta B f )
\eta 1 (x, t) =  - h2 \delta t
12 C
24
8
and
(38)

\eta 2 (x, t) = \delta t2

\biggl( 

1 2
\partial  f  -  \partial x (B\partial t f )  -  2C\partial t \partial x2 f
2 t

\biggr) 
.

This result suggests that our numerical approximation of the FP equation is secondorder consistent. However, considering that our problem is highly nonlinear, this
result and the stability estimate above do not let us conclude second-order accuracy,
although at this point we may expect it.
Regarding the adjoint FP equation, we use the first-discretize-then-optimize methodology such that the approximation of the adjoint equation is obtained as the transpose of the FP operator; see [4] for more details.
For the evaluation of the reduced gradient we proceed in two steps. First the
gradient L2 from (19) is calculated, with the gradient of p and the divergence obtained with the standard second-order central difference scheme, and the first-order
side differences on the boundary. The quadrature of the integral is obtained by the
rectangular rule. Further, the H 1 gradient is given by the solution to (20), where also
the 5-point discrete Laplace operator with Neumann boundary conditions is used.
This gradient is the main component of the NCG scheme that we use to solve our
optimization problem; see, e.g., [4] for more details. Notice that the first step of an
NCG scheme corresponds to the steepest descent method with line search discussed
at the end of section 3.
9. Conclusion. A new method to reconstruct the structure of a cell membrane
potential based on observation of the motion of particles on the membrane was presented. This method is based on the solution of an optimization problem governed by
a mean-field FP equation, and the purpose of the optimization is to find a potential
such that a least-squares error term of the computed and observed particles' density and a Tikhonov regularization term are minimized. Furthermore, by solving this
problem on a sequence of time windows, it was possible to determine the potential
together with an estimate of uncertainty of its reconstruction. Results of numerical
experiments were presented that successfully validated the proposed reconstruction
procedure also in a setting that is typical in SRM.
In this work, one of the motivations for choosing a mean-field FP model was the
possibility of accommodating possible interactions between particles. However, the
question whether molecules on a cell membrane are subject to molecule-to-molecule
interaction is a widely open issue in biology. On the other hand, it is also a challenging
mathematical problem, and the method proposed in this paper represents only a first
step towards the task of determining interaction forces between molecules.
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