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Introduction

One main motivation to consider such algebras comes from mathematical physics, in particular from
quantum theory: here the observables of a quantum system usually form a *-algebra which in optimal
situations is a C*-algebra.

Since in real life such a nice analytic framework is hard to achieve, one is content with a more
algebraic treatment involving only the *-involution but no analytic features. In fact, in constructive
approaches to quantum mechanical models one usually starts with an abstract algebra generated
by some elements satisfying commutation relations which reflect the physical input for the model.
It is then a major task to implement these algebras as algebras of, typically unbounded operators,
on a Hilbert space. Only after a sometimes quite sophisticated spectral analysis of the situation is
performed, one can pass to the C*-algebra or the von Neumann algebra generated by the spectral
projections of the unbounded operators. However, even if one has now reached a C*-algebra, the
unbounded operators still may carry an important physical interpretation of those observables which
have a more direct interpretation.

Beyond these difficulties, in formal deformation quantization the situation is even worse: the
observable algebras constructed there are typically defined over the ring of formal power series in
h without known convergence properties. Thus one obtains a *-algebra over C[A] instead. From a
physical point of view, the convergence of course has to be understood and solved. However, this has
been achieved only in the simplest cases while deformation quantization itself works in full generality:
by a famous theorem of Kontsevich every Poisson manifold admits a formal star product.






Chapter 1

*-Algebras and Elementary
Representation Theory

In this first chapter we introduce the notion of a *-algebra over an ordered ring and establish some
first examples of such *-algebras which will be the guiding examples throughout these notes: The
main motivation comes from C*-algebras which serve as quantum mechanical observable algebras
in many mathematically oriented approaches to quantum theory. However, also algebras of more
unbounded nature are of interest like O*-algebras of unbounded operators on some Hilbert space.
Moreover, the complexified universal enveloping algebra of a real Lie algebra provides another class
of examples which controls the representation theory of the Lie algebra, thereby being responsible for
various notions of symmetries. The global analogue to this infinitesimal notion of symmetries is then
given by a group and its group algebra yielding yet a further important class of *-algebras.

Beside these classical examples also new examples arise when taking deformation theory into
account. Here the formal star products are the most important class of *-algebras we want to consider.
In fact, this class was one of the main motivations to extend the usual techniques from C*-algebra
theory to the much more general framework since now we even have changed the underlying ring of
scalars from the complex numbers to the formal power series C[A].

The aspired representation theory for *-algebras on pre-Hilbert spaces should now capture all
relevant features known from the individual representation theories of these examples: a unifying
theme is to be found. The analytic theory of C*-algebras will be a guideline but only those aspects
can be used which are algebraic. The perhaps first surprising observation is that positivity is not
an analytic but an algebraic feature. Indeed, the order of the underlying ring will allow for various
notions of positivity. One of the major goals will then be the understanding of the representation
theory of a given *-algebra. Based on the concept of a state, the GNS construction yields a systematic
way to obtain such *-representations.

We conclude this introductory chapter with a discussion of the aims and expectations one has
when investigating the *-representation theory of *-algebras in this generality. It will be clear that
only the general algebraic features can be treated, more specific questions and results will typically
require either a more specific nature of the underlying *-algebra or some more analytic framework to
actually prove the interesting statements.

1.1 First Properties of *-Algebras
In this section we present the basic concepts of *-algebras and collect some first classes of examples.
Most of the statements in this section are either simple abstractions from the theory of C*-algebras

or transfers from easy concepts in (linear) algebra.

3



4 1. *-ALGEBRAS AND ELEMENTARY REPRESENTATION THEORY

1.1.1 Ordered Rings and *-Algebras
An ordered ring is a mild generalization of an ordered field. We recall the definition:

Definition 1.1.1 (Ordered ring) An ordered ring R is an associative commutative ring with 1 # 0
together with a distinguished subset P C R such that

i.) R is the disjoint union of P, {0}, and —P,
ii.) P-PCP and P+ P CP.

The elements in P are called positive, the elements in —P are called negative elements of R.

Remark 1.1.2 Let R be an ordered ring and «, 8 € R.
i.) As usual we write a < f if 8 — a € P and similarly we use the symbols >, <, and >.
ii.) We have o > 0 and o? > 0 iff & # 0 by a simple case-by-case analysis.
i11.) If & > 0 then aff > 0 implies 8 > 0.
iv.) Tt follows that 1 = 12 > 0 and hence also n = 1 +--- +1 > 0. Thus an ordered ring has
necessarily characteristic zero, i.e. Z C R is always a subring. We will sometimes assume that
also the rationals @) C R are contained in R.
v.) It is easy to see that ab = 0 implies a = 0 or b = 0, i.e. an ordered ring has no zero divisors.
This allows to pass to the quotient field which we denote by R. It turns out that this will be an
ordered field such that the natural inclusion R — R is order preserving, see also Exercise m

As for ordered fields we say that an ordered ring R is Archimedian if for every positive «, 5 € R one
finds an n € N with an > .

Example 1.1.3 (Ordered rings) The following two basic examples will play a role throughout
these notes:

i.) The rings Z, QQ, and R are ordered rings (even ordered fields for Q and R) with respect to
the usual notion of positive elements. The order is Archimedian. In fact, Archimedian ordered
rings are subrings of R.

ii.) If R is ordered, then the ring of formal power series R[] is ordered as well via

a=> Na >0 if an >0. (1.1.1)

r=rg

Now the order is necessarily non-Archimedian. Indeed, the formal parameter A is positive but
nA < 1 for all n € N. This construction can of course be iterated. In formal deformation
quantization this is the relevant example with A playing the role of Planck’s constant A. Note
that the notion of an ordered ring is very suited for formal deformations as one stays in the
same framework before and after the deformation. We will come back to this example from
time to time and discuss the relevance of formal power series within the context of deformation
theory in Chapter [0 in detail.

Given an ordered ring R we can consider the ring extension C = R(i) by a square root i of —1. As
usual, we can view R as subring of C. Then every element in C can be uniquely written as z = x + iy
with z,y € R. The complex conjugation is defined as usual by z = x — iy for z = x + iy and we call
the real part and y the imaginary part of z. For z € C we have z € R if and only if z = Z. Moreover,
Zz > 0 for z # 0. Also the ring C has characteristic zero and no zero divisors. Its quotient field is, up
to the usual identification, given by C = R(i).

In the following, we always use a fixed choice of R and the corresponding C = R(i) as scalars.
Then we can define a *-algebra over C as follows:

© Stefan Waldmann 2019-01-25 15:18:20 40100 Hash: 13717b6



1.1. First Properties of *-Algebras 5

Definition 1.1.4 (*-Algebra) An associative algebra s over C = R(i) is called *-algebra with *-
involution *: f — A if the map * is a C-antilinear involutive anti-automorphism of A, i.e.
i.) (aa + Bb)* = aa* + Bb*,
ii.) (a*)* = a,
iii.) (ab)* = b*a*
forall a,b € A and o, 5 € C.

In the following, o will always denote a *-algebra over C. Mainly, we are interested in the unital case.
In this case, the unit element 1 € &f necessarily satisfies 1* = 1.

A *-homomorphism ®: o — 9B from a *-algebra o to a *-algebra 9% is now an algebra homomor-
phism with ®(a*) = ®(a)*. This definition yields the category *-alg(C) of *-algebras over C. If the
reference to C is clear from the context, we simply write *-alg. Moreover, the non-full sub-category
of unital *-algebras with unital *-algebra morphisms is denoted by *-Alg. Typically, if we need unital
*-homomorphisms, then we will consequently stress this fact.

A *-ideal ¥ C 9 is an ideal which is closed under the *-involution. It is necessarily a two-sided
ideal. It is now a routine argument that the quotient &f / ¥ becomes a *-algebra again, unital if &/ was
unital, such that the quotient map f — o« / ¢ is a (unital) *~homomorphism, see also Exercise .

We recall some standard notions adopted from the well-known situation of operator algebras.

Definition 1.1.5 (Special elements) Let o be a *-algebra over C = R(i).
i.) An element a € A is called Hermitian if a* = a.
ii.) An element a € o is called anti-Hermitian if a* = —a.

iii.) An element a € o is called normal if a*a = aa*.

iv.) In the unital case, an element v € A is called an isometry if u*u = 1.
v.) In the unital case, an element uw € o is called unitary if w*u =1 = uu*.

vi.) An element p € o is called a projection if p*> = p = p*.

1.1.2 Positivity

Up to now we have not yet used the fact that R is ordered. The *-involution can already be defined
if the ring C of scalars carries a distinguished involution itself. This will now change by considering
positive functionals and algebra elements. By convention, a functional will always be linear over the
scalars C, even if we do not mention this explicitly.

Definition 1.1.6 (Positive functional) Let o be a *-algebra over C = R(i). A linear functional

w: A4 — C is called positive if
w(a*a) >0 (1.1.2)

for all a € d. The subset of positive linear functionals in the dual of A will be denoted by 7y C A*.
If A is unital, then a positive functional w is called a state if in addition w(1) = 1.

The basic feature of positive functionals is that they fulfill the Cauchy-Schwarz inequality:

Lemma 1.1.7 (Cauchy-Schwarz inequality) Let < be a *-algebra over C = R(i) and let w: o —
C be a positive functional. Then one has the Cauchy-Schwarz inequality

w(a*b)w(a*b) < w(a*a)w(b*d) (1.1.3)

as well as the reality condition

w(a*d) = w(b*a) (1.1.4)
for all a,b € A.
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6 1. *-ALGEBRAS AND ELEMENTARY REPRESENTATION THEORY

PROOF: We recall the proof which is entirely standard. For z,w € C we consider
p(z,w) = w((za + wb)*(za + wd)) = Zzw(a*a) + Zww(a*b) + wWzw(b*a) + wWww(b*b) > 0.

This is indeed non-negative by the positivity of w. Evaluating this for z = 1 and w = 1 as well
as z =1and w = 1 gives at once. Considering the case where w(a*a) = 0 = w(b*b) we get
with w = w(b*a) = w(a*b) the inequality (z + Z)w(a*b)w(a*b) > 0 for all z. This can only be true if
w(a*b) = 0, too. For the remaining case we can assume that e.g. w(a*a) > 0. Taking w = w(a*a)
and z = —w(a*b) gives then —w(a*a)w(a*b)w(a*db) +w(a*a)w(a*a)w(b*b) > 0. Thus holds also

in this case. O

If « is unital then (1.1.4)) implies w(a*) = w(a). In this case w(1) = 0 implies w = 0 by (1.1.3).
Thus one can safely focus on normalized positive functionals where w(1) = 1, where one only has to
pass to the quotient field if necessary.

Remark 1.1.8 (Physical interpretation) Let us briefly recall the physical interpretation of the
positive functionals: while the Hermitian elements of the *-algebra ¢f are considered to represent the
observables of the physical system described by o, the positive functionals play to role of the physical
states. Without much restriction, we assume that &/ is unital and w: 9§ — C is a state in the sense of
Definition [1.1.6] Then for a given Hermitian element a € ¢ the scalar E, (a) = w(a) is interpreted as
the expectation value of a in the physical state represented by w. This is the average number one gets
after (idealized: infinitely) repeated measurements of the quantity a in the state w, which of course
has to be prepared again after each measurement. Note that the possible outcomes of a measurement
will be, at least in quantum theory, quite restricted: the available numbers constitute the physical
spectrum of the observable a. In a next step, one can define the variance by

Var,(a) = w((a —w(a)l)*(a —w(a)l)) = w(a*a) — w(a)w(a) > 0. (1.1.5)

Now the positivity property of w ensures that the variance is indeed non-negative. Finally, one can
consider the covariance for several (Hermitian) observables aq, ..., a, € ¢ defined to be the matrix

Covy(as, aj) = w((a; —w(a;)1)*(a; —w(a;)1)). (1.1.6)

Again, one can show that this is a non-negative matrix in sense to be explained below, see also Exer-
cise This shows that for a physical interpretation the positivity (and the normalization) of the
functionals is crucial as variances and covariances should of course be non-negative. However, it is a
highly non-trivial question to decide whether there is indeed some probability-theoretic background
guaranteeing that these quantities are indeed variances and covariances of a certain probability dis-
tribution on the allowed values which the observable can take, i.e. its (physical) spectrum. It will
need a fair amount of analysis to obtain a reasonable notion of spectrum: One wants to define the
(mathematical) spectrum spec(a) of a normal or Hermitian element a together with a probability
distribution, the spectral measure p,, for each state w such that

w(a) :/ A d g, (1.1.7)
A€spec(a)

i.e. the algebraically defined expectation value w(a) is the expectation value in a measure-theoretic
sense. It is a remarkable and non-trivial result in C*-algebra theory, the spectral theorem, that this
is actually possible. However, beyond C*-algebras this last aspect needed for a physical application
seems to be very hard to get. For O*-algebras one can still rely on the ambient algebra of bounded
operators on a Hilbert space and transfer the spectral theorem to the unbounded situation, provided
some technical assumptions are met, like the questions of self-adjointness etc., which becomes much
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1.1. First Properties of *-Algebras 7

more delicate when dealing with a whole algebra of (unbounded) operators instead of a single operator.
Here one can consult e.g. the monographs [1041|105] as well as for some more recent considerations.
Needless to say, this becomes even worse in the framework of formal deformation quantization where
one works with the rings of formal power series R[A] and C[\] instead of R and €. Hence we shall
ignore these questions in the following and focus on the algebraic part only.

Using positive functionals we can now define positive algebra elements as well:

Definition 1.1.9 (Positive algebra element) Let 4 be a *-algebra over C = R(i).
i.) An element a € A is called positive if for all positive functionals w: i — C one has

w(a) > 0. (1.1.8)

ii.) The subset of positive elements of A is denoted by o™.

iii.) The elements in the subset
A+t = {a cA ( a=3"" Bibib; with b; € st i > o}. (1.1.9)
are called the algebraically positive elements or sums of squares.

Lemma 1.1.10 Let 4 be a *-algebra over C = R(i) and let w: s§ — C be a positive functional.
i.) The positive functionals form a convex cone in the dual 4* = Home(A, C).
ii.) For all b € o the functional a — wy(a) = w(b*ab) is again positive.
iii.) The positive elements 4T as well as the algebraically positive elements A+t form convex cones
in A.
iv.) We have AT C o,
v.) We have b*d+b C A+ and b*ATTb C At for allb e A.

PRrROOF: The first part is clear and the second follows from wy(a*a) = w((ab)*(ab)) > 0. The third
part is a consequence of the first. The fourth part is clear by definition and the last part follows from
the second. O

The extreme points in the convex set of states are also called the pure states: here a state w is
pure if w = aw; + (1 — a)we with other states w; and we and 0 < a < 1 implies that w; = ws.
For a commutative *-algebra over € one would expect from physical considerations that the pure
states coincide with the characters of the algebra, i.e. the *-homomorphisms to €. Under favorable
circumstances and non-trivial usage of analytic techniques one can actually show such statements,
see e.g. for a recent approach in the unbounded situation.

In general, it is a highly nontrivial question to decide whether #*+ is actually equal to ™.
In fact, for the algebra of complex polynomials in several variables it is one of the famous Hilbert
problems. Typically, we expect that @+ is strictly smaller than s/, see also Exercise [1.4.18] We
will have to come back to this difficulty at various places.

Structure preserving maps are in any field of mathematics of major interest. In our situation
we have on one hand the *-homomorphisms between *-algebras. However, there is also a slightly
weaker notion of maps which preserve only positivity. As preparation we need the following simple
observation, see Exercise [1.4.5

Lemma 1.1.11 Let o be a *-algebra over C = R(i). Then the matrices My, () are a *-algebra for
all n € N with respect to the usual matriz multiplication and the *-involution (a;j)* = (a}‘i) where
(aij) € Mp(o).
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8 1. *-ALGEBRAS AND ELEMENTARY REPRESENTATION THEORY

Definition 1.1.12 (Positive maps) A linear map ¢: A — B is called positive if
d(AT) CBT. (1.1.10)
Moreover, ¢ is called n-positive for n € N if
™) My, (sd) — M, (B) (1.1.11)

18 positive, where qb(”) is defined by applying ¢ componentwise. Finally, ¢ is called completely positive
if o™ is positive for all n € N.

The following properties are now obtained analogously to the statements of Lemma[1.1.10

Remark 1.1.13 (Positive maps) Let n € N.

i.) The n-positive maps as well as the completely positive maps form convex cones inside all linear
maps Homc (o, %).

ii.) The composition of n-positive (completely positive) maps is again n-positive (completely posi-
tive).

i11.) *-Homomorphisms are completely positive. In particular, the inclusions of *-subalgebras % C o
turn positive elements of 9 into positive elements of .

iv.) If ¢ is n-positive, then ¢ is also (n — 1)-positive. This is actually not completely obvious and
will be discussed in Exercise

There are simple examples of positive maps which are not completely positive. In fact, already for
the complex 2 x 2 matrices My(C) it is a standard example that the matrix transposition is positive
but not 2-positive, see Exercise The other important observation is that there are completely
positive maps which are not *-homomorphisms. We list here the following two examples which will
be needed later:

Example 1.1.14 Let ¢ be a *-algebra over C = R(i). Then the maps tr, 7: M, () — o« with

n

tr(A) = Zn:a and T(A) = a; (1.1.12)
=1

ij=1
are completely positive maps, see also Exercise [1.4.6

Remark 1.1.15 (Quantum information) The fact that already for matrices there are positive but
not completely positive maps plays a central role in quantum information theory and the theory of
open quantum systems. As a first reading one should consult [21}92].

Remark 1.1.16 (Strong positivity and O*-algebras) There are other notions of positivity which
take care of more specific properties of a *-algebra: for *-algebras over C one might consider topo-
logical properties which allow to ask for continuity of positive functionals. Thus one might specify a
sub-cone K of all positive functionals such that & is still stable under the map w +— wy for b € «.
Having less positive functionals results in more positive elements, now called A -positive elements. If
this can be done consistently not only for & but also for all matrices M, (/) then one can speak of
completely A -positive maps. Of course, this will all depend crucially on the choice of A and thus
one can not expect the same good functorial behaviour as for the canonical choice of all positive func-
tionals. Nevertheless, in the theory of unbounded operator algebras (O*-algebras) on a pre-Hilbert
space H this plays a central role leading to the notion of strong positivity, see [104, Sect. 2.6] for a
further reading. Here the basic idea is to specify the positive cone by requiring (¢, A¢) > 0 for all
¢ € H in the domain of the operator A. A more abstract version of O*-algebras and their cones of
positive elements and positive functionals can be found in .
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1.1. First Properties of *-Algebras 9

For later use we mention the following result from [48 Lem. 6.5] on positive elements. Note that
in general the following positive elements will not be sums of squares:

Proposition 1.1.17 Let A be a *-algebra over C = R(i) and let g € M,,(C)" be a positive matriz.
Then for allm € N and all ay, . 1, € 4 with ky,..., ky =1,...,n we have

n

Z gFh . ghmtmar L ap g, € AT (1.1.13)
k1,£1,-..,km,€m=1

PROOF: We rely on the characterization of positive matrices from Exercise [1.4.4] First we note
that G = g® - ® g € Mp(C) ® --- ® M,(C) = M,;;m(C) is still a positive matrix since for all
20 20m e C™ we have

n

o) m) (1 m
DR B X

klyelrnzkm,gm:l

n - n -
_ ( Z gklglzzg)zzgll)> < Z gkmemzlg:)zé:?)>

k1,41=1 kmdm=1

- <Z<1>,gz(1>> . <Z(m>, gz<m>>
0.

Next, we note that for a positive linear functional w: ¢ — C the matrix (w(afa;)); j=1,..n € Mn(C)

v

is positive for arbitrary ai,...,any € &. Indeed, for z1,...,zxy € C we have
N *
N N
2:1 ziw(aja;)z; = “((Z“ ziai) (ZH Zj%‘)) >0,
z?-]:

which implies the positivity. Thus the matrix Q = (w(ay, ; @ ..e,,)) € Mym(C) is positive for all
positive linear functionals w. Thus we have

n n
k14 Ekmlm _ kil kmlm
w( E gtt-o-g azl,.,kmael.‘.zm> = § g gt (ag, g e e)

ki, km lm=1 k1,81, km =1
=tr(GQ)
>0,

since the trace of the product of two positive matrices is still positive, see Exercise [1.4.4] This
completes the proof. O

Note that the proof would simplify drastically if we knew that the matrix g is diagonalizable with
non-negative entries on the diagonal: over C with an ordered ring R this can not be assumed directly.
For an ordered field, however, the above proof can be simplified using a basis of eigenvectors.

1.1.3 Examples of *-Algebras

Let us now collect some classes of examples of *-algebras. The first ones are still for the choice R = R
and hence C = C.

Example 1.1.18 (Smooth functions) Let M be a smooth manifold and denote by 6€°°(M) the
smooth complex-valued functions. Then €°°(M) forms a unital *-algebra with respect to the point-
wise (commutative) multiplication and the pointwise complex conjugation as *-involution. The com-
pactly supported smooth functions “65°(M) are then a *-ideal which is proper iff M is non-compact.
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10 1. *-ALGEBRAS AND ELEMENTARY REPRESENTATION THEORY

This is the class of examples underlying classical geometric mechanics on the one hand and deforma-
tion quantization on the other hand. Analogously, other classes of differentiability like 6% (M) with
k € N provide *-algebras as well. In general one has 6°°(M)*" £ €°°(M)™, see Exercise |1.4.18

One of the most important class of *-algebras is the class of C*-algebras. Physically speaking, a
C*-algebra is the prototype of an observable algebra in quantum theory. We recall the definition: a

*-algebra o over C is called C*-algebra if it is equipped with a complete norm || - || satisfying
[labll < [[alll|o] (1.1.14)
and
* 2
la*all = flall (1.1.15)

for all a,b € . If o is a unital C*-algebra, ||1|| = 1 follows from (1.1.15). The first condition
simply implies that the product is continuous. The second condition in (|1.1.15)) is the C*-condition.
It follows that

la”]] = [la] (1.1.16)

for all @ € « and hence the *-involution is continuous as well. If only and are
satisfied, then of is called a Banach *-algebra.

C*-algebras have many nice features. The most prominent, among many others, is the continuous
spectral calculus which allows us to define continuous functions of Hermitian (more generally, of
normal) elements in a consistent way as a consequence. It follows that «/* = «/ ™ for a C*-algebra.
In the following, we shall sometimes use C*-algebras as particular examples to illustrate how the
analytic techniques provide additional algebraic features not present in general. For further reading,
consult the extensive literature like e.g. [10}/19,20}/41},45.|68}69,81].

There are two particular cases of C*-algebras of interest. In fact, it turns out that up to isomor-
phism the following two scenarios yield already all C*-algebras:

Example 1.1.19 (Commutative C*-algebras) The continuous complex-valued functions € (X)
on a compact Hausdorff space X form a unital commutative C*-algebra where the C*-norm is the
sup-norm || - || .. In fact, all commutative C*-algebras with unit are of this form up to isomorphism
with X uniquely determined up to homeomorphism. This classical statement of Gel’fand and Naimark
can be formulated as an equivalence of the category of compact Hausdorff spaces and the category
of unital commutative C*-algebras. In this sense, the commutative C*-algebras serve as model for
classical, i.e. commutative geometries.

Example 1.1.20 (Closed subalgebras of %5 (f))) For a complex Hilbert space $) the continuous
(i.e. bounded) operators B(£)) form a C*-algebra with respect to the operator product and the
operator norm. More generally, any closed *-subalgebra of B($)) is again a C*-algebra. It is one of
the remarkable aspects of the theory of C*-algebras that any C*-algebra can be obtained like this up
to isomorphism. In view of the commutative situation, one considers noncommutative C*-algebras
as being the continuous functions on a noncommutative topological space, which of course only exists
by means of its function algebra, i.e. the noncommutative C*-algebra. This is the starting point of
noncommutative geometry in the sense of Connes |38|, see also the various textbooks and monographs
on noncommutative geometry [3}3539}59}|74}75/80,86,111]. Beside being mathematically extremely
fruitful, such noncommutative geometries are considered to play a central role in fundamental theories
of physics at very small length scales: here quantum effects should become relevant for the very notion
of geometry itself, thereby leading to some sort of noncommutativity. Of course, at the moment this is
very much speculation as there are by no means experiments possible which could probe the relevant
scales.

© Stefan Waldmann 2019-01-25 15:18:20 40100 Hash: 13717b6



1.1. First Properties of *-Algebras 11

While the above examples work over the complex numbers the next class requires to pass from R
to R[A]. In Chapter@we will put this into a much larger context when discussing formal deformations
of *-algebras in general.

Example 1.1.21 (Star products) For a smooth manifold M one considers a C[A]-bilinear multi-
plication x for €°°(M)[A]. The required bilinearity over C[A] implies that for f,g € 6€°°(M) we can
write f x g as

frg=Y_NCf.g) (1.1.17)
r=0

with C-bilinear operators C,., which we extend C[A]-bilinearly to all of €°°(M)[A]. Such a product
is called a star product if Cj is just the usual pointwise multiplication of functions [5]. In this case the
antisymmetric part of Cy defines a Poisson bracket for €°°(M) and M becomes a Poisson manifold.
Conversely, for a given Poisson manifold, one tries to find and classify such deformations *. For
technical reasons one requires the operators C, to be bidifferential operators. Moreover, for higher
r > 1 they should vanish on constants which is equivalent to 1x f = f = fx 1. Up to now, no reality
assumption has been made. One considers

(1,9} = 1(Ca(f.9) ~ Crlg, ) (1.1.18)

as Poisson bracket and requires this to be a real Poisson bracket, i.e. {f,g} = {f,g}. Then the star
product is called Hermitian if

frg=9g*f, (1.1.19)

i.e. the complex conjugation is a *-involution for x. Note that the rescaling is necessary
as A € R[] is considered to be a real and in fact positive element in the ordered ring R[A] of
scalars. It is a celebrated theorem of Kontsevich [77] that gives both the general existence of star
products on Poisson manifolds as well as a full classification of them. Much more can be said on
this class of *-algebras: details on star products and deformation quantization can be found e.g. in
the introductory textbook [116] as well as in [47]. It is this class of examples which provides the
core motivation to extend the notions of representation theory from C*-algebras to our more general
framework. Note that the usage of formal power series and hence the usage of a non-Archimedian
ordered ring is inevitable as in general not much can be said about the convergence of star products.
Of course, A > 0 points already into the correct direction which for a yet to be shown convergence
of the formal series will be relevant: once we have convergence established, the formal parameter
becomes the positive Planck constant . Thus another way of interpreting the ordering of R[A] is
that X is infinitesimally small but yet positive. We will come back to this example at many occasions
and consider deformation theory in general in Chapter [6]

The next two examples are more algebraic. They allow to encode symmetries of various kinds:

Example 1.1.22 (Group algebra) Let G be a group. Then the complex group algebra C[G] is
defined as the vector space with basis vectors being the group elements g € G. The multiplication is
just the group multiplication extended C-bilinearly. It is then an easy check that ¢* = ¢g~! extends
to a *-involution for C[G] such that the group elements are unitary. In addition, the group algebra
is also a Hopf algebra where the coproduct is determined by A(g) = g ® g, the counit is determined
by €(g) = 1, and the antipode is determined by S(g) = ¢~!. Then the group can be recovered as
the set of group-like elements in C[G]. Finally, the *-involution is compatible with the Hopf algebra
structure leading to a Hopf *-algebra. More information on the general theory of Hopf *-algebras and
their representation theory can be found e.g. in the textbooks [37,|73}/76]. Needless to say, we can

replace € by any ring C = R(i) and obtain a group algebra C[G] as well.
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12 1. *-ALGEBRAS AND ELEMENTARY REPRESENTATION THEORY

While the group algebra is used to describe symmetries in various contexts, the infinitesimal
versions of symmetries are usually formulated via Lie algebras.

Example 1.1.23 (Universal enveloping algebra) Let g be a real Lie algebra. Then the universal
enveloping algebra of g is

U(g) =T*(g)/(E@n—n@&—[&n] | &n € g), (1.1.20)

where T*(g) denotes the tensor algebra over g and ((®@n—n® & — [£,n]) denotes the two-sided ideal
generated by the elements of the form £ @ n —n® & — [€,n] for all £, € g. The universal enveloping
algebra is generated by 1 and g and is universal for the relations £-n—n-£ = [€,n] for {,n € g. Then
the complexification

Uc(g) = U(g) ®r € (1.1.21)

becomes a *-algebra over C by requiring

& =—¢ (1.1.22)

for all £ € g, i.e. the Lie algebra elements become anti-Hermitian elements. Also in this case we have
a Hopf *-algebra structure where A({) =@ 1 +1® ¢, €(§) = 0, and S(§) = —¢. Finally, we can
replace R by any ordered ring R and C by C = R(i).

In order to obtain more examples we first have to recall the definition of a pre-Hilbert space over
C. This is the direct translation of the usual definition of a complex pre-Hilbert space.

Definition 1.1.24 (Pre-Hilbert space and adjointable maps) A pre-Hilbert space H over C is
a C-module with an inner product

(«, Vi HXxH—C (1.1.23)
such that
i.) (-, ) is C-linear in the second argument,
ii.) (@,9) = (¥, ¢) for all p,¢ € K,
iii.) (¢, @) > 0 for ¢ # 0.

A map A: Hy — Ho between pre-Hilbert spaces is called adjointable if there exists an adjoint map
A*: Ho — Hy such that

for all € Hy and ¢ € Hy. We denote the set of all such adjointable operators by B (Hi, Ha).

Note that the notion “space” does not imply that the module H behaves like a vector space, i.e. H
needs not to be free at all. In fact, later on we shall meet pre-Hilbert modules over other *-algebras,
so the usage of “space” should only imply that the module is over the scalars C.

Note also, that the adjoint A* of an adjointable operator is necessarily unique and both A and
A* are C-linear. We will come back to these properties in a much more general context, see also
Exercise for a first approach.

Example 1.1.25 (Pre-Hilbert space) The standard example of a pre-Hilbert space is given by
the free module C™ for n € N. The canonical inner product is given by

(z,w) =Y FFuF, (1.1.25)
k=1
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1.1. First Properties of *-Algebras 13

where z = Y"7'_, zFe;, with the standard basis vectors ey, ..., e, of C*. More generally, for any set I
we can consider the direct sum CY) of I copies of C and define the canonical inner product the same
way, as now only finitely many coefficients 2* are different from zero in z =, ; 2"¢; € C. Hence

(z,w) =) Fw' (1.1.26)

el

is well-defined and yields a pre-Hilbert space structure for C). Note that the same formula would
not work for the Cartesian product C’ if I is infinite.

Example 1.1.26 (Adjointable maps) Let H be a pre-Hilbert space. The adjointable operators
B(H) =B(H,H) (1.1.27)

form a subalgebra of Endc (). It is easy to see that B (H) becomes a *-algebra with unit 1 = idg
and with the *-involution *: A — A*. In fact, the composition of adjointable operators is again
adjointable in general. Note that for the case of a complex Hilbert space $) instead of H, this
definition reproduces the bounded linear operators by the Hellinger-Toeplitz theorem, see e.g. [102,
p. 117]. However, already for complex pre-Hilbert spaces the operators B (H) typically contain many
unbounded operators, see e.g. the monograph [104]| for a detailed discussion of such unbounded
operator algebras. As a first remark on the structure of the *-algebra 9B (H) we note that it is torsion-
free: if A € B(H) is non-zero and z € C satisfies zA = 0 then z = 0: indeed, choose a vector ¢ € H
with A¢ # 0. Then 0 < (A¢, Ap) and 0 = (zAp, zA¢) = Zz(Ap, Ap). This implies z = 0. It follows
that also all *-subalgebras of B (H) are torsion-free, a feature which is of course trivially fulfilled if R
and hence C are fields. With the same argument one shows that H is torsion-free as well. Moreover,
if A € B(H) satisfies A*A = 0 then we already have A = 0. Finally, if A is normal and nilpotent
then A = 0 follows, see also Exercise [1.4.8

Example 1.1.27 (Finite-rank operators) Let H; and Hy be pre-Hilbert spaces. For ¢ € Hy and
Y € Hy we define the rank-one operator ©yy: Hy — Ho by

O,5(X) = ¢(¥, X);- (1.1.28)

In Dirac’s bra-ket notation this would be ©4 . = |¢)(1)|. However, we will prefer the notation ((1.1.28]).
The finite-rank operators are then defined by

F(30) = {A; H—s K ‘ A=Y 04,4 for some g1, ¢n, Y1ty € f}{} CB(H). (1.1.29)
They form a *-ideal in B (H). Note that

In the case of a complex Hilbert space ), the completion of F($)) with respect to the operator norm
will give the compact operators K($), which form a norm-closed *-ideal in B ($)). Hence K() is a
(in general non-unital) C*-algebra. For an infinite-dimensional separable Hilbert space, the quotient
C*-algebra €($)) = B () /R(H) is called the Calkin algebra, see e.g. [69, Sect. 10.4] or |10} Sect. 1.8.2].

