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Pointwise convergence of the integral kernels of Feynman path integrals

The Feynman path integral formulation of quantum mechanics is universally recognized as a mi-
lestone of modern theoretical physics. Roughly speaking, the core principle of this picture provides
that the integral kernel of the time-evolution operator shall be expressed as a “sum over all possible
histories of the system”. This phrase entails a sort of integral on the infinite-dimensional space of
suitable paths, to be interpreted in some sense as the limit of finite-dimensional short-time approxi-
mation operators. In spite of the suggestive heuristic arguments and the success as a practical tool
for performing computations [4], the quest for a rigorous derivation of the Feynman path integrals
is far from over. This is evidenced by the wide variety of attempts to give mathematical meaning to
this framework, mainly with the equipment of functional, harmonic and stochastic analysis [1, 2].

Notwithstanding the several outcomes concerning the convergence in suitable operator topologies,
the original Feynman’s idea underlay the much more difficult and widely open problem of the pointwise
convergence of the integral kernels of the approximation operators [3]. We address this problem and
significantly benefit from concepts and techniques arising in the context of time-frequency analysis,
which have been fruitfully applied to the study of path integrals only in recent times [5, 6, 7].

We consider path integrals in the Trotter-type form for the Schrödinger equation, where the Hamil-
tonian is the Weyl quantization of a real-valued quadratic form perturbed by a bounded non-smooth
potential [8]. In a nutshell, we rephrase the problem in terms of pseudodifferential operators and then
exploit the rich structure enjoyed by certain function spaces of a marked harmonic analysis flavour,
defined in terms of the decay of the Fourier transform, namely the modulation spaces M∞

s (R2d) (with
s > 2d) and M∞,1(R2d). In particular, they are Banach algebras for both pointwise multiplication
and product of symbols for the Weyl calculus.
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