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Optimal Control of the Keilson-Storer Master Equation
in a Monte Carlo Framework
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ABSTRACT
This paper is devoted to the formulation and numerical solu-
tion by Monte Carlo (MC) methods of an optimal control
problem governed by the linear space-homogeneous Keilson-
Storer (KS) master equation. The KS master equation is a rep-
resentative model of the class of linear Boltzmann equations
with many applications ranging from spectroscopy to trans-
port theory. The purpose of the optimal control in the colli-
sion kernel of this model is to drive an ensemble of particles
to acquire a desired mean velocity and to achieve a desired
final velocity configuration. For this purpose, a KS optimality
system characterizing the solution of the proposed optimal
control problem is derived and used to construct a gradient-
based optimization strategy in the framework of MC methods.
This task requires to accommodate the resulting adjoint KS
model in a form that is consistent with the kinetic formula-
tion. Results of numerical experiments successfully validate
the proposed control framework.
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1. Introduction

The paramount concept of kinetic theory is that of a distribution function f
of a sufficiently rarefied gas consisting of hard spherical particles defined in
the phase space spanned by the position x 2 R

3 and velocity v 2 R
3: In

this statistical framework, the fundamental model that governs the time
evolution of f is the Boltzmann equation (BE) (Boltzmann 1872). Since its
appearance, this framework has been widely investigated because it also
provides the intermediate (mesoscopic) step in the transition between
atomistic and continuous models for gas dynamics; see the recent works
(Ayi 2017; Bodineau, Gallagher, and Saint-Raymond 2016; Pulvirenti,
Saffirio, and Simonella 2014) and the references therein.
On the other hand, the BE is a fundamental simulation tool in applica-

tions where the mesoscopic scale is predominant. In fact, it is employed in
a wide class of problems, ranging from aerodynamics and space propulsion
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(Herdrich et al. 2015) to microscale electronic devices and materials
(Romano, Majorana, and Coco 2015), ionized dilute gases (White et al.
2009) and high-temperature plasma (Herdrich and Petkow 2008), and other
applications in multiparticle systems (Alonso 2015). Indeed, this is a very
short and incomplete list of references concerning present and envisioned
application problems that often go much beyond the setting of the original
formulation of the BE. However, while great effort has been put in the
modeling and numerical solution of Boltzmann-like equations, much less is
known concerning methods for their calibration, control, and optimization,
especially in those mesoscopic regimes where probabilistic aspects of mod-
el’s evolution play an essential role. This is the case in the simulation of
rarefied gases with high Knudsen number where simulation by macroscopic
equations suffers inaccuracies (see, e.g., Cinquegrana et al. 2019; Lofthouse,
Boyd, and Wright 2007; Luan and Robbins 2005). Furthermore, the meso-
scopic setting allows to accommodate the case where the model’s coeffi-
cients are prescribed probabilistically by some distribution functions (Coco
et al. 2019). Therefore, although formally the BE is a partial-integro differ-
ential equation, methods developed in a deterministic context (Borz�ı and
Schulz 2012; Gathungu and Borz�ı 2019) cannot be applied in a truly meso-
scopic regime where statistical simulation by Monte Carlo (MC) methods
is required.
Our present focus is optimal control applications, where the governing

BE includes a control mechanism, and the purpose of this control is
expressed by a functional to be minimized. These problems are usually
solved in a Lagrange framework by exploiting first-order optimality condi-
tions that are formulated in terms of the governing model, its adjoint coun-
terpart, and a gradient equation (or inequality) (see, e.g., Borz�ı and Schulz
2012). However, when applying this optimization framework to the BE,
one immediately recognizes that the resulting adjoint BE model has a com-
plicated structure that does not belong to the realm of kinetic models,
which makes the use of MC methods for its solution a challenge.
It is our goal to formulate and analyze BE optimal control problems and

to develop a MC framework for their solution. For this purpose, we follow
a research program that considers a hierarchy of Boltzmann-like equations
and different control mechanisms. Specifically in this paper, we focus on a
representative model for linear kinetic theory proposed by Keilson and
Storer (1952), and we consider a control mechanism in the collision kernel
that models the average speed of the postulated background particles. This
mechanism could be realized by a temperature gradient in the fluid back-
ground (Duhr and Braun 2006; Phillips 1975).
We choose the so-called Keilson-Storer (KS) master equation for a multi-

tude of reasons. Since its appearance in 1952, the KS model has been
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successful in a range of applications including the estimation of transport
coefficients (Berman, Haverkort, and Woerdman 1986), laser spectroscopy
(Berman and Malinovsky 2010), and molecular dynamics simulations (Tran
et al. 2009), reorientation of molecules in liquid water (Gelin and Kosov
2006), and quantum transport (Kosov 2018). Further, the KS model is
specified through a single parameter that allows to mimic strong and weak
collision limits (Strekalov 2012). Moreover, very recently in Gelin et al.
(2015), a microscopic derivation of the KS master equation has
been achieved.
The KS master equation was proposed in Keilson and Storer (1952) as a

variant of a linear BE (Cercignani 1988) to model Brownian motion (Mazo
2002; Montgomery 1971). This is the motion of a particle of mass M
immersed in a viscous fluid that determines dynamical fluctuations, which
are due to interaction of the much smaller particles of mass m � M of the
fluid with the heavier particle (the particle, in the following). If Aðw, vÞ dv
is the probability per unit time that this particle with velocity w will
undergo a transition to a ball of volume dv centered in v, then the master
equation describing its motion can be written as follows (Keilson and
Storer 1952; Snider 1986)

@tf ðv, tÞ ¼ C
ð
Aðw, vÞ f ðw, tÞ dw�C f ðv, tÞ

ð
Aðv,wÞ dw, (1.1)

where f(v, t) represents the probability density of the particle to have vel-
ocity v at time t, and C represents the relaxation rate 1=s, the inverse of
the mean free time between collisions of the particle of mass M with the
fluid particles. In Keilson and Storer (1952), this rate is assumed constant.
Further, in (1.1), the integrals are taken over the entire Euclidean velocity
space, which we assume to be two dimensional.
One can also use (1.1) to model the motion of multiple massive particles

immersed in the fluid that do not interact with each other. In this case, f
represents the material density that can be conveniently normalized to 1.
This assumption requires that the number density nM � nm: In both pic-
tures, it is required that the fluid particles are in thermal equilibrium (see,
e.g., Montgomery 1971).
In this setting, Keilson and Storer suggest a structure of the kernel A

that reasonably models the microscopic scattering process as a damping
scheme as follows

Aðv,wÞ ¼ aðw�c vÞ,
where að�Þ is a function and c�1 is a damping parameter. The other
requirement considered in Keilson and Storer (1952) is the so-called
detailed balance that requires Aðw, vÞ f eqðwÞ ¼ Aðv,wÞ f eqðvÞ, where feq

denotes the equilibrium distribution that the particles will asymptotically
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assume. These two requirements result in the following explicit kernel

Aðv,wÞ ¼ A0 exp �b jw� cvj2
� �

, (1.2)

where j � j denotes the Euclidean norm in the velocity space, and A0, b are
positive constants, which are related by requiring that feq has the
Maxwellian distribution and 1