Example 1.1.28 For the pre-Hilbert space C" it is easy to see that the finite-rank operators F(C")
just coincide with all linear endomorphisms of C*. Hence we get

§(C") = B(C") = End(C"). (1.1.31)

If we pass to the infinite-dimensional version of countably many copies of C, we denote the corre-
sponding pre-Hilbert space simply by C*°. In this case, it is easy to see that the finite-rank operators
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14 1. *-ALGEBRAS AND ELEMENTARY REPRESENTATION THEORY

are given by the infinite matrices with at most finitely many non-trivial entries, denoted by M (C).
Clearly, such matrices provide a (non-unital) *-algebra with respect to the matrix multiplication and
the usual adjoint of matrices. Identifying these matrices with the operators acting on C* we get

F(C®) = Moo (C). (1.1.32)

The last example we would like to mention is based on the passage from a *-algebra to matrices
with entries in a *-algebra:

Example 1.1.29 (The algebras M, (#) and My («/)) Let & be a *-algebra over C = R(i) and
n € N. Then the n x n matrices M,, (/) with entries in & form a *-algebra with respect to the usual
matrix multiplication based on the product of & and the usual matrix adjoint using the *-involution
of ¢ instead of complex conjugation as we have seen in Lemma . Clearly, M,,(#) is unital iff
o is unital. We can extend this also to infinite matrices of arbitrary size (indexed by pairs (7, j) with
i,7 € I), provided we have at most finitely many non-zero entries. The case of I = N, i.e. countably
infinite matrices will simply be denoted by Muo (). Now My, () is no longer unital.

1.2 *-Representations and the GNS Construction

It is a general theme in algebra to study a ring by means of its modules. In our case we would like
to establish a module category which captures the structure of a *-algebra over C = R(i) as good as
possible. To this end, we use the situation of C*-algebras as guideline.

The reasons are at least two-fold. First, for C*-algebras there is a very well-developed theory
of *-representations on Hilbert spaces which provides deep insight into the structure of C*-algebras.
Since any C*-algebra can, by means of a *-representation, be identified as a closed *-subalgebra of
the bounded operators on a suitable Hilbert space, this seems to be the right choice.

The second motivation comes from quantum physics: the observables of a quantum system will
be described by a C*-algebra (or just a *-algebra) while the physical states are encoded as positive
normalized functionals, i.e. the states in the sense of Definition This will be enough to define
expectation values for measurements. However, one crucial ingredient for quantum physics is still
missing: two pure states w; and we of quantum systems can be superposed. Here we encounter a
serious problem since we can form convex combination of positive functionals but clearly not arbitrary
linear combinations. The way out in quantum physics is that one has to pass to a representation m
on a (pre-) Hilbert space H and then try to find vectors ¢q, po € H such that wy and we are realized
as vector states, i.e.

wi(a) = (Pr, m(a) k) (1.2.1)

for all a € ¢f. In this situation one can form arbitrary linear combinations ¢ = z1¢1 + 22¢2 of
the state vectors to get a new state vector ¢. After normalizing properly, this will give a new state
w(a) = (¢, m(a)p). It is clear that the additional linear structure of the representation space is needed
for this construction. The crucial questions are now, which *-representation of & should be used and
whether and how a given state w can be realized as vector state.

1.2.1 “*-Representations on Pre-Hilbert Spaces

The following definition of a *-representation is now the direct translation of the C*-algebraic situation.
The main point is that B (H) is a *-algebra itself. Hence we can give yet another motivation for *-
representations, namely we want to compare a “complicated” *-algebra ¢ with the “standard” *-algebra
like B (H).

Definition 1.2.1 (*-Representation) Let o be a *-algebra over C = R(i).
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1.2. *-Representations and the GNS Construction 15

i.) A *-representation (H, ) of o is a *-homomorphism
m: A — B(H), (1.2.2)

where H is a pre-Hilbert space over C.

ii.) An intertwiner T: (Hy,m) — (Ha,m2) from one *-representation of o to another is an ad-
jointable map T € B (Hq,Hs) such that for all a € A one has

T7r1(a) = 7T2(G/)T. (1.2.3)

iti.) The representation theory of < is the category *-rep(sd) with *-representations of 4 as objects
and intertwiners as morphisms.

From what we said on the composition of adjointable operators it is clear that the intertwiners
indeed form morphisms of a category. This justifies the third part of the definition.

Remark 1.2.2 (Different conventions for intertwiners) There is yet another possibility of in-
troducing the notion of intertwiners. Equally reasonable would be to consider isometric C-linear maps
T: (3, m) — (Ha, m2) satisfying the relation (1.2.3). Again, the composition of such isometric in-
tertwiners is an isometric intertwiner and we obtain a category. The isomorphisms in this category
would be unitary intertwiner and not adjointable bijective intertwiners as in our above version. In
case of Hilbert spaces and hence representations by bounded operators, the polar decomposition then
shows that an adjointable bijective intertwiner can be factored into a unitary and a positive inter-
twiner. Hence in this case, both notions of equivalent representations lead to the same equivalence
classes. In our more general setting, however, these choices will lead to different notions. The reason
that we favour adjointable over isometric intertwiners is that there might be isometric maps not al-
lowing for an adjoint. The set of adjointable intertwiners also carries the additional feature of being
a module over C, since is clearly a linear condition for 7'. Finally, if T': (H;, ) — (Ha, m2)
is an intertwiner then its adjoint is an intertwiner in the opposite direction T : (Hy, mo) — (H1,71)
since 71 and 7o are *-representations and thus one can just take the adjoint of the defining condition
. We will later use this fact to formulate the unitary equivalence of representations in a more
categorical language. Nevertheless, even with our notion of intertwiner we will mainly be interested
in the situation of having unitary intertwiners and unitary equivalence of representations.

Up to now, a *-representation of & can be quite trivial. To enforce some non-triviality one has
several options. It turns out that the strongly non-degenerate *-representations will play a particular
role: Here a *-representation (H, ) is called strongly non-degenerate if

m(s)H = K, (1.2.4)

i.e the C-linear span of vectors of the form m(a)¢ is the whole representation space, see also Exer-
cise[l.4.9] If «/ has a unit element 1 € ¢ then 7(1) € B(H) is a projection. In fact, with respect to the
orthogonal decomposition H = 7(1)H & (id —n(1))H, the representation m becomes block-diagonal
such that 7 is identically zero on (id —m(1))H and strongly non-degenerate on the block (1) .
Hence we can just forget about the trivial part and focus on the strongly non-degenerate block. Also
in the non-unital case, we shall mainly be interested in strongly non-degenerate *-representations. In
the unital case they can simply be characterized by the condition 7(1) = id. We denote the full
subcategory of strongly non-degenerate *-representations of o by *-Rep ().

We list some basic examples. The first class of examples shows that the *-representations of group
algebras correspond precisely to the unitary representations of the underlying group.
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16 1. *-ALGEBRAS AND ELEMENTARY REPRESENTATION THEORY

Example 1.2.3 (Group representation) A *-representation (H, ) of the group algebra C[G] gives
a unitary representation of the group G on the pre-Hilbert space H by g — 7(g), i.e. the maps 7(g)
are unitary for all g € G. Conversely, any unitary representation of G canonically extends to a *-
representation of C[G]. If C = C, it is a standard argument that a unitary map on a pre-Hilbert space
is actually bounded and thus extends to the Hilbert space completion while staying unitary. Thus
we get a unitary representation of G on a Hilbert space. The functoriality is slightly more tricky as
our notion of intertwiner does not provide any continuity assumption: so in general the intertwiners
between pre-Hilbert space representations will not extend to intertwiners between the completions.
However, if the intertwiners happen to be unitary themselves then they extend. Thus the notions of
unitarily equivalent *-representations of G in both contexts coincide.

Also for C*-algebras one has an automatic continuity statement:

Example 1.2.4 (*-Representation of C*-algebra) Let o be a C*-algebra and let (H,n) be a
*-representation of ¢/ on a pre-Hilbert space H over €. Then the operators 7(a) turn out to be
bounded and we get a canonical extension 7 to the Hilbert space completion H. For the functoriality
we have the same situation as in the group algebra case.

The case of the universal enveloping algebra of a real Lie algebra is closely related to the group algebra
case. However, the continuity properties are now much more delicate:

Example 1.2.5 (Lie algebra representation) Let g be a Lie algebra over R. A *-representation
(H, ) of Uc(g) restricts to an anti-Hermitian representation of the Lie algebra g on H. Conversely,
an anti-Hermitian Lie algebra representation of g canonically extends to a *-representation of Uc(g)
by the universal property of the universal enveloping algebra. In the case C = C, we do not have any
reasonable continuity of the operators 7(&). Instead, for finite-dimensional g, the interesting question
is whether the Lie algebra representation is actually coming from a unitary (strongly continuous)
representation of the corresponding (connected and simply connected) Lie group G such that the
vectors in H are smooth vectors of the representation of G. In general, this is a highly nontrivial
question, see e.g. [104, Chap. 10] for more details.

We conclude this subsection with the following remark: given an index set I and a family of
*-representations {(3H;, m;) }ier of o we can consider their direct orthogonal sum. The representation
space is defined by

¥ = P i, (1.2.5)
icl
with the inner product given by
(Di)iers () jer) =Y (i thi);e (1.2.6)
icl

Note that this is indeed again a well-defined inner product as thanks to the direct sum we only
have finitely many non-zero contributions for two given vectors. The *-representation is then the
block-diagonal sum of the single m;, i.e. we set

(a) = P mia) (1.2.7)
el

for a € . Tt is now a routine check to see that this defines indeed a *-representation of &f. Moreover,
let P; € B(H) be the projection operator onto the i-th component H; of the direct sum. Note that
we have P’ = P, for all ¢ € I. Then we have

Pr(a) = m(a)P; = mi(a). (1.2.8)
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1.2. *-Representations and the GNS Construction 17

Hence P; is a self-intertwiner of the *-representation 7. This shows that we can recover the original
*-representations form the direct sum by means of these projections. Moreover, it shows that the
subspaces H; C H are invariant subspaces under the representations since H; = im P;.

Conversely, for a given *-representation (H, w) of ¢ it would be very desirable to decompose it into
a direct sum (H, 7) = @, ;(H;, m;) such that each component (3(;, 7;) is no longer decomposable in a
non-trivial way. Such “atoms” of the representation theory are usually called irreducible. A complete
understanding of the representation theory would be a full list of all irreducible *-representations up
to equivalence together with a statement how a given *-representation can be decomposed.

However, beside very particular situations for C = C and nice algebras, this seems to be completely
unrealistic: there might be *-representations which contain invariant subspaces but which do not
decompose into a direct sum, as there might be no invariant complement. Moreover, finding a
complete list of irreducible *-representations will not be achievable due to the complexity of the
problem. Finally, even in the very nice situations for C = C and Hilbert spaces instead of pre-Hilbert
spaces, an understanding of the decomposition requires heavy analytic machinery: the projections
commuting with the *-representation are in the commutant of 7, a von Neumann algebra, the type
of which might prevent us from a reasonable decomposition.

1.2.2 The GNS Construction

Let us now discuss one of the standard ways to construct *-representations, the GNS construction.
We start with a positive linear functional w: f — C. Then

Jo={aeA|w(a"a) =0} (1.2.9)

is a left ideal in 9, the so-called Gel’fand ideal since

Jo={acA|wb'a)=0forallbe d}={acA|w(a*b)=0forallbe}. (1.2.10)
This follows immediately from the Cauchy-Schwarz inequality . Thus the quotient
Heo = A/dw (1.2.11)
becomes a left ¢f-module in the canonical way, namely by setting
o (a)thp = Yab, (1.2.12)
where ¢, € H,, denotes the equivalence class of b. Moreover, we have a well-defined inner product
(ta, P),, = w(a™b), (1.2.13)

which turns H,, into a pre-Hilbert space. With respect to this inner product, 7, is a *-representation,
the GNS representation of ¢ with respect to w, named after Gel’fand, Naimark and Segal who
considered mainly the case of a C*-algebra. In this case one can complete the pre-Hilbert space to a
Hilbert space and extend the *-representation 7 to the completion thanks to the automatic continuity
of the operators m(a) mentioned in Example . This will of course not be available in our general
algebraic situation.

Finally, we assume that in addition &/ is unital. This gives a distinguished vector ¥ € H,, in the
GNS representation space. This vector has two features: first it is cyclic in the sense that

Yo = Tw(a)r, (1.2.14)

i.e. any other vector can be obtained by applying an algebra element to ;. In particular, the GNS
representation is always strongly non-degenerate. Second, we can recover the positive functional w as
a vector state since

w(a) = (Y1, mw(a)P1), (1.2.15)
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18 1. *-ALGEBRAS AND ELEMENTARY REPRESENTATION THEORY

for all @ € . It is now an easy check that these features characterize the GNS representation up to
unitary equivalence:

Proposition 1.2.6 Let o be a unital *-algebra over C = R(i) and let w: § — C be a positive
functional. If (3, m,Q) is a cyclic *-representation with cyclic vector § such that w(a) = (Q, 7(a)Q2) 4,
then this *-representation is unitarily equivalent to the GNS representation with respect to w via the
unitary intertwiner explicitly given by

U: Hy 3¢, — 7m(a) € H. (1.2.16)

PRrROOF: First we show that U is well-defined at all: let a € %, be in the Gel'fand ideal. Then
(m(a)Q, m(a)) = (Q,7(a*a)?) = w(a*a) = 0 shows that 7(a)Q2 = 0. Thus U is well-defined and
injective. Moreover, U is surjective since we assume that ) is a cyclic vector for 7. Finally, U is
isometric since (Uthg, Uthy) = (m(a)2, w(b)Q) = (Q, 7(a*b)Y) = w(a*b) = (Yq,Ys),, for all a,b € 4.
Since U is bijective, this is all we need to conclude that it is unitary. The intertwiner property is clear
by construction. 0

There are numerous examples where the GNS representation can be determined explicitly for a
given positive functional. The first is the defining representation of 8 (H):

Example 1.2.7 Let H be a pre-Hilbert space. For a fixed unit vector Q € H we consider the
functional
w:B(H)>A — w(A)=(Q,AQ) € C. (1.2.17)

We claim that the GNS representation of this obviously positive functional is the defining representa-
tion of B(H) on H. Indeed, all we have to show is that €2 is cyclic: but this is clear since for every
other vector ¢ € H we have ¢ = Oy Q) with ©4 o € F(H) C B(H) since Q is assumed to be a unit
vector. Thus we can apply Proposition [1.2.6] However, note that in ring-theoretic framework it might
well happen that H does not contain any unit vector.

The next example is from deformation quantization: there one has many other examples of positive
functionals leading to physically interesting GNS representations, we just mention one of them without
presenting the details:

Example 1.2.8 (Schrédinger representation) Consider the *-algebra of formal power series C*°(IR?")[\]
with smooth functions as coeflicients equipped with the usual Weyl-Moyal star product

ix 0 9 90 0 o 0
f*Weyng,u062 Zk(aqk®apk 8pk®8qk>f®g7 (1.2.18)

where p(f ® g) = fg is the undeformed product. This star product is Hermitian and thus a *-algebra
over
mathbbC[A] as claimed. The functions 65°(IR*")[\] are now easily shown to form a *-ideal. On this
*-ideal, the functional

w(f) = - flg,p=0)d"q (1.2.19)
is well-defined. In fact, it would suffice to require compact support in every order of A in g-direction
only. By some elementary integration by parts, this functional turns out to be positive. Moreover,
the GNS pre-Hilbert space is, up to a simple identification, the space of wave functions C§°(R™)[\]
with the canonical C[A]-valued L2-inner product |18, Sect. 8]. From Exercise we know that
the GNS representation extends from the *-ideal to the whole algebra 6> (R?*")[A]. Then the GNS
representation becomes the Schrédinger representation, i.e. for polynomials in p’s and ¢’s we have
the usual action by momentum and position operators on wave functions together with the Weyl
symmetrization rule. Analogous results hold for any cotangent bundle |13H15], see also [116, Sect. 7.2]
for further details and explicit proofs.
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1.2. *-Representations and the GNS Construction 19

On consequence of the GNS construction is now that we can find faithful *-representations of
a *-algebra provided it has many positive functionals. Here the following definition turns out to
guarantee this feature |26, Def. 2.7]:

Definition 1.2.9 (Sufficiently many positive functionals) Let o be a *-algebra over C = R(i).
Then o has sufficiently many positive linear functionals if for every non-zero Hermitian element
a=a* €d there is a positive functional w: d4 — C with w(a) # 0.

Proposition 1.2.10 Let o be a unital *-algebra over C = R(i). Then the following statements are
equivalent:

i.) The *-algebra A has sufficiently many positive linear functionals.
ii.) For every non-zero Hermitian element a = a* # 0 there is a *-representation w with m(a) # 0.
iii.) The *-algebra has a faithful *-representation.
In this case, the *-algebra o satisfies the following additional properties:
i.) If a € o satisfies a*a = 0 then a = 0.
ii.) If a € o is normal and nilpotent then a = 0.
it1.) The *-algebra 9 is torsion-free, i.e. for a € A and z € C with z # 0 and za = 0 one has a = 0.

PROOF: We consider the set of all positive linear functionals #} C «* and define the *-representation
7 to be the direct sum of all GNS representations, i.e.

= @ m, on the pre-Hilbert space H = @ He. (%)

wGSﬂi wEsﬂi

Suppose Then we claim that 7 is faithful. Indeed, let first a € 9 be Hermitian. Then we find
a positive linear functional w with w(a) # 0. Hence w(a) = (Y1, 7, (a)i1),, shows that m,(a) # 0.
Being a direct summand of 7w shows then m(a) # 0, too. Thus follows. Now assume [ii. )] let 7 be
a *-representation which is non-trivial on non-zero Hermitian elements, and let a € 9 be arbitrary.
Then clearly 7 is also non-trivial on non-zero anti-Hermitian elements. Now a + a* is Hermitian
and a — a* is anti-Hermitian. Suppose that 7w(a) = 0 then n(a + a*) = 0 = 7(a — a*), too. By
assumption, this implies a + a* = 0 = a — a* and thus a = a* is Hermitian. But then 7(a) = 0
implies @ = 0. This shows that 7 is non-trivial on all non-zero elements of ¢, hence follows.
In particular, is faithful. Finally, if we have a faithful *-representation m of ¢ on H then the
functionals wg(a) = (¢, m(a)¢) are positive and will detect all non-zero Hermitian elements, see also
Exercise This shows the equivalence of the first three statements. If of satisfies these
conditions then ¢ is *-isomorphic to a *-subalgebra of B (H) for some suitable pre-Hilbert space H.
Then o inherits the remaining properties from the adjointable operators, see also Example [1.1.26] ]

Example 1.2.11 The existence of a unit can be weakened |26 Prop. 2.8] but not completely aban-
doned: consider the one-dimensional non-unital *-algebra ¢f = Cx with the *-algebra structure defined
by 22 = 0 and z* = z. In this case, every linear functional is positive for trivial reasons and hence
o« has sufficiently many positive functionals. However, a faithful *-representation of &/ would yield a
Hermitian operator 7(z) # 0 with 7(z)? = 0 which is not possible.

If ¢ has sufficiently many positive functionals, the *-ideal structure of & allows for some nice

characterization [25], see also Exercise and Exercise . In the case of C = C such *-
algebras were treated in detail in [104, Sect. 6.4], where these algebras are called *-semisimple.

Physically speaking, the condition of having sufficiently many positive linear functionals means
that we can detect an observable a being non-zero by investigating all the expectation values E,(a) =
w(a). This is clearly desirable and anything else would not qualify as a physically reasonable observ-
able algebra.
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1.3 Aims and Expectations

Let us now list several aims and expectation which should be addressed in the course of these notes.

e First, we would like to see how *-representations can be constructed beyond the fundamental

construction out of positive functionals as in the GNS approach. Here suitable generalizations
will be discussed.

We shall focus on the algebraic aspects of *-representation theory. This is motivated by the
generality of the examples which we would like to discuss on a common ground: for deformation
quantization it will be important to deal with formal star products as well as with €°° (M) and,
ultimately, with more analytic situations like C*-algebras. This requires the usage of general
ordered rings in favour of the real numbers R. Note, however, in the case of *-algebras over
C, and in particular for C*-algebras and O*-algebras, much more sophisticated results can be
obtained after appropriate use of (heavy) analytic techniques.

We will need generalizations of *-representations on spaces beyond pre-Hilbert spaces. Such
generalizations will naturally occur when we discuss the question of functors

*-Rep () — *-Rep(B) (1.3.1)

between categories of representations for different *-algebras. Particular and very important
examples of functors like will be obtained from certain tensor product constructions. The
reason to consider such functors is to compare the representation theories of different *-algebras
without knowing them explicitly: we have seen that it is very unrealistic to have a complete
understanding of *-Rep (/). However, it will turn out that under certain circumstances it will
be possible to say that «f and %8 have the same representation theory even without knowing
the representation theories individually.

This is closely related to the question how much information about ¢ is contained in the
representation theory *-Rep(#f): Can one reconstruct & from of *-Rep(«f)? For rings and their
module categories this is the classical task of Morita theory. We shall discuss this question for
several adapted versions of Morita equivalence taking care of the additional structure present
for *-algebras over C = R(i).

Since the concept of an ordered ring works well together with formal power series we are able
to study the behaviour of *-algebras and their *-representations under formal deformations in
the sense of Gerstenhaber [53H56]. The main class of examples of such deformations are of
course the star products from deformation quantization. In fact, deformation quantization will
be one of the main guidelines to develop the relevant notions in the sequel. As applications,
representation-theoretical techniques can be used to understand e.g. the Dirac monopole and
the behavior of representations under reduction with respect to symmetries. Without being able
to go into the details, we mention in particular the recent works [27,133,/62,/67]. Note, however,
that we will focus on the general deformation theory of *-algebras and their *-representations
which makes our concepts applicable also beyond star products.

1.4 Exercises

Exercise 1.4.1 (From ordered rings to ordered fields) Let R be an ordered ring,.

i.) Show that R has no zero divisors. Hence one obtains a quotient field R of R.

i1.) Show that R inherits the ordering of R in a unique way such that the canonical inclusion R C R

is order-preserving.

iti.) Show that the ring extension C = R(i) by a square root i of —1 has no zero divisors, too.

Conclude that the quotient field Cof Cis canonically isomorphic to FA{(I)
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Exercise 1.4.2 (Quotients of *-algebras) Show that the quotient of a (unital) *-algebra by a
*-ideal becomes in a unique way a (unital) *-algebra again, such that the quotient map is a *-

homomorphism. Formulate and prove the universal property of this quotient procedure.

Exercise 1.4.3 (Polarization identity) Let V and W be two modules over C = R(i) with an
ordered ring R. Moreover, let S: V xV — W be a sesquilinear map, i.e. assume that S is antilinear

S(au + Bv,w) = aS(u,w) + BS(v,w) (1.4.1)

in the first argument and linear in the second S(u, av + fw) = aS(u,v) + £S5 (u,w), where a, B € C
and u,v,w € V.

i.) Show that the polarization identity

3
S(v,w) = % Z iFS (v + i Mw, v+ i w) (1.4.2)
k=0

holds for all v,w € V and conclude that S is the constant O-map if and only if S(v,v) = 0 for
allv e V.

ii.) Now assume that W = C. A sesquilinear map S: V x V' — C is usually called a sesquilinear
form. Such a sesquilinear form is said to be Hermitian if S(v, w) = S(w, v) holds for all v,w € V.
Show that a sesquilinear form S on V' is Hermitian iff S(v,v) € R holds for all v € V.

i11.) Finally, let & be a unital *-algebra over C. Show that for every a € o there exist 4 algebraically
positive elements bg, by, bg, b3 € 4 7T such that a = Zi:o i*b;, holds.

Hint: Show first that for all a,b € & one has

3
ab = ZZI (a+i%)bla+1") (1.4.3)
k=0
and
1, oy &
ba = Zkzzol (a+i%)"b(a +i%). (1.4.4)

iv.) Discuss under which assumptions the above statement also holds for (particular) non-unital
*-algebras and give examples where it does not hold.

Exercise 1.4.4 (Positive matrices) Let n € N and consider C = R(i) with an ordered ring R. The
aim of this exercise is to prove Lemma [2.1.10, As a tool we will need the quotient fields R and C of
R and C. For further reading see [26, App. A].

i.) Show that every C-linear functional w: M, (C) — C is of the form
w(A) = tr(oA) (1.4.5)

with a uniquely determined matrix ¢ € M,,(C). Show that w is a real functional, i.e. w(A*) =
w(A), iff o = ¢*. Thus, since M, (C) is unital, for positive functionals it will be sufficient to
consider a Hermitian g in the following.

ii.) Let o = p* € M, (C). Show that the corresponding linear functional w is positive iff ¢ satisfies

(v, 00) >0 (1.4.6)

for all v e C".

Hint: For a given matrix A € M, (C) consider the vectors o) = (vf“)i:l ,,,,, n € C" with entries vik) = A
Conclude that for ¢ with ((1.4.6) we then have tr(gA*A) > 0. For the converse, let v € C" be given and consider
the matrix A € M, (C) with entries Ay; =7; for all k = 1,...,n. Conclude that tr(pA*A) implies (v, pv) > 0.
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22 1. *-ALGEBRAS AND ELEMENTARY REPRESENTATION THEORY

iti.) Let o = o* € Mn(AC) Show that ¢ satisfies iff o viewed as matrix o € Mn(é) satisfies
for all v € C™ by choosing suitable common denominators.

iv.) Let o € M,(C) satisfy . Show that there exists a basis vy, ..., v, € C* and non-negative
numbers pi,...,p, € R such that (v;, ov;) = 6;;p; for all 4,5 = 1,...,n. Without further
assumptions on R we can not assume that the v1,...,Uy are orthonormal, nevertheless they
define idempotents P; projecting onto v; according the the direct sum decomposition induced

by the basis. Use this to conclude that for the matrix U € M,,(C) defined by e; = Uv; we have

n
0= pU*PPU € M, (C)*, (1.4.7)
i=1
even though U is not a unitary matrix in general and the P; are not Hermitian in general.
Hint: Use e.g. [65, Thm. 6.19].
v.) Show that ¢ € M,,(C) is positive iff p satisfies when viewed as element of Mn(fj)
vi.) Let A, B € M,(C)*. Show that tr(AB) > 0.
vii.) Let A € M, (C)*. Show that A € M, (C)*++.

Exercise 1.4.5 (Matrix algebras) Prove Lemma/l.1.11

Exercise 1.4.6 (Positive maps) Let & and % be a *-algebras over C = R(i).

i.) Show that a linear map ¢: o/ — 9B is positive iff for every a € o and every positive linear
functional w: 8 — C one has w(¢(a*a)) > 0, i.e. the linear functional ¢*w =wo¢p: 4 — C
is positive.

ii.) Show that a linear map ¢: o — 9B is positive iff p(o47T) C B+,

i11.) Let w: of — 9B be a positive linear functional. Show that w is completely positive.
Hint: Use Exercise [L4.4]

iv.) Solve [68, Exercise 11.5.15] to show that there are positive maps which are not completely
positive.

Exercise 1.4.7 (Complete positivity of tr and 7) Let & be a *-algebra over C = R(i).
i.) Show that M, (M,,(#)) = M,,,,(«) as *-algebras for all n,m € N.
ii.) Show that tr(A*A) € 4T for all A € M,,(«). Conclude that tr: M, () — « is a completely
positive linear map.

i11.) Show analogously that the map 7: M, (#) — o from (1.1.12)) is completely positive.

Exercise 1.4.8 (Adjointable operators) Let H,H’ be pre-Hilbert spaces over C = R(i).
i.) Let A: H — H' be an adjointable map. Show that A is C-linear and that the adjoint A* is
uniquely determined. Show that A* is adjointable, too, and compute its adjoint.

ii.) Show that linear combinations of adjointable maps are again adjointable and determine their
adjoints. Also, show that the composition of adjointable maps (into some further pre-Hilbert
space H") is adjointable and compute the adjoint.

iti.) Conclude that B (H) is a unital *-algebra over C with respect to the usual composition of linear
maps and A — A* as *-involution.

iv.) Let A € B(H) satisfy A*A = 0. Show that this implies A = 0. Moreover, show that the only
nilpotent and normal element A € B(H) is A = 0.

v.) Show by a suitable polarization that if (¢, A¢) =0 for A € B(H) and all ¢ € H then A = 0.
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Exercise 1.4.9 (Non-degenerate *-representations) Let &/ be a *-algebra over C and let (3, )
be a *-representation of &f on a pre-Hilbert space H. Then (3, 7) is called non-degenerate if w(a)p = 0
for all @ € & implies ¢ = 0.
i.) Show that (3, 7) is non-degenerate if (3, 7) is strongly non-degenerate.
ii.) Show that for a non-degenerate *-representation (J, 7) the orthogonal space of m(sf )X is trivial,
ie.
(m(s)H)*" = {0}. (1.4.8)
i11.) Show that (JH,7) is strongly non-degenerate if (3, ) is the direct orthogonal sum of cyclic
*-representations.

iv.) Assume that ¢f is unital. Show that a *-representation is strongly non-degenerate iff it is
non-degenerate.

Exercise 1.4.10 (Variance, covariance, and uncertainty) Let ¢/ be a unital *-algebra over C =
R(i) and let w: ¢§ — C be a state.

i.) Show that for all aq,...,a, € 9 the covariance matrix (Covy,(a;, a;j)) € M, (C) is positive.
ii.) Show that for all a,b € & one has

(w(a*b) — w(a*)w(d))(w(a™d) — w(a*)w(b)) < Vary(a) Vary,(b). (1.4.9)

Conclude that a linear functional w is a unital *-homomorphism iff it is a state and the variances
Var, (a) vanish for all algebra elements a € .

iti.) Let a,b € 9 be Hermitian. Prove that one has Heisenberg’s uncertainty relations

4 Var,(a) Vary,(b) > w([a, b])w([a, b]) (1.4.10)
for the variances of a and b.

Exercise 1.4.11 (Positive elements of a subalgebra) Let o be a *-algebra over C with a *-

subalgebra B C .
i.) Show that the restriction of a positive functional w: ¢ — C is a positive functional on .

ii.) Show that a positive element b € % is also a positive element in «.

iti.) Give easy examples that the two reverse implications are not true in general: not all positive
linear functionals on %8 are restrictions of positive linear functionals on & and not all elements
b € 9B which are positive when viewed as elements of ¢/ are also positive in %8.

Hint: Consider C[z] C 6([0, 1]).
This is the mechanism used in O*-algebra theory: the strong positivity of an O*-algebra is inherited
from the ambient *-algebra of all adjointable operators on a pre-Hilbert space.

Exercise 1.4.12 (The GNS construction for a *-ideal) Let ¢ be a *-algebra over C = R(i) and
let 8 C o be a *-ideal. Consider a positive linear functional w: 98 — C and denote the Gel’fand
ideal of w by %, C % as usual.

i.) Use the Cauchy-Schwarz inequality to show that %, C of is still a left ideal.

ii.) Show that the GNS representation m,, of %8 on H, extends to a *-representation 7, of o by
setting 7, (a)yp = ¥qp. Why is this well-defined at all?

Exercise 1.4.13 (Inner-product spaces and indefinite GNS construction) Analogously to a
pre-Hilbert space one defines an inner-product space H over C = R(i) to be a C-module endowed
with a non-degenerate inner product as in Definition except for the requirement of positivity.
Instead, the non-degeneracy is explicitly required, i.e. (¢, ) = 0 for all ¢ € H implies 1) = 0.
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i.) Show that the analogous definition of adjointable and finite-rank operators between inner-
product spaces gives B (Hj, Hz) and §(H;,Hsz) enjoying the properties as in the pre-Hilbert
case: the composition of adjointable operators is again adjointable, the finite-rank operators
form a *-ideal, etc.

ii.) Show that an inner-product space H has no torsion, i.e. z¢ = 0 for ¢ # 0 implies z = 0, where
z € Cand ¢ € H. Show that also B(Hj,Hs) and §F(Hi,Hs) have no torsion.

A *-representation 7 of a *-algebra on an inner-product space H is now defined to be a *-homomor-
phism 7: o — B(H) as in the case of a pre-Hilbert space. We consider now a real linear functional
w: g — C, ie. forall a,b € o we have w(a*b) = w(b*a).

iti.) Show that for a unital *-algebra a functional w is real iff w(a*) = w(a) for all a € .
iv.) Show that #, = {a € o | w(b*a) =0 for all b € o/} is a left ideal in o, called again the Gel’fand
ideal.

v.) Show that on the quotient H,, = ¢/ %, the definition (¢, 1) = w(a*b) yields a well-defined

inner product, making H,, an inner-product space.

*

vi.) Show that the canonical left ¢/-module structure m,(a)p = q on H is a *-representation,

again called the GNS representation of w.

Exercise 1.4.14 (The kernel of a *-representation) Consider a unital *-algebra ¢ over C =
R(@).
i.) Let w: # — C be a positive linear functional with GNS representation (H,,m,,). For b € «

we define wy, as in Lemma [1.1.10 Show that
ker 7, = ﬂ Sy = ﬂ ker wy,. (1.4.11)

bed bed
Note that even though neither ¢, nor kerwy, is a *-ideal in general, their intersection turns out
to be a *-ideal.
Hint: For the second equation use polarization to get w(c*ab) =0 for all ¢,b € 4 and a in the kernel of all w.
ii.) Use the unit element of ¢ to show that kerm,, C ¥, C kerw.

iii.) Now let (7, 3() be an arbitrary *-representation of ¢ and denote by wy the vector state wg(a) =
(¢, m(a)p) where ¢ € H. Show that

ker m = ﬂ ker r,,, = ﬂ Foy = ﬂ ker wg, (1.4.12)

peH PEH PEH

using again a suitable polarization.

Exercise 1.4.15 (The minimal ideal: scalar case) Let ¢ be a unital *-algebra over C = R(i).
Following [25], we call a *-ideal ¥ C o closed if it is the kernel of a *-representation (H, ) of «f. We
will later put this into a much larger context in Section
i.) Show that an arbitrary intersection of closed *-ideals is again closed. In particular, the intersec-
tion of all closed *-ideals of ¢/ is a closed *-ideal, called the minimal *-ideal $nin(s4). This can
also be viewed as a *-algebra version of the Jacobson radical.

ii.) Show that
Fenin(ot) = (kermy, =) o = | kerw, (1.4.13)

where the intersections are taken over all positive linear functionals. Note that the Gel’fand
ideals {, are only left ideals, the kernels of positive linear functions ker w have no ideal property
at all.
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iti.) Determine the minimal *-ideal of B (H) for a pre-Hilbert space H over C.
iv.) Let % be another unital *-algebra and ®: ¢/ — % a *-homomorphism. Show that one has
O(Jimin(4)) € Jmin(%).
v.) Show that o has a faithful *-representation on a pre-Hilbert space iff %nin() = {0}.

vi.) Let a € o satisfy a*a = 0. Show that a € $min(). Let b € of be a normal element with b = 0
for some k € N. Show that b € %in(o).

vii.) Show that passing to the quotient *-algebra o / %nin(s4) is functorial.

viti.) Let ¥ C Pmin(sd) be a *-ideal contained in the minimal ideal. Show that the representation
theories *-Rep(sf) and *-Rep (s / ¥) are equivalent.
Hint: Any *-representation of the quotient *-algebra o / ¥ can be pulled back to «/. More nontrivial is the

fact that every *-representation m of & can be pushed forward to a *-representation of the quotient by setting
m([a]) = m(a). These two procedures are functorial and implement an equivalence (in fact even an isomorphism).

ir.) Show that Fmin(« / Fmin) = {0}.
The idea is that the minimal *-ideal contains all the unpleasant elements of & concerning representa-
tion theory on pre-Hilbert spaces. Passing to the quotient & / Fmin () allows to get rid of them in a
functorial way without changing the representation theory, see also [25].

Exercise 1.4.16 (The *-algebra Zs) Consider R = Z and hence C = Z(i). Let o = Zs.

i.) Show that Zso with its usual ring structure becomes a unital *-algebra over C in a unique way.
How has i- 1 to be defined?

ii.) Show that & has no non-zero positive functional.
iti.) Show that every *-representation 7 of ¢ is trivial, i.e. (1) = 0.
iv.) Show that «f = o1 in particular, every element in & is positive.

Clearly, such a *-algebra is quite far away from any reasonable physical observable algebra.

Exercise 1.4.17 (Positive elements and positive functionals of €°°()M)) Consider a smooth
manifold M and the *-algebra “6°°(M) of complex-valued smooth function on it with the *-ideal
65°(M) of compactly supported such functions. Much of the following can also be done in slightly
different settings as well, like e.g. for not too badly behaved topological spaces and continuous
functions etc.

i.) Prove that f € 6€°°(M) is positive iff f(p) > 0 for all points p € M.

Hint: One direction is trivial. For the other, consider first the function f + ¢ with some ¢ > 0 and show that it
has a smooth square root. Compute now w(f + €) for a positive linear functional w: €°°(M) — C. How does
this argument simplify if you only work with continuous functions instead of smooth ones?

ii.) Show that for the *-algebra 65°(M) the same conclusion still holds: f € 65°(M) is positive iff
f(p) > 0 for all points p € M.
Hint: Again, one direction is trivial. For the other, let x € 65°(M) be a cut-off function with x > 0 and

X|supp(f) = 1. For a positive linear functional w: 65°(M) — C consider &(g) = w(xgx) for g € €°°(M). Show

that @ is positive and use
We continue now first with the compactly supported functions and their positive linear functionals.

iii.) Let w: 65°(M) — C be a positive linear functional. Then w is continuous in the “6p-topology:
for every compact subset K C M there exists a cx > 0 with

lw(H)] < el flloo (1.4.14)

for all f € 65°(M) with supp(f) C K.

Hint: Let again x € 65°(M) with X‘K = 1 be a cut-off function. Consider @(g) = w(Xgx) as before and
evaluate @ on the functions || f|| & Re(f) and || f||, & Im(f) using Prove that cx = 2w(x) will do the job.
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iv.)

v.)

1. *-ALGEBRAS AND ELEMENTARY REPRESENTATION THEORY

Use the density of 65°(M) inside 6o (M) with respect to the “€p-topology to extend a positive
linear functional w: 65°(M) — C to a positive linear functional on “6o(M) by continuity.
Prove that this extension (still denoted by w) is positive.

Use Riesz’ representation theorem, see e.g. [101, Thm. 2.14], to conclude that for a positive
linear functional w: €3°(M) — C there exists a o-algebra containing the topology of M and
a uniquely determined, positive, complete, and regular Borel measure p on it such that

w(f) = /M fu (1.4.15)

for all f € 635°(M). This determines the positive linear functionals of €3°(A) completely.

In a last step one wants to extend this to arbitrary smooth functions without restriction on the
supports. The main idea is now that we can have arbitrarily fast growth of smooth functions which
forces a positive functional to have compact support.

vi. )

vii. )

viii. )

Let w: 6°°(M) — C be a positive linear functional. Show that there exists a x € 65°(M)
with

w(f) = wy(f) =wXfx) (1.4.16)
for all f € €°°(M).

Hint: Prove the statement by contradiction. Use an exhausting sequence K,, C M of compact subsets, i.e.
compact subsets with K, C K;.q and M = |J,cn Kn. Let fn € €°°(M) be non-negative functions with
supp frn € M \ K, and w(fn) = 1. Show that Fy =1+ > > . fn is a well-defined smooth positive function for
all N € N. Conclude that w(F1) > N and arrive at a contradiction. Why does this prove the claim?

Show that for a positive linear functional w: €°°(M) — C there exists a o-algebra containing
the topology of M and a uniquely determined, positive, complete, and regular Borel measure p
on it with compact support such that

wlf) = [ fu (1.4.17)
M
for all f € €°°(M).
Hint: Let x € 65°(M) be given as in Apply to conclude that
wy(f) = w(Xfx) = / xXxfv
M

for some positive Borel measure v and all f € 6°°(M). Define p by pu(A) = [, xxv for measurable sets A.

Extend the above statements to matrix-valued functions M, (€*°(M)) = €>°(M,M,(C)) and
determine the positive elements and the positive functionals explicitly.

Exercise 1.4.18 (Algebraically positive elements of 6°°(M)) While 6°°(M)™ consists of the
non-negative smooth functions on M according to Exercise the algebraically positive elements
6°°(M)T form typically a strict subset:

i)

Show that the polynomial
p(x,y, 2) = 2° + a'y® + 2%y — 3a%y2? (1.4.18)

is non-negative on IR? but not a sum of squares. This an explicit example to the 17th Hilbert
problem due to Motzkin [89].

Consider now the case of smooth functions and show that p can not be written as sum of squares
of smooth functions, i.e. p € €>°(R?)™ but p # €°(R3)*T.

Hint:  Use the Taylor expansion of the smooth functions around 0 to achieve a contradiction based on
see [108].
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Thus in general, non-negative smooth functions on a manifold M are not sums of squares. For more
details on the regularity required to write non-negative functions as (sums of) squares, see [111|12].

Exercise 1.4.19 (Positive linear functionals of C[z,z]) Consider the complex formal power se-
ries o = C[z,Z] in two variables.
i.) Show that &/ becomes a complex commutative *-algebra with respect to the usual product of
formal series and the *-involution

o0 oo
a* = Z a2’z | = Z [TV (1.4.19)
k=0 k,0=0

ii.) Let 0: § — C be the d-functional at z = 0 = Z, i.e. a — ago for a given as in ((1.4.19). Show
that J is a positive linear functional.

Consider now a positive linear functional w: @ — C and let & > 1. Define a = w(z*) and set
H=7zz
i4.) Use the Cauchy-Schwarz inequality to show @a < w(HF). Show by induction (@a)?" <
w(H*)?" < w((H*)?") for all n € N.
iv.) Assume « # 0 and define for a fixed N € Ny U {400} the new algebra element

Moo
any =Y  —— (H")?". (1.4.20)

n=0 OéOé)

—

Write aso = ay + by and show that ay € 9T for N € Ng. Show that as € & is indeed a
well-defined formal series. Show that by can be written as a square of some Hermitian element

cN, by constructing cy recursively order by order in the z and Z variables. Conclude that
Ooo € ATT.

v.) Conclude that w(as) > N for all N € Ny. Hence we arrive at a contradiction showing that in
fact a = 0.

vi.) Show that w(H*) and w(H) = 0 as well as w(z*) = 0 for all £ > 1. Conclude that w(z*z*) =0
forall k+¢ > 1.

vii.) Now let a € o with d(a) = 0 be given. Write a = zb + Zc with some b,c € & and use the
Cauchy-Schwarz inequality to get w(a) = 0.

viz.) Show that ¢ is the only state of o.

iz.) Show that Cl[z,z] C o is a unital *-subalgebra which has, quite contrary to ¢/, for every non-zero
Hermitian element a € C|z,Z] a positive linear functional w: «f — C with w(a) # 0.

Exercise 1.4.20 (A scary Banach *-algebra) Consider the complex-valued continuous functions
9l = 6($2) on the 2-sphere 82 with the involution f + fT defined by

fi(@) = f(-=) (1.4.21)

for f € €(3?) and = € $2.
i.) Show that f ~ fT is a *-involution on «.
ii.) Show that @ becomes a Banach *-algebra with respect to the sup-norm ||| .

iti.) Let f € o and A € C. Show that f — X is invertible iff A is in the range of f: the spectrum of
an algebra element is not referring to the *-involution but only to the associative structure.

iv.) Show that there are non-zero Hermitian elements h € of with purely imaginary spectrum.

© Stefan Waldmann 2019-01-25 15:18:20 40100 Hash: 13717b6



28 1. *-ALGEBRAS AND ELEMENTARY REPRESENTATION THEORY

v.) Let A € R\ {0}. Show that there are unitary elements u € & with spectrum containing A. In
particular, spectral values of unitary need not to have absolute value 1.

vi.) Show that there is a positive element a € ¢ with spectrum in (—oo,0].

vii.) Show that the J-functionals &, for z € $2 are not positive.
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Chapter 2

Pre-Hilbert Modules

While pre-Hilbert spaces over C = R(i) are already a valuable class of representation spaces, we have
to enlarge the framework drastically: instead of scalar products taking their values in the scalars C we
are now looking for a replacement of C by an arbitrary *-algebra ¢f. This way, the pre-Hilbert spaces
will be replaced by pre-Hilbert modules over & which now play the role of the new representation
spaces on which another *-algebra % will be represented.

In this chapter we give a detailed study of such inner-product modules over a *-algebra and explain
the necessary positivity requirements which turn an inner-product module into a pre-Hilbert module.
Many examples of such pre-Hilbert modules will be given, in particular from differential geometry. An
important class of pre-Hilbert modules will arise from projective modules, leading ultimately to the
study of various types of Kg-theories. The guiding class of examples will be the Hilbert modules over
C*-algebras as discussed e.g. in [79,87]. As before, we will abandon the continuity and completeness
aspects and focus solely on the algebraic aspects.

2.1 Module Categories

In this section we establish the fundamental notions of the module categories which we want to study:
after a short reminder on the purely algebraic situation we introduce algebra-valued inner products.
Modules with non-degenerate algebra-valued inner products will constitute the first category of inter-
est, the inner-product modules. Requesting an additional positivity requirement takes care of both
structures, the *-involution and the notions of positivity. This leads to the category of pre-Hilbert
modules.

2.1.1 Ring-Theoretic Module Categories

As a warming-up we recall the basic definitions from a ring-theoretic approach to module categories.
We fix a ring & and denote by mod(«/) the category of left #f-modules as objects where the morphisms
are given by left ¢/-linear maps between the modules. We write ,# for a left @/-module 4 in order
to emphasize that @ acts from the left. Analogously, we write 4, for a right «/-module. For a
detailed study of modules over rings and algebras one can consult any standard textbook in algebra
as e.g. |7§].

Since in the following we are mainly interested in the case where o is an algebra over a fixed
commutative unital ring C of scalars (later it will be even of the form C = R(i)), we require all
modules to carry a compatible C-module structure in addition, even though we do not emphasize this
in our notation.

In general, the way ¢f acts on a module can be quite trivial: recall that even in the unital situation
we do not require algebra homomorphisms to be unital. Thus a - m = 0 will always define a module
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30 2. PRE-HILBERT MODULES

structure for a € ¢/ and m € . Like for *-representations also here we can impose the condition
da- M= M (2.1.1)

and call such a left 9f-module strongly non-degenerate. This gives a full sub-category Mod(A) of
strongly non-degenerate left ¢f-modules. Again, if ¢ is unital then . is strongly non-degenerate iff
it is unital, i.e. 1-m =m for all m € M.

As a last step, we can consider two algebras & and % where one plays the role of coefficients and
the other one is considered as being represented: we consider a (%8, « )-bimodule ,.# , where % acts
from the left and o acts from the right. Recall that bimodule means that the two actions commute.
So far the situation is completely symmetric in & and %8. But anticipating later applications we
denote the corresponding bimodule category by mod (%) and speak of the representation theory of
9 on right ¢f-modules. We also have the corresponding full sub-category of strongly non-degenerate
representations of 9 on right #/-modules which we denote by Mod, (% ). Note that we do not require
any non-degeneracy of , M , € Mod,, (%) with respect to the coefficient algebra .

2.1.2 Algebra-Valued Inner Products

The reason to treat the two algebras in Mod (%) in an asymmetric way becomes clearer when we
consider inner products. From now on, C = R(i) will be again the ring extension of an ordered ring R
by a square root i of —1 and all algebras over C will be *-algebras. In this section we will focus on the
coefficient algebra and describe how we can get an algebra-valued inner product for it. Note that &
may well be non-commutative. The following definitions are motivated by the well-known situation
of Hilbert modules over C*-algebras, see e.g. the textbooks [79,81,95]. We follow in our presentation
mainly the approach of [26,29].
The central definition of this subsection is the algebra-valued inner product:

Definition 2.1.1 (Algebra-valued inner product) Let &, be a right «-module. An o -valued
inner product on &, is a map
(+, )6, x8&, — d (2.1.2)

with the following properties:

i.) (-, ), is C-linear in the second argument.

ii.) (¢, -a), = (¢,¥), a for all g, € &, and a € A.
iii.) (6,0),, = (4, 8),)" for all 6,4 € &,.

If we have in addition

w.) (¢,v), =0 for all 1y implies ¢ =0,
then (-, )

., s called non-degenerate and (6, (-,-),) is called an inner-product module over <.

From the first and third requirement we see that (-, -)_, is C-antilinear in the first argument. Moreover,
for all ¢, € €, and a € o we have

<¢ @, /(/}>91 =a’ <¢7 w>w (2'1'?’)

Thanks to the symmetry property it is enough to require non-degeneracy in one of the two
arguments: non-degeneracy in the second argument is then a consequence of non-degenerate in the
first. As already for modules, the position of the subscript & indicates the algebra where the inner
product takes its values and to which direction we have ¢f-linearity.

The definition matches best to right modules. For left modules we can state an analogous definition
of inner products with the only change that they are required to be C- and ¢-linear to the left in the
first argument. Consequently, we write (-, -) for such an inner product. The following construction
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shows that we can obtain a left ¢f-module from a right ¢f-module including the inner product by
complex conjugation.

Let &, be a right 9/-module with inner product (-, -) . Then we consider the complex conjugate
left o/-module ,& of &, which is defined as follows: as additive group we set ,& = &, where the
identity map is denoted by &, > ¢ ++ ¢ € ,&. The multiplication with scalars « € C is defined by

ad = ag (2.1.4)
for ¢ € &,. This makes ,& a C-module. Now for a € o we define the left multiplication
a-¢=a¢-a* (2.1.5)

for ¢ € & ,, which is easily shown to be a C-bilinear left s¢-module structure. Thus & becomes a left
#f-module. Finally, we set

J(0.0) = (0, 0),, (2.1.6)

for ¢,1 € &,. Then a straightforward computation shows that this is now C-linear and left ¢f-linear
in the first argument and hence an inner product on the left «/-module ,&. Conversely, one can
pass from a left ¢¢-module with inner product to a right &f-module with inner product by complex
conjugation and the two operations are inverse to each other, see also Exercise [2:4.3] We summarize
this construction in the following proposition:

Proposition 2.1.2 (Complex conjugate module) Let &, be a right «d-module with inner product
< - >$d .

i.) The complex conjugate module ,& is a left dd-module with inner product (-, -).

i.) The inner product (-, -) is non-degenerate iff (-, -)

. s mon-degenerate.

iii.) The complex conjugate of (,8, (-, -)) is again (6, (-, ),)-

Thus we can pass freely from the left to the right and back. Note that the *-involution of ¢ is crucial:
for a general ring there is no canonical way to construct a left module out of a given right module as
above.

To allow degenerate inner products is convenient as an intermediate step in many constructions.
However, at the end we want to get rid of the degeneracy spaces. This can always be done, see

Exercise 2. 4.4k

Proposition 2.1.3 Let &, be a right 9l-module with inner product (-, -)

e

i.) The left and right degeneracy spaces of (-, -),, coincide, i.e.

{pecé,| W e),=0fralypecé,}={pecb, | (p),=0foralycé,}. (2.1.7)

ii.) The degeneracy space, denoted by &=, is a right sd-submodule of &,.

iii.) The inner product (-, -), passes to the quotient right o-module Sd/gi which becomes an
inner-product right o -module.

Thus we can always pass from an arbitrary right @/-module with inner product to an inner-product
module in a canonical way.

In a next step we consider the maps compatible with the structures of an inner-product module.
The following definition is the direct analogue of Definition [T.1.24] of adjointable maps for pre-Hilbert
spaces.
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Definition 2.1.4 (Adjointable maps) Let &, and 8!, be right A -modules with A -valued inner prod-
ucts (-, ), and (-, ), respectively. A right o-linear map T: 8, — &', is called adjointable if
there exists a right o -linear map T*: 8!, — &, with

(6, TY), = (T*¢,9),, (2.1.8)

for all p € &/, and ¢p € &,. The set of all adjointable maps is denoted by B, (E,,E).

If the coefficient algebra o is clear from the context, we shall sometimes simply write B (&,8"). Using
this definition we can speak of isometries and unitary isomorphisms of inner products as usual. Note
that an isometric map needs not to be adjointable. Nevertheless, an isometric map is necessarily
injective once the inner product of the domain is non-degenerate. If in addition it is surjective, then
it is necessarily adjointable with adjoint given by the inverse, i.e. it is unitary.

Lemma 2.1.5 (Adjointable maps) Let 6, &/,, and &' be right «d-modules with inner products.
i.) Compositions and C-linear combinations of adjointable maps are again adjointable.

ii.) If the inner products are non-degenerate then adjointable maps are necessarily right o -linear
and the adjoint T of T is uniquely determined. The map T +— T% is C-antilinear.

iii.) For inner-product modules and T € B,(8,,,8!,) and S € B, (8!,,8!)) the composition ST €
B, (6,,8) as well as the adjoint T* € B, (8!,,8,,) are again adjointable, where

(ST)* =T*S* and (T*)* =T. (2.1.9)

iv.) For an inner-product module & ; the adjointable maps B4(8,) form a *-algebra over C with unit
element idg. Moreover, 8, is a (B4(&,,), d)-bimodule.

PROOF: The proof is completely analogous to the case of a pre-Hilbert space over C and can safely
be done as an exercise, see also Exercise [[.4.8] O

Note that for a Hilbert module over a C*-algebra one can speak of continuous endomorphisms.
However, this notion is not quite as useful as it seems at a first glance. The reason is that there
is no analogue of the Hellinger-Toeplitz Theorem available: continuous endomorphisms need not to
have an adjoint at all. Nevertheless, it can be shown that the adjointable operators on a Hilbert
module are necessarily continuous, by the same closed graph argument as in the usual Hellinger-
Toeplitz Theorem, see Exercise 2.4.2] A similar difficulty arises also for the compact operators on
a Hilbert module: in general the closure of the finite-rank operators needs not to be equal to the
compact operators, this is a feature present for Hilbert spaces but fails for general Banach spaces.
Thus one defines the “compact” operators for Hilbert modules as the norm closure of the finite-rank
operators. Note, however, that as already in the Hilbert module case there is no analogue of Riesz’
Representation Theorem for the dual module. Thus we make explicit use of the inner product instead
of requiring (continuous) right ¢f-linear functionals in the definition of “finite-rank” operators:

Definition 2.1.6 (Finite-rank operators) For right «f-modules &, and &', with ¢« -valued inner
products one defines the map Oy : &, — &/, for p € &/, and &, by

Opu(x) =& (1, x), (2.1.10)

for x € &,. The C-linear span of these maps is denoted by §F4(8,,,8!,) and its elements are called the
finite-rank operators.
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Lemma 2.1.7 Let §,, &, and 8!} be right d-modules with inner products. Then §4(8,,,8!,) C
B, (6,,86.,) and an adjoint (the unique adjoint for non-degenerate inner products) for O is Oy 4.
Moreover,

Homy (&!,,8") 0 F.4(6,,8),) CTu(8,,8) and Tu(E,,8)0B,(6,,8),) CT.(8,,86). (2.1.11)
In particular, F4(6,) C B4 (6,) is a *-ideal for an inner-product module & .

PROOF: Again, this is an elementary verification analogously to the case ¢f = C. For (2.1.11) one
notes that for A € Homy (&/,,6") and B € B,(§,,,8!,) one has

A0Opyp =0Ouapy and Ogy o B =0y pry. O

As already for pre-Hilbert spaces, an important construction with inner-product modules is the
direct orthogonal sum:

Lemma 2.1.8 Let {£W},cr be right sd-modules with sd-valued inner products (-, -)g). The direct
sum '
&=pet (2.1.12)
el

becomes a right o -module with & -valued inner product via

(¢i)ier - a = (¢i - a)ier (2.1.13)
and ‘
((Pi)ier, (Wj)jer),, = Z <¢ia¢i>§)7 (2.1.14)
il

such that (8@, 8W) =0 fori # j. The inner product (-, -) , is non-degenerate if and only if (-, -)ﬁ)

s non-degenerate for all i € I.

od

PrOOF: Clearly, (2.1.13) gives a right «f-module structure and (2.1.14)) is well-defined as in the direct
sum only finitely many entries in (¢;);er are non-zero. The remaining statements follow easily. O

2.1.3 Complete Positivity and Pre-Hilbert Modules

Up to now, the notion of an algebra-valued inner product and an inner-product module only makes
use of the *-involution but not of the concepts of positivity. We have to find an appropriate notion
of positivity for an ¢f-valued inner product which generalizes the positive-definite inner product of a
pre-Hilbert space as good as possible. Guided by the notion of completely positive maps we state the
following definition:

Definition 2.1.9 (Completely positive inner product) Let (6, (-, -),) be a right o-module
with 9 -valued inner product.

i.) (-, ), is called positive if (¢p,¢), € A for allp € &,.

i.) (-, ), is called n-positive if ({¢i, ¢;),,) € Mp(d)™ for all ¢1,...,¢n € E,,.
iii.) (-, ), is called completely positive if (-, -),, is n-positive for all n € N.
w.) (-, ), is called positive definite if it is positive and (¢, ¢),, # 0 for ¢ # 0.

In order to learn something about the relations between these different notions we first recall the
following result on positive matrices, see e.g. |116, Example 7.1.27] and Exercise m

? A

’ ]
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Lemma 2.1.10 Letn € N.
i.) The positive linear functionals w: M,,(C) — C are of the form
w(A) = tr(oA) (2.1.15)
with a uniquely determined matriz 0 € M, (C) satisfying
(z,02) >0 (2.1.16)

for all z € C™.
ii.) A matriz A € M, (C) is positive if and only if it satisfies (2.1.16]).

Corollary 2.1.11 Let H be a pre-Hilbert space over C. Then the scalar product (-, -) is completely
positive in the sense of Definition[2.1.9

PRrROOF: Let ¢1,...,¢, € H be given and let z € C". Then we have

(z, ((¢i, 5)) - 2) = Z” Zi(pi, 9j)25 = <Zz Zi¢i7zj zj¢j> >0,

thanks to the positivity of the scalar product (-, -) of H. With the criterion of Lemma [2.1.10] we
conclude ((¢;, ¢;)) € M, (C). O

Lemma 2.1.12 Let n € N.

i.) For all ay,...,a, € 4 one has a*a™ = (afa;) € M,(4)*T.
ii.) For a positive linear functional Q: M, () — C also the functional Q: M, () — C, defined
by
~ bT
Q(a ) = Q(D), (2.1.17)
c D

is positive, where a € o, b,c € 4™ and D € M, (o).

ii1.) An (n + 1)-positive A -valued inner product is n-positive, too.

PROOF: For the first part we consider the matrix

B— <a1 0 an) EMn(ﬂ),

for which we have B*B = a*a”. For the second part we compute

~ bT * bT _ * *\T *bT % TD
of (@ a _§ a*a+ ()¢ a*b" + (c¥) _ QU + D*D) > 0,
¢c D ¢c D b*a + D*c b*b™ + D*D
since by the first part the matrix b*b™ is positive. For the last part we consider ¢g = 0 and ¢1,..., ¢, €
&,. Then by the second part

0< Q(((sz, ¢j>m)@j:07,_,7n) = Q<(<¢17 ¢j>m)i,j:1,...,n)

shows the n-positivity. O
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Remark 2.1.13 For certain classes of *-algebras we have the reverse implication: a positive inner
product is automatically completely positive. Here C is an example by Corollary Also C*-
algebras have this very nice property, see e.g. |79, Lem. 4.2] and Exercise m However, the proof
requires a fair amount of rather specific properties of C*-algebras and hence we can not transfer it to
our completely algebraic situation. In general, it is not clear whether complete positivity is already
implied by positivity. In practice, we will have to check this by hand as we will see in the following
examples.

In the following we will need the complete positivity for a reasonable and useful definition of a
pre-Hilbert module. This will become clear when we consider tensor products in Section [3.1.2

Definition 2.1.14 (Pre-Hilbert module) Let o be a *-algebra over C and (6, (-, -),) an inner-
product module over d. Then (6, (-, -),,) ts called pre-Hilbert module if (-, -) , is completely posi-
tive.

A

Note that we do not require positive definiteness, non-degeneracy will be sufficient. Indeed, there
are "-algebras where this makes a subtle difference:

Example 2.1.15 (Graffmann algebra) Let o/ = A®(C") be the Grafmann algebra over C with
n generators. Denote by eq,...,e, € C" the canonical basis. Then by e; = e; one determines a
*-involution for ¢/ making the Gralkmann algebra a *-algebra. We consider now &, = o« with the
canonical inner product (o, ) = a® A B. As we shall see in the next section, this is a completely
positive inner product which is non-degenerate since (1, ) = a.. On the other hand (e;, ¢;) = 0, and
thus it is not positive definite.

Positivity behaves well with respect to direct orthogonal sums and restrictions to submodules, see

Exercise 2.4.6t

Lemma 2.1.16 Let 4 be a *-algebra over C = R(i).

i.) A direct orthogonal sum of right «d-modules with positive (n-positive, completely positive) o -
valued inner products has again a positive (n-positive, completely positive) o -valued inner prod-
uct.

ii.) A restriction of a positive (n-positive, completely positive, positive definite) o -valued inner prod-
uct to a right o -submodule is again positive (n-positive, completely positive, positive definite).

On the other hand, there are examples of (rather weird) *-algebras & where the direct orthogonal
sum of positive definite of-valued inner products is not necessarily positive definite anymore, see |29|
Remark 3.3] and Exercise [2.4.7

If a non-degenerate positive inner product is restricted to a submodule, then it might become
degenerate. Here one can also find easy pathological examples, see Exercise 2.4.8] In order to avoid
these phenomena we sometimes restrict ourselves to more well-behaved *-algebras:

Definition 2.1.17 (Admissible *-algebra) A *-algebra # is called admissible if for any right o -

module & ; with positive ol -valued inner product (-, -), one has

&r={0€8,]|(s,0), =0} (2.1.18)

Clearly, the inclusion C is fulfilled for any *-algebra. For an admissible *-algebra & the inner product
on a pre-Hilbert module is automatically positive definite. Thus also the restriction to a submodule
is positive definite and hence non-degenerate. This implies that a submodule of a pre-Hilbert module
over ¢ is again a pre-Hilbert module: it is this statement we want to be true.

From Example 2.1.15] we see that the Grafmann algebra is not admissible. In general, the above
definition makes it of course difficult to decide whether a given *-algebra is admissible or not. However,
the following proposition gives a sufficient criterion, see also [26, Lem. 5.21]:
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Proposition 2.1.18 Let o be a unital *-algebra with sufficiently many positive linear functionals.
Then o is admissible.

PROOF: Let &, be a right «/-module with positive inner product (-, -),. Moreover, let ¢9 € &,
satisfy (o, ¢0),, = 0. We have to show ¢g € & 1. To this end we consider a positive linear functional
w: o — C and define

(&), = w(($,9),)

for ¢, € &,. This gives a positive semi-definite inner product on & ,: indeed, the sesquilinearity is
clear and we have

(9, 9), = w((®,¥),) = w(((¥,9),)") =w((,d),) = (¥, ),

since for a unital *-algebra and a positive linear functional we have w(a*) = w(a) for all a € . Finally,
(¢, 9), = w({(p,¢),) > 0 follows by the positivity of (¢, ®) , € #T. Thus we have the Cauchy-Schwarz
inequality for (-, -) , i.e.

(9, 9) (D), < (& 9), (W, ),
for all ¢,1 € €. Applied to ¢g we see that 0 = (¢, ¢o),, = w((¥, ¢0),,) for all ¢ since (¢, ¢o), = 0.