C

Ð
Aðv,wÞ dw ¼ 1:

Thus, we set C ¼ A0ðp=bÞd=2, and b ð1�c2Þ ¼ M
2kBTp

, where Tp denotes
the temperature. Therefore, c 2 ð�1, 1Þ and A0 are the parameters that

define the KS kernel. Further, we have f eqðvÞ ¼ �f 0 exp ð�b ð1� c2Þ jvj2Þ,
where �f 0 is a normalization constant. Notice that, with c¼ 0, we have
Aðv,wÞ ¼ f eqðwÞ, and the KS master equation takes the well-known BGK
structure as follows (Bhatnagar, Gross, and Krook 1954)

@tf ðv, tÞ ¼ C f eqðvÞ � f ðv, tÞ� �
:

This corresponds to the case of strong collisions: Each collision restores the
equilibrium configuration (Burshtein 1996). On the other hand, if c¼ 1,
then (1.2) corresponds to a Dirac delta, and (1.1) becomes @tf ¼ 0, that is,
no relaxation occurs (Snider 1986).
One can verify that 1

C

Ð
Aðv,wÞ f eqðx, vÞ dv ¼ f eqðx,wÞ, which means that

scattering does not change the equilibrium configuration. At any instant
of time t, we also have the following change in average velocity due to
collision

hwiafter ¼
ð ð

w Aðv,wÞ f ðv, tÞ dvdw ¼ c
ð
v f ðv, tÞ dv ¼ chwibefore:

This result very well explains that with c close to 1, weak collisions are
modeled, and in this regime, the Fokker-Planck equation can be derived
from the KS model by means of the Kramers-Moyal expansion (see Keilson
and Storer 1952). This is the regime that we consider in this paper.
We remark that the case of negative c corresponds to the tendency of

reversal of the momentum upon collision, and c close to �1 is appropriate
to model reorientation of molecules in liquid water (Gelin and Kosov
2006), and with c ¼ �1 the resulting KS models are closely related to the
master equation for quantum transport with stochastic telegraph noise
(Kosov 2018). For further discussion and additional references see, e.g.,
Gelin et al. (2015).
Now, in order to locate the KS optimal control problems considered in

this paper in the larger context of BE control problems, we remark that
our KS model (1.1) for the distribution function f ¼ f ðv, tÞ, is a special
case of the BE given by

@tf ðx, v, tÞ þ v � rxf ðx, v, tÞ þ a � rvf ðx, v, tÞ ¼ C f½ �ðx, v, tÞ:

4 J. BARTSCH ET AL.



Notice that the space coordinate x does not appear in the KS model
because it is assumed that f is uniformly (and infinitely) distributed along
the x coordinate. This is also why the term v � rxf does not appear in our
model. On the other hand, the term a � rvf denotes the action of an exter-
nal force on the particles, which can obviously play the role of a control
force that we investigate elsewhere. In this paper, we assume a¼ 0. The
(nonlinear) BE collision term C½f � is the main focus of most theoretical
and application works. However, already in the linear KS case, where C½f �
is given by the right-hand side of (1.1), we are confronted with the prob-
lem that the adjoint of C½f � no longer has the structure of a master equa-
tion term. This is conceptually and practically unsatisfactory, since many
simulation schemes exploit the possibility to split the transport and colli-
sion parts of the BE, implementing the latter based on its physical signifi-
cance. Moreover, this physical interpretation may be instrumental to have
more insight into a control mechanism that is included in the collision
term and in the case where a parameter identification problem for the col-
lision is considered. In this paper, we focus on a class of control problems
where the control mechanism is included in the KS kernel through a con-
trol function u that is specified below. More generally, our functional set-
ting and our optimal control formulation are similar to that discussed in
Bartsch et al. (2019) in the case of ensemble control problems governed by
the Liouville equation. Similarly, we discuss existence of an optimal control
and, subject to appropriate differentiability conditions, we derive the KS
optimality system that is central in our investigation.
Our main goal is to develop a MC simulation and optimization frame-

work that accommodates our KS optimality system in a way consistent
with the BE kinetic description of gases. This statistical approach is needed
if we consider a physical regime that prevents the use of deterministic
models (Montanaro 2015; Newman and Barkema 1999). In this framework,
a well-known MC method in the realm of Boltzmann models is the direct
simulation MC (DSMC) scheme. Notably, the formulation of the DSMC
scheme mimics the derivation of the BE (Cercignani, Illner, and Pulvirenti
1994), and it is one of the most important and frequently used methods for
determining the behavior of dilute gases (Muntz 1989). Its application
ranges from vacuum technologies to micro-devices where the Knudsen
number Kn, which is the ration of the mean-free path and the characteris-
tic length of the problem, is large such that the continuum assumption is
no longer valid (Bird 2013; Garcia 2000; Rjasanow and Wagner 2005). In
our case of a linear kinetic model, we apply a simplified version of the
DSMC technique as discussed (Fichthorn and Weinberg 1991; Newman
and Barkema 1999).
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In this setting, our focus is the solution of a KS optimality system where
a MC scheme is used to solve the KS model and the corresponding KS
adjoint problem in order to determine a sufficiently accurate gradient that
is needed in a gradient-based optimization procedure. This development
work requires the implementation of the different components of the opti-
mality system in the statistical MC framework, and this requirement leads
to the reformulation of the KS adjoint problem that we propose in this
paper and illustrate in detail.
In the next section, we formulate our KS optimal control problem in the

framework of ensemble control problems (Bartsch et al. 2019; Brockett
1997; Brockett 2012). The corresponding first-order optimality conditions
are discussed in Section 3. In this section, we show how the structure of
the KS adjoint equation differs from that of a BE kinetic model, and dis-
cuss a reformulation and an approximation of the adjoint KS master equa-
tion by a kinetic model that can be solved with a MC scheme. In Section 4,
we illustrate our numerical setting and give a detailed account of our
implementation of the MC scheme for the KS model and its adjoint, and
discuss our optimization method. For clarity, all components of our solu-
tion strategy are also summarized in pseudo algorithms that closely resem-
ble our simulation and optimization code. In Section 5, we present results
of numerical experiments to validate the ability of our framework to con-
struct control functions that drive the evolution of the ensemble of particles
to follow a given trajectory and to attain a final configuration. We also give
a comparison with a deterministic approach in the one-dimensional case. A
section of conclusions completes this work.
Notation
We define the notation of the functional spaces that we use throughout

this paper. We denote H1
T :¼ H1

0ð0,TÞ: Given a Banach space ðX, jj � jjXÞ
and a fixed time T> 0, we define for 1 � p<1 and a function / ¼ /ðx, tÞ
the spaces

LpT Xð Þ :¼ Lp 0,T½ �;Xð Þ, equipped with the normjj/jjLpTðXÞ :

¼
� ðT

0
jj/ð�, tÞjjpX dt

�1
p
,

for p ¼ 1 the space

L1T ðXÞ :¼ L1ð 0,T½ �;XÞ, equipped with the norm

jj/jjL1T ðXÞ :¼ ess sup
t2 0,T½ �

jjuð�, tÞjj

and for m 2 N0 and a function u ¼ uðtÞ, we define

6 J. BARTSCH ET AL.



Cm
T ðXÞ :¼ Cmð½0,T�;XÞ equipped with the norm

jjujjCm
T ðXÞ :¼

Xm
i¼0

max
t2½0,T�

jj d
i

dti
uðtÞjjX:

We refer to the following weighted spaces.

Definition 1.1. Fix ðm, kÞ 2 N
2,m � k. We define the space Hm

k ðRdÞ in the
following way:

H0
kðRdÞ ¼ L2kðRdÞ :¼ f 2 L2ðRdÞj jxjk f 2 L2ðRdÞ

n o
,

and, for m � 1, we set

Hm
k ðRdÞ :¼ f 2 HmðRdÞ \Hm�1

k ðRdÞj jxjk Daf 2 L2ðRdÞ 8jaj ¼ m
n o

,

where a 2 N
d is a multi-index, with jaj :¼Pd

i¼1 ai and Daf :¼ @jajf
@xa11 ���@xadd

,
denoting the weak a-th derivative.
The space Hm

k is endowed with the following norm:

jjf jjHm
k
:¼
X
jaj�m

ð1 þ jxjkÞ Daf
��� ������ ���

L2
:

Notice that, for all fixed m and k in N, one has the embed-
ding Hm

k � Hm:
Moreover, we have the following characterization of the spaces Hm

k :

Proposition 1.1.
i. Given k 2 N, one has f 2 L2k if and only if ð1þ jxjkÞ f 2 L2:
ii. For k 2 N n f0g and 1 � m � k, let f 2 Hm \Hm�1

k . Then f 2 Hm
k

if and only if jxjk f 2 Hm:

iii. In particular, a tempered distribution f belongs to H1
1 if and only if both

f and jxj f belong to H1; it belongs to H2
2 if and only if both f and jxj2 f

belong to H2 and rf belongs to L22:
For more details on these spaces, see Bartsch et al. (2019).

2. Formulation of a KS optimal control problem

In this section, we discuss the formulation of an optimal control problem
governed by the KS master equation. This is a modeling process that
requires the definition of the control mechanism and the purpose and cost
of the control by means of a cost functional. We consider our control
problem defined in the time horizon ½0,T� and in a two-dimensional vel-
ocity space.

JOURNAL OF COMPUTATIONAL AND THEORETICAL TRANSPORT 7



We assume a control mechanism in the KS kernel as follows

Aðv,w; uÞ ¼ A0 exp �b jw� cvþ uj2
� �

, (2.1)

where the control u : ½0,T� ! R
2 is a time-dependent function representing

a velocity field acting on the particles. Clearly, if u ¼ �ð1�cÞl is a con-
stant velocity vector, then the setting above results in a shift of the mean
velocity to a desired value l 2 R

2: As mentioned in the introduction, this
control mechanism could correspond to a change in temperature gradient
of the background fluid.
Notice that, as in Keilson and Storer (1952), the term

Ð
Aðv,wÞ dw ¼ C:

Hence, our controlled KS master equation can be written as follows

@tf ðv, tÞ ¼ Cu f½ �ðv, tÞ, (2.2)

where the controlled collision term is given by

Cu f½ �ðv, tÞ ¼
ð
Aðw, v; uÞ f ðw, tÞ dw�f ðv, tÞ

ð
Aðv,w; uÞ dw: (2.3)

Assuming a given initial distribution f0 2 Hm
k ðR2Þ with f0 � 0, and u 2

U, where U :¼ H1
T is the control space, we can write the resulting Cauchy

problem as follows

f ðv, tÞ ¼ f0ðvÞ þ
ðt
0
Cu f½ �ðv, sÞ ds: (2.4)

Notice that Cu½�� is linear and bounded and therefore continuous.
Moreover, it defines a compact Hilbert-Schmidt-integral operator; see Alt
(2012). With these properties, one can prove existence of a non-negative
unique solution f 	 2 CT	ðHm

k ðR2ÞÞ to our Cauchy problem in a time inter-
val ½0,T	�,T	>0:
We assume that T ¼ T	 and remark that, for a fixed initial condition f0,

the solution to (2.2) – (2.3) for a given u defines a control-to-state map G :

U ! C1
TðL2ðR2ÞÞ, u 7! f ¼ GðuÞ, that is well defined and continuous.

Notice that our control is not in a parametrized form. In fact, since our
control space is infinite dimensional, we are dealing with an infinite dimen-
sional optimization problem.
Next, we discuss the following cost functional that models the objective

of the control and its cost

Jðf , uÞ ¼
ðT
0

ð
hðv, tÞ f ðv, tÞ dv dt þ

ð
uðvÞf ðv,TÞ dvþ �

2
jjujj2U : (2.5)

This functional results from the notion of ensemble and minimum atten-
tion control proposed (Brockett 1997; Brockett 2007; Brockett 2012). For
the former, the density of the ensemble of trajectories is involved, and for
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the latter, a H1
T cost aims at controls that are slow-varying in time, which

would make them easier to implement in a physical device.
We call the first term in (2.5) the tracking term, the second term repre-

sents the final observation, and the last term denotes the cost of the control
with a control weight �>0: The tracking term includes a function h that
represents an attracting potential for the velocities of the particles.
Specifically, let us denote with vDðtÞ a (time-dependent) desired mean vel-
ocity profile for the ensemble of our particles. Then, we may choose
hðv, tÞ ¼ Hðjv� vDðtÞjÞ such that the global minimum of the tracking part
is achieved when all particles have velocity vD. Similarly, the final observa-
tion term can be defined as uðvÞ ¼ Uðjv� vTjÞ, which may correspond to
the requirement that the mean velocity of the particles at final time is close
to vT. In general, we require that h and u are bounded from below and
locally convex in the neighborhood of vD and vT, respectively. We consoli-
date the requirements for h and u in the following assumption:

Assumption 2.1. We take h 2 L1TðL2ðR2ÞÞ and u 2 L2ðR2Þ, bounded from
below and attracting, in the sense that the negative gradients of uð�Þ and
hð�, tÞ are pointing to the unique global minimum of uð�Þ, respectively
hð�, tÞ, for all t 2 ½0,T�:
The cost of the control should guarantee bounded controls that continu-

ously change in time. For this purpose, we choose

kuk2U ¼ kuk2H1
T
¼
ðT
0
uðtÞj j2 dt þ

ðT
0
u0ðtÞj j2 dt,

where u0 ¼ d
dt u: This norm guarantees that u is bounded and, by Sobolev

embedding, continuous. The value of the weight �>0 establishes the rela-
tive importance of achieving the given target with respect to the cost of the
corresponding control. Notice that increasing the value of � gives more
importance to the cost of the control rather than on its tracking ability.
Now, we can formulate our KS optimal control problem

min Jðf , uÞ :¼
ðT
0

ð
hðv, tÞ f ðv, tÞ dv dt þ

ð
uðvÞf ðv,TÞ dvþ �

2
jjujj2H1

T

s:t: @tfðv, tÞ¼ Cu f½ �ðv, tÞ, in R
2 
 ð0, T ��

fðv, 0Þ¼ f0ðvÞ in R
2: u 2 U (2.6)

We remark that, by means of the control-to-state map, this constrained
optimization problem can be reformulated as the following unconstrained
minimization problem

minu2UJrðuÞ, (2.7)

where JrðuÞ ¼ JðGðuÞ, uÞ defines the so-called reduced cost functional.