Since

2</17[}7¢0>91 = <¢7¢0>gq + <¢07¢>54 + <w7¢0>gq - <¢Oaw>gg,

=a =b

and a* = a and b* = —b we see that 0 = 2(¢, ¢g) , = w(a) + w(b). By w(a) = w(a) and w(b) = —w(b)
we conclude that w(a) = 0 = w(b). Thus by assumption, a = 0 = b since w was arbitrary. This shows

2(1, ¢o),, = 0 and by Corollary [1.2.10| we can conclude ¢y € & . O

We conclude this section with an alternative formulation for the complete positivity requirement
following |114, Sect. 4]. Thus let €, be again a right «/-module with ¢/-valued inner product (-, -),,
and let & be the corresponding complex conjugated left @/-module. Out of €, and & we can build
the (o, «)-bimodule

W I, =608, (2.1.19)

where the tensor product is taken over C. Clearly, , ¥, is a (4, o )-bimodule. For , ¥, we can define
a complex conjugation I as follows. For ¢, € &, we set

I(o®¢Y) =Y ® ¢, (2.1.20)

and extend this to a C-antilinear map I: ; %, — , F,. One easily confirms that (2.1.20]) is well-
defined. Now we can define the positive elements in , ¥, by setting

W T = {ZZ Bid; ® ¢i | Bi > 0 and ¢; € 85&} (2.1.21)

By the very definition this is a convex cone in , F,. We have now the following result:

Proposition 2.1.19 Let §, be a right f-module.

i.) The map I: , %, — , %, is an involutive antilinear (4, «d)-bimodule antiautomorphism, i.e.
Ia-®-b)=b"-1(D)-a” (2.1.22)

fora,be o and ® € ,F,. One has [(,F) €, F. .
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ii.) An o -valued inner product (-, -), on &, corresponds to a unique (4, sd)-bimodule morphism
P:,F, — o, (2.1.23)
with the property P(I(®)) = P(®)* via

(0.0), = P(o@ V). (2.1.24)

iii.) An o -valued inner product is positive if and only if the corresponding map P is positive in the
sense that

P(,F)cd4dt. (2.1.25)

PROOF: For the first part we compute for factorizing tensors ¢ ® ¢ € , F,

Ia- (6@ ¢)-b)=1I(¢-a* @1 -b)
= b®¢-a*
=V (YR a
=b" - I(¢®1)-a

from which ([2.1.22)) follows in general. Clearly, I is involutive and C-antilinear, hence the first part
is shown. Now let (-, ) be an ¢/-valued inner product. Then

P($® @Z}) = <¢>¢>a¢

has the correct sesquilinearity properties to extend to a C-linear map P: %, — <. From the
properties of an ¢f-valued inner product it is immediate that P is an (&, ¢/ )-bimodule morphism and
satisfies P(I(®)) = P(®)*. Conversely, if a map P with these properties is given, then one defines
(-, ), by and checks that this gives an ¢f-valued inner product. This completes the second
part. The last part is obvious. U

The characterization of completely positive inner products is obtained by the following consider-
ations: The direct sum & is a right M,,(#/)-module in the canonical way, i.e. via

(¢ az] (Z o - az]) (2.1.26)

Thus F (™ = " ®E&" becomes a (M, (), M, (4 ))-bimodule and we can repeat the above construction
for My, (o) instead of &. Elements in F () are now C-linear combinations of factorizing elements of
the form (¢;) ® (¢j) which we can represent as matrix (¢; ® ;)i j=1,..n. The positive elements in

F ™ are by explicitly given by
{Z Ba< ® " ) ' Ba>0and (6\%,... ¢ e 8;}} (2.1.27)

The map I from (2.1.20]) in this situation is explicitly given by

I((di ® 1)) = (¥ ® ). (2.1.28)
Finally, if P is an (#, & )-bimodule morphism P: , %, — o, then applying P componentwise gives
M (6 @ v5)) = (P(6: @ 1)), (2.1.29)

which is a (M, (s4), M, (#))-bimodule morphism from F (™ to M, (s¢). This follows either from our
general considerations or from an explicit observation using (2.1.29). Moreover, P™) is compatible
with the involution I if and only if P is compatible. The following proposition is now obvious:
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and let n € N.

s n-positive if and only if the corresponding map P is n-positive, i.e.

Proposition 2.1.20 Let 6, be a right «d-module with A -valued inner product (-, -)

o
i.) The inner product (-, -)
P™) s positive.

A

ii.) The inner product (-, -), is completely positive if and only if the corresponding map P is
completely positive, i.e. P\ is positive for all n.

PROOF: We only have to show the first part. If P is n-positive we have by definition P (9'7 (")’+) C
M, (#4)* and B
PU((6i @ 7)) = (i 65).0)5

from which the first part follows immediately. U

The practical use of the Proposition [2.1.19 and Proposition [2.1.20]is rather limited. However, they
show the relation to the theory of matrix-ordered spaces [104, Chap. 11|, see also |114] for a more
detailed discussion of this relation.

2.1.4 The Representation Theories *~-Mod and *-Rep

Using the notion of a pre-Hilbert module we can enlarge our framework of *-representations of a *-
algebra: in the following, % will be a *-algebra over C as before and & will be an additional *-algebra,
typically even an admissible one in the sense of Definition This auxiliary *-algebra will now
play the role of the scalars:

Definition 2.1.21 (*-Representation) Let % and o be *-algebras over C = R(i).

i.) A *-representation of B on an inner-product right d-module & ; is a *-homomorphism

T B — By(E,). (2.1.30)

ii.) An intertwiner T: (&,,m) — (&/,,7) between two *-representations of 9B on inner-product

right «d-modules is an adjointable map T € B,4(8,,,8!,) such that for all b € B
Tr(b) = ' (b)T. (2.1.31)

iii.) The category of all *-representations of 9B on inner-product modules over ¢ will be denoted by

*-mod, ().

Remark 2.1.22 (Intertwiners) First we note that the composition of intertwiners is again an inter-
twiner and hence we indeed obtain a category. Since adjointable maps are automatically right «f-linear
in the case of non-degenerate inner products, a *-representation (6, 7) of % on &, is equivalent to
a (%, «)-bimodule structure on &, with the additional feature that

(m(b)g, ), = (&, (b)), (2.1.32)

for all b € % and ¢,9 € §,. In the following, we will frequently suppress the symbol 7 for the
representation and simply write b - ¢ instead. For later use we note that C-linear combinations of in-
tertwiners are again intertwiners, too. This endows the space of morphisms from one *-representation
to another one with the structure of a C-module structure. Clearly, the composition of intertwiners
is bilinear with respect to this C-module structure.

Intertwiners are just adjointable (%, ¢ )-bimodule morphisms. This allows to forget about the
inner product and the result is then just a (%, «)-bimodule. It yields a forgetful functor

*-mod; (%) — mod (%) (2.1.33)
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into the category of representations of % on right 9f-modules.

For any inner-product module &, we have the canonical left module structure of 8,(6,) on &,,.
It is, by the very definition of the *-involution of B,(€ ), a *-representation of B,(&,) on &,. This
way, B, (6,,) is the largest *-algebra which can be represented faithfully on € ,. The *-algebra §,(6,,)
is also represented faithfully on &, when we view it as a *-subalgebra of B,(&,).

In a next step we proceed as we did for the ring-theoretic module categories: we consider strongly
non-degenerate *-representations on inner-product modules:

Definition 2.1.23 (Inner-product bimodule) Let o and % be *-algebras over C = R(i).

i.) A *-representation (&,,m) of B on an inner-product right sd-module &, is called strongly non-

degenerate if
m(B)E, =6,. (2.1.34)

ii.) A strongly non-degenerate *-representation of % on an inner-product right <d-module is also

called an inner-product (B, A )-bimodule.
iii.) The full sub-category of *-mod (%) of inner-product (B, A )-bimodules is denoted by *-Mod 4 (%B).

Clearly, the forgetful functor from (2.1.33)) restricts to a forgetful functor
*-Mod,; (%) — Mod; (). (2.1.35)

In a last step we require the inner product to be completely positive. This will give us the
representation theories on pre-Hilbert modules, again with or without strong non-degeneracy:
Definition 2.1.24 (Pre-Hilbert bimodule) Let o and % be *-algebras over C = R(i).

i.) The full sub-category of *-mod(%B) of *-representations of B on pre-Hilbert right si-modules
is denoted by *-rep (B ).

ii.) An inner-product (B, )-bimodule (6,,,m) with completely positive inner product is called a
pre-Hilbert (B, ) -bimodule.
iii.) The full sub-category of *-Mod (B ) of pre-Hilbert (B, «d)-bimodules is denoted by *-Rep4(%B).

Again, we can forget that the inner product is completely positive. As the notion of an intertwiner
only needs the notion of an adjoint but not of positivity, we get forgetful functors

“rep, () — *-mod(8) and *-Rep,(%B) — "-Mod (%), (2.1.36)

which is now even fully faithful, contrary to the forgetful functors (2.1.33) and (2.1.35)), since the
additional adjointability of intertwiners is not affected by the complete positivity of the inner products.

Remark 2.1.25 Let % be a *-algebra over C = R(i). Then we get back our previous *-representation
theories by taking the coefficient algebra to be C, i.e. we have

“repc(B) = *rep(B) and *-Repc(B) = *-Rep(AB). (2.1.37)

Thus *-rep (%) provides indeed a generalization of *-rep(%8) where the auxiliary *-algebra o plays
now the role of the scalars C. The important point is that & might very well be noncommutative.

Note the asymmetry in the definition of a inner-product bimodule in Definition as well
as in Definition , we do not require a %-valued inner product on an inner-product (%, «)-
bimodule. Moreover, we do not require & - o = &. This additional requirement will become important
only in Section [£:3] Finally, note that as in the case of pre-Hilbert spaces the restriction to strongly

*-representations is not severe: for unital *-algebras we can always decompose the

non-degenerate
representation space into a strongly non-degenerate one, where 7(1) = id, and the zero-representation.

Thus we are mainly interested in *-Mod (%) and *-Rep, (%), respectively.
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Remark 2.1.26 Of course, an analogous framework for *-representations of % from the right can

be established on inner-product left sf-modules. As usual, by complex conjugation we can easily pass
from one to the other. Hence it will be sufficient to study *-mod (%) and *-rep (% ).

For the following constructions it will be useful to allow for degenerate inner products as inter-
mediate steps as already before. Thus let ,&, be a (%, ¢ )-bimodule with ¢/-valued inner product

(-, )y Then we call (-, ), compatible with the left %8-module structure if

(b-0,9), = (0,0"-¥), (2.1.38)

for all b € B and ¢,9 € ,6,. In this case the degeneracy space of (-, -)
98-multiplications:

is preserved by the left

o

Proposition 2.1.27 Let o and B be *-algebras over C = R(i) and let ,&, be a (B, od)-bimodule

with a compatible o -valued inner product (-, -) .

i.) The left B -multiplications preserve the degeneracy space, i.e. we have
B-Ecet (2.1.39)

ii.) The quotient &, /82 becomes an inner-product (B, ¢l )-bimodule.
it1.) If the inner product (-, -)
(9B, A)-bimodule.

.« was completely positive then the quotient is even a pre-Hilbert

PROOF: Let b € B, ¢ € %, and ¢ € &, be given. Then (1,b- ¢), = (b* -1, ¢), = 0 shows that
b-¢ € 8, too. This proves the first part. But then it is clear that the quotient is a (%, o )-bimodule.
The induced left 98-module structure is still compatible with the induced inner product as this can
be checked on representatives. Finally, the induced inner product stays completely positive since this
can again be checked on representatives. ([

This proposition will prove very useful in the construction of *-representations of *-algebras: the
non-degeneracy of the inner products can always be achieved by a simple quotient procedure.

2.2 Examples of Pre-Hilbert Modules

In this section we collect some fundamental examples of inner-product modules and pre-Hilbert mod-
ules, starting with the canonical inner product on the free module ¢f™. Beyond the case of unital
*-algebras, one typically has to require some additional non-triviality conditions on the multiplication
law in ¢ as otherwise pathological behaviour occurs easily. It turns out that non-degenerate and
idempotent *-algebras provide a good class, also for later applications in Morita theory. Passing from
a non-degenerate to a strongly non-degenerate inner product will provide additional features simplify-
ing the parametrization of all possible inner products drastically. However, for non-unital *-algebras
such inner products will be typically rather rare.

2.2.1 First Examples and Constructions

We start with the most fundamental and simple example of a completely positive inner product: we
consider o itself as a right ¢f-module via right multiplications and set for a,b € «

(a,b) = a*b. (2.2.1)

We call this the canonical inner product on the *-algebra «.
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Lemma 2.2.1 The canonical & -valued inner product (2.2.1) is completely positive.

PROOF: First it is clear that (-, - ) satisfies the remaining requirements of an ¢/-inner product. Thus

consider ay,...,a, € 4. Then the matrix (a}a;) is positive by Lemma [2.1.12] O

This simple example gives immediately further examples of completely positive inner products.
The following is of equal major importance:

Example 2.2.2 (Canonical inner product) Let n € N. Then the free right «/-module #™ (with
multiplication defined componentwise from the right) has an ¢/-valued inner product

n
() = > @iy, (2.2.2)
=1

still called the canonical inner product. It is completely positive by Lemma [2.1.16] since it is obtained
as the finite direct orthogonal sum of . Sometimes we shall also make use of an infinite direct
orthogonal sum ¢ with arbitrary index set A. Of course, also oY) inherits a completely positive
s-valued inner product. Recall that a module of this form is called free and in case where #A < 0o
it is called finitely generated in addition. In the free module 4™ over a unital algebra we have a
canonical basis {ex}rep given by ex = (exn)nea with exy = dynv 1. This basis is orthonormal with
respect to the canonical inner product in the sense that

(ex, ex) = 0wl (2.2.3)
for all A, \ € A.

The question whether (2.2.1)) and thus (2.2.2)) are non-degenerate depends strongly on the *-algebra
9. Here the following notions turn out to be useful:

Definition 2.2.3 (Non-degenerate and idempotent algebra) A *-algebra o is called
i.) non-degenerate if ab =0 for all a € A implies b =0,
ii.) idempotent if the elements of the form ab with a,b € A span 4.

Remark 2.2.4 Let o be a *-algebra over C = R(i).
i.) A unital *-algebra is non-degenerate and idempotent.

ii.) The non-degeneracy of & from the left or from the right coincide thanks to the presence of the
*-involution. Thus we only need to state non-degeneracy from one side.

i11.) The canonical inner product (2.2.1)) is non-degenerate if and only if ¢ is non-degenerate. In
this case ¢ and also 4™ becomes a pre-Hilbert module over & via the canonical inner products.

iv.) For an admissible non-degenerate *-algebra we have a*a = 0 only for a = 0.

For a non-unital *-algebra there is a reasonable replacement of a unit element, given by local
(Hermitian) unit elements:

Definition 2.2.5 (Local Hermitian unit elements) Let o be a *-algebra over C = R(i) and let
{ei}tier be a collection of Hermitian elements in 4. They are called local Hermitian units if for all
n €N and ay,...,a, € 4 one finds an index © € I with

€;ar = ar = aL€; (2.2.4)

forallk=1,...,n.
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Proposition 2.2.6 Let o be a *-algebra over C = R(i) with local Hermitian units. Then & is non-
degenerate and idempotent.

Example 2.2.7 Consider a non-compact smooth manifold M. Then 6§°(M) is non-unital but has
local Hermitian units. Indeed, choose an exhausting sequence

KyCK{C---CK, 1CK,C---M (2.2.5)

of compact subsets K, of M, i.e. we have |J,cn, Kn = M. By the €°°-Urysohn Lemma we find
smooth functions x, = X, € 65°(M) with supp x, € K41 but X”‘K = 1. It is then easy to see
that they form local Hermitian units for €3°(M). This has easy generalizations to other kinds of

topological spaces and function algebras on them.

Still within differential geometry we have further important examples of completely positive inner
products and pre-Hilbert modules. First we note the following result:

Proposition 2.2.8 Let n € N. For a matriz-valued function A € €°°(M,M,(C)) = M,,(C>*(M))
we have A € M,,(C>®(M))* if and only if A(p) € M,,(C)T for allp € M.

The proof of this proposition is contained in Exercise|1.4.17| The positive functionals of € (M) are
determined by using Riesz’ Representation Theorem.

Example 2.2.9 (Hermitian vector bundles) Consider ¢ = 6°°(M) for a manifold M and let
E — M be a complex vector bundle. The sections I'*°(E) are a “6°°(M)-module in the usual way.
Since 6€°°(M) is commutative we can choose whether we want to consider this as a left or as a right
module. In order to fit to the current presentation, we choose a right module. Next, let h be a
pseudo-Hermitian fiber metric. Then

(6,9)(p) = h(p)(¢(p), ¥ (p)) (2.2.6)

with p € M defines a smooth function (¢,1) € €>°(M) for all sections I'*°(FE). It is easy to see
that this way we obtain a non-degenerate “6°°(M)-valued inner product. Hence I'*°(E) becomes an
inner-product module over €°°(M). By Lemma it is easy to see that for a Hermitian fiber
metric, the inner product is actually completely positive and positive definite. Thus I'*°(E)
becomes a pre-Hilbert module over 6°°(M) for a Hermitian vector bundle. We will come back to
this example after introducing some more advanced technology and give an independent proof of
complete positivity. Needless to say, this example is the starting point to investigate a deformation
quantization of vector bundles with inner products.

The next example generalizes the canonical inner product on the free module by twisting it with
a collection of module morphisms.

Example 2.2.10 Let 6, be a right #/-module with inner product (-, -) . Assume that it can be

written as

=

(@, 0), =Y Pal(¢) Palt) (2.2.7)
a=1

with ¢/-module morphisms P,: &, — «. We note that (-, -)
for any choice of such module morphisms. Moreover, (-, -)
@1, ..., 0n € &, be given then

4 1s an gf-valued inner product

, is completely positive. Indeed, let

(i #5).) = (Z Pa(@)*Pa(qu)) = (Pa(i)"Pa())) € My (st) ™ (2.2.8)
a=1 a=1
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by Lemma [2.1.12 as already (P (¢i)*Pa(¢j)) € My ()™ for each a. More generally, we can

also use an infinite number { P, }4er of such module morphisms and an infinite sum provided that for
a fixed element ¢ € &, only finitely many P,(¢) € « are different from zero. Note that in general
it is of course difficult to say whether such an inner product (-, -)  is non-degenerate: this depends
very much on the details of the maps P,.

o

2.2.2 Strongly Non-Degenerate Inner Products

Also for an inner-product or pre-Hilbert module we can impose a stronger version of the non-
degeneracy of the inner product. To formulate this, we first recall that for a right @/-module &,
the dual module is defined by the set of right &f-module homomorphisms

&* = Homy(&,,4), (2.2.9)

where we endow & with its canonical right ¢f-module structure as usual. Note that &* is a left
¢d-module in a canonical way by setting

(a-x)(¢) = ax(e) (2.2.10)

foraed, ¢ € 6,, and x € §*. In the following, we will emphasize this by writing ,6* instead of §*.

Now if we have an inner product (-, -), on &, then this gives a map

8,30 — & = (0, ), €.E, (2.2.11)
which is an antilinear antihomomorphism of modules in the sense that

p-a— a" (o, ), (2.2.12)

for a € o and ¢ € &,. This antihomomorphism is called musical in analogy to the usual musical
homomorphism of inner products. Clearly, the inner product is non-degenerate iff the map ([2.2.11])
is injective. This motivates the following definition:

Definition 2.2.11 (Strongly non-degenerate inner product) Let &, be a right «d-module with
inner product (-, -) Then the inner product is called strongly non-degenerate if the induced map

(12.2.11)) zs bijective.

o

Thus it is the surjectivity which is the additional property of a strongly non-degenerate inner product
compared to a non-degenerate one. The following is obvious:

Proposition 2.2.12 A finite direct orthogonal sum of strongly non-degenerate inner products is again
strongly non-degenerate.

For an infinite direct orthogonal sum the statement is false in general. The simplest examples are

already obtained for A = C = C.

Example 2.2.13 Consider again a (finite-dimensional) vector bundle £ — M over a smooth man-
ifold and endow the sections I'*°(E) with its usual right 6€°°(M)-module structure. If h is a pseudo-
Hermitian fiber metric then the inner product h(p) on each fiber £, is non-degenerate at every point.
Since the fiber is finite-dimensional, the induced map from E), to the dual fiber Ej is bijective for
every p € M. From this one concludes that the induced map for the sections I'**(E) — IT'*°(E*)
is bijective as well. Finally, I'*°(E*) is known to coincide with the dual module I'*°(E)*. Hence a
pseudo-Hermitian fiber metric gives a strongly non-degenerate inner product. We see that if h(p)
is degenerate at some few points, the corresponding map I'*°(E) — I'*°(E*) can still be injective
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by the continuity of the sections. However, the surjectivity will be lost. Conversely, if we have a
bijective map for an inner product on I'*°(E) then the induced map on every fiber has to
be bijective, too. Thus we arrive at the statement, that the pseudo-Hermitian fiber metrics on E
correspond precisely to the strongly non-degenerate inner products on I'*°(E) with values in “€*°(M).
Again, there is an analogous statement in the continuous category.

If we have a strongly non-degenerate inner product on a right ¢/-module &€ , then we can parametrize
all other inner products in terms of Hermitian elements of B,(&,) as we know this from finite-
dimensional complex vector spaces:

Proposition 2.2.14 Let 6, be a right «-module with strongly non-degenerate inner product (-, -)
i.) We have B,4(6,) = Endy (&) with the unique *-involution determined by the condition

o

(, Ay),, = (A"z,y), (2.2.13)

for A€ Endy(6,) and z,y € .

ii.) The 9-valued inner products (-, -), on &, are in bijection to the Hermitian elements H &

A
B, (8,) via
(&, ¥), = (&, HY),,. (22.14)
iii.) The inner product (-, -)!, is non-degenerate if and only if H is injective.
iv.) The inner product (-, >; is strongly non-degenerate if and only if H is bijective.

v.) The inner product (-, -),
B,(8,) with H=U*U.

vi.) Let (-, ), be in addition completely positive. Then (-, )
B (6.,)7F

is isometric to (-, ), if and only if there exists an invertible U &

s completely positive, too, if H €

PRrROOF: For each A € Endy(6,,) and each ¢ € €, the map ¢ — (¢, A, is right of-linear and, by
strong non-degeneracy, of the form ¢ — (A*¢,)* with a unique A*¢ € &,. This defines the map
A*: &, — &,. Thus A is adjointable. For the second part we argue analogously by noting that the
map 1 — <¢,w>; is right ¢-linear and thus of the form ¢ — (gZ),w)ﬂ with a unique ¢ € &,,. Again,
é — ¢ is right «d-linear. Hence it is of the form ¢ = H¢ with some unique H € Endy (6,). The
symmetry of (-, - >; then shows immediately that H = H*. Conversely, it is clear that any Hermitian
H = H* € B,(6,) = Endy(6,,) induces a new inner product (-, -), via (2.:2.14). This shows that
second part. The third and fourth part are obvious. For the fifth part, we have to be a little bit
more careful as the *-involution in ®B,(&,,) refers to the inner product (-, -),. For an isometric
isomorphism U between the two inner products (-, -), and (-, -)!, we have to find an adjointable
and bijective map U € B,(&,,8/,) with

(6, %), = ({Us,U¥),, (%)

where &, is the right «/-module &, but now endowed with the inner product (-, -)/,. We denote the
adjoint of U in B,(8,,,8!,) by Ut € B,(&/,,8.,,), ie.

U¢, ), = (6, U,

From the first part we know that U € B,(€,,8/,) C Endy(6,,8,,) = B4 (6,,). Thus U is adjointable
with respect to (-, ), too, and (x) gives H = U*U. Conversely, if H = U*U with an invertible
U then we clearly have (¢,%)), = (U¢,Urp),. Since by assumption U is invertible, we can write
Y = UtU leading to (¢, U~tUY), = (U, Ur) , showing that U is also adjointable with respect

to the involution T and satisfies U~! = UT. Thus, in this sense, U is unitary as wanted, proving

A
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the fourth part. Now let (-, -)  be completely positive and let H € B,(8,)". For given elements
®1,...,0n € 6, and a given positive linear functional : M,,(«4) — C we consider the map

Bu(6,) 2 A = QA) = Q((di, Ad;),,)-

This is a positive functional since Q((¢;, A*Ap;),,) = Q((Ads, Ap;),) > 0 by the complete positivity
of (-, ), and the positivity of Q. Thus for a positive element H € B,(8,)" we have

0 < Q(H) = Q{(¢i, Hoy),,) = (b1, 05).,).

which gives immediately the complete positivity of (-, - ). O

Remark 2.2.15 For the canonical pre-Hilbert module «¢™ and a unital *-algebra ¢ one has the
stronger result that (-, -)/, is completely positive if and only if H € B, (4")" = M,,(«)*. The only-
if part follows easily since ({e;, ¢;)',) = ({e;, He;),) = H, hence by complete positivity of (-, -)’ the

matrix H has to be positive.

2.3 Various Kj-Theories

In Example[2.2.10] the module morphisms P, guaranteed the complete positivity of the inner product.
However, in general it is not clear how one can possibly construct such maps. We shall now present a
simple situation with a natural and explicit construction of such maps P,, leading us into the realm of
projective modules and Ky-theory. The following example will turn out to be of crucial importance:

Example 2.3.1 Let P € M,,(4) be a projection, P2 = P = P*. Then we consider the image of P
as a submodule of 4", i.e. let

8, =PdA" C A" (2.3.1)

be endowed with the induced right ¢/-module structure. Elements in &, are of the form Pz with
x € #™ arbitrary. The restriction of the canonical inner product (-, -) on o™ to P#A™ is still

completely positive by Lemma [2.1.16 On the other hand, we have

n

(Pz, Py) = Z(P(SC))?P(Z/)@, (2.3.2)

where the maps P;: Pr + (P(z)); = >, P;jz; are right s/-module morphisms as in Example[2.2.10]
Moreover, we have (Pxz, Py) = 0 for all Px € P«™ if and only if (z, Py) = 0 for all z € «™ since
P*P = P. Thus if ¢ is non-degenerate as algebra then Py = 0 follows. In this case, the inner product
on Ped™ is non-degenerate and Po"™ is a pre-Hilbert module for all projections P.

2.3.1 Projective Modules and Ring-Theoretic K,-Theory

The construction in Example [2.3.3] will be of major importance in many places. Hence it is worth to
take a closer look at the right 9/-module structure obtained from a projection. We recall the following
definition of a projective module:

Definition 2.3.2 (Projective module) A right o-module & is called projective if there exists an-
other right o -module F such that & ® F is a free right od-module, i.e. isomorphic to some A™) for
suitable index set A.
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Note that the definition of a projective module does not refer to a *-involution, instead it applies for
general rings. In order to keep things simple, we shall focus on unital rings and *-algebras in this
section. The non-unital case will require some slightly more involved definition of the Kg-theories.

We collect some well-known properties of projective modules. For convenience of the reader, we
sketch the proofs, see also e.g. the textbooks |78, Sect. 1.2] or [4] and |99, Chap. 1] for a detailed
discussion of projective modules and K-theory:

Proposition 2.3.3 Let & be a right f-module over a unital ring . Then the following statements
are equivalent:

i.) The module & is projective.

ii.) There exists an index set A and an idempotent element e € Endy (s4™) such that & = esd ™
as right o -modules.

iii.) There exist elements {ex}ren in & and elements {e*}aen in the dual (left) module &* such that
for a given x € & only finitely many e*(x) € o are different from zero and

x = Z ex-eNx). (2.3.3)

A€A

iv.) Let ¢: M — N and : & — N be right Af-module morphisms with ¢ surjective. Then there
exists a right sd-module morphism x: & — M with ¢ o x =1, i.e. the diagram

Ty (2.3.4)

commutes.

Proor: We show == == == == Thus, let us assume and let
EdF = AW be a free module after the choice of an appropriate isomorphism. For z € ¢ we
have a unique decomposition z = x| + x; where z; € € and ;| € F. Since the decomposition is a
direct sum as right «/-modules the map e: x + =z is right @/-linear and clearly idempotent e? = e.
It follows that & = im e and thus Now we assume and let {e)}rea be the canonical module
basis of 4. Then z = D e € 2™ with unique coefficients 2* where for each z only finitely many
of them are non-zero. The map e*: x — z* is right «/-linear and thus e is in the dual module &*.
Now let z = e(z) € & =ime C 9™ with an idempotent e € End (s4™) be given then

v =e(z) = e(zA e - e’\(x)) =3 elene(@).

Thus we have found the elements ey = e(ey) and e* = i, € §* as wanted. Assuming let
ex € & and e € &* with be given. Let ¢: Ml — N be a surjective and let ¢: &§ — N be
an arbitrary right ¢/-module morphism. Since ¢ is surjective we find my € A with ¢(my) = (ey).
Then we define y(z) = Y cp ma - €*(z). Clearly, for a given x € & the sum is finite. Moreover, y
is right of-linear since the e* are in €*. A simple computation using (2.3.3) shows ¢(x(z)) = ¥ (x)
which is Finally, assume . First we note that for every right ¢f-module & there exists a large
enough free module o) together with a surjective right /-linear map ¢: s¢(» — &. This is clear
as we can use A = & as index set and define

qb(zme(@ Cu ax) - erg T-at.
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Next, we set 1) = id: & — &. Thus by assumption we find a right ¢/-linear map y: & — /™ with
¢ o x = id. This implies that x is injective with im xy = & as right «f-modules. Moreover, ¥ = ker ¢
is a right «/-submodule of ¢/ which is complementary to im y. Thus & is projective. (|

Remark 2.3.4 (Projective modules) Let & be a unital ring.

i.) Mainly, we will be interested in finitely generated projective modules over &. In this case, one
can show that the index set A in Proposition [2.3.3] can be replaced by some suitable n € IN| see
Exercise [2.4.17]

ii.) The elements ey € & and et € &* from are called a dual basis. Note, however, that the ey
are by far not of-linearly independent: from ) ., ex - a® = 0 we can not conclude a* = 0 in
general. If this would be true then the projective module is even a free module which in general

needs not to be the case. Nevertheless, free modules are examples for projective ones. Moreover,
in general the vectors e* do not even span the dual module &*, see also Exercise [2.4.15

i11.) It is easy to see that the direct sum of projective modules is again projective. Moreover, it is
again finitely generated whenever the direct sum was finite and each term was finitely generated.

The question whether two projective modules are isomorphic can be encoded in terms of the
idempotents of Proposition 2.3.3]

Proposition 2.3.5 Let § and & be finitely generated projective right modules over a unital ring o
which we write without restrictions as & = ed™ and F = fA™ with the same n € N and suitably
chosen idempotents e, f € M, (). Then the following statements are equivalent:

i.) The right d-modules & and F are isomorphic.

ii.) There are u,v € My, (o) with
e=uv and f=ou. (2.3.5)

iii.) There exists an invertible matriz V- € Ma, () with

V(e O)V—1:<f O). (2.3.6)
00 00

ProOOF: First we note that adding zero entries we can always bring two idempotents to the same size
n without changing their images. Hence we can assume that n is the same without restriction from
the beginning. We show = = = First, we assume that ¢: § — F is
an isomorphism of right &¢f-modules. Now we set v = foe: 4™ — o™ which is again right o-linear.
Hence we can identify v with a matrix in M, (/). Analogously we define u = e¢~f € M,,(«). Since
f is the identity on the image of ¢ (which is F) we have

uv(z) = e¢” ' ffe(x) = e¢™" fo(e(x)) = ee(z) = e(x).

Similarly, one shows vu = f and hence we obtain Now assume and let e, f € M, () be
idempotent elements with (2.3.5)) for some u,v € M,,(#f). Then we define the block matrix

V= < - H_f> € My, (o).