JOURNAL OF COMPUTATIONAL AND THEORETICAL TRANSPORT 9



In this setting, we can state existence of a minimizer (an optimal control)
to (2.7) as follows.

Theorem 2.1. Let h and u fulfill Assumption 2.1 and f0 2 Hm
k ðR2Þ. Then

the KS optimal control problem (2.6) has at least one solution u	 2 U with
corresponding optimal state f 	 2 CTðHm

k ðR2ÞÞ:

Proof. The functional J given in (2.5) is well defined for ðf , uÞ 2
CTðHk

mðR2ÞÞ 
H1
T: It is bounded from below and coercive in u. Since the

map G takes its values in a bounded set of L1T ðHk
mðR2ÞÞ, it follows that Jr

is bounded. Further, Jr is weakly lower semi-continuous since G is continu-
ous, the last term is a norm, so it is weakly lower semi-continuous, and the
first two terms are linear in f, and then, they are weakly continuous with
respect to the L1T ðL2Þ and L2 topologies. Thus, we have that, if ðunÞn � U
is a sequence which converges weakly-	 to a u 2 U, we have

liminf
n!þ1 JrðunÞ ¼ liminf

n!þ1 JðGðunÞ, unÞ � JðGðuÞ, uÞ ¼ JrðuÞ :

At this point, proving the existence of a minimizer for Jr is standard:
Let us take a minimizing sequence ðunÞn � U: This sequence is
bounded by the coerciveness of the cost functional in u. Since U is a
Hilbert space, we can extract a weakly-	 convergent subsequence, which
we do not relabel for simplicity; let us call u	 2 U its limit-point. Then,
by the weak-lower semi-continuity of Jr, we can conclude that u	 is a
minimizer. w

3. KS optimality system

In this section, we discuss the optimality system for (2.6) using the
Lagrange framework. Since (2.6) and (2.7) are equivalent, assuming Fr�echet
differentiability of G and J, the first-order necessary condition for a solu-
tion to (2.7) is given by

ruJrðuÞ ¼ 0,

where ru denotes the gradient in U. This fact allows the characterization
of an optimal control and makes it possible to develop gradient-based
schemes for its computation.
The computation of ruJrðuÞ, that is, of ruJðGðuÞ, uÞ involves the

Fr�echet differentiability of G and J, which we assume in this paper;
however, see Bartsch et al. (2019). Then, a convenient way to obtain
ruJrðuÞ is to introduce the Lagrange function corresponding to (2.6) as
follows
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Lðf , u, q, q0Þ :¼ Jðf , uÞ þ
ðT
0

ð
ð@tf ðv, tÞ�Cu f½ �ðv, tÞÞ qðv, tÞ dv dt

þ
ð
ðf ðv, 0Þ�f0ðvÞÞ q0ðvÞ dv,

where q and q0 represent Lagrange multipliers. In this framework, the so-
called optimality system is obtained by requiring that the Fr�echet deriva-
tives of L with respect to each of its arguments are zero. This optimality
system consists of three parts: 1) the KS model with its initial condition; 2)
an adjoint KS master equation that evolves backward in time starting from
a terminal condition and having a non-homogeneity related to the cost
functional and a linear reaction term related to the collision kernel; and 3)
the optimality condition ruJrðuÞ ¼ 0, which is expressed in terms of the
solutions to the two equations discussed in 1) and 2).
We obtain the following adjoint KS (AKS) master equation

�@tqðv, tÞ ¼
Ð
Aðv,w; uÞ qðw, tÞ dw�qðv, tÞ Ð Aðv,w; uÞ dw�hðv, tÞ,

in R
2 
 ð0,T�

qðv,TÞ ¼ �uðvÞ, in R
2: (3.1)

Notice that the minus sign in front of the time derivative and the terminal
condition at t¼T result by integration by parts required in the process of
derivation of this equation. Making the transformation s ¼ T�t, the sign
mentioned above is reversed and the equation evolves forward in the new
time variable s. This fact is used in the numerical integration of the
AKS problem.
However, we are confronted with the problem that (3.1) does not have

the structure of a kinetic equation; that is, the right-hand side of the the
AKS equation cannot be interpreted as a gain-loss term. The required
structure can be partially recovered with the following procedure.
We define

C	
0 ¼

ð
ðAðw, v; uÞ�Aðv,w; uÞÞ dw, (3.2)

and, by transformation of the integration variable, we obtain that C	
0 ¼

C 1�c
c : Further, we define

C	
u q½ �ðv, tÞ ¼

ð
A	ðw, v; uÞ qðw, tÞ dw�qðv, tÞ

ð
A	ðv,w; uÞ dw, (3.3)

where A	ðw, v; uÞ ¼ 1
c Aðv,w; uÞ, which gives an “adjoint” mean free time

sq ¼ c s: Then, we can write the adjoint KS equation as follows

�@tqðv, tÞ ¼ C	
u q½ �ðv, tÞ þ C	

0 qðv, tÞ�hðv, tÞ: (3.4)
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Therefore, we need to augment the MC simulation procedure to accommo-
date the presence of reaction and source terms in (3.4); see the discus-
sion below.
To conclude the formulation of the optimality system, we illustrate the

optimality condition. For this purpose, we compute the derivative of the
KS collision term with respect to u. In our two-dimensional setting, we
have

@urCu f½ �ðv, tÞ ¼
Ð
f ðw, tÞ Aðw, v; uÞ ð�2bðvr�cwr þ urÞÞ dw

�f ðv, tÞ Ð Aðv,w; uÞ ð�2bðwr�cvr þ urÞÞ dw, r ¼ 1, 2:
(3.5)

Now, we can write the optimality condition given by the gradient of the
Lagrange function with respect to u set equal to zero. We have

� uðtÞ�� u00ðtÞ�
ð
qðv, tÞ @uCu f½ �ðv, tÞ dv ¼ 0, (3.6)

where u00 ¼ d2
dt2 u: This equation should be understood in the weak sense,

and for its solution initial and terminal conditions for u are required.
Choosing homogeneous Dirichlet boundary conditions corresponds to the
case where the control is switched on at t¼ 0 and switched off at t¼T.
Notice that the left-hand side of (3.6) represents the reduced gradient in
the L2TðR2Þ space. We discuss the construction of ruJrðuÞ in Section 4.
Summarizing, the KS optimality system is given by

@tf ðv, tÞ ¼ Cu f½ �ðv, tÞ, f ðv, 0Þ ¼ f0ðvÞ
�@tqðv, tÞ ¼ C	

u q½ �ðv, tÞ þ C	
0 qðv, tÞ�hðv, tÞ, qðv,TÞ ¼ �uðvÞ

�u00ðtÞ þ uðtÞ ¼ 1
�

ð
qðv, tÞ @uCu f½ �ðv, tÞ dv, uð0Þ ¼ 0, uðTÞ ¼ 0:

(3.7)

Our aim is to solve this system using a MC methodology and a gradient-
based optimization scheme. For the former task, we investigate a kinetic
reformulation of the AKS equation. For this reason, we interpret q as a dis-
tribution function and, correspondingly, we refer to adjoint particles. We
remark that the main purpose of the adjoint variable q is to allow the com-
putation of the reduced gradient. Therefore, also a suitable approximation
of q that results in an effective gradient is appropriate for our goal.
The main differences between the KS and AKS equations are the pres-

ence of a linear reaction term C	
0qðv, tÞ and of a source term hðv, tÞ in the

latter equation. For this reason, we propose the following augmentation of
the MC framework.
We have already mentioned that we can reverse the time in the evolution

modeled by the AKS equation with the transformation s ¼ T�t: Thus, the
AKS equation takes the form
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@sqðv, sÞ ¼ C	
u q½ �ðv, sÞ þ C	

0qðv, sÞ�hðv, sÞ, qðv, 0Þ ¼ �uðvÞ: (3.8)

Next, to accommodate the source term, we choose it given by a negative
Gaussian distribution, which is consistent with our Assumption 2.1, as fol-
lows

hðv, sÞ ¼ � Ch

2pr2h
exp � jv�vDðsÞj2

2r2h

 !
, Ch>0, rh>0,

where Ch represents a weight of the tracking part of the cost functional,
and rh has the significance of a standard deviation. This choice is moti-
vated by the fact that we can implement this term in a MC framework by
adding adjoint particles to the distribution q in every time step based on
the given Gaussian distribution. Thus, at each time step, we add a certain
number of particles Nfrac obeying N 2ðvDðsÞ, r2hI2Þ, where I2 is the two-
dimensional identity matrix, N 2ðl,RÞ is the bivariate normal Gaussian dis-
tribution with mean l 2 R

2 and covariance matrix R 2 R
2
2:

Similarly, we choose

uðvÞ ¼ � Cu

2pr2u
exp � jv�vTj2

2r2u

 !
, Cu>0, ru>0:

Now, concerning the linear reaction term, we have that

@sqðs, vÞ ¼ C	
0 qðv, sÞ,

can be approximated by

qðv, sþ dsÞ ¼ qðv, sÞ þ ds C	
0 qðv, sÞ,

for small ds>0: Therefore, we can implement the contribution of the linear
reaction term as an increase of the distribution of the adjoint particles at
every point according to the factor ð1þ ds C	

0Þ for each time step ds. This
means that, one particle with velocity v at time s, is replaced by ð1þ
ds C	

0Þ particles with the same velocity at the time sþ ds: Notice that in
our numerical experiments we have ð1þ ds C	

0Þ�2,
It is clear that the value of C	

0 results from the specification of the KS
kernel. On the other hand, the time step ds is chosen in relation to the col-
lision frequency.

4. A Monte Carlo scheme and numerical optimization

In this section, we illustrate our implementation of the MC scheme for our
KS problem; see Garcia (2000) for more details. We remark that this is a
mesh-less scheme where the particles are represented by labeled pointers to
structures that contain all information as velocity, time of collision, etc.
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Essentially, a time step in a MC procedure consists of changing the content
of this structure, e.g., velocity, and adding or subtracting pointers, i.e., par-
ticles, if required. Now, the content of each structure may change for two
reasons. If we have a streaming phenomenon, which is the case of an
inhomogeneous model and/or presence of external forces, then position
and velocity are changed according to the underlying dynamical system.
This is the so-called free flow part. On the other hand, the velocity of each
particle may change due to collisions with other similar particles or with
much smaller particles that constitute the background, which is the case of
KS framework; see our discussion in the Introduction. We remark that this
type of dynamics resembles a piecewise-deterministic Markov process, see
Wagner (1992).
In this evolution process, the time step size Dt is chosen to be one order

of magnitude bigger than the mean time between two collisions. This is in
order to retain the statistical significance of the occurrence of collisions.
On the other hand, the time step size cannot be too large since in this case
transient phenomena would be filtered out.
In order to determine when a particle undergoes a velocity transition,

one can follow the procedure described in Jacoboni (2010). If s�1 is the
collision frequency, then s�1dt is the probability that a particle has a colli-
sion during the time dt. Now, assuming that a particle has a collision at
time t, the probability that it will be subject to another collision at time t þ
dt is computed according to a Poisson distribution given by

exp �
ðtþdt

t
s�1 dt0

 !
¼ exp ð�dt=sÞ:

Thus, following a standard approach, and using a uniformly distributed
random number r between 0 and 1, one obtains the following

dt ¼ �s log ðrÞ: (4.1)

The same formula can be used in the simulation of the AKS evolution by
replacing s with sq.
Now, assuming that a collision occurs, we need to determine the new

velocity after the collision. Clearly, this output depends on the KS kernel
that models collision, which can be written as a multivariate normal distri-
bution as follows

Aðv,w; uÞ ¼ C
b
p
exp �bjw� cvþ uj2

� �

¼ C
b
p
exp � 1

2
ðw�cvþ uÞT2bI2ðw� cvþ uÞ

� 	
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¼ C
1

2p

ffiffiffiffiffiffiffiffiffiffiffi
1

ð2bÞ2
s exp � 1

2
ðw�cvþ uÞT2bI2ðw� cvþ uÞ

� 	

¼ CN 2 cv� u,
1
2b

I2

� 	
: (4.2)

Similarly, for the MC simulation of the AKS model, we can write the tran-
sition probability

A	ðv,w; uÞ ¼ 1
c
Aðw, v; uÞ ¼ C

c
b
p
exp �bjv� cwþ uj2

� �

¼ C
c
b
p
exp �bc2 w� v

c
þ u

c

� 	�����
�����
2

0
@

1
A

¼ C
c

1

2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

ð2bc2Þ2
s exp � 1

2
w� v

c
þ u

c

� 	� 	T

2bc2I2 w� v
c
þ u

c

� 	� 	" #

¼ CN 2
v
c
þ u

c
,

1
2bc2

I2

� 	
:

In the case of the KS model, the velocity of a given particle changes
according to the normal distribution (4.2), and since the covariance matrix
is diagonal, it is possible to generate the new velocity component wise
according to the corresponding one-dimensional distributions. To achieve
this goal, we need to have a standard Gaussian random number generator.
If r1 and r2 are two independent uniformly distributed random numbers
between 0 and 1, then, by means of the Box-Muller formula Box and
Muller (1958), we have that

z1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 log ðr1Þ

p
cos r2, z2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 log ðr1Þ

p
sin r2,

are two random numbers distributed according to Nð0, 1Þ: Thus,
wx ¼ cvx�ux þ z1=

ffiffiffiffiffi
2b

p
, wy ¼ cvy�uy þ z2=

ffiffiffiffiffi
2b

p
are two random numbers distributed according to (4.2). Therefore, (wx, wy)
represents the new velocity of the particle under consideration with velocity
(vx, vy) before the collision and subject to the control field (ux, uy).
At this point, we can illustrate our MC KS solver with the following