1—e U

An elementary computation shows that V' is invertible with inverse given by

vl —u 1-—e
B 1-f v .
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Using these explicit formulas, (2.3.6) is a straightforward computation thereby verifying Finally,
we assume (2.3.6). Then the projective modules & and F can also be considered as submodules
of #*" as images of the idempotents (§9) and (g 8), respectively. Then ([2.3.6)) gives the desired
isomorphism V} g: & — F. Note that this restriction gives indeed a map into F. O

This property of idempotent elements is the starting point for the definition of the Kg-theory of an
algebra o with unit. First we denote by Proj(«) the category of all finitely generated and projective
right @/-modules with module homomorphisms as morphisms. By Proj(#4) we denote the class of
isomorphism classes of finitely generated and projective modules over &f. Thanks to Proposition [2.3.5
we see that Proj(«f) is in bijection to the set of all equivalence classes of idempotent elements in
My (o): here two idempotents e, f are called equivalent if there exist u,v € My () such that

e=wuwv and f=vu. (2.3.7)

Though it follows from Proposition [2.3.5 that this is indeed an equivalence relation, it is also a nice
exercise to check this directly, see Exercise Obviously, (2.3.7) means that there is a large
enough n € N such that e, f,u,v € M, () C My (o). Alternatively, we can also use the third
statement in Proposition to define the equivalence of idempotents: e and f are equivalent if
they are conjugate to each other after one has brought them to equal size in some sufficiently large
M,,(¢) by adding zeros.

The set Proj(#/) has now an additional structure: we can take finite direct sums of projective
modules which are again finitely generated and projective by Remark Then the direct
sum @ becomes an associative and commutative (only on the level of isomorphism classes) composition
law. The commutativity and also the associativity is not fulfilled on the level of projective modules
directly: we have to use the canonical isomorphism to obtain §F = F & etc. Finally, the 0-module
is the neutral element with respect to @, again after using the isomorphisms 6 B0 =8 =204 E. We
summarize these considerations in the following proposition:

Proposition 2.3.6 The set of isomorphism classes of finitely generated projective modules Proj(«A)
is an abelian semi-group with respect to @ with neutral element [0]. Moreover, Proj(#) is isomorphic
to the abelian semi-group of equivalence classes of idempotent elements in My, () where on the level
of representatives e € My (o) and f € My, () the direct sum is defined by e® f = (§ ?c) € Myt ().

An abelian semi-group can always be turned into an abelian group by adding sufficiently many
inverses. This process is well-known from the transition from the semi-group of natural numbers N

to Z. The resulting group is called the Grothendieck group of the semi-group, see Exercise [2.4.18

Definition 2.3.7 (Ko-Theory) The Grothendieck group of Proj(#d) is denoted by Ko(A) and called
the Ko-theory of A.

Remark 2.3.8 (K-Theory) The above algebraic definition of K-theory allows for many general-
izations and specializations, we only presented the most simple version. On can extend the above
construction to algebras without unit element, where a slightly different approach has to be taken.
Moreover, there are higher K-groups K,, (¢ ) which we will not need in the sequel. A detailed discussion
can be found in monographs [4,99).

2.3.2 The Serre-Swan Theorem

Before we define the Hermitian Kg-theory we will give a geometric interpretation of the construction
of Ko(«) for the case where o/ = 6€°°(M). The following classical theorem of Serre and Swan was
originally formulated for commutative unital C*-algebras, i.e. o = 6(X) with a compact Hausdorff
space X, and in an algebraic-geometric situation, see [107,/110]. Ever since there have been various
other formulations and contexts for this theorem, one of which we shall present here:
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Theorem 2.3.9 (Serre-Swan Theorem) Let M be a connected manifold.

i.) The sections T°°(E) of a complex vector bundle m: E — M are a finitely generated and
projective module over €°°(M).

ii.) If 8goo(ary i a finitely generated and projective module over €°°(M) then there exists a complex
vector bundle m: E — M such that Egoo(pr) = FOO(E)%W(M) with E being determined uniquely
up to vector bundle isomorphisms over the identity of M.

iii.) Vector bundle homomorphisms over the identity of M correspond to module homomorphisms
under the correspondence in part .

PrROOF: The first part is the most non-trivial one. We give here a proof which works for the case
of compact M to simplify things. By definition of a vector bundle there is a vector bundle atlas
{(Us, ¢i) Yier where U; € M is open and ¢;: 7~ H(U;) € E — U; x C* is a local trivialization. Here
k is the fiber dimension. As we assume M to be compact, finitely many U; already cover M, say
Ui,...,Un. We choose a subordinate quadratic partition of unity {x;}i=1,.. n, i.e. smooth functions
Xi € 6°°(M) with suppy; C U; and x3 + -+ x4 = 1. Moreover, let e;, € I'™°(E|y,) be the
local base sections given by the trivialization and denote the corresponding dual base sections by
el € I'°(E*|y,). Here and in the following v = 1, ..., k. We define now the global sections

€ = Xi€ia € T(E) and " = y;eff € T*°(E").

Indeed, since supp x; C U; these sections are extended smoothly from U; to M by setting them equal
to zero outside of U;. Now let ¢ € I'*°(F) be an arbitrary section. Then for all p € M we have

> i€ @), =D xi0) Y eiae (@), = Do xEwel, =,

where we have used that either p € U; so that we can use the locally defined base sections or p is not
in U;, in which case x;(p) = 0. Together, this means

¢ = Z Cia " €i’a(¢)-

Since the natural pairing of e*® € I'°(E*) with ¢ is 6°°(M)-linear we have found a finite dual
basis in the sense of Remark [ti.)) Thus by Proposition the 6°°(M)-module I'*°(E)
is finitely generated and projective. For the second part we consider Egeo(pyy = €6€°°(M N with
some idempotent e = €2 € My(6€>(M)) = €°(M,My(C)). Then the image e€>®(M)"V is a
submodule of the free module 6€*°(M)N = I'*°(M x CV). Since we can interpret e as a vector bundle
endomorphism of the trivial vector bundle M x C¥, the projective module is the image of a vector
bundle homomorphism. Since for p € M we have dim(ime(p)) = tr(e(p)) and since p — tr(e(p)) is
smooth, we see that the dimension of the image is locally constant and hence constant. Thus the
image has constant rank which shows that it defines a vector bundle. Clearly, E is unique up to
isomorphism and I'*°(E) = &. The third part is well-known, see e.g. [116, Thm. 2.2.24] for a detailed
proof. O

Remark 2.3.10 The above proof of the first part relies on the fact that we can find a finite vector
bundle atlas. If the vector bundle atlas is not finite then the proof still gives a projective module,
which might not be finitely generated. In particular, by the o-compactness of second-countable
manifolds we always find a countable vector bundle atlas. However, it can be shown that even in
the non-compact case, one always can find a finite vector bundle atlas. Hence the above proof also
applies in the non-compact case, see e.g. [121, Prop. 4.1]. An alternative proof can be found by using
the Whitney embedding theorem for the (non-compact) tangent bundle TE of E. Since the vector
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bundle E — M can be viewed as the vertical bundle of TE — E, restricted to the zero section,
one can use the orthogonal complement inside the large R™. As the tangent bundle of R is trivial,
the same holds for its restriction to M and hence we have found a complementary bundle to E inside
a trivial bundle. From this, the Serre-Swan Theorem easily follows. We also note that an analogous
statement holds in the continuous case of topological vector bundles over compact Hausdorff spaces,
see Exercise 2.4.20 Finally, we note that there is an elaborate theory of the topological version of
K-theory based on vector bundles on topological spaces in general, see e.g. the classical textbook [71].

Corollary 2.3.11 Passing to sections E — T'>°(E) gives an equivalence of categories
I Vect(M) —> Proj(¢>(M)), (2.3.8)

where Vect(M) denotes the category of smooth vector bundles over M with vector bundle morphisms
over id: M — M as morphisms. Moreover, it is compatible with Whitney sums of vector bundles
and direct sums of projective modules, respectively. Finally, it descends to an isomorphism

Vect(M) 5 [E] — [[°(E)] € Proj(C™(M)) (2.3.9)

of semi-groups, where Vect(M) denotes the semi-group of isomorphism classes of vector bundles over
M.

In particular, the group Ko(6°°(M)) has the interpretation of classifying smooth vector bundles over
M. The Grothendieck group of Vect(M) is called the (smooth) topological K-theory of M which is
denoted by K°(M). Thus the Serre-Swan Theorem states that these two groups are isomorphic. In
fact, one can show that the restriction to smooth vector bundles is superfluous: the smooth vector
bundles and the topological vector bundles over a manifold given the same K-theory.

2.3.3 Hermitian Ky-Theory

After this excursion to the ring-theoretic definition of K-theory, we will now take the *-involution as
well as the positivity structures into account, leading to two notions of a “Hermitian” Ky-theory. It
turns out that the strong non-degeneracy plays a crucial role.

Proposition 2.3.12 Let o be a unital *-algebra over C = R(i) and let &, be a right od-module with
o -valued inner product (-, -)_,. Then the following statements are equivalent:

i.) The inner product (-, -) , is strongly non-degenerate and &, is finitely generated and projective.

ii.) There exists a finite Hermitian dual basis e1, . .., en, f1,..., fn € &, i.e. we have for all x € &,

n

2= eq (farT),. (2.3.10)

a=1

iti.) The inner product is non-degenerate and one has 4 (6,) = B4 (E,,).

PROOF: Assume that (-, -), is strongly non-degenerate and let {eq, e*}a=1,. » be a finite dual basis
thanks to Proposition , Then there are uniquely determined f, € €, with e® = (fa, ),
and hence follows. Conversely, assume . Since e®: & + (fq,x) is right o-linear,
provides a finite dual basis. Thus &, is finitely generated and projective. Now let x € &* be
given. Then for all z € &,

(@) = X(X2, ca (ar2)s) = D2 X(ea) a2y = (O fa - xlea) ')
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showing that the map y — (y, -),, is surjective. The injectivity is obvious from (2.3.10). Finally,
assume §,(6,) = B, (&,). Since the finite-rank operators are a *-ideal in the unital *-algebra of all
adjointable operators for an inner-product module, this is equivalent to idg € Fu(&,). Thus there
exist finitely many eq, fo € &, with idg = > O, r,. But this is precisely and hence we
have a dual Hermitian basis. Conversely, (2.3.10]) shows that idg € §4(&,) and by the first part, the
inner product is non-degenerate. ([

For a vector bundle with a pseudo-Hermitian fiber metric we obtain a Hermitian dual basis from
this proposition:

Example 2.3.13 (Pseudo-Hermitian vector bundles) Let E — M be a complex vector bun-
dle. According to Example we know that the pseudo-Hermitian fiber metrics on E correspond
exactly to the strongly non-degenerate inner products. For an alternative proof of this, one can con-
struct a Hermitian dual basis: Locally this is certainly possible and given by a local frame e; , and
fi,o determined by the local dual frame via e§*(p) = h(p)(fi,a, -) Which indeed determines a smooth
section f; o € I'°(E|y,). From here one can continue as in the proof of Theorem to globalize the
section without spoiling the property of a Hermitian dual basis. It turns out that such a Hermitian
dual basis is often a very efficient tool for studying vector bundles.

This example also motivates the refined definition of Hermitian K-theory which takes into account
the different isometry classes of inner products. We have two versions by either taking into account
the additional complete positivity or not:

Definition 2.3.14 (Hermitian Ko-theory) Let o be a unital *-algebra over C = R(i).

i.) The category of finitely generated projective right 9l -modules with strongly non-degenerate o -
valued inner products as objects and adjointable maps as morphisms is denoted by Proj* ().

ii.) The category of finitely generated projective right od-modules with strongly non-degenerate and
completely positive 9 -valued inner products as objects and adjointable maps as morphisms is
denoted by Proj™™ (o).

iii.) The corresponding semi-groups of isometric isomorphism classes are denoted by Proj*(#) and
Proj*" (o), respectively.

iv.) The resulting Grothendieck groups are denoted by K§(d) and K™ (o). The group Ki™ (o) is
called the Hermitian Kg-theory of .

By forgetting the additional structures we get functors and on the level of isomorphism classes we get
(semi-) group morphisms

Proj™ («4) Proj”(s4) Ko™ (<4) Ko(st)

\ / and \ (2.3.11)
(sA)

Proj Ko(st)

which, geometrically speaking, encode how many non-isometric (pseudo-) Hermitian fiber metrics one
has on the given vector bundles.

In general, the semi-group morphisms are neither surjective nor injective. Clearly, if there
is a completely positive inner product, then we can pass to a “completely negative” one by inserting
a —1 into the definition. This shows that the semi-group morphism Proj*"(«/) — Proj*(«) is not
surjective for somehow trivial reasons. Thus it is more interesting whether or not this is the only
freedom we gain when passing from completely positive inner products to general ones. Instead, it
could happen that we have possibilities for more complicated “signatures”. For the same reason we
expect the semi-group morphism Proj*(#f) — Proj(#/) to be non-injective. Now the more interesting
question is the injectivity and surjectivity of Proj*"(«) — Proj(«).
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2.3.4 The Properties (K) and (H)

In order to learn something about the bijectivity of the semi-group morphism Proj*" (s¢) — Proj(sf)
we have to understand on which finitely generated projective modules there exists a strongly non-
degenerate and completely positive ¢f-valued inner product. The complete positivity is rather easy
to control since embedding a projective module in some #™ would give immediately a completely
positive inner product by restricting the canonical one. The strong non-degeneracy is more difficult
to guarantee. Here the following proposition gives a sufficient criterion:

Proposition 2.3.15 Let P = P2 = P* € M,(#) be a projection. Then the restriction of the
canonical inner product of 4™ to PA™ is strongly non-degenerate.

PROOF: Let eq,..., e, € 4™ be the canonical basis and x = Px € P#". Using P = P* we compute

x = ZZ eiej,x) = ZZ Pe;(e;, Pz) = Zl Pei(Pe;, ).

Since Pe; € PoA™ for all i we have found a Hermitian dual basis {Pe;, Pe;}i—1, .. n for Ps4"™. Thus, by
Proposition [2.3.12] the restriction of the canonical inner product is strongly non-degenerate. U

If e is only an idempotent element then the above proof does not apply since e*(e;) may not be
in ed™ any more. This raises the question whether or not for a given finitely generated projective
module & ; we can find a projection P € M,,(4) such that & ; = P«{". As ultimately we are interested
in an arbitrary such projective module we have to find for any idempotent element e € M, (&) an
equivalent projection. In general, this needs not to be the case. However, there is a nice sufficient
criterion due to Kaplansky |70, Thm. 26]:

Theorem 2.3.16 (Kaplansky) Let o be a unital *-algebra over C. Assume that for alln € N and
for all A € M,,() the elements 1 + A*A € M,,(«) are invertible. Then every idempotent element in
Moo () is equivalent to a projection.

PROOF: Let e = €2 € M,,() be given and define
z=1+4(e—e")(e"—e)=2z".
By assumption, z is invertible with inverse 2= € M,, (), which is again Hermitian. We have

ez=¢e+e(e—e")(e" —e)
=e+ (e —ee”)(e" —e)

*

=e+ee* —ee'e* — e+ ee’e

=e€’e,

since €? = e and (e*)? = e*. Analogously one computes ze = ee*e = ez and hence z and e commute.
But this implies that also z and e* commute and z~! commutes with e and e*, too. We define

p=ee'z! =27 tee* = ez le*. Then

2 * —1__*x_—1

p? =ee*zlee* 27t = 27 leetee* 2!

1 * 1

=z lzee* 2z =ee*27 = p.

1

Clearly, p* = (ez~'e*)* = ez~le* = p showing that p is a projection. Finally, we have

I e | _ _ * -1 _ _ *x_ —1 _
pe=z ‘eee=2z "ez=¢e and ep = eee z =ee z =p,

which means that e and p are equivalent. O
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The assumption in this theorem will be useful at many other places. Hence we state the following
definition |29, Sect. TA].

Definition 2.3.17 (Property (K)) A unital *-algebra over C = R(i) satisfies property (K) if for
alln € N and A € My, () the matriz 1 + A*A € M, () is invertible.

We already know several examples of *-algebras with the property (K):

Example 2.3.18 (The property (K))

i.) Every unital C*-algebra o fulfills (K) since first M, (/) is again a C*-algebra and second, by
the spectral calculus, the spectrum of 1 + A*A is in [1,00). Then such a matrix is invertible by
spectral calculus.

ii.) For any manifold M the functions 6°°(M) have the property (K). Here one observes that the
pointwise inverse of the matrix-valued function 1 + A*A € €°°(M, M, (C)) is again a smooth
function on M.

i11.) If o has the property (K) then also Mg («) for all £ € N since M,, (Mg (o)) = M, ().
iv.) The *-algebra C = Z(i) does not satisfy (K) since 2 = 14 1*1 is not invertible in Z(i).

Corollary 2.3.19 If o has the property (K) then the canonical semi-group morphism
Proj*" («f ) — Proj(s4) (2.3.12)
18 surjective.

Another simple application of the property (K) is given in the following proposition:

Proposition 2.3.20 Let o be a unital *-algebra with the property (K). Then for all ay,...,an € A
the algebraically positive element 1+ )" akaq is invertible.

PROOF: We consider the N x N-matrix A € My(«) defined by

an

Then by (K) the matrix 1yxy + A*A is invertible. But this matrix is diagonal and the entry in the
upper left corner is just 1y + ", aXaq. Thus this element is invertible, too. (]

If there is a strongly non-degenerate inner product on &, we still have to answer the question
how many non-isometric ones can be found. By Proposition the strongly non-degenerate inner
products are parametrized by Hermitian, invertible elements H € B,(&,). Isometric inner products
are obtained for H = U*U with invertible U. In order to investigate this question, the following
properties will turn out useful. First we define an orthogonal partition of unity in M, (¢) to be a
finite collection of projections P, = P2 = P* € M,,(«/) with the property that

P,P3 = 0,3FP, and P,=1. 2.3.13
B B o

Using this we define the following properties of a unital *-algebra .

Definition 2.3.21 (Property (H)) Let o be a unital *-algebra over C = R(i). Then we define the
following properties of A :
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(H) Letn € N and let H € M,,(4)" be invertible. Furthermore, let { Py} be an orthogonal partition
of unity with [P,, H] = 0. Then there exists an invertible U € M, (4) with H = U*U and
[P, U] = 0.
(HT) Letn € N and let H € M, ()" be invertible. Then there exists an invertible U € M, () with
H =U*U and [P,U] =0 for all those projections P € M, () with [P, H] = 0.
(H™) Letn €N, let H € M, (A4)" be invertible, and let P € M,,(d) be a projection with [P, H] = 0.
Then there exists an invertible U € My, (o) with H = U*U and [P,U] = 0.

For a unital *-algebra ¢/ we obviously have the implications
(HY) = (H) = (H"). (2.3.14)

The property (H™) can be seen as a more special case of (H) where we allow only for a partition
of unity consisting of two projections P and 1 — P instead of an arbitrary (finite) number. On the
other hand, in the case (H1) the invertible element U is universal for all the projections P while in
(H) it may depend on P.

Again, these properties are fulfilled by our primary two classes of examples:

Example 2.3.22 (The property (H))
i.) Every unital C*-algebra fulfills property (H™). This is an immediate consequence of the spectral
calculus. In this case, we can choose U to be the unique positive square root vH of H which
clearly commutes with all other elements in M,,(#) which commute with H.

i.) Slightly more interesting is the algebra 6°° (M) which also fulfills (H*). Indeed, if an invertible
matrix-valued function H on M is given, such that H is positive, then we can define U to be the
unique positive square root v H point by point, which is again smooth as H is invertible. Note
that in general, vH would be continuous only. Also here [vVH, A] = 0 for all matrix-valued
functions A with [H, A] = 0.

With the properties (H), (HT), and (H ™) one mimics certain aspects of the spectral calculus as
available for C*-algebras. However, only those aspects are required which are necessary for getting
unique inner products up to isometries. Indeed, the first consequence of (H™) is the following result:

Proposition 2.3.23 Let o be a unital *-algebra with property (H™). If P = P? = P* € M, (o) is a
projection then every strongly non-degenerate, completely positive inner product on PH™ is isometric
to the canonical inner product.

PrROOF: Let (-, -)" be another such inner product on Pg4™. On #" we consider the direct sum

decomposition
AqA" = Pod" @ (1 — P)dA", (%)

on which we can define a new inner product h(-, -) as follows. On the P«"-part we use (-, -)’
and on the (1 — P)g"-part we use the canonical inner product (-, -). From Lemma and
Lemma [2.1.16] we conclude that h is strongly non-degenerate and completely positive, too. Thus
there exists a unique invertible matrix H € M,,(¢) with

W, ) = (&, Hip)

for all ¢, € 4™ by Proposition 2.2.14] By Remark we conclude that H is a positive element
H € M,(#)". Since the decomposition (x) is orthogonal with respect to h by construction, we
conclude [P, H] = 0. Thus by (H™) we obtain an invertible U € M, (#) with H = U*U and
[P,U] = 0. It follows that U‘ngn : Po™ — Po" yields an isometry between (-, -)" and (-, -). Note
that [P, U] = 0 is crucial for this argument. O
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Corollary 2.3.24 Let o be a unital *-algebra with the properties (K) and (H™). Then
Proj*" (#) — Proj(«d) and K§*(sd) — Ko(oA) (2.3.15)
are bijective.

Corollary 2.3.25 Let E — M be a complex vector bundle. Then there exists a Hermitian fiber
metric on B and any two such fiber metrics are isometric.

PROOF: There are of course more geometric proofs of this well-known fact but we take the opportunity
to use the algebraic techniques developed so far. First we have I'*°(E) = ¢€>°(M)" by the Serre-Swan
Theorem with some idempotent e € €°°(M,M,,(C)). By Example , , we can assume
that e = P is a projection. Then Example [2.2.9 together with Proposition shows the existence.

With Example [2.3.22 , and Proposition [2.3.23| we conclude the uniqueness up to isometry. U

To conclude this section we give an example of a *-algebra which satisfies (K) but not (H™):

Example 2.3.26 We consider the ordered ring @@ and hence C = Q(i) are the rational complex
numbers. Clearly, C satisfies (K). Indeed, for a matrix of the form 1 + A*A with A € M, (Q(i))
we know by spectral calculus that it is invertible in M,,(C). But the components of the inverse are
obtained from rational combination of the components of A and hence the inverse is in M,,(Q(i)). For
(H™) we consider the canonical inner product (-, -) on Q(i) and

(z,w) = (z,3w) = 3zZw, (2.3.16)

which is again completely positive and strongly non-degenerate as 3 = 3 > 0 is invertible and positive.
However, (-, -)" is not isometric to (-, -). Indeed, assume that 3 = wu for some u = a + ib € Q(i).
Then we can write a = - and b = 7 with r,s,n € Z\ {0} not all even. The equation we have to solve
is then 3n? = r? 4+ s2. Taking this equation modulo 4 gives a contradiction.

2.4 Exercises

Exercise 2.4.1 (Hilbert modules) Let 2 be a C*-algebra and #fy a pre-Hilbert right 2-module.
i.) Show that

101l = 1/ 11(¢ D)ot (2.4.1)

defines a norm on #y, where || - ||y is the C*-norm of .

i1.) Show that the completion $g = 3/63;[ of #Cy is still a pre-Hilbert module: the module structure
as well as the inner product extends canonically by continuity.

Hint: Show first that [|¢ - all,., < 9|y, llally for all ¢ € #a and a € A. Find a similar estimate for (¢, ¢) , -
Why is the extension of the inner product still (completely) positive?

A complete pre-Hilbert module over a C*-algebra is also called a Hilbert C*-module or just Hilbert
module.

Exercise 2.4.2 (Adjointable maps are continuous) Consider a C*-algebra 2 and Hilbert mod-
ules Ho and H} over A, see Exercise 2.4.1l Show that an adjointable map B: $iy — $ is continuous
with respect to the canonical norm fopology of the Hilbert modules.

Hint: Use the closed graph theorem.
More on the rich and fascinating theory of C*-Hilbert modules can be found e.g. in the textbooks
[79.87,95].

Exercise 2.4.3 (Complex conjugate module) Provide the detailed proof of Proposition
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Exercise 2.4.4 (Degeneracy space) Prove Proposition [2.1.3]

Hint: Define the inner product on the quotient by means of representatives and the inner product on &,. Show that
this is well-defined and inherits all the necessary properties.

Exercise 2.4.5 (Non-degenerate and idempotent matrices) Let ¢/ be a non-degenerate and
idempotent *-algebra. Show that for all n € N the *-algebra M, () is again non-degenerate and
idempotent.

Hint: Show first Oy y©:w = O.(y,2),w for all z,y,z,w € A™.

Exercise 2.4.6 (Direct orthogonal sum) Let @ be a *-algebra.
i.) Show that the direct orthogonal sum of right sf-modules with positive (n-positive, completely
positive) ¢f-valued inner products has again a positive (n-positive, completely positive) #f-valued
inner product.

ii.) Show that the restriction of a positive (n-positive, completely positive) sf-valued inner product
to a submodule stays positive (n-positive, completely positive).
i7i.) Consider the direct orthogonal sum &, = @;cr8. of inner product right sf-modules. Show that

the projections
P8, — &Y (2.4.2)

are right of-linear and adjointable with P; = P;".

iv.) Conversely, suppose that on an inner product module &, one has orthogonal projections {P; };cs
with the property that for x € &, only finitely many P;x are different from zero and

r=Y Pu (2.4.3)

il

for all z € &,. Show that the images € = im(P;) C &, of the projections P; are right /-
submodules such that the inner product of &, restricts to non-degenerate inner products on
each €. Conclude that &, is the direct orthogonal sum of the &y,

v.) Formulate and prove the universal property of the direct orthogonal sum of inner-product mod-
ules analogously to the universal property of the direct sum of vector spaces.

vi.) Show that all the above results stay valid after the obvious modifications if one considers inner-
product (%8, 4 )-bimodules instead of right ¢/-modules alone.

Exercise 2.4.7 (Direct sum of positive definite inner products) Consider again the unital *-
algebra o = Zy over Z(i) as in Exercise Show that the canonical inner product on &2 is
non-degenerate, completely positive, but not positive definite. Conclude that the direct sum of two
positive definite inner products needs not to be positive definite anymore.

Exercise 2.4.8 (Degenerate submodules of pre-Hilbert modules) Consider the Grassmann al-
gebra ¢ = A®(C) in one dimension: it is the free C-module with basis 1 and = where the only non-
trivial relation is 22 = 0 and z* = . Endow « with the canonical positive inner product (-, -)

i.) Show that (-, -)
ii.) Show that spanc{z} C o is a submodule and the restriction of (-, -)  to this submodule is
degenerate.

'

., 1s non-degenerate but not positive definite.

Exercise 2.4.9 (Complex conjugate of completely positive inner products) Let & be a *-

algebra over C = R(i) and let &, be a right #/-module with a_completely positive inner product
(-, ), Show that on the complex conjugate left ¢f-module ,& the induced inner product as in

(2.1.6) is again completely positive.
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Exercise 2.4.10 (Complex conjugation is functorial) Let & be a *-algebra over C = R(i) and
let &, &,, and &) be inner-product right «f-modules. Consider the corresponding inner-product left
gf-modules &, mg/, and mg//.

i.) Let T: 8, — &/, be an adjointable morphism. Show that

!/

T: £ w T(z)€ & (2.4.4)

is an adjointable morphism again. Prove that T + T gives a C-antilinear map B,(&,,, /) —
B (&, &)

ii.) Show that the analogous results hold for the complex conjugation of morphisms between inner-
product left sf-modules.

iti.) Show that T = T and T* = (T)*.

iv.) Show that for a further adjointable morphism S: &/, — &” one has SoT = SoT.

The conclusion is that the complex conjugation of inner-product modules is functorial. There are
analogous statements and variants of this e.g. for inner-product bimodules, for pre-Hilbert modules
etc.

Exercise 2.4.11 (Idempotents and matrices) Let & be a unital *-algebra over C = R(i) and let
e € M, () be an idempotent. Endow #™ with the canonical inner product.

i.) Show that for all n € N one has Endy (#4"™) = M, (¢). Show also that a C-linear map A: 4" —
™ is adjointable iff A is right gf-linear. Show that in this case the adjoint is the usual matrix
adjoint when interpreting A and A* as matrices in M, («).

ii.) Show that 1 — e is again an idempotent with e(1 —e) =0 = (1 — e)e.
iti.) Show that also e* is an idempotent.

iv.) Show that e induces a direct sum decomposition #" = edd & (1 —e)4™. Show that with respect
to this decomposition one has the following induced decomposition

M, (#)e = Endy (ed™), (2.4.5)
)

(1 -e)M (&4 (I —e)=Endy((L—e)4d™), (2.4.6)

eM,(«)(1 —e) = Homy ((1 —e)sd"™, ed™), (2.4.7)
and

(1 —e)M,,(o)e = Homy(esd”, (1 —e)d™). (2.4.8)

Exercise 2.4.12 (Local Hermitian unit elements) Let o be a *-algebra over C = R(i). A rea-
sonable replacement for the existence of a unit element is sometimes the existence of local Hermitian
unit elements {eq}acs as in Definition This notion is borrowed from C*-algebra theory where
one only requires convergence e,a — a and aeq, — a of a net {e,}aer instead of equality as in
(12.2.4]).
i.) Show that a unital *-algebra has local Hermitian units.
ii.) Find examples of non-unital *-algebras which have local Hermitian units.
Hint: Consider suitable non-compact topological spaces and continuous functions with compact support. Under
which conditions on the space X do you find local Hermitian units for €o(X)?
iti.) Consider the infinite matrices Mo (C) with at most finitely many non-zero entries with its usual
*-algebra structure. Show that M (C) has local Hermitian units.

iv.) More generally, suppose & has local Hermitian units. Show that for all n € N the matrices
M,, () have local Hermitian units. Do the infinite matrices Mo, () with finitely many non-zero
entries also have local Hermitian units?
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v.) Discuss whether the additional requirement e? = e, for all a € I would be an achievable
modification in the above examples.

vi.) Suppose that @ has local Hermitian units. Show that for every positive linear functional
w: dd — C one has w(a*) = w(a).

Exercise 2.4.13 (Sufficiently many positive functionals) Let & be a *-algebra with sufficiently
many positive functionals and local Hermitian unit elements {e,}qcs. Show that in this case the
statement of Corollary [1.2.10] is still valid.

Hint: Use the vectors 1., € H., of a GNS representation 7, for some positive functional w.

Exercise 2.4.14 (Morphisms between projective modules) Let &, and &/, be finitely gener-
ated projective right modules over @/. Choose idempotents e € M, () and f € M,,(«) such that
&, 2 ed™ and &/, = foA™.
i.) Show that the right ¢/-linear maps from &, to &/, can be identified with fM,,xn(sd)e C
M, ().
ii.) If 8" =~ g% with an idempotent g € My(«) is another finitely generated projective right

module over ¢, how can one encode the composition of module morphisms &, — &/, and
8!, — &7

Exercise 2.4.15 (Projective modules and their duals) Let « be a unital ring.

i.) Assume that &, is a finitely generated and projective right ¢f-module. Show that in this case
the dual left @/-module ,6* is a finitely generated and projective left ¢f-module.

Hint: Use that the notion of a dual basis is symmetric in &, and ,&".

ii.) Let again &, be a finitely generated and projective right ¢f-module and choose an idempotent
e € M, () with &, = esd™. Find a description of the dual module ,&* using e.

Hint: Exercise 2.4.14]

iti.) Give an example of a projective right s/-module and a dual basis {ey, e} ca for &, such that
the elements ey € ,&* do not span ,E*.

Exercise 2.4.16 (Equivalence of idempotents) Let & be a unital ring. Define two idempotents
e € M, () and f € M, () to be equivalent if there exist (rectangular) matrices u and v with e = uv
and f = vu. Show that this defines indeed an equivalence relation. Find a reasonable adaption of
this for a unital *-algebra and projections instead of general idempotents.

Exercise 2.4.17 (Finitely generated projective modules) Assume that &, is a projective right
gd-module over a unital ring ¢ which in addition is finitely generated with generators ey, ..., e, € €.

Show that there exists elements e!,...,e" in the dual module such that together with the eq,..., e,
one has a finite dual basis.

Hint: Start with an arbitrary dual basis {fx, f*}ania and express the elements fy by right ¢/-linear combinations of
the generators e, ..., en,.