algorithm, where the initial condition f0 is used to initialize the list of par-
ticles (pointers) in the sense that it provides the density of the initial distri-
bution of the velocities of the particles. In the initialization, we choose a
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number of particles Nf. Further, we consider a partition of the time interval
½0,T� in Nt subintervals of size Dt ¼ T=Nt such that Dt � dt: With this
setting, we have tk ¼ kDt, for the time of the k-th time step, k ¼ 0, :::,Nt:
In our implementation, we define F as the list of labeled pointers to

structures that resemble particles. We denote with Fk½p� the pointer to the
p-th particle at the k-th time step. We have p ¼ 1, :::,Nf and k ¼ 0, :::,Nt:
Further, let Fk½p�:v be the velocity of the p-th particle at the k-th time step,
and let Fk½p�:t0 be the time that is elapsed for the p-th particle starting from
tk. This quantity is used to determine whether the particle will undergo
another collision in the current time step, assuming that 0 � Fk½p�:t0<Dt:
Analogously, we denote with Q the list of labeled pointers to structures
representing adjoint particles.
To initialize F0 using the distribution f0, we apply Algorithm 4.1 given

below. A similar algorithm applies to initialize QNt with the distribu-
tion �u:

Algorithm 4.1 MC KS equation

Require: f0ðvÞ
1: for p¼ 1 to Nf do
2: Compute F0½p�:vf0
3: Set F0½p�:t0 ¼ 0
4: end for

Our MC KS solver is implemented as follows.

Algorithm 4.2 MC KS equation

Require: f0ðvÞ, u(t)
1: Initialize Nf particles using Algorithm 4.1 and f0ðvÞ
2: for k¼ 0 to Nt�1 do
3: for p¼ 1 to Nf do
4: while Fk½p�:t0<Dt do
5: Compute dt according to (4.1)
6: Determine Fk½p�:vN 2ðcv� uðtkÞ, 1

2b I2Þ
7: Fk½p�:t0 ¼ Fk½p�:t0 þ dt
8: end while
9: if Fk½p�:t0>Dt then
10: Fkþ1½p�:t0 ¼ Fk½p�:t0 mod Dt
11: end if
12: end for
13: end for
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Next, we present a similar scheme for solving the AKS problem. In this
case, we need to implement the contribution to the evolution of the adjoint
particles due to the presence of the source term h and of the linear reaction
term. This implementation is illustrated with the following two algorithms.

Algorithm 4.3 Implementation of the source term h at time tk

Require: vDðtkÞ, rh, Nfrac

1: Generate Nfrac new particles with velocity components having the nor-
mal distribution with mean vDðtkÞ and variance rh : vNðvDðtkÞ, r2hÞ

2: Add these particles to the existing ones in Qk

Algorithm 4.4 Implementation of the linear reaction term at time tk

Require: Qk, Nk
q

1: for p¼ 1 to Nk
q do

2: Generate bdt C	
0c particles with the velocity Qk½p�:v

3: end for
4: Add these particles to the existing ones in Qk

Notice that, since in the implementation of the AKS model we vary the
number of adjoint particles depending on the linear reaction term and the
source term, we index this number with k and write Nk

q : In Algorithm 4.3,
we choose Nfrac � Nf :
With these two procedures, we can implement the time evolution of the

adjoint variable starting from the terminal condition given by �uðvÞ: This
function is used to initialize the list of adjoint particles (pointers) in the
sense that it provides the density of the initial distribution of the velocities
of these particles.

Algorithm 4.5 MC adjoint KS equation

Require: hðv, tÞ,uðvÞ, u(t).
1: Initialize QNt with NNt

q ¼ Nfrac particles using Algorithm 4.1 and �u
2: for k ¼ Nt to 1 do
3: Use Algorithm 4.3 to implement the source term
4: Use Algorithm 4.4 to implement the linear reaction term
5: for p¼ 1 to Nk

q do
6: while Qk½p�:t0<Dt do
7: Generate dt according to (4.1) using sq instead of s
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8: Determine vN 2ðvc þ uðtkÞ
c , 1

2bc2 I2Þ
9: Qk½p�:t0 ¼ Qk½p�:t0 þ dt
10: end while
11: if Qk½p�:t0>Dt then
12: Qk�1½p�:t0 ¼ Qk½p�:t0 mod Dt
13: end if
14: end for
15: end for

Although a computational mesh to solve the KS and AKS problems is
not required, we need this mesh to evaluate the optimization gradient. For
this purpose, we consider a bounded domain of velocities ! :¼
½�vmax, vmax�2 � R

2, where vmax is a working parameter that represents a
maximum value of each component of the velocities of the particles. The
setting of this parameter is possible since we choose f0 as Gaussian function
that rapidly decays to zero.
Now, we define a partition of ! in equally spaced, non-overlapping

square cells with side Dv ¼ 2b=Nv where Nv � 2: On this partition, we con-
sider a cell-centered representation of the velocities as follows

!Dv :¼ ðvi1, vj2Þ 2 !, i, j ¼ 1, :::,Nv

n o
,

where

vi1 ¼ i� 1
2

� 	
Dv�vmax, vj2 ¼ j� 1

2

� 	
Dv�vmax:

On the other hand, we recall that on the time interval ½0,T�, we have the
time steps tk ¼ kDt, k ¼ 0, :::,Nt, and define

CDt :¼ tk :¼ kDt 2 0,T½ �, k ¼ 0, :::,Nt

� �
:

Now, we denoted with f kij the occupation number of the cell centered in
ðvi1, vj2Þ in the velocity domain. To construct this function, we count the
particles at time step k that have velocity in the cell centered at v ¼
ðvi1, vj2Þ: Thus, we define

f kij ¼
XNf

p¼1

1ij Fk p½ �:v1, Fk p½ �:v2
� �

, (4.3)

where 1ijð�, �Þ denotes the indicator function, specifically 1ijðv1, v2Þ ¼ 1 if
and only if (v1, v2) is located in a cell of !Dv centered at ðvi1, vj2Þ and
zero otherwise.
It results that, if a particle with velocity v within a cell centered at

ðvi1, vj2Þ is subject to collision and acquires a new velocity v0 within a cell
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centered at ðvk1, vl2Þ, then the value of fij is reduced by 1 and, on the other
hand, the value of fkl is increased by 1. Notice that choosing vmax large
enough, the probability that the velocity of a particle exceeds the boundary
of ! after collision is very low but possibly not zero. If this rare event hap-
pens, we generate again a new velocity for the particle using the same pre-
collision velocity as before.
In the case of the AKS evolution, we have to deal with the possibility

that the velocity bound vmax will be exceeded in a different way. Because
of the structure of the adjoint collision and the high variances of h and
u, the occurrence of exceeding the bound of vmax by the post-collision
velocity of an adjoint particle is not a rare event. However, notice that
the purpose of the adjoint distribution is its contribution to the calcula-
tion of the gradient given in (3.6). In this formula, it appears inside the
integral multiplied with @uCu½f �, and this latter term is vanishing while
approaching the computational boundary. Therefore, we only need to
consider the adjoint particles that have velocity inside !: Specifically, we
calculate

qkij ¼
XNk

q

p¼1

1ij Qk p½ �:v1,Qk p½ �:v2
� �

: (4.4)