Exercise 2.4.18 (The Grothendieck group) Consider the category AbSemiGroup of abelian semi-
groups with the usual morphisms of semi-groups. For a semi-group S one considers on S x S the
relation ~ defined by

(s,t) ~ (s',t') if there existsa w €S with s+t +u=s+t+u. (2.4.9)

i.) Show that this defines an equivalence relation.

ii.) Suppose that S has the cancellation property, i.e. if s +u =t + u holds then s = ¢t. Show that
in this case one can simplify the above construction and omit the usage of u in (2.4.9) to obtain
the same relation.
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ii.) Show that the semi-group addition + passes to the quotient G(S) = (S x S)/~ and yields a
group structure. The group G(5) is called the Grothendieck group of S.

iv.) Show that S 3 s+ [(s,0)] € G(S) is a monoid morphism.

v.) Show that for a semi-group S with the cancellation property the canonical monoid morphism
S — G(9) is injective.

vi.) Show that S — G(S) is functorial by specifying explicitly how semi-group morphisms pass to
group morphisms between the corresponding Grothendieck groups. This yields a functor

G: AbSemiGroup — Ab. (2.4.10)

Exercise 2.4.19 (K, for a field) Let k be a field. Compute the semi-group Proj(k) and the corre-
sponding Ko-group Ko(k).

Hint: First show that every finitely generated projective module over k is actually a finite-dimensional vector space.

Exercise 2.4.20 (Serre-Swan Theorem in the continuous case) Adapt the proof of the Serre-
Swan Theorem for topological vector bundles over a connected compact Hausdorff space X.

Exercise 2.4.21 (Property (K)) Let R be an ordered ring and C = R(i) as usual. Show that
M,,(C) satisfies property (K) whenever R is an ordered field. Does the same statement hold also for
R=77

Exercise 2.4.22 (Property (H)) Let R be a real closed field, see e.g. [66, 7777], with its canonical
ordering. Then we know that C = R(i) is algebraically closed. Show that M,,(C) satisfies property
(HT) for all n € N.

Exercise 2.4.23 (A Banach *-algebra without property (K)) Show that the Banach *-algebra
9 from Exercise [1.4.20] does not satisfy (K).
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Chapter 3

Tensor Products

In this chapter we describe various tensor product constructions for inner-product and pre-Hilbert
modules. The first construction of internal tensor products builds on the tensor product of bimodules
over the algebra in the middle. Here we follow Rieffel to introduce a new inner product on this tensor
product once we have inner products on the two factors. A step of major importance will be to show
that complete positivity is preserved under this internal tensor product. The second construction
extends the external tensor product (over C) of *-algebras to bimodules and their inner products.
This construction will provide us many interesting examples of inner-product bimodules.

3.1 Internal Tensor Products

Following Rieffel’s original construction of a tensor product of Hilbert modules over C*-algebras,
see [97,98|, we can cast his approach now into our algebraic framework, following essentially [261]29].
As before, we consider a ring C = R(i) as scalars where R is an ordered ring and i? = —1.

3.1.1 Construction of the Internal Tensor Product

We start with a (%, #)-bimodule with ¢f-valued inner product (-, -)¢ compatible with the left %-
module structure. Moreover, let %,, be a right %8-module with %- Valued inner product (-, -)2. Then

the tensor product ¥, ®4 ;6 , is a rlght gd-module in the usual way. For elementary tensors we define

(y@ z,y @ x/>z®g = (z, (y,y) - w’>i. (3.1.1)

Lemma 3.1.1 The sesquilinear extension of (3.1.1) yields a well-defined o -valued inner product
(- '>z®g on Fy, Qg 56,

PROOF: We have to show that (3.1.1)) is well-defined on the %-tensor product. Let z,2’ € ,&,, and
v,y € F, as well as b € B. Then we have

(y-by)y )
z, (0" (. y); ) Z').,

(z,
(
<w ( i'w’)>i
{
{

((y-b) @,y @ x'>

b- x>
Y@ y®x’

>9’®<€:’
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and analogously (y®z, (y/-b)®@2')7%* = (yz,y' ® (b-2'))7®*. Thus the inner product is well-defined
over ®g. Let us now show the properties of an algebra-valued inner product. First, it is clear (on
elementary tensors and by construction for general ones) that (-, -)im is C-antilinear in the first
and C-linear in the second argument. Moreover, we have

<y®x( ® ') > <

as well as

(<y® z,y @z >g®g> = (<x, (y,y’);: ~x'>i>*

7, (.y)])" )
oy ),
= <y ®x,y®x>i®g.

This implies that (-, -)7®® is indeed an @/-valued inner product on ¥, ®s ,8.,. O

If one defines just over the C-tensor product then the above Lemma can be interpreted in
such a way that tensors of the form y ® (b-z) — (y - b) ® x are in the degeneracy space of the inner
product. Thus the passage to the tensor product over % can be seen as being part of the passage to
the quotient by the degeneracy space as we did that before in Proposition 2.1.3] However, the next
example shows that the degeneracy space can be strictly larger:

Example 3.1.2 Let R = (R]z])[y] = R[z, y] be the polynomials in two variables. Then we can endow
R with the structure of an ordered ring by viewing it as a subring of (R[x])[y], where the latter is
endowed with the ordering according to Example applied twice. As usual C = Clz,y].
Now we consider #€ C C being the ideal generated by x and y, i.e. # = xC+ yC. Geometrically, this
is the vanishing ideal of (0,0) in the (x,y)-plane. Being an ideal, #€ is a module over C and being
a submodule it inherits the canonical positive definite inner product. Thus it is a pre-Hilbert space
over C. We consider now the tensor product # ® ¥ with the induced inner product according to
. It is well-known that in 7€ ® #€ the two elements x ® y and y ® x are different. However,

(z@y-—y@z,fRg)=ayfg—yzfg=0

shows that * ® y —y ® x is in the degeneracy space of (3.1.1). Thus these torsion effects cause ([3.1.1])
to be degenerate even though the inner products on each of the two factors are non-degenerate.

From this example we see that in general it may happen that the inner product (-, )9®8 is degenerate.

Thus we divide by the degeneracy space according to Proposition to obtaln a non-degenerate
inner product, i.e. an inner-product module:

Definition 3.1.3 (Internal tensor product) Let %, be a right B -module with 9B -valued inner
product and let &, be a (B, 9 )-bimodule with compatible «d-valued inner product. Then we define
the internal tensor product of F and & by

T ®% 264 = Fy Qa %891/(@% Qe gegw)lv (3.1.2)

endowed with the non-degenerate induced A -valued inner product (-, ->‘Z®8,

© Stefan Waldmann 2019-01-25 15:18:20 40100 Hash: 13717b6



3.1. Internal Tensor Products 63

As usual, we shall drop the explicit reference to the algebra % and simply write F ® & if the partic-
ipating algebras are clear from the context. Moreover, we will see more particular situations where
automatically (¥ ® &)+ = {0} and thus the quotient (3.1.2) is unnecessary as opposed to Exam-

ple3.1.2]

Lemma 3.1.4 Let %, be a (6,%)-bimodule with compatible B -valued inner product and ,&, as
before. Then the canomcal left “6-module structure on ., F, Qg ,8, is compatible with (-, -)>*° and
on the inner-product s1-module , F,, @ ,6,, we obtain a *-representation of 6.

PRroOOF: Clearly, it is sufficient to consider elementary tensors y ® z, ¥’ ® 2’ € F ® §&. We have for
cEb

((e-
<l‘ cC Y,y % QZ‘/>;
(@
(

<C' (y® x)??//@ $/>

&
ol

/
FRE

yRx,( ®x>
= <y®l‘,0 ( ®$)>9®F,

showing that the left 6-module structure is compatible with (-, )9®€ Using this, Proposition [2.1.27]
shows that the 6-module structure passes to the quotient and yieldb a *-representation of € on F ®&.0J

The next nice property of @ is the “associativity”. As in the usual case of ®, the associativity only
holds up to a canonical isomorphism. We will be slightly pedantic here as later we will need precisely
this canonical isomorphism to formulate a bicategorical approach to representation theory. Moreover,
due to the additional quotient procedure needed in &, some more care is needed:

Proposition 3.1.5 Let, %, and ,&, be bimodules with algebra-valued inner products which are com-
patible with the corresponding left actions of € and 9B, respectively. Moreover, let 9., be a right
€ -module with 6 -valued inner product.

i.) The C-linear map

(%%g ®“€<e g:%) Rep %8m/(((g<€ ®<€<6; 9:%) B %‘%«)L ((g ®“f’<@ ) B fsggdv (3'1'3>

determined by [(z ® y) @ x] — [[z ® y] ® x|, is a well-defined isometric isomorphism of inner
product modules over A .

ii.) Analogously, the map
L ~ ~
b D (¢ T @3 26.1) [ (Beg D6 (¢ Fp O 28.4)) — YBeg O (¢ For @3 08.,), (3.14)

determined by [z ® (y®@ z)] — [z ® [y ® z]], gives a well-defined isometric isomorphism of inner
product modules over A .

it1.) The canonical isomorphism of right 9 -modules
(G26F) 2, E2:20Y)Q01 = 20 (Y1) €Y Q¢ (F R4 8) (3.1.5)
induces a well-defined isometric isomorphism
2 (Y8 F) By & — 4G B¢ (F @4 8) (3.1.6)

of inmer product modules over . In particular, we have for equivalence classes of elementary
tensors

a([[z@y]@m]) =[z® [y® x]]. (3.1.7)
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PROOF: To show the well-definedness of the above maps we have to consider ¢ € ((4 ® F) ® &)+
and show that ¢ becomes an element in the degeneracy space of (% F ) ® &. Denote the image of ¢
in (4®%F)®E by ¢. A general vector in (4 ® F) @ & is a linear combination of vectors of the form
[z ® y] ® x. Thus for ¢ =>",(2; ® y;) ® x; we compute

(42F)E

(3 eyen)*P =3 (heylow oy o),

&

7o (@ yl, o yl)g”” @)

o
&
Ty, <Zz & Yi, Z @ y>‘5®d x>§4

YRF)RE
(zz®yz)®mz,(2®y m>i¢® .

Y

by the assumption that ¢ is orthogonal to all vectors. It follows that ¢ € ((4 ® F) ® &)+ and
thus is well-defined. Moreover, this map is clearly right ¢f-linear. The analogous computation
shows that is isometric. Since an isometric map between inner-product modules with non-
degenerate inner products is injective we conclude that is injective, too, see Exercise .
The surjectivity is clear and thus we have an isometric bijection. This implies that the inverse
coincides with the adjoint, showing the first part. The second statement is proved analogously. For
the third part we compute that on the level of representatives that is isometric, since

(YF)®

(zeyoz,(@ey)o >

&
< 20y, 2 ®y>1®q ’>

(

F /éa

l‘,<y, ZZ (6’ y>%l’>
&

YR (F2E)

for all z,2' € &, y,y/ € F, and z,2' € 4. As ( is clearly a right ¢/-linear isomorphism (with the

obvious inverse) we obtaln also in the quotlent an 1sometrlc isomorphism

(42F)28)/(42F)28) — (4 (Fo8)/([Ye(Fc8).

Together with the first and second part we obtain the isometric isomorphism a which encodes the
associativity of ®. The last equation is clear from the construction. O

We can now discuss the compatibility of the internal tensor product with adjointable (bi-) module
morphisms. Here we formulate the following lemma directly for three *-algebras o, %, and 6 with
corresponding bimodules. Analogous statements are also true for the case of only two *-algebras with
the first module being only a right module. This case is obtained by setting 6 = C.

Lemma 3.1.6 Let %,  Fy, 46,, and ,&, be bimodules with corresponding algebra-valued inner
products compatible wzth the corresponding left-module structures. Moreover, let S € By (, Fypre Fo)
and T € B, (,6,,,,6!,) be adjointable bimodule morphisms with adjoints S* and T* being bimodule
morphisms, too. Then the algebraic tensor product

S ®g TZ(@ g;% Qe %&4 7 g@},; Qe %8.; (3-1-8)
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mduces an adjointable bimodule morphism

whose adjoint is given by S* ®y T*. If S and T are surjective isometric (not necessarily adjointable)
then S ®q T is well-defined and unitary.

PRrROOF: Let S and T be adjointable bimodule morphisms with bimodule morphisms S* and T™ as
adjoints. Then

(S Ty z).y @)% = (S@) @ T().y @ 1)
7 N\
<T ) ) >94

= (v T*(<y75* ;o))

= (0. (.50 - T'@)),

= <y ® x, 5" (y ) ® T*(x/)>z®g

=(you (ST o)),

since T is left 9-linear. This shows that S* ® T™ is an adjoint of S ® T. By an analogous argument
as in Proposition the maps S ® T' and S* ® T* preserve the degeneracy space and hence give
well-defined adjointable bimodule morphisms in the quotient. This shows the first part. The case of
surjective isometric bimodule morphisms (adjointable or not) follows from Exercise m (]

The above results can now be summarized as follows if we insist on non-degenerate inner products,
i.e. *-representations on inner-product modules, from the beginning. In this case the adjointable
endomorphisms B, (#,) form a *-algebra themselves and the adjoints are unique. This leads to the
following theorem [29]:

Theorem 3.1.7 (Internal tensor product) Let o, B, and 6 be *-algebras over C. Then the
internal tensor product ® yields a covariant functor

R *-modg, (€) x *-mod 4 (B) — *-mod 4 (6), (3.1.10)

where the *-representations are tensored by means of Lemma|3.1.4. The morphisms are tensored using

Lemmal3.1.0

PROOF: We have already seen that the internal tensor product of *-representations gives again a
*-representation. Moreover, the internal tensor product of intertwiners yields an intertwiner. Thus it
remains to show that the internal tensor product preserves the identity morphisms and the composi-
tion of morphisms: for x € ,&, and y €., F, we have

(S & T)([y ® a]) = [S(y) ® T(x)]

by construction. Since the equivalence classes of elementary tensors also span the quotient., F, s ,6.,,
it suffices to check the compatibility with the composition on such equivalence classes of elementary
tensors where it is trivial. (]

Remark 3.1.8 The probably remarkable point is that the additional structure of the inner products
allows to absorb torsion effects of the ring-theoretic tensor product as in Example in a universal
way by replacing this tensor product with the internal tensor product ®. The price is of course the
additional quotient procedure needed in &.

© Stefan Waldmann 2019-01-25 15:18:20 40100 Hash: 13717b6



66 3. TENSOR PRODUCTS

For strongly non-degenerate *-representations we obtain the following result. Note that the right
factor can be arbitrary.

Corollary 3.1.9 Let o, B, and 6 be *-algebras over C. The internal tensor product restricts to a
functor
g *-Modg, (6) x *-mod(B) — *-Mod,,(6). (3.1.11)

PRrROOF: Let, %, € *-Modg (‘6) be a strongly non-degenerate *-representation of 6 on a inner-product
right %8-module and let ,6, € *-mod (%) be arbitrary. Let y € ¥ and x € 6. Then we find ¢; € €
and y; € F withy=c1-y1+---+¢p - Yn. Thus

Zici-(y“@:r):Zi(ci-yi)®$:y®x

shows that € - (F ® &) = F ® &. From this, 6 - (F ® §) = F & & follows immediately. O

3.1.2 Complete Positivity of the Internal Tensor Product

We can now formulate the main question of this section, namely whether and how the internal tensor

product is compatible with our positivity requirements. Let the inner products (-, -)7 and (-, -)?
be positive. Then the map
b (z,b-2)° (3.1.12)

is clearly a positive map. Indeed, (z,(b*b) - )¢, = (b-z,b-z)%, € ot by the positivity of the inner
product. Hence it follows from (y,y)? € 9T that

(y@z,y®x)*" = (z, (y,y), x>; cdr. (3.1.13)

Thus the inner product takes positive values on the elementary tensors y ® x € F ® &. However, not
every element in ¥ ® € is of the form y ® x. In general, we need linear combinations ¢ = Y " | y; ® x;.
Now the sesquilinear evaluation of (¢, ¢)7“® gives off-diagonal terms (x;, (y;,y;)o - z;)5, which in
general are non-zero but not necessarily positive. Thus the mere positivity of the inner products
(+,) and (-, )2 does not seem to guarantee a positive inner product (-, -)7®® directly. This
problem is the ultimate reason that we required complete positivity for the inner products instead of

just positivity. In the case of completely positive inner products, we obtain the following result |29}
Thm. 4.7]:

Theorem 3.1.10 (Complete positivity of the internal tensor product) Let F, be a right 9 -
module with % -valued inner product and let ,& , be a (B, A)-bimodule with compatible s -valued inner
product. If both inner products { -, -\ and (-, -)° are completely positive then { -, -)7=°

o " o is completely
positive, too.

PrOOF: Let ¢V, ..., 0™ € F ® & be given. Then we can write these vectors as
N
p® = Z yz(a) ® xl(oa)
i=1

with yga) € ¥ and :cl(a) € . Without restriction we can assume that N is the same for all . We have
to show that the matrix ((gb(o‘), ¢(5)>§®8) € M, (o) is positive. To this end, we consider the map

[ Mp(My (%)) — My (My(A))
defined by
£(B) = <<x§a>, By x§6)>i>7
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where B = (B?jﬂ ) with the Greek indices running from 1 to n and the Latin ones running from 1 to
N. We compute f(B*B) explicitly yielding

with C7 € M, (Mp())™, since (-, -)%, is completely positive. This implies f(B*B) € M, (My(«))"
F

for all B and thus the map f is a positive map. Since the matrix <<y§a), y](ﬁ)> ) € M, (My (%)) is
B

positive by the complete positivity of (-, - )7

P(G))) = (0 ) 7)) € Mty

is positive. Now we use the canonical isomorphism M,,(Mpy(s)) = M, n(4) = My (M, («)) as well
as the positive map 7: My (M, («)) — M, () from Example [1.1.14, Thus also

(6 02)) = (o1 0202 27)' ) = (6, 67)2°) € Gty

i,5=1

we conclude that also the matrix

is positive which finishes the proof. O

From this theorem we immediately obtain the following corollary as complete positivity is pre-
served when passing to quotients:

Corollary 3.1.11 If the algebra-valued inner products on %, and ,& , are completely positive then
F, Do 6., s a pre-Hilbert module over .

Corollary 3.1.12 The internal tensor product yields functors
R 1 *-repgy (6) x *-rep, (B) — *-rep,(6) (3.1.14)

and
R *-Repg (6) x *-rep,(B) — *-Rep,(6). (3.1.15)

By fixing one of the two arguments of the functor ® we obtain further functors which allow to move
between *-representation theories of *-algebras. The two following examples will partially answer the
questions asked in Section [1.3

Example 3.1.13 (Rieffel induction) Let ,&, € *rep (%) be fixed. Then tensoring with ,&
from the left gives a functor

Re = ,8,@,: *repg (s1) — *-repy, (B), (3.1.16)
the so-called Rieffel induction. For the particular case 9 = C we simply obtain the Rieffel induction

Re = 58,81 “rep(sd) — *-rep(%), (3.1.17)
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which will allow to compare (or at least relate) the representation theories of ¢/ and %. Let us
unwind the definition of Rg more precisely: on objects it is simply the internal tensor product with
56, and on morphisms it is the internal tensor product with the identity morphism on ,&,, i.e. for
T: 9, — €, we set

Re(T) = idg ®T. (3.1.18)

By Theorem this is indeed a morphism Rg(7): Reg(,#,) — Re(,#€.) and Rg is compatible
with composition of morphisms. Thus Rg is a functor. If we only require ,&, € *-mod_, (%) then we

still get a functor

for each auxiliary *-algebra @. If in addition ,&, € *-Rep (%) or *-Mod (% ), respectively, we obtain
a functor preserving the strong non-degeneracy of the *-representations.

The Rieffel induction was originally formulated by Rieffel for the case of C*-algebras, see [96,,97],
with the auxiliary *-algebra 9 being just the complex numbers 9 = C. In addition to our algebraic
framework he required analytic features like completeness with respect to norm topologies induced
by the inner products. However, for C*-algebras these kind of requirements are automatic as e.g.
any *-representation of a C*-algebra on a pre-Hilbert space is continuous and can be extended to a
*-representation on the Hilbert space completion. More details on the C*-algebraic version can be
found e.g. in the textbooks [79,81,95| as well as in the Exercises and

The second example is interesting when we want to study the representation theory of a fixed
*-algebra ¢ but on pre-Hilbert modules over different auxiliary *-algebras.

Example 3.1.14 (Change of base ring) Let 9 and %’ be two *-algebras replacing the scalars C
and let , 9, , € *-repy,(%). Then we obtain a functor

Sy = ®,9,,: *repg (o) — *-repy, () (3.1.20)

for any *-algebra of: on objects we set Sy (,#€,) = 7€, ®q ,Y,, and on intertwiners T': ,#, —
4 IC., we tensor with the identity, i.e. Sq(T) =T ® idyg. Analogously, we have variants of Sy for
*-mod and *-Rep as well as *-Mod, too, see also Exercise [3.3.2]

The associativity of the internal tensor product (up to the isomorphism a) according to Proposi-
tion [3.1.5] can now be used to interchange the functors Rg and Sg. Here we have to be slightly more
careful as the functors do not just commute but they only commute up to a natural transformation:

Proposition 3.1.15 Let ,&, € *-mod (%) and ,4,, € *-modg, (D) be given. Then the functors Re
and Sq commute up to the natural isomorphism

a: ch oRe — Rg o ch (3121)
induced by the associativity map a from Proposition [5.1.5,

PROOF: We have to show that changing the brackets in Proposition [3.1.5]gives a natural isomorphism
between F =S¢ o Rg and G = Rg 0 Sy. Let ,#€, € *-modg (#) be given. Then

(Sg o Re)(,#,) = (%gm @’w mye@) @)@ 09

and
(R8 o S‘ﬁ)(w%@) = %8.;4 O (w%@ ®g @(g@’)'

s . /
For a morphism T': ,#€, — 7€, we have

(S o Re)(T) = (idg ®uT) ®s idy
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and
(Rg 0S¢ )(T) = idg @y (T ®g idy).
Now we define ayge: (Sq o Rg)(,#6,) — (Rg 0Sy)(,7€,) on elementary tensors before taking the

quotient needed for @ by
ax(z®¢)®y) =21 (p®y),

and use the induced map on ®-tensor products according to Proposition [3.1.5| By putting things
together, it is clear that

(Rg ©Sy)(T) 0 ay = ayr o (Sy o Re)(T),

which shows that a is a natural transformation. Finally, since all the maps aye are even isometric
isomorphisms (with the obvious inverses) and hence unitary intertwiners by Proposition we
have a natural isomorphism as claimed. ([

We can rephrase the statement of the proposition in the following way: the diagram of functors

>|<-n’]od@ (Sﬁ) *-mod@ (%)
Sy J Se (3.1.22)
Ry
*-mod@/(d) *-mod@/ (%)

commutes up to the natural isomorphism given by the associativity a of the internal tensor product.

We conclude this section with a remark on the necessity to use completely positive inner products:
this is unavoidable if one insists to obtain pre-Hilbert spaces out of Rieffel induction. To this end we
need the following lemma which is also of independent interest, see |31, Lem. 3.2]:

Lemma 3.1.16 Let A be a unital *-algebra over C = R(i) and let n € N.
i.) If Q: My, () — C is a positive linear functional then there exists a strongly non-degenerate

*-representation w on a pre-Hilbert space H of d and vectors ¢, ..., ¢, € H with
nQ(A) = > (¢i,m(aij)e;) (3.1.23)
ij=1

for all A = (a;j) € My (o).
ii.) Conversely, if m: d — B(H) is a *-representation on a pre-Hilbert space and ¢1,...,¢n € H
then

A > (i m(ai)e;) (3.1.24)

ij=1

is a positive linear functional on M, ().

PROOF: For the first part we consider the elementary matrices E;; € My (o) with 1 at the (7,j)-th
position and zero elsewhere. Since Ez*j = Ej; and E;jEyy = 6, we have

*
nA = E Ty EjiaifEkZ'

Now let (Hgq, IIo) be the GNS representation of M,, (/) with respect to §2 as in Proposition The
map a — Ig(al,xy,) defines a strongly non-degenerate *-representation of &4 on Hq. Now we consider
the vectors ¢; = Zj ¢Eﬁ € Hq where as usual 14 denotes the equivalence class of A € M,,(#/) in the
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GNS pre-Hilbert space. With these vectors, (3.1.23) is a simple computation. The second part is a
straightforward computation as well. For A = (a;;) € My, (¢) we have

Zij<¢ia7r(<A*A)ij)¢j> = Z (bis T(agzar;)dj)
= Z”k (aki)di, m(ar;) ;)
= (W) >0
with 9, = >, m(ag;)¢i. This shows that (3.1.24) is a positive linear functional. O

Using this lemma we can now formulate the necessity of completely positive inner products for
Rieffel induction, at least for the case of unital *-algebras:

Proposition 3.1.17 Let A be a unital *-algebra over C = R(i) and let &, be a right «d-module with

o -valued inner product (-, ->i. Then the following statements are equivalent:

i.) For all strongly non-degenerate *-representations (H, ) € *-Rep(d) of «, the inner product
() '>8®H on &, ®y, H is positive.

*

i.) The inner product (-, -)* is completely positive.

PrOOF: We have already shown == in Theorem3.1.10|in even larger generality for arbitrary
(#6, ) € *-repy (o) with arbitrary auxiliary *-algebra %. Thus assume|i.) and let x1,...,2, € &, be
given. Let Q: M, () — C be positive and let (H,7) € *-Rep(#f) be a *-representation such that

holds, according to Lemma Then for A = ((z;,2;)%,) € My(s4) we have
EQH
:Zij<¢i7ﬂ- xzax] ¢]>_ <Z xl®¢laz xj®¢j> >0

by assumption. But this implies Q(A) > 0 for all positive 2. Hence (-, -)*

., is completely positive. ]

This algebraic observation can now be used to show that positive inner products for a C*-algebra
are automatically completely positive since *-representations are known to be orthogonal sums of
cyclic representations, see Exercise [3.3.5

3.2 External Tensor Products

In this short section we present yet another possibility to construct interesting bimodules, the external
tensor product.

As it is well-known, the tensor product & = &1 ® o5 over C of two *-algebras o1 and «s is again
a *-algebra via the multiplication

(a1 ® a2)(b1 ® b2) = (a1b1) @ (azbs) (3.2.1)

and the *-involution
(a1 ® az)” = a] ® aj. (3.2.2)

In this sense we have ¢ @ M,,(C) = M,,(¢f) as a first example. The construction is functorial in the
obvious sense: If ®;: o; — %B; are *-homomorphisms for i = 1,2 then the tensor product

DP=PQPy: A1 @ Ay — B1 R By (323)
is again a *-homomorphism. For ¥;: 9%; — 6; we have

Vod = (\I’l ® \1/2) @) ((I)l ® (I)Q) == (\Ifl (e] (1)1) &® (\112 o (1)2) (324)
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as well as
idwl & idgg2 = iddl®w2 . (3.2.5)

Thus the tensor product ® yields a functor
®: *alg x *-alg — *-alg, (3.2.6)

which yields a functor
®: *-Alg x *-Alg — *-Alg (3.2.7)

in the case of unital *-algebras since 14, ® 1y, is clearly a unit element for the external tensor product
A1 ® Ao if dd1 and &5 are unital. Clearly, the external tensor product of two unital *-homomorphisms
is again unital.

Remark 3.2.1 (Composite systems) From a physical point of view, the external tensor product
corresponds to composite systems: If ¢f; is the observable algebra of the first subsystem and s is
the observable algebra of the second subsystem then the combined physical system has o1 ® o5 as
observable algebra. As usual, some idealizations are made: for classical physics with phase spaces
M, and My the external tensor product €°°(M;) ® €°°(Mz) is not quite €°°(M; x Ms) but only
a dense subalgebra. Similarly, in the quantum mechanical situation with two Hilbert spaces $; and
o the combined system has the Hilbert space tensor product $1 ® $2 as Hilbert space, being the
completion of the algebraic tensor product with respect to the canonical inner product on $H; ® $o.
For the bounded operators as observable algebras we have B($1) ® B(H2) C B(H; ® H2) where
in infinite dimension the inclusion is proper, but the algebraic tensor product is dense in various
topologies. In any case, the algebraic tensor product gives a reasonable observable algebra for the
combined system, though maybe not containing all of them. In our completely algebraic approach,
the algebraic external tensor product is all we can discuss here.

3.2.1 External Tensor Product of Inner-Product Bimodules

We shall now extend this construction to modules and bimodules. To this end we consider *-algebras
A; and 9%; for i = 1,2 and set f = o1 ® A9 and 9B = B, ® %o, respectively. Moreover, let %18;11)
and %28;22) be bimodules over (1, A1) and (B, A2), respectively.

Lemma 3.2.2 The tensor product & = € @ §@ becomes a (B, d)-bimodule via
(b1 ®b2) - (21 ® x2) = (b1 - 1) ® (ba - x2) (3.2.8)
and
(11 ®@ x2) - (a1 ® az) = (21 - a1) ® (x2 ® ag), (3.2.9)
where b; € B;, x; € 8Y and a; € A; fori=1,2.

PRrROOF: This is a trivial verification. U
Lemma 3.2.3 Let %ié?éj; be (9B, d;)-bimodules with compatible s ;-valued inner products (-, '>f4(_i> for
i =1,2. Then the C-sesquilinear extension of

&(2)

e e(1)
(T1 @ 22,91 @ y2);; = (1, 01)sy, @ (2,2) 7, (3.2.10)

endows & = 8 @ 8@ with an A -valued inner product which is compatible with the left % -module
structure.

PROOF: Again, this is a simple computation. O
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As expected, the construction above is functorial in the best sense. Here we can show the following
lemma:

Lemma 3.2.4 Let d;, 9B; be *-algebras and let %185,;3 and%igqii) be (B, d;)-bimodules with o;-valued

inner products (-, ~>Z(.i) and (-, - )g() for i = 1,2. Moreover, let ®;: §@ — F O be adjointable

bimodule morphisms with adjoints ® being bimodule morphisms, too. Then
P=0;RP: 8VREY — FVF® (3.2.11)
is an adjointable (B, A)-bimodule morphism with adjoint given by
o = P ® Ps. (3.2.12)
Moreover, idgn) ® idg2) = idg and
(U1 @ U)o (P @ Py) = (V1 0P1)® (Vg 0dy) (3.2.13)
for the composition of adjointable bimodule morphisms.
PRrROOF: We only compute the adjoint of @, the remaining statements are trivial. We have

® Y2, P1(71) ® Pa(z2))7
y1, ®1(21))% ) @ (o, Ba(x2))7,
Hw), 35 © (@5(y), 2) ]

P
1 (3/1) ® ®a(y2), 11 ® T2)),
(D @ B3)(y1 @ ya), 11 © 22)°,

(y1 @ Yo, P(21 ® x2))7 =

{1
=
{
{
{

for all elementary tensors x; ® x2 € & and y; ® yo € F. This gives (3.2.12)). O

As already for the internal tensor product, it may happen that the inner product is
degenerate. In fact, if the *-algebras are both C then there is no difference between the internal and
external tensor product and C ® C = C. Thus the Example also applies for the external tensor
product.

In any case, we know how to handle a possible degeneracy of the inner product: we have to divide
by the degeneracy space . This way, we end up with a *-representation of % on an inner-product
module over &f. We call this bimodule the external tensor product

M R, 8@ = (8M®E)/(6D ® @) . (3.2.14)
Obviously, this is still compatible with morphisms and we obtain the following functor:

Proposition 3.2.5 For all *-algebras 1, Ao, B1, and Ba, the external tensor product Re. 1S a
functor
et -mod,y (B1) x *-mod,y, (B2) — “-mody, o4, (B1 @ B2). (3.2.15)

3.2.2 External Tensor Products and Complete Positivity

We consider now the positivity requirements for the inner products. In order to show the complete
positivity of (-, )% once the inner products (-, ->fj;) are completely positive, we need the following
proposition which is also of independent interest. In fact, this statement is one of the main motivations

to consider completely positive maps instead of just positive maps:
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Proposition 3.2.6 Let «; and %B; be *-algebras over C with i = 1,2 and let 4 = A1 ® Aoy and
B =981 ®B,.
i.) For a; € 9" we have a1 ® ay € oA+,
ii.) For a; € Qﬁj we have a1 @ ay € AT.
iii.) For completely positive maps ®;: d; — B, the tensor product & = &1 @ Pg: o —> B s
completely positive, too.

PROOF: Let a; = S0t aublibir, with agg, > 0 and by, € s4;. Then

N1 N3

a1 ®@ag =Y Y onpan(bik @ b)*(biy @ bag) € AT
k=1 (=1

shows the first part. For the second part we observe that the map a1 — a; ® ajas is a positive
map 1 — o for all ap € Ay: indeed ata; — (afar) @ (ajaz) = (a1 ® a2)*(a1 ® a2) € 4T. By
Exercise , this is enough to conclude that the map a; — a1 ® ajaz is positive. Hence for
all a1 € sﬂf also a; ® akas € AT, But this means that the map as — a3 ® az is a positive map
for all a1 € «f{". Hence, by the same argument, a1 ® ay € T for all a; € &1;’ follows. The third
part requires slightly more work and illustrates again the importance of the notion of a completely
positive map. Let n € N and A € M,,(¢; ® 5242) be given. We write A as matrix A = (A*%) with
matrix entries A%? = fov 1 al,’f ® a, ﬂ and ajy P € d;. Without restriction we can assume that N is
the same for all & and 3. Then we have

M (A*A) = o™ (zn:(Ava)*A76>

r=1

=33 (@i((a3p) a?) @ @ ((a3) a37)). (+)

’}/21 k,é:l

We need now some auxiliary maps. First note that the matrix

BY = ((I%-((alk) jf)) € My (i)™

is positive for all v and ¢ = 1,2: for all v the matrix ((alf) W) is positive by Lemma [2.1.12]

and ®; is completely positive by assumption. Now we use the following map

defined by “evaluating on the diagonal”, i.e

(b(fﬁ) ® (bglﬁ') s (b?ﬁ ® b§“5>,

where a, 8,0/, 8/ = 1,...,m denote the matrix indices. We claim that A is positive. Indeed, let

N
B= Z(Bf‘f ® B;fﬁ') € My (%B1) © My (B2)
r=1
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be given. Then we have

Mz

A(B*B) = ) A((Bir ® Ba)"(Bis ® Bas))

=
o
Il
—

Mz

> a((erse) e ((5) 57))

=1

> () e () wi))

vY'=1

1(@3?? ) (5o
(005).

where b%/ = Z,{Vzl BlY® B;;a € %1 ® Bo. But then by Lemma [2.1.12 we finally see that the
matrix ((bf‘/y,)*(bfv,)) is (even algebraically) positive for all v and 4'. Thus A(B*B) € M,,(%B1 ®
%Bo)tT. This shows that A is a positive map. Note that A is not a *-homomorphism. Now we can
evaluate (%) further and get

=
)
Il
—

iMZ

)

Ms

!

s

o)

Ms

!

1

s

o)

Z Z ( (BY) aﬁ Bv)az%)

y=1k(=1

= Z 5 (ay @ By

y=1k/(=1
= > (raB7 @ B,
v=1

where we have used on one hand the positive map A: MnN(%l) @M, n(B2) — MnN(%l ® Ba) and
on the other hand the positive map 7: M, n (%1 ® B2) = My (M, (B1 ® Ba)) — M, (B1 ® Ba) from
Example m As for each v the matrices B; are positive, their tensor product B ® Bj is positive
by the second part. Thus applying the positive maps A and 7 results in a positive matrix q)(")(A*A)
which proves the complete positivity of ®. O

Corollary 3.2.7 Let w;: df; — C be positive linear functionals. Then the linear functional wy ®
wy: A1 ® Ay — C is positive as well.

PrROOF: This follows easily from the Proposition as positive linear functionals are com-
pletely positive maps and C ® C = C. See also Exercise for a more direct approach. U

Remark 3.2.8 (Entanglement) In general, the algebra o = o ® «y has more positive linear
functionals w as those which are convex combinations of the form w = wy ® ws with positive linear
functionals w;: @; — C with ¢ = 1,2. The quantum mechanical interpretation is now the following;:
recall that the combined system is described by &, while the two subsystems are described by «{;
and o, respectively. Then the corresponding states (viewed as positive linear functionals) of the
total system of the form w = w; ® we show no correlations between the two sub-systems. Convex
combinations have correlations but these can be considered to be entirely classical. They are not
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entangled. The remaining positive functionals correspond to those states having correlations beyond
the classical correlations, i.e. entanglement. The characterization of such states is one of the primary
goals of quantum information theory and a highly non-trivial task, even for finite-dimensional matrix
algebras o; = M,,,(C), see again e.g. [21,/92].

After this short excursion we come to the main theorem of this section, see [29, Remark 4.2]:

Theorem 3.2.9 (Complete positivity of external tensor product) Let o; be *-algebras over
g(i)
d;

oné, = 8;5411) ®8$2) with A = 91 @ Ay is completely

C =R(i) and let 85;3 be right od;-modules with ;-valued, completely positive inner products (-, -)

Then the A -valued external tensor product (-, )
positive, too.

PROOF: Let (-, )% for §, = 8;11) ® 8;,22) be defined as in (3.2.10)). Moreover, let (1), ... ¢ € & be

given which we can write as

N
¢l = Zw?k ® o

k=1
with 2 € §@. Then we have
(@) 4B\ = o a B B \& al o B\eW o B\&eP
k=1 k=1

By assumption, the matrices

x @) — (<mfk,xfg>8(1)) € Myn (o)

g
are positive. By Proposition , also their tensor product X @ X@ ¢ M, n (1) @ Mpn(42)
is positive. After applying the positive diagonal map A from (3.2.16)) we obtain a positive matrix

(X 6.39) (e 0 (o) M. (o

oy sl

Finally, applying the positive map 7: M,y (%1 ® H2) = My (M, (1 @ d2)) — M, (o1 ® o2) from

Example [1.1.14] which is just the summation over k and ¢ in this case, we get from (x) and (xx)
(<¢<a>, ¢<ﬂ>>i) N (X(1> ® X(2>) € My (st ® ol2) ™,

which proves the complete positivity of (-, - ). O

A
Corollary 3.2.10 The external tensor product Q.. yields a functor
Rext: -rePy, (B1) X *-repy, (Ba) — “-repy, o, (PB1 @ Ba). (3.2.17)

Example 3.2.11 We can now view our canonical example of the (M, (), «/)-bimodule , ., with
its canonical inner product from Example [2.2.2 as an external tensor product. Indeed, for a *-algebra
9 we have the bimodule , o, with completely positive «/-valued inner product (a,b) = a*b which is
clearly compatible with the canonical left ¢f-module structure. Moreover, C" is a (M,,(C), C)-bimodule
with the canonical completely positive inner product, also compatible with the left M, (C)-module
structure. With the canonical identifications o ® C = o and o« ® M,,(C) = M,,(4) we see that

Doy Pext v, 0CC = oy Dt (3.2.18)

including all bimodule structures and inner products, see also Exercise
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3.3 Exercises

Exercise 3.3.1 (Isometries are injective) A situation we encounter quite often is to have an iso-
metric C-linear map T': €, — &/, between two right «/-modules with inner products which may be
degenerate.
i.) Show that in this case
kerT C &= (3.3.1)
Conclude that for a non-degenerate inner product on the domain &, the map 7" is injective.
i.) Assume in addition that T is surjective. Show that 7' maps &7 into &';-.

iii.) Assume again that T is surjective and assume that &/, is an inner-product module. Show that
in this case ker T = &

iv.) Show that an isometric surjective 7" induces a unitary and hence adjointable right &/-linear map
T:8,/85 — &, /85 (3.3.2)

Exercise 3.3.2 (Change of base ring) Show that the change of base ring functor S¢ as in Exam-
ple 3:1.14] can also be defined as a functor

Sy : *-modg (o) — *-modg, (), (3.3.3)

whenever 4, , €€ *-modg,(%). Discuss the compatibility with strongly non-degenerate *-representations
of ¢, i.e. the compatibility with the subcategories *-Rep(#) and *-Mod (¢ ), respectively.

Exercise 3.3.3 (Direct proof of Corollary [3.2.7) Give a direct proof for the fact that the tensor
product of positive linear functionals is again a positive linear functional without using the results of

Proposition [3.2.6]

Exercise 3.3.4 (" as external tensor product) Provide the isomorphism realizing (3.2.18)) ex-
plicitly and check all its properties directly.

Exercise 3.3.5 (Positive inner products for C*-algebras) Consider a *-algebra @ over C =
R(i) and a right ¢/-module &, with positive (but not necessarily completely positive) inner prod-
uct (-, -),,.
i.) Suppose that (H,n) € *-Rep(#) is a cyclic *-representation. Show that the induced inner
product (-, -)*®¥ on & ®, H is positive again.
*

ii.) Suppose next that (H,n) € *-Rep(«#) is an orthogonal direct sum of cyclic
Show that also in this case (-, -)*®* on &, @, H is positive.

-representations.

i11.) Conclude that for a C*-algebra A over C every positive inner product is actually completely
positive.

Hint: Use first that every (strongly non-degenerate) *-representation of a C*-algebra is (a completion of) a
direct sum of cyclic *-representations. Then use Proposition [3.1.17]

Exercise 3.3.6 (The internal tensor product and direct orthogonal sums) Let «/, %, and
6 be *-algebras over C = R(i). Moreover, let., %, and {,&% }ic; be inner-product bimodules.

i.) Show that one has an isometric isomorphism

«Fp Oa <€Diel %8,5)) = @iel(‘g Ty B 565 (3.3.4)

Show analogously, that such an isomorphism also exists for a direct sum in the first argument
of the internal tensor product.

Hint: It might be advantageous to use Exercise [2.4.6} to construct the orthogonal projections needed for
the right hand side directly.
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ii.) Let now., %/ and {,85};cr be further inner-product modules with adjointable bimodule mor-
phisms, i.e. intertwiners, v, %, — %, and ¢;: L8680 — L&Y for all i € I. Let ¢ =
DBicr 0i @iel%é’y — @Dicr &% be the direct sum of the intertwiners ¢;. Show that the
diagram

~

€ 97% s (@ie[ %85;)) - @iel‘e 9% ®% %85)
w @ ¢ ®iel 7!1 @ ¢z (3'3-5)

YN 5 (1) I 10
¢ T O <@iel 56 ) > Dicre T O 264

commutes. This is the naturality of the isomorphism in (3.3.4). Formulate and prove the
analogous statement for the direct sum in the first argument of the tensor product.

i11.) Conclude that the Rieffel induction functor is compatible with direct orthogonal sums of *-
representations.

Exercise 3.3.7 (Complex conjugation and ®..) Let 1, o2, %B1, and B, be *-algebras over C =
R(i). We set o = o1 ® Ao as well as B = B ® By. Moreover, let %18;11) and %285422) be inner-product
bimodules with external tensor product ,&, =, 18;11) Rext 5 28;22).

i.) Show that there is a isometric isomorphism

-, (1) (2) (1) (2)
it 5,84 Pt 3,80, — 2,64, Qext 3,80, (3.3.6)

mapping the equivalence class of 7 ® T to the equivalence class of y ® x.

ii.) Consider now additional inner-product bimodules%lgﬁ) and %297;? with external tensor prod-
uct , ¥, = %19545? ®ext%297;z). Suppose T7: %18;11) — %1954%) and T5: %28;2; — %29;? are
intertwiners. Show that the isomorphism 7 is natural in the sense that

i0(T) ®ue T2) = (T ®eu Tp) 0 (3.3.7)
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Chapter 4

Morita Equivalence

In this chapter, we first present a rather naive approach to Morita theory: we require the existence
of certain bimodules which implements an equivalence relation between *-algebras. Beside the ring-
theoretic version which we discuss later, we have two flavours of this equivalence relation: *-Morita
equivalence and strong Morita equivalence. After this direct approach we discuss a more conceptual
definition of Morita equivalence as isomorphism in an enlarged category of *-algebras: we enlarge the
notion of *-homomorphism to certain inner-product or pre-Hilbert bimodules giving new categories
in which we have the same objects but more morphisms. In particular, more *-algebras become
isomorphic in these new categories, and isomorphism turns out to be precisely Morita equivalence.
The actual construction of these enlarged categories can be done in essentially two ways. KEither
one has to use equivalence classes of bimodules to obtain an honest category, or one can stay with
bimodules directly, paying a price in form of getting only a bicategory. We will discuss both versions
in detail.

4.1 Strong and *-Morita Equivalence

Dealing directly with the bimodules, the approach is now rather simple: on one hand we have to
ensure a symmetric situation for the two *-algebras &f and %. For ,&, € *-mod (%) the *-algebras
o and % enter quite differently: there is only an #f-valued inner product but not a %-valued one.
Thus we have to equip ,&,, with a %-valued inner product as well, now of course left %-linear and
C-linear in the first argument since ,,& , is a left 98-module. On the other hand, the bimodule together
with the inner products should be as non-trivial as possible in order to get a meaningful equivalence
relation.

4.1.1 *-Equivalence and Strong Equivalence Bimodules

Concerning the non-triviality of an inner product one first observes the following lemma:

Lemma 4.1.1 Let &, be a right 9 -module with 9 -valued inner product (-, -)_,. Then
(8,8>m:spanc{<:ﬂ,y)ﬂ ‘ac,yeé?}gsﬂ (4.1.1)

is a *-ideal in 4.

Proor: With (z,y),a = (z,y-a), € (6,8), it follows immediately that (&£,&) , is a right ideal.

Moreover, ((z,y),)" = (y,x),, shows that (§,&) , is stable under the *-involution. Hence it has to be

a *-ideal. O
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One possibility to encode the non-triviality of an inner product is to demand that the *-ideal
(6,8) , coincides with the whole *-algebra s4. In fact, this will be the crucial condition, thus deserving
its own name:

Definition 4.1.2 (Full inner product) Let &, be a right o-module with «d-valued inner product
(-, )y Then the inner product is called full if

&,8), =d. (4.1.2)

Together with the non-degeneracy conditions on the inner product and with the symmetric situation
in ¢ and 98 this constitutes the definition of an equivalence bimodule:

Definition 4.1.3 (Strong and *-equivalence bimodule) Let ,6, be a (B, 4 )-bimodule with two
algebra-valued inner products (-, )" and ,{(-,-)*. Then the triple (,8,,,( )", (-, )% is called
*-equivalence bimodule if the following conditions are fulfilled:

i.) The inner product (-, '>f; s full, non-degenerate, and compatible with the left B -module struc-
ture.

ii.) The inner product ,(-,-)* is full, non-degenerate, and compatible with the right «l-module
structure.

i11.) The bimodule & is strongly non-degenerate both as right 9-module and as left 9B -module, i.e.
B-E=6=86 4. (4.1.3)

w.) For all z,y,z € & one has
2y 2) = ) 2 (4.1.4)

&

If in addition both inner products are completely positive then (,6,, , (-, )%, (-, )

equivalence bimodule.

) is called a strong

We remark that the notion of strong equivalence bimodules for C*-algebras is due to Rieffel [96-98], see
also e.g. [81,95| for textbooks on the C*-algebraic version of strong Morita equivalence. Ara discussed
*-equivalences bimodules for general rings with involution [1,2]. Our *-algebras are a particular case
of this slightly more general situation. Nevertheless, as we will aim for strong Morita equivalence of
*-algebras anyway, we have presented Ara’s definition only in this context. Finally, the extension of
the notion of strong equivalence bimodules to *-algebras over rings of the form C = R(i) is due to
Bursztyn and Waldmann [26,29]. In the C*-algebraic case, Rieffel considered additional completeness
conditions which in the end turn out to be easy to get. For a strong equivalence bimodule as above
one has certain automatic continuity properties which allow for an immediate completion: two C*-
algebras are strongly Morita equivalent in Rieffel’s original sense iff their minimal dense ideals, i.e.
their Pedersen ideals, are *-Morita equivalent in Ara’s sense or strongly Morita equivalent in the
above sense, see |2] and |25, Lem. 3.1|. Taking the Pedersen ideals and building the completion can
be extended to bimodules and yields good functorial behaviour discussed in [29, Sect. 6B].

If the context is clear we shall drop the explicit reference to the inner products and simply call
48, a *-equivalence or strong equivalence bimodule. Note that the %-valued inner product ,(-, -)*
is C-linear and left %-linear in the first argument, according to our considerations in Section [2.1.2

The existence of an equivalence bimodule of either one of the above flavours gives now the (pre-
liminary) definition of Morita equivalence:

Definition 4.1.4 (Strong and *-Morita equivalence) Let f and B be *-algebras over C = R(i).

i.) The *-algebras <4 and 9B are called *-Morita equivalent if there exists a *-equivalence bimodule

%854 :
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i1.) The *-algebras o and B are called strongly Morita equivalent if there exists a strong equivalence
bimodule ,8 ,.

The first task is to justify the notion “equivalence”. Thus we have to show that *~-Morita equivalence
as well as strong Morita equivalence yield relations which are reflexive, symmetric and transitive. We
start with the following lemma:

Lemma 4.1.5 The (A, d)-bimodule 4, with the canonical inner products
Ja,b) =ab® and (a,b), =a"b (4.1.5)
s a strong equivalence bimodule if and only if the algebra 9 is idempotent and non-degenerate.

PROOF: It is straightforward to see that not only (-, -), but also (-, -) is an 9/-valued inner product
compatible with the left respectively right s¢-module structure. Moreover, ,(a,b)c = ab*c = a(b,c),
shows the compatibility of the two inner products. Now the algebra is idempotent if and only
if (-, -), is full in which case also (-, -) is full. The condition of - ;oA , = A, = 9, -9 is also
equivalent to & being idempotent. Finally, the inner products are non-degenerate if and only if &
is non-degenerate. The complete positivity of the inner product has already been shown for (-, -) .
For (-, -) it follows analogously. O

In the following we do not just require reflexivity but we want , 9, to be an equivalence bimodule
directly. Thus we shall restrict to idempotent and non-degenerate *-algebras in the sequel. Taking a
closer look at representation theory and Morita theory shows that *-algebras which are non-idempotent
or degenerate behave rather pathological. Excluding them from our considerations is thus welcomed.
In any case, the restriction is not very severe as e.g. unital *-algebras are idempotent and non-
degenerate anyway, see also Proposition and Exercise for further non-unital examples.

The next lemma shows that complex conjugation turns equivalence bimodules into equivalence
bimodules:

Lemma 4.1.6 Let (,6,,,(", (-, )8 be a *-equivalence (strong equivalence) bimodule. Then

(80 (s ) (-, >i) is a *-equivalence (strong equivalence) bimodule as well where the bimodule
structure and the inner products are defined according to Proposition [2.1.3,

PrOOF: The proof consists in a simple verification of the required properties. Let & 3 z — 7 € & be
the canonical map. Then clearly a-Z =z - a* and T-b = b* - ¥ define the (o, % )-bimodule structure.
We have of - & =& = & - %B. Moreover, the definitions
L) = () and (@9); = ,(,y)
yield algebra-valued inner products with the correct linearity properties. Clearly, they are still full and
non-degenerate. If the original inner products are completely positive then also the inner products
i

L)% and (-, -)> are completely positive, see Exercise [2.4.91 We have

showing that (-, )F is compatible with the right %-module structure. Analogously, one shows the

compatibility of (-, -)o with the left /-module structure. For the compatibility of the inner products
we compute
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=,{zy)" @
=z (y,2);
=z ({z,9)5)"
=.(7.9)" 2
for all Z,7,% € &. This completes the proof. O
The next lemma uses the non-degeneracy of the *-algebra as well as the fullness of the inner
product:

Lemma 4.1.7 Let &, be a right o -module with full o -valued inner product. If < is non-degenerate
then the map
d>a — (x—x-a)€Endc(8,) (4.1.6)

1s injective. The analogous statement holds for left modules.

PROOF: Let a € o with - a =0 for all x € & be given. Then 0 = (y,z - a), = (y,x)_a and hence
(6,8),a =0. Since by assumption (&,&) , = o we conclude #a = 0 which is only possible for a =0
as ¢ is non-degenerate. O

The associativity property of the inner products according to Definition is responsible
for the following result which allows to get rid of possible degeneracy spaces:

Lemma 4.1.8 Let (,8,,,,(-, )", (-, )%) be a (B, d)-bimodule with algebra-valued inner products
satisfying all requirements of a *-equivalence bimodule except that the inner products may be degenerate.
Moreover, assume A and %8 are non-degenerate *-algebras.

i.) We have ,6+ = 18, for the two degeneracy spaces

%8; = {376%891 ‘ (z, >§¢ :O} and %—83’4 - {xe%gd

L) =0} (4.1.7)
ii.) The quotient bimodule ,6 , /%(‘Sé with the induced inner products is a *-equivalence bimodule.

iii.) If both inner products , (-, -)* and (-, )% are in addition completely positive then the quotient

bimodule is even a strong equivalence bimodule.
PROOF: For the first part we consider z € ,&+ and y, z arbitrary. Then we have

975<y7x>8 =Y (x,z)i =0

for all z implying ,(y,z)® = 0 by Lemma Since this holds for all ¥ we conclude x € +&_,. The
opposite inclusion follows analogously. Then the second part is clear as the two quotients ,& , / L6+ =
»6. /76, simply coincide. The first variant inherits the «/-valued inner product, the second the %-
valued inner product by Proposition 2.1.3] Thus overall we have both inner products well-defined
on the quotient, now being both non-degenerate. The other properties stay valid and hence we end
up with a *-equivalence bimodule. The third part follows as well since the complete positivity is
preserved when passing to the quotient. O

For two *-equivalence bimodules ., %, and ,&, we can form the %-tensor product , ¥, ®s ,&,,.
As we already know from Section [3.1] it is endowed with a canonically given #f-valued inner product
(-, ->§®8. With the same construction we also obtain a 6-valued inner product, now C-linear and
left 6-linear in the first argument, by setting

Lyoay @d)™ = (y- (@) y)” (4.1.8)

on elementary tensors y ® x,y ® ' € F ®4 & and extending this C-sesquilinearly to the whole tensor
product. Analogous arguments as in Section [3.1.1] show that this is indeed well-defined and gives a
%-valued inner product compatible with the right sf-module structure.
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Lemma 4.1.9 Let o, B, 6 be *-algebras and let ,F, and ,E& , be *-equivalence bimodules. Then
« Ty @ 56, together with the inner products (-, -)7®® and (-, -)2®° fulfills all requirements of a
*-equivalence bimodule except that the inner products might be degenerate.

PROOF: The compatibility of the inner products with the module structures has already been dis-
cussed. Next, it is clear that € - (F ®5 &) = F @y 6 = (F R4 6) - «d. This follows directly from
€ -F =% and § - o = &. We show that (-, -)7%® is full, the proof for the fullness of (-, -)7®°
is analogous. Let a € & then we find x;, 2} € & with a = 3, (z;, %)%, since (-, -)? is full. Since

B -6 =& we find b; € B and 27; € € with x} = 37, b;; - x7;. Since also (-, )7 is full we find

ij %
y”k,yz]k € F with bj; =), <yl]k,ywk) Now we compute

) &
Z <ijlc ® 9617,%];9 2 -T 9®P = Zz <xi7 Zj,k <yijka y£]k>; ) IL';/]>§1
&
- Zz <xi’ Zj bij x;'j>m
=3 wi,af)e
i

:a/7

n
i

which proves fullness. The analogous argument works for (-, )7®% as well. It remains to show the

compatibility of the two inner products. As usual it suffices to consider factorizing tensors. Thus let
yRx,y @2 and y’ @ 2" € F Ry & be given. Then

Ozy ©2) (W @) = (v le2)y) ) @ 0"
= (Ayy (of2,2))) - y") @ 2"
= (v (' (o 2)) ")) @ "
—vo (0 () )
(a2 2"y y"5) - 2”)
—y@ (o (Wy)7) ) o)
( (W, y"5)" -x',:z:”>i)
95/7< ) ')l
S ® iy 1)

shows that the inner products are compatible and the proof is finished. O

A priori it does not seem to be possible to guarantee that the inner products on ¥ ®g & are non-
degenerate. Thus we have to pass to the quotient by the degeneracy space which, by Lemma [L.1.8]
is the same for both inner products. This way, we obtain a *-equivalence bimodule including both
inner products. In order to emphasize the fact that we have two inner products to take care of, we
use a different symbol

€ 9% é% %gm ¢ 3'(7% R %894/(%3 9‘% R %g.gq)l (4~1-9)

for this tensor product of *-equivalence bimodules as for the internal tensor product ®,. We shall
refer to ® as the internal tensor product of *-equivalence bimodules. Later, we will see that under
certain assumptions the inner products on., ¥, ®g ,& , for *-equivalence bimodules are automatically
non-degenerate, and hence the quotient is not necessary in these cases.

Using the previous lemmas we can now show the main result of this section [1}29]:
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Theorem 4.1.10 (*-Morita and strong Morita equivalence) For the class of idempotent and
non-degenerate *-algebras over C the notions of *-Morita equivalence as well as strong Morita equiva-
lence are equivalence relations.

PROOF: Indeed, reflexivity is obtained from the strong equivalence bimodule , ¢, as in Lemma [4.1.5]
symmetry follows via the complex conjugate bimodule according to Lemma[f.1.6] Finally, transitivity
is obtained by taking the ®-tensor product of equivalence bimodules. Clearly, all constructions are
not only possible for *-equivalence bimodules but also for strong equivalence bimodules since complete
positivity of inner products is preserved by complex conjugation and by . O

4.1.2 First Examples of Strong Morita Equivalences

We now face the fundamental question which *-algebras are *-Morita or strongly Morita equivalent.
Here we consider the following situation. Denote by Iso*(%, ) the (possibly empty) set of all *-
isomorphisms from ¢ to %B. For later use we set Aut*(#) = Iso"(#,9). Assume that o and
9B are *-isomorphic and let ®: ¢f — % be a *-isomorphism. Then we can consider the following
(%, od)-bimodule ,B%: we endow % with the usual left %-module structure and let & act on % via

b-¢a=>bP(a) (4.1.10)

for b € 9% and a € 9. Clearly, this way % becomes a right ¢f-module. For the inner products we use
the canonical 9%8-valued one

50,62 = b)), (4.1.11)
and for the «f-valued inner product we use
(b, 1Y% = &1 (b)), (4.1.12)
where b, b’ € 9. Using this bimodule we obtain the following theorem:

Theorem 4.1.11 (*-Isomorphism and strong Morita equivalence) If« and % are *-isomorphic
non-degenerate and idempotent *-algebras then s« and 9B are strongly Morita equivalent. In particular,
for any ® € Iso* (B, o) the bimodule ,B with the inner products 4 -, - >%¢
equivalence bimodule.

and (-, -)ﬁq) is a strong

PROOF: Since & (and hence necessarily also %) is idempotent and non-degenerate and since ® is a

ol
*-isomorphism, the &f-valued inner product (-, - )iﬁ is full, non-degenerate, and compatible with the

left %-action. Clearly, 4(-, -)%q) is full and non-degenerate as well and compatible with the right
f-action. Here we have to use again that ® is a *-isomorphism. The remaining properties are checked
easily. O

Thus *-isomorphic *-algebras (always within our class of idempotent and non-degenerate ones) are
strongly Morita equivalent. The reverse is not true in general as the following simple example shows:

Theorem 4.1.12 (Morita equivalence of & and M, («)) Let o be non-degenerate and idempo-
tent. Then \; 47y, endowed with the usual #d-valued inner product and the canonical bimodule
structure together with the M, (#)-valued inner product

n

ey = (@iy]) = Ony (4.1.13)

for x,y € A", is a strong Morita equivalence bimodule.
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PROOF: Again, this is a simple verification. First we note that M,,(¢) is again non-degenerate and
idempotent if & has these properties, see Exercise[2.4.5] Hence we stay in the correct framework. Next
it is clear that \; ., is a (M, (), o )-bimodule with M, (o) - "™ = ™ = o™ - . Here we use that
o is idempotent. Moreover, the canonical ¢/-valued inner product (-, -)_, is clearly non-degenerate,
full, and completely positive. The compatibility with the left M, (#f)-module structure is obvious as
the *-involution of M, (/) is defined precisely this way. Now let A = (a;;) € My, (/) be given. Then
we find byjg, ciji € o with a;; = >, bijkc;‘jk since ¢ is idempotent. Now let x;ji, yijx € ™ be the
vectors with b;;, and c;j;i, respectively, at the i-th position and zeros elsewhere. Then © is the
matrix with b;jrcj;, at the (i,7)-th position and zeros elsewhere. Thus A = -, ;; ©g,, 4., shows
fullness. The compatibility of the two inner products is tautological as this is precisely the definition
of the rank one operator ©,4(2) =z - (y,2),,. Let € «™ and assume that ©,, = 0 for all y. Then
Oy y(2) =2 (y,2), =0forall y,z. Since (-, -)_, is full and 4™ - o = " it follows immediately that
x = 0. Thus the M,,(#)-valued inner product is non-degenerate. Finally, let z',..., 2" € 9" then
the matrix

Tijk Yijk

(Oza00) = (iv?(%@)*) € My (o)™ = My (My(s4)) "

is positive by Lemma [2.1.12 . This shows the complete positivity of the M, (#)-valued inner
product. O

Remark 4.1.13 (Commutativity) In particular, C and M,,(C) are strongly Morita equivalent via
the strong equivalence bimodule C”. Thus it follows that commutativity is not preserved by strong
Morita equivalence. Moreover, the above theorem gives many examples of *-algebras which are
strongly Morita equivalent but not *-isomorphic.

4.1.3 First Functorial Aspects

Later on, it will not only be of interest to decided whether two *-algebras are strongly Morita equivalent
but also in how many ways: thus we consider the classes of equivalence bimodules between two given
*-algebras and turn them into categories with appropriate morphisms: A morphism of *-equivalence
bimodules T': ,6, — ,&/, is, as usual, a structure preserving map. In this case we require 7" to be
adjointable with respect to both inner products, i.e. there is one map T*: &/, — & , with

/

&’ * 3 & * 5
(T(@).y)8 = @ T ()5 and 5(T@)y)" = @ T° ()" (4.1.14)
for all z € & and 3/ € &. From the non-degeneracy of the inner products it follows at once that T
and T™ are necessarily bimodule morphisms. Clearly, this way we obtain a good notion of morphisms
allowing to state the following definition:

Definition 4.1.14 (Category of equivalence bimodules) The category of *-equivalence bimod-
ules from < to B is denoted by Pic* (B, ). The category of strong equivalence bimodules is denoted
by Pic™(%,4).

Of course it may well be that the category Pic*(%,9) or Pic®" (%, ) is empty, i.e. there is no
equivalence bimodule between ¢/ and %. Indeed, we shall see that the existence of a *-equivalence
or even a strong equivalence bimodule is a highly non-trivial condition. The notation Pic* and Pic®"
will become clear when we introduce the Picard groupoids in Chapter [5}

We conclude this section with some functorial aspects of the tensor product @ and the complex
conjugation of equivalence bimodules.