Now, we focus on (3.5) and assemble the L2 optimization gradient (3.6)
in the vector g 2 R

ðNt�1Þ 
 R
ðNt�1Þ: We denote the numerical approxima-

tion to @uCu½f �ðv, tÞ at v ¼ ðvi1, vj2Þ and t ¼ tk with Gk
ij, where i, j ¼

0, :::,Nv, k ¼ 1, :::,Nt: We use a rectangular quadrature rule to approximate
the integrals in (3.5) and obtain

Gk
ij

� �
1
¼ ðDvÞ2

XNv

m, n¼0

f kmnAmnijð�2bðvi1�cvm1 þ uk1ÞÞ�f kij A
k
ijmnð�2bðvm1 �cvi1 þ uk1ÞÞ

2
4

3
5,

Gk
ij

� �
2
¼ ðDvÞ2

XNv

m, n¼0

f kmnAmnijð�2bðvj2�cvn2 þ uk2ÞÞ�f kij A
k
ijmnð�2bðvn2�cvj2 þ uk2ÞÞ

2
4

3
5,

where Ak
ijmn is given by

Ak
ijmn ¼ exp �b ðvm1 �cvi1 þ uk1Þ2 þ ðvn2�cvj2 þ uk2Þ2

h i� �
:

This formula is obtained by insering v ¼ ðvi1, vj2Þ and w ¼ ðvm1 , vn2Þ
in Aðv,w; uÞ:
We can now construct the discrete version of (3.6) using finite differen-

ces. The two components of the gradient are given by
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g lk :¼ �ulk� �

Dt2
�
ulkþ1 � 2ulk þ ulk�1

�þ ðDvÞ2
XNv

i, j¼0

qkijðGk
ijÞl

k ¼ 1, :::,Nt�1, l ¼ 1 2:

Notice that this formula provides the numerical approximation to the L2

gradient while our control field is required in H1
T: For this purpose, we

present the following reasoning that illustrates how to arrive at the formu-
lation of the H1 gradient.
Consider a Taylor expansion of the reduced cost functional JrðuÞ in the

Hilbert space X as follows:

Jrðuþ � duÞ ¼ JrðuÞ þ � rJrðuÞ, duð ÞX þ �2

2
r2JrðuÞ
� 

du, du
� �

X þ Oð�3Þ

The actual gradient depends on the choice of which inner product space
we use. If we choose the space X ¼ L2ð0,T;R2Þ, we have the inner product
ðu, vÞ ¼ Ð T0 uðtÞ � vðtÞ dt and the gradient is given by

rJrðuÞjL2ðtÞ ¼ � uðtÞ � � u
��ðtÞ �

ð
qðv, tÞ @uCu f½ �ðv, tÞ dv: (4.5)

In the case of X ¼ H1ð0,T;R2Þ, we can determine the H1 gradient based
on the fact that the Taylor series must be identical term-by-term regardless
of the choice of X. Therefore, we have

rJrðuÞjH1 , du
� �

H1 ¼ rJrðuÞjL2 , du
� �

L2 :

Using the definition of the H1 inner product ðu, vÞH1 ¼ ðu, vÞL2 þ ðu0, v0ÞL2 ,
we obtain the relationðT

0

�
rJrðuÞjH1ðtÞ duðtÞ þ d

dt
rJrðuÞjH1ðtÞ du0ðtÞ

	
dt

¼
ðT
0
rJrðuÞjL2ðtÞ duðtÞ dt,

which must hold for all test functions du. Integrating by parts the second
term in the integral on the left-hand side, with the assumption that the
control is zero at t¼ 0 and t¼T, we obtain the following equation for the
H1 gradient.

� d2

dt2
rJrðuÞjH1ðtÞ
� þ rJrðuÞjH1ðtÞ

�  ¼ rJrðuÞjL2ðtÞ, (4.6)

with the conditions JrðuÞjH1ð0Þ ¼ 0 and JrðuÞjH1ðTÞ ¼ 0: Notice that this is
a vector problem for the two components of the gradient JrðuÞjH1ðtÞ: We
approximate this problem by standard finite-difference approximation (as
above), which results in a block-tridiagonal system. The solution of this
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system is obtained efficiently by the Thomas method; see Conte and de
Boor (1980), Algorithm 4.3.
With this preparation, we can formulate the algorithm that provides the

JrðuÞjH1ðtÞ gradient that is required in our optimization scheme.

Algorithm 4.6 Calculate the gradient rJrðuÞjH1ðtÞ

Require: control u(t), f0ðvÞ,uðvÞ, hðv, tÞ
1: Solve the KS problem using Algorithm 4.2 with inputs f0ðvÞ, u(t)
2: Solve AKS problem using Algorithm 4.5 with inputs

�uðvÞ, hðv, tÞ, u(t)
3: Determine the distributions (4.3) and (4.4)
4: Assemble rJrðuÞjL2 according to (4.5)
5: Compute rJrðuÞjH1ðtÞ solving (4.6)

We remark that, with this algorithm, we can implement many different
gradient-based optimization schemes (2012). In our case, we choose the
nonlinear conjugate gradient (NCG) method. This is an iterative method
that constructs a minimizing sequence of control functions ðunÞ as illus-
trated by the following algorithm.

Algorithm 4.7 NCG scheme

Require: u0ðtÞ, f0ðvÞ,uðvÞ, hðv, tÞ
1: n¼ 0, E > tol
2: Compute h0 ¼ �rJrðu0ÞjH1 using Algorithm 4.6
3: while E > tol and n<nmax do
4: Use a line-search scheme to determine the step-size an along hn

5: Update control: unþ1 ¼ un þ an hn

6: Compute dnþ1 ¼ rJrðunþ1ÞjH1 using Algorithm 4.6
7: Compute bn
8: Set hnþ1 ¼ �dnþ1 þ bnhn

9: E ¼ kunþ1�unk
10: Set n ¼ nþ 1
11: end while
12: return ðun, f nÞ

In this algorithm, the tolerance tol> 0 and the maximum number of iter-
ations nmax 2 N are used as termination criteria. We use backtracking line
search with the Armijo condition. The factor bn is based on the Hager and
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Zhang formula; see Borz�ı and Schulz (2012) for more details
and references.
An estimate of the computational cost of one iteration in Algorithm 4.7

can be calculated as follows: The cost for solving the KS equation is
OðNt Nf Þ, since we calculate for every particle in every time step a new
velocity, similarly OðNtNf Þ for solving the AKS equation. Further, we have
OðNf Þ operations for assembling the distributions on the reference velocity
grid for integration, OðNv 
 NvÞ for the integration required for calculating
the L2 gradient in two-dimensions, OðNtÞ to compute the H1 gradient
using the Thomas algorithm. Therefore, the computational complexity of
one optimization iteration is OðNtNf þ N2

v Þ: This estimate is without con-
sidering line search, for which OðNtN2

v Þ operations are required for calcu-
lating the functional and OðNtNf Þ for solving the KS equation for
this purpose.

5. Numerical experiments

In this section, we perform numerical experiments to validate our KS opti-
mal control framework. We assume that initially the particles are at ther-
mal equilibrium obeying the Maxwell-Boltzmann distribution
corresponding to the temperature Tp>0 of a gas with particles of mass
m> 0. This distribution is given by

f0 ¼ N 2 0,
kBTp

M
I2

� 	
,

where kB is the Boltzmann constant. All quantities are given in SI units if
nothing else is specified. For the mean collision frequency we have (Garcia
2000)

C ¼ 1
s
¼ nm

V
pd2phvrsi,

where nm is the number of background particles, V the volume of the
domain under consideration, dp the effective diameter of the particle, and
hvrsi the average relative speed between particles. By the assumptions of the
KS kernel, the collision frequency and therefore hvrsi are constant over
time and space.
Notice that comparing the equations for the mean collision frequency,

the conjunction between the parameter A0 of the KS kernel and the back-
ground particles is evident. Specifically, A0 is proportional to the density of
the background particles.
We consider the optimal control problem (2.6) in two dimensions with

the following setting
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vDðtÞ ¼ vA sin 2p
T t
� �

,
vmax
2T t

� �T
, hðv, tÞ ¼ � Ch

2pr2h
exp � jv�vDðtÞj2

2r2h

 !
,

Ch ¼ 1020, u0ðtÞ :¼ 0, 0ð ÞT , uðvÞ ¼ � Cu

2pr2u
exp � jv�vDðTÞj2

2r2u

 !
,

Cu ¼ 103,

with vA ¼ 250 m=s and rh ¼ ru ¼ 10r ¼ 10
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=ð2bÞp

: Notice that these
parameters determine the “width” of the potentials, that is, their effective
basin of attraction. Further, they appear as the variance of the distribution
with which particles are created in every time step; thus, their values should
be reasonably small.
In our simulation, we make the choice of values of the physical and

numerical parameters as given in Table 1. With the parameter xf, we
define how many physical particles are combined in a single simula-
tion particle.
After this preparation, we present the results of numerical experiments.

In Figure 1a, we plot the convergence history of the cost functional corre-
sponding to the sequence generated by the NCG scheme. Notice that the
randomness in the MC KS solution is responsible for the small fluctuations
of the value of J along the minimization process. In Figure 1b, we show the
resulting optimal control field obtained with the NCG scheme starting
from an initial guess u0 ¼ 0: The ordinate axis shows the time and for
every discrete point in time, the optimal control vector is plotted. Notice
that this vector is zero at the initial and terminal times, consistently with
our requirement in the H1 setting.
Next, we plot the action of the optimal control on the evolution of the

density f. For this purpose, in Figure 2 we plot the value of the mean vel-
ocity with time computed using the resulting distribution as follows

hviðtÞ ¼
ð
v f ðv, tÞ dv:

Table 1. Physical and numerical parameters.
Symbol Value Symbol Value

Tp ½K� 700 M ½kg� 6:63 � 10�26

b [ s
2

m2] m
2kBT

kB [
m2 kg
s2 K ] 1:38 � 10�23

c [–] 0.9 d ½m� 0:4 � 10�3

xf [–] 10 Nf [–] 5 � 104
Nt [–] 40 Dt½s� 1:5 � 10�3

Nv [–] 20
 20 vmax½m=s� 103

� [ s
2

m2] 10�10 Dv½m=s� 105.26
Nfrac [–] 0:1 � Nf T ½s� 6 � 10�2
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In Figure 2a, we show the x component of the mean velocity and com-
pare it to the desired velocity. Similarly, in Figure 2b, we plot the y compo-
nent of the mean velocity. Notice that, since we require that the control is
zero at final time, the y component of the desired velocity is not attainable,
which explains the behavior depicted in Figure 2b.
However, our choice of having the control field equal to zero at t¼ 0

and t¼T is arbitrary and can be replaced by other conditions to define dif-
ferent control spaces. Moreover, boundary conditions are not required if
our control space is chosen as U ¼ L2ð0,T;R2Þ: In this case, we use the L2

gradient given by

Figure 1. Results of numerical experiment in the H1 case.
(a) Convergence history of J over optimzation iterations.
(b) Optimal control field. The ordinate axis shows the time.

Figure 2. Results of numerical experiment using H1 control: evolution of the mean velocity.
The axis of ordinates shows the velocity and the axis of abscissas shows the time, both in
SI units.
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rJrðuÞjL2ðtÞ ¼ � uðtÞ �
ð
qðv, tÞ @uCu f½ �ðv, tÞ dv,

which results in a NCG scheme where rJrðuÞjH1 is replaced by rJrðuÞjL2 :
With this version of Algorithm 4.7, we also obtain a sequence of controls

that minimizes the objective functional as shown in Figure 3a and deter-
mine the optimal controls depicted in Figure 3b. Comparing this latter
result with that shown in Figure 3b, we see that the optimal control is less
regular in the L2 case, as expected. On the other hand, with this setting,
the desired velocity profile is attainable and our control framework can
track the desired velocity for all times as shown in Figure 4.
The last part of this section presents a comparison of our MC framework

with a similar optimal control approach where finite difference approxima-
tion, explicit Euler time-stepping scheme, and second-order quadrature are
used. For this purpose, we consider a one-dimensional setting and L2 control
costs. In the deterministic counterpart of our scheme, we consider a uniform
mesh in the velocity space. For stability of the Euler time-stepping procedure,
we need to choose a time step size that is one order of magnitude smaller
than in the MC method. Notice that the latter is inherently numerically stable
(Weinberg 2014). In both cases, we use a gradient-descent scheme with fixed
step size for updating the control. As termination criterion, we stop both
algorithms when the reduction of the value of the cost functional between
two consecutive optimization steps is less than 10�4:
In this experiment, we choose the following desired velocity profile

vDðtÞ ¼ v1
t
T

� 	2

þ v2
t
T
,

Figure 3. Results of numerical experiments in the L2 case.
(a) Convergence history of J over optimization iterations in the L2 case.
(b) Optimal control field in the L2 case. The ordinate axis shows the time.
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where v1 ¼ �800 m/s, v2 ¼ 900 m/s and T¼ 1.25 s.
In Figure 5a, we compare the optimal controls obtained with these two

methods. We see that they match very well. In Figure 5b, we plot the cor-
responding velocity profiles, compared with vDðtÞ, showing compar-
able results.

6. Conclusion

In this paper, optimal control problems governed by the KS master equa-
tion were formulated and solved in a MC framework. Based on the
Lagrange approach, a KS optimality system was derived that includes the

Figure 5. Comparison of results obtained with a deterministic scheme and with the MC
scheme. The axis of ordinates shows the value of the control (left) and the mean velocity (right)
and the axis of abscissas shows the time, all in SI units.

Figure 4. Results of numerical experiment using L2 controls: evolution of the mean velocity.
The axis of ordinates shows the velocity and the axis of abscissas shows the time, both in
SI units.
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KS model, its optimization adjoint equation, and the first-order optimality
condition. A reformulation of the adjoint KS equation was discussed that
allowed the solution of the resulting adjoint problem within the MC frame-
work. Therefore, it was possible to define a gradient-based optimization
scheme entirely consistent with the MC setting. This scheme was success-
fully validated considering different control spaces.
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