Proposition 4.1.15 Let o, 9B, € be non-degenerate and idempotent *-algebras.
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i.) The complex conjugation gives an equivalence (in fact: an isomorphism) of categories
"~ Pic*(%, ) — Pic*(«,%) (4.1.15)

and

"~ Pic®™(B,d) — Pic®™ (A, %), (4.1.16)
where for a morphism T: ,&6, — ,&', one sets
T: 8,37 — T(@) =T(x) € &, (4.1.17)

The inverse of complex conjugation is again the complex conjugation and we have

*

T*=T". (4.1.18)
i.) The internal tensor product @ yields functors
®@g: Pic*(6€,%B) x Pic*(B,4) — Pic*(6,4) (4.1.19)
and
g Pic*(6,B) x Pic™™ (B, ) — Pic™ (€, ), (4.1.20)
where Ry, is defined in the usual way on morphisms. We have
(S Ry T)* = S* @y T (4.1.21)

PROOF: For the first part we have to show that the complex conjugation is functorial. Here we can
rely on Exercise and modify those arguments slightly to incorporate both inner products. Thus
let T: ,6, — ,&/, be an adjointable bimodule morphism with adjoint 7* with respect to both inner
products. Then we have

a-T@) =a -T(x)=T(x) a*=T(x -a*)=T(r-a*)=T(a T)

as well as

T@)  b=T() b="b"-T(zx)=T(b*-2) =T(0* -z) =T (T b)

foralla € o, b€ % and x € &. Thus T is indeed a bimodule morphism. Moreover, we have

@T@)., = @TW)., = &, Ty)* = ,(T*(@).y)" = (T"(),7), = (T"(2),7),,

for all z,y € & and analogously for (-, -)®. Hence T is adjointable with adjoint given as in ({.1.18).
This shows that T is indeed a morphism in Pic*(sf,%) or Pic®" (o, %), respectively. The functoriality
idg = idz and SoT = SoT is obvious from the definition. Clearly, we can exchange the role of o
and % to see that the inverse functor (now really an inverse) of the complex conjugation is again
the complex conjugation. Thus we have here an isomorphism of categories. For the second part we
have to consider two morphisms T': ,& , — ,&/ and S: %, — %, . Then we have to show that
S ®g T is well-defined on the internal tensor product , ¥, ®g ,&,,. It follows from Lemma that
S @4 T coincides with S ®,, T if we just take the ¢f-valued inner product into account. Thus S R T
is adjointable again by Lemma with adjoint given by S* ® T*. The argument for the 6-valued
inner product is analogous. Since both degeneracy spaces coincide by Lemma [£.1.8|the tensor product
S @y T is well-defined on the quotient indeed and the two adjoints coincide. Then the functoriality
is easy to see. O

As already for the internal tensor product ® we shall also simply write ® for &, as soon as the
algebra is clear from the context.
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4.2 The Structure of Equivalence Bimodules

We shall now examine the structure of equivalence bimodules more closely. It will turn out that the
fundamental example ; ., 9 contains already most of the relevant features.
4.2.1 Ara’s Theorem on *-Equivalence Bimodules

We start with the following theorem on *-Morita equivalence slightly adapted to our framework of
*-algebras over C = R(i), see Ara’s work [1]:

Theorem 4.2.1 (Ara) Let o be a non-degenerate and idempotent *-algebra over C.

i.) If 8, is a right d-module with full and non-degenerate A -valued inner product such that & ;- =
&,, then /8.4 15 a *-equivalence bimodule via the canonical §4(8,,)-valued inner product

3 (6){ T2 Y) = Oay. (4.2.1)

T (Egg

Moreover, §,4(&,) is idempotent and non-degenerate.

ii.) Conversely, if ,6,, is a *-equivalence bimodule then the left action
Bo3b— (r—b-x)eFyé,) (4.2.2)

yields a *-isomorphism if 9B is non-degenerate. In this case, 9B is necessarily idempotent. Under
this *-isomorphism, ,(-, -) corresponds to ©. ..

PROOF: Let &€, be an inner-product module over ¢ with & - ¢ = & and a full inner product (-, -),,.
Clearly, y 6, 18 an inner-product bimodule. Since §4(8,) € B.(6,), also &4(8%) acts canoni-
cally from the left in a way compatible with (-, -) . Moreover, the definition (4 is automatically
an §,(&,,)-valued inner product which has the correct sesquilinearity propertles Indeed, this fol-
lows from the computations in the proof of Lemma [2.1.7, Finally, we have ©,.,y = ©4 4.4+ by a
simple computation. The compatibility of the inner products (8;4)< -, ) and (-, ), is precisely
the definition of ©. .. Next we observe that ©. . is full by the very definition of the finite-rank
operators. Note that this is the reason that we have to take §,(€,) instead of B,(8,) in general.
To show that ©. . is a non-degenerate inner product, let y € &, such that ©,, = 0 for all z. Then
0= (w,0;4(2)), = (w,z-(y,2),), = (w,x),(y,z2), forall z,z,w € & Since (-, ), is full, we
conclude that a(y, z), = 0 for all a € ¢f. Since ¢ is non-degenerate this implies (y, z), = 0. Thus
y = 0 follows from the non-degeneracy of (-, -), which implies that ©. . is non-degenerate, too. Let
now z € &, be given. Then we find a; € o and z; € &, with z = ), x; - a; by the assumption
&-d =§&. Since (-, ), is full, we can write a; = Zj (Yij, 2ij),, with suitably chosen y;;, 2 € €.

Thus
z= ZZ T Yigs Zij) g = Zij O, yi; (7ij)

which proves §,(€,) - € = &. Hence ; 6, is indeed a *-equivalence bimodule. Next we show that
. (&,,) is necessarily non- degenerate and idempotent, generalizing the results of Exercise [2.4.5) - Let
z,y € &, be given. Then we write y = ), O, 4. (2i) = x; - (yi, z;),, with appropriate x;,v;,2; € &,,.
For all z we have

)

Oury(2) =2 (y,2

o

)

AT (Y i) 2).
(
(

=2
Z Z: )" (Tis 2)
=2

=

(Yi, ZZ>
(20, Yi)

- (i,2).4)

.
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= sz (ZisYi - (i, 2) )
- Zl O,z Oy (2)),

showing ©, = >, O, ., 0 Oy, »,. This implies that §, (&) is idempotent. Now let A € §,(8,,) with
BA =0 for all B € §4(&,). Then we have 0 = 0, ,(A(2)) = Oy a+y(2) for all z,y,z € &,. Since
this holds for all  we conclude A*y = 0 as ©. . is non-degenerate. Thus A = 0 which implies that
§.(€,) is non-degenerate. This finally proves the first part. So, let ,&_, be a *-equivalence bimodule.
We first have to show that the left multiplication with b € % is a finite-rank operator. Thus let b € %
be given and choose x;,y; € & with b= )",  (z;,y;) by fullness of (-, -). Thus

boz=3 @) 2= 3 (U2, = D Ony(2),

shows that z — b-z is in §,(&,). Clearly, (4.2.2) is a *-homomorphism as the left %8-module structure
is compatible with the «/-valued inner product. Now let b = ,(z,y) then

bez= (09 2= (4,2), = Ouyl2)

shows that the homomorphism maps the %-valued inner product to ©. .. With the linearity
of , this immediately shows the surjectivity of . Under the condition that % is non-
degenerate, is also injective by Lemma applied to left modules instead of right modules.
Hence, we obtain a *-isomorphism. Since by the first part, §,(6,,) is idempotent, 9B is necessarily
idempotent, too. ([

Corollary 4.2.2 Within the class of non-degenerate *-algebras over C = R(i), idempotency is pre-
served under *-Morita equivalence.

In particular, this shows that the choice of restricting to idempotent *-algebras was a good choice a
posteriori.

Example 4.2.3 The property of having a unit is not preserved under *-Morita equivalence: The
simplest example is the *-equivalence bimodule C(COO): the inner product is clearly full and hence
F(C()) 2 M (C) is *-Morita equivalent to C. However, F(C(>)) does not have a unit element and
F(CO0)) # B(C)).

The general strategy to find *-Morita equivalent *-algebras for a given *-algebra ¢f consist now in
finding right ¢f-modules with a full non-degenerate f-valued inner product. In this case, the *-algebra
S (8,,) will be *-Morita equivalent and, up to *-isomorphism, all *-Morita equivalent *-algebras arise
this way.

For strong Morita equivalence, the situation is more complicated: Even if (€, (-, -),,) is a right
#f-module with a full, non-degenerate and completely positive inner product we only know that & is
*-Morita equivalent to §,(6,,). For strong Morita equivalence we still have to show that the §,(&,,)-
valued inner product ©. . is completely positive, too. Under particular circumstances, one can show
this, in general the situation is unclear. We mention that for C*-algebras the (complete) positivity of
(-, ), implies the (complete) positivity of ©. ., see e.g. |79, Lem. 4.1] as well as Exercise We
will come back to this question later.

4.2.2 The Case of Unital *-Algebras

The whole situation simplifies drastically for unital *-algebras.
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Proposition 4.2.4 Let o, B be unital *-algebras and let ,&, be a *-equivalence bimodule. Then
B,(6,) =Endy(6,) =B and By(,6)=Endg(,6)=d (4.2.3)
via the left and right multiplications, respectively.

PrOOF: We know from Theorem that 9B = §,(&,) via the left multiplications. Since %8 has a
unit, it follows from % - & = & that 1g - x = x, showing idg € F4(6,,). Since §4(&,,) is a *-ideal in
B, (6,) we conclude B, (&) = F.u(8,). Since F.(8,) is a left ideal in Endy(&,,) by Lemma [2.1.7]
we can still conclude that §,(6,) = Endy (&), proving the first statement. The second follows from
symmetry in ¢ and %. O

Corollary 4.2.5 Let o,% be unital *-algebras and let ,& , be a *-equivalence bimodule. Then &, as
well as ,& are finitely generated projective modules over o4 and B, respectively. Moreover, both inner
products are strongly non-degenerate and allow Hermitian dual bases.

PROOF: This is now clear from Proposition and Proposition [2.3.12 U

Remark 4.2.6 The last corollary shows that for a unital *-algebra ¢/ we have to search for *-
equivalence bimodules inside Proj*(#f) which we used as starting point for the construction of
the K{j-theory of the corresponding *-algebras. Thus *-equivalence bimodules correspond to par-
ticular elements in Proj*(sf) and strong equivalence bimodules come from Proj*"(«), respectively.
In general, however, not every &, € Proj*(«) will give a *-equivalence bimodule between ¢ and
B, (8,) =TFu(6,) since in addltlon we need a full #f-valued inner product.

The next proposition shows that the usual quotient procedure in the internal tensor product is
unnecessary once we have Hermitian dual bases. In particular, this applies for *-equivalence bimodules
between unital *-algebras:

Proposition 4.2.7 Let o and B be *-algebras and F,, and ,& , be inner-product (bi-) modules such
that as right modules F,, and &, have finite Hermitian dual bases. Then the inner product (-, -)7®*
on F, Qg 5,6, allows for a finite Hermitian dual basis, too. In particular, the inner product (-, -)

Fo8
A
is strongly non-degenerate and F, Qg ,6,, is a finitely generated and projective right d-module.

PROOF: Let ¢q, ¢ € F, and z;,y; € ,&,, be the finite Hermitian dual bases, i.e. we have
¢:Z¢a<wa7¢>% and xzle<yl7x
a %

for all ¢ € ¥, and = € ,6_,. This allows to compute

Za,i(¢o‘ & -’Bz) <¢a QY ¢ Q@ 9'®F Z Do ® <$z . <yi7 <¢m ¢>; . x>i)
:Zaqba@ (e 82 - )
=3 (fa (War)]) @2

=R .

Since the elementary tensors ¢ ® z span the tensor product, we see that the set {¢po @ x;, 10 ® yi}
constitutes a finite Hermitian dual basis for %, ®y ,8, with respect to the inner product (-, -)7°.

By Proposition|2.3.12|the inner product (-, )gm is strongly non-degenerate and ¥, ®g , 6, is fimtely
generated and projective. O
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Note that the above proof gives an explicit Hermitian dual basis if the Hermitian dual bases of
F, and &, are known. In this case, the internal tensor product ® does not require the quotient
procedure as in Definition since the inner product is already non-degenerate.

Corollary 4.2.8 Let o, %, € be unital *-algebras and let., F, and ,& , be *-equivalence bimodules.
Then the inner products on., ¥, ®g 4,86, are already non-degenerate and hence

¢ 9:% Qe %894 =« *%}5 é% %8«' (4-2-4>
PRrROOF: This follows now from Corollary and Proposition 4.2.7] ([
Since for unital *-algebras, a *-equivalence bimodule ,&, is of the form &, = e«™ for some

idempotent e = €2 € M, (), it raises the question which strongly non-degenerate inner products on
eA™ exist and which of them are full. The first question was already discussed and is encoded in the
semi-group morphisms

Proj*(#) — Proj(«¢) and Proj*(«) — Proj(sd), (4.2.5)

respectively. This suggests to formulate the second question about fullness also in term of the idem-
potent e alone. Note that the (by assumption unital) *-algebra % is uniquely determined to be
Fu(€,) =B4(E,) up to *-isomorphism by Theorem We recall the following definition:

Definition 4.2.9 (Full idempotent) An idempotent element e = €2 € M, () is called full if the
two-sided ideal desd in 9 generated from the coefficients e;; of e coincides with o.

In case where e = P is even a projection we have the following characterization of fullness:

Proposition 4.2.10 Let o be a unital *-algebra and P = P? = P* € M, ().

i.) The subset PM,, ()P consisting of elements PAP with A € M,,(4) is a *-subalgebra of M,, ()
with unit P.

ii.) One has Endy(PA™) = B, (PA™) = Fu(PdA™) = PM,(4)P.

iii.) The canonical inner product on PA™ is full if and only if the projection P is full. In this case,
PM,, (A4)P and o are *-Morita equivalent via the *-equivalence bimodule PA™.

PrOOF: The first part is a simple verification. Since P#4™ has a finite Hermitian dual basis, namely
{Pei, Pei}i=1,. n, we have §,(Pd™) = B, (P4A™) by Proposition With the same argument
as in the proof of Proposition we have §,(P«") = Endy (P4™). Now we want to establish
the isomorphism to PM,,(«f)P. Suppose A € Endy(P«4™) is given. Then we can extend A to an
endomorphism of #/™ by setting A equal to zero on (1 —P)«™ thanks to the direct sum decomposition
A" = PA" & (1 — P)«4™. Thus we can identify A with an element in M,,(«/). By construction of this
identification we have A = PAP. Conversely, let A = PAP € PM,,(#4)P be given. Viewing A as
endomorphism of 9™ we have A‘(E—P)wn = 0. Hence the restriction of A to Ps4™ is an injective map
PM,,(#4)P — Endy(P«A™). It is clearly the inverse of the extension described before and an algebra
isomorphism. We have to show that this is even a *-isomorphism. Thus let A = PAP € PM,,(#)P.
We have A* = PA*P since P* = P. From this it follows immediately, that A* is indeed the adjoint
with respect to the inner product of P#{™ as this is just the restriction of the canonical one on #".
This shows the second part. For the third we assume that (-, -), restricted to Po™, is still a full
inner product. Then we find z,y, € P«4™ with

Li =) (Taya) =Y (#a:Pya) = Y aliPijbos.
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where z,; and y,; are the components of z, and y,, respectively. Thus 1 is contained in the two-
sided ideal generated by P and hence P is full. Conversely, let P be full and let zq;, ya; € 9 be given
such that 1,4 =", 2% P;jys,;. Without restriction, we can assume that the index o runs over the
same index set for évery ¢ =1,...,n. This defines z,,y, € 4™ via their components z,; and yq.;.
Note that in general x., Y, are not in Ps4™. Nevertheless, we have

1y = Za<$aapya> = Za<anaPya>>

since P? = P = P*. Thus (-, -), restricted to P«", is still full. By Theorem the statement on
*-Morita equivalence follows. O

The fullness property of an idempotent element e € M,, () depends only on its equivalence class
in Proj(«):

Lemma 4.2.11 Let e, f € My (o) be idempotent and equivalent in the sense of Proposition .
Then e is full if and only if f is full.

PROOF: More generally, we show that the ideals dfesd and o fof coincide whenever e and f are
equivalent. By assumption and Proposition we have e, f € M,,(«) for a suitable n € N such
that e = V fV~1 with some invertible V € M, (o). Thus e;; = Zk! Vikfkg(Vfl)gj € A fd. This
implies Hedd C o fof. By exchanging e and f we finally obtain fesd = of fo. O

In particular, this lemma allows us to say that a finitely generated projective module & is full
if one and hence all idempotents e € M,, () with €, = e«d™ are full. Thus we see that the question
whether or not ed™ yields a *-equivalence bimodule only depends on the class of e in Proj(«), but
not on the choice of e itself.

4.2.3 Strong Morita Equivalence with (K) and (H)

Let now ¢ and % be *-Morita equivalent unital *-algebras with a *-equivalence bimodule ;& ,. Then
we know that & , = esd™ as right «/-modules for some idempotent e € M,, () and %8 = End (ed™)
as associative algebras via the left multiplications. In general,

Endy (ed™) = eM, (A e, (4.2.6)

which follows analogously to Proposition , ignoring the *-involution. Without further
assumptions, e#d™ may admit many non-isometric full inner products which will determine the *-
involution of 98 via the compatibility between the %-valued and the #f-valued inner product. Without
further knowledge about these possibilities the analysis stops here and we can not make proper use
of Proposition However, the situation simplifies further, if only one ¢f-valued inner product is

possible [29, Thm. 7.3|. This situation is guaranteed by the properties (K) and (H™):

Theorem 4.2.12 (Equivalence bimodules with (K) and (H)) Let o and % be unital *-algebras
such that o fulfills (K) and (H™). Moreover, let (,&,, (-, )%, (-, -)?) be a *-equivalence bimodule

A B
such that (-, )% is completely positive. Then we have:

i.) There ezists a projection P = P? = P* € M,(«) such that (8, (-, )., is isometrically
isomorphic to (PA™, (-, -),) as pre-Hilbert module over 4.
ii.) The algebra B is *-isomorphic to PM, (4 )P wvia the left multiplications of B on &, = PoA™.
iii.) Under this isomorphism, ,(-, -)® corresponds to the canonical PM,,(d)P-valued inner product

O.. on PA".

w.) The inner product ,(-, -)® is completely positive and hence ,8,, is even a strong Morita equiv-
alence bimodule.
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v.) Conversely, if P € M, () is a full projection then P«A™ with the canonical inner products is a
strong (PMy, ()P, )-equivalence bimodule.

PROOF: Since &, is a finitely generated and projective module by Corollary we find a projection
P = P* = P? with §, = Pyg" as right ¥/-modules by Theorem [2.3.16, By Corollary the

inner product (-, -),, is strongly non-degenerate and by Proposition isometrically isomorphic
to the canonical inner product on Pg™. This shows the first part. We can assume §, = PoA"
and (-, )% = (-,-), from now on. Then % is *-isomorphic to F,(P«™) by Theorem via
the left multiplications. By Proposition we have §,(P4™) = PM,(4)P and hence % is
*-isomorphic to PM,,(#)P yielding the second part. The compatibility of ,(-,-)® and (-, )% =
(-, ), fixes (-, -} uniquely, hence it corresponds to ©., ., thereby showing the third part. For
the fourth part it is sufficient to show that ©. . is completely positive. Since (-, -),, is full, we find
P.%'l,...,P.fL'k,Pyl,...,Pyk with
k k
Ly =Y (P, Py), =Y (Py,Pr,),
r=1 r=1
since 17, = 14. Note however, that the single terms in the sum are not necessarily Hermitian. We
obtain
k k k
> (P, + Py, Prp+ Py,), = Ly +1q+ Y (Pzp, Pry),+ > (Pyr, Pyr), =1y + > ahaa, (%)
r=1 r=1 r=1 a
with certain a, € 9 which can be computed from the coefficients of Px, and Py,. Lemma [2.3.20
shows that (x) is invertible. Moreover, since (x) is algebraically positive we can apply the property
(H7) in order to find an invertible v € ¢ with

k
Z (Pz, + Py, Pz, + Py,) , = uu.
r=1
With Pz, = P(z, +y.)u™! € P«™ we find

k
> (Pz,Pz), =1q4.
r=1

We claim that this feature implies the complete positivity of the canonical §,(P«"™)-valued inner
product ©. .. Indeed, let Pxy,...,Pry € Po"™ be given. Then we have

(Gan,Pxﬂ) = (Opga-1, ,Pzﬁ)
k

= (pra- <pz,.,PZr>m,Py5)

r=1

k
= Z(GGan,PzT(PZT)ypxﬁ?)
r=1
k
= (@P;va,Pzr@Pzr,P:cﬁ)
1

k
=Y (O, Po,OP:,Pz;) € My (Fa(Psd™) ™
r=1
by Lemma [2.1.12 . This shows the complete positivity of ©. . and hence the fourth part. The
fifth part follows from this as well. O
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Since the properties (K) and (H™) play such a central role both for Hermitian Ko-theory and for
strong Morita theory it is interesting to investigate their behaviour under Morita equivalence: The
following proposition will provide us a first result when we restrict ourselves to (H) or (HT), see also
the discussion in |29, Prop. 7.4].

Proposition 4.2.13 The properties (K) and (H™) together as well as the properties (K) and (H)
together are invariant under strong Morita equivalence.

PROOF: Assume ¢/ and % are unital *-algebras and o satisfies (K) and (H1) or (K) and (H), re-
spectively. Moreover, assume that &/ and % are strongly Morita equivalent and hence % = PM,,(# )P
for some full projection P = P? = P* € M, (s) thanks to Theorem Thus we only have to
consider 8 = PM,,(#)P. Note that P € PM,, (/)P is the unit element of . Thus let B € My (%)
be given. We have to show that Ly, () + B*B = PWN) 4 B*B is invertible in My (%) where P(N)
is the N x N matrix in My (M, (¢¢)) with P’s on the diagonal. Since My (%8) C My (M, (#4)) we
consider first Iy, () + B*B + (1 — PW)) = 1 + B*B which is invertible in My (M, («)) by (K)
for s. Since B*B € My (PM,(4)P) = PN My (M, (s4))PN) commutes with PIY)| the inverse of
1+ B*B commutes with PN too. Thus we consider P(N) (14 B*B)~'PW) € My (%) and compute

PM (1 + B*B)~Lp™) (P(N) + B*B) = PM)(1 + B*B)~1p™) <P<N> (1 - PM)) 4 B*B)
= PN 1 + B*B)"Y(1 + B*B)PW)
= pWN),

since PN) (1 — P(N)) = 0. This shows that Iy (@) + B*B is invertible in My (%) with inverse given
by PN)(1 + B*B)~'P(N). Hence % satisfies (K), too.

Now let H € My(%)" be a positive and invertible matrix. Since B = PM,,(#4)P C M, (o)
is a *-subalgebra, also My (%) C My (M, («)) is a *-subalgebra. It follows that H viewed as an
element of My (M,,(#)) is still positive by Remark However, H is no longer invertible,
but H + (1 — PN) is invertible. In fact, if H~! is the inverse of H in My (%) then H~' + (1 — P(V))
is the inverse of H + (1 — PM)) in My (M, (#)) since H(1 — PN)) =0 = (1 — PN)H. Since
1—PWN) = (1 —PWN)) (1 — PM) is even algebraically positive, the matrix H + (1 — P(N)) is still a
positive and now invertible matrix in My (M, (#)).

So assume that ¢ satisfies (H1). Then we find an invertible matrix V € My (M, (#)) with
H+1—P®™ =V*V and V commutes with any projection which commutes with H +1 — P(")_ In
particular, V commutes with P®). Define U = PNy PWN) ¢ My (%) then H = U*U. Moreover,
U is invertible in My (%) with inverse given by U~ = PNy -1pV) " Indeed, this is a simple
computation using the fact that V commutes with PY). Now let Q = Q* = Q2 € My (%) be a
projection with [H, Q] = 0. Viewing Q as element in My (M, (%)) we have QPN) = Q = PN Q and
hence [H 41 — PN) Q] = 0. By (HY) for o/, the matrix V' commutes with Q. But this immediately
implies that U also commutes with Q. Thus % satisfies the property (HT), too.

Alternatively, let us assume that of satisfies only (H). Then, let {Q4}q=1,... 1 be a finite orthogonal
partition of unity in My (%) with [Qq, H] = 0. Viewing the Q, as elements in My (M, («)), we have
QuPN) =Q, = PMQ, and YouQa= PW) Tt follows that together with Qy = 1 — PN) we obtain
an orthogonal partition of unity {Qq }a=o,. k for My (M, («)). Clearly, we have [H+1-PWN) Q,] =0
for all « = 0,...,k. Thus we can use (H) for ¢ and find an invertible V' € My (M, («)) with
H+1—-PW™N) =V*V and [V,Qq] =0 for k =0,...,k. Analogously to the case of (HT) we can use
U = PNV PW) and conclude that % satisfies (H), too. O

Note that the property (H™) seems to be more difficult to discuss in this context. Nevertheless
the combinations (K) & (HT) or (K) & (H) are very adapted to strong Morita equivalence since we
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will not leave the class of such *-algebras when passing to strongly Morita equivalent ones. From the
proof we note that the property (K) is already invariant under the slightly weaker notion of *-Morita
equivalence:

Corollary 4.2.14 The property (K) is invariant under *-Morita equivalence.

4.3 The Bicategory Approach

In this section we shall embed the question of Morita equivalence into some bigger context: we want
to find categories in which the notion of isomorphism coincides with the notion of Morita equivalence
for each of our flavours of Morita equivalence: ring-theoretic, *-equivalence, and strong equivalence.
We will present essentially two ways of achieving this goal by either constructing an honest category
or a category with relaxed “associativity” for the composition of morphisms, i.e. a bicategory.

4.3.1 The Category Bimod

As warming up, we consider the ring-theoretic framework first without inner products at all, in order
to simplify things. Let Ring denote the category of associative unital rings: the objects are associative
and unital rings while the morphisms are the usual unital ring homomorphisms.

The main idea is now to enlarge the category Ring drastically by keeping the objects while extend-
ing the notion of morphisms. For «/,% € Obj(Ring) we consider as new morphisms from « to % all
bimodules , M, to construct a new category. Here we always use strongly non-degenerate bimodules
with respect to both rings, i.e. we require z-1y = x = 1g -z for all x € , M. Now we have to justify
in which sense this can be understood as a category: we need to define a composition of morphisms
and a unit morphism for every object. As composition of , . , and N, we use the tensor product
over the ring in the middle, i.e. N, ®g , M, is the composition. As unit morphism for the ring o
we use the canonical bimodule 9 ,. With this definition one obtains almost a category, since

i.) the tensor product as composition is not associative but only associative up to the usual iso-
morphism,
ii.) the tensor product , M, @y ,94, is not equal to ,. M, but only isomorphic to ,. M, via the
usual isomorphism. The same holds for tensoring with ;,%,, from the left.
There are now two possible ways out of this difficulty: on one hand one can use isomorphism classes
of bimodules instead of the bimodules directly. Then ® is indeed associative and the class of o, is
indeed the identity morphism. On the other hand, one can simply ask “so what?” and enlarge the
concept of categories to bicategories. We shall present both options here, starting with the simpler
one.

Definition 4.3.1 (The category Bimod) The category Bimod consists of unital rings as objects
and isomorphism classes of strongly non-degenerate bimodules as morphisms. The composition of
morphisms is the tensor product

be Na] © [l yy] = [¢ Ny ®an M ] (4.3.1)
and the unit morphisms are [, 4_,].
Theorem 4.3.2 (The category Bimod) Bimod is a category.

PROOF: There is a small subtlety here concerning the notion of a category which we have ignored
so far: strictly speaking, one should first fix a Grothendieck universe and consider only algebras and
bimodules inside this universe to form the equivalence classes needed for the category Bimod. We
refer to |72| for a detailed discussion on the set-theoretic aspects of this: in conclusion, we will not
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4.3. The Bicategory Approach 95

mention these considerations in the following anymore. Beside this difficulty we have to show the
usual properties: first it is clear that the composition is well-defined. Indeed, isomorphic bimodules
yield isomorphic tensor products. This is just the functoriality of the tensor product. But then the
associativity of o is clear. Moreover, the class of , 9, becomes a true identity with respect to o since
g M, @y 9, is isomorphic to , M , via the bimodule map x® a — z-a having the inverse z — z®@ 14.
For the multiplication with [, %,,] from the left one argues analogously. Here we need the assumption
that the bimodules are strongly non-degenerate. U

For a unital ring homomorphism ®: @ — % we can construct a (%, «f)-bimodule ,%B% as we
did this already in the more particular situation of *-algebras in Section [4.1.2] On % we consider
the usual left %-module structure and set b -3 a = b®(a) to get a right «f-module structure. Clearly,
this will give us a bimodule. Since we require ® to be unital, it is clear that ,%® is a strongly
non-degenerate bimodule and hence defines a morphism [, 2] from & to % in Bimod which we shall
denote by

(o) =[,82. (4.3.2)

Taking ¢(s4) = o on objects, this gives a functor from Ring to Bimod:

Proposition 4.3.3 The map £ gives a functor
¢: Ring — Bimod. (4.3.3)

PROOF: We already noted that ¢(®) is a valid morphism in Bimod. Hence we only have to check
functoriality. First, ¢(idy) = [,%,] is the identity at & in Bimod. For unital ring homomorphisms
d:f — B and V: B — 6 we have a bimodule homomorphism

6y D B ScRb = cU(b) €, 60 (%)

Indeed, it is easily verified that this is well-defined over the tensor product over % and gives a (€, o )-
bimodule homomorphism. Moreover, since we are in a unital situation, the map ¢ — ¢® lg gives the
inverse bimodule morphism. Thus () is a bimodule isomorphism showing that £(V)ol(®) = ¢(Vod).OI

As a first application we can now define the ring-theoretic notion of Morita equivalence. The
following is not the original way of defining Morita equivalence but probably the most clean one:

Definition 4.3.4 (Ring-theoretic Morita equivalence) Two unital rings s and % are called
Morita equivalent if they are isomorphic in Bimod.

From this definition it is immediately clear, that Morita equivalence is indeed an equivalence relation.
More explicitly, Morita equivalence means that we find an “invertible” bimodule [, 4], i.e. there
exists a class [, /,,] of bimodules with

[yt y] 0 [M) = [,B,] and  [,ly]o [, ] = [,,]. (4.3.4)

As usual for inverses in categories, the class of [,/(,,] is uniquely determined by [,.#,] and hence
4., is uniquely determined up to a bimodule isomorphism. Clearly, (4.3.4]) is equivalent to the
existence of a bimodule ./, and isomorphisms

gl @4 M, =2, B, and M), Ry M, = A, (4.3.5)
The structure of such bimodules ., , is clarified by the following classical theorem of Morita [8§]:

Theorem 4.3.5 (Morita) Let o1, 9B be unital rings and let , M, be a strongly non-degenerate bi-
module. Then the following statements are equivalent:
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i.) There exists a strongly non-degenerate bimodule , M., with
G, @q M, =B, and M, Ry M, 2 A, (4.3.6)

i.e. A4 and 9B are Morita equivalent.

ii.) The right sf-module M, is finitely generated, projective, and full, and one has
% = Endy (M,) (4.3.7)

via the left multiplications.

In this case, , M), = Homy(,M,, A,) is an inverse bimodule to , M, and the isomorphisms in
(4.3.6)) are the canonical ones.

Here, Homy (M ,, 4 ,) is viewed as a (o, Endy (,,))-bimodule via

(a-¢- B)(x) = ap(B(z)) (4.3.8)

for B € Endy(M,), a € A4, x € M, and ¢ € Homy (M, ). Moreover, we use the canonical
bimodule maps
Homy (M, 4,,) QEndy () My 0@ = o(z) € 4, (4.3.9)

and
My, @4 Homg (M, 4,) 5@ 9 = (y—x-9(y)) € Endy(AM,) (4.3.10)

from Exercise to implement the isomorphisms . The proof of this theorem is omitted here
but can be found in many algebra textbooks, see e.g. |78, §18C]|. Later, we will present an analogous
but more complicated theorem including a detailed proof for *-Morita and strong Morita equivalence
from which the above statement can easily be deduced, see also Exercise [4.4.2]

4.3.2 The Bicategory Bimod

After this brief introduction to ring-theoretic Morita theory we come to the second option of enlarging
the category Ring. We want to consider all bimodules and relax the axioms of a category in such a
way that associativity of morphisms and the properties of the identity morphisms do not have to hold
strictly. To construct the bicategory Bimod we first use the same objects as before, i.e.

Obj(Bimod) = Obj(Ring). (4.3.11)

For two given unital rings ¢/ and % we consider the category Bimod(%, ) of all strongly non-
degenerate (%, 9 )-bimodules with the usual bimodule morphisms as morphisms. We will view the
bimodules as arrows from o to %: note that we have reversed our notation in order to match with
the usual bimodule notation.

For two such bimodules , ., € Bimod(%, ) and ., N, € Bimod(%6,%) the usual tensor product
e Ny Qg 5 M, € Bimod(6, ) gives a functor

®g : Bimod(€,%) x Bimod(%, o) — Bimod(6, ). (4.3.12)

For the following it will be crucial that the tensor product is really functorial in both arguments: not
only the bimodules can be tensored but also the bimodule morphisms. The bimodules , # , will now
be the morphisms from the object ¢ to the object %8. The bimodule morphisms 7": , M, — , M/,
are morphisms between morphisms. Alternatively one calls the morphisms 1-morphisms and the
morphisms between morphisms are called 2-morphisms. We denote this sometimes by

Bimod; (%, «f) = 1- Morph(%, o) = {strongly non-degenerate (%, ¢ )-bimodules} (4.3.13)
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Bimoda (i, M., , 5 M) = 2- Morph (., , M ) = {bimodule morphisms T': , M, — , M. }.

(4.3.14)
Consequently, the objects are sometimes called 0-morphisms of Bimod. For any object & we have also
a canonical 1-morphism Id, = 9, € 1-Morph(sf, /) which will be called the identity 1-morphism.
Between ® and the identity morphism we have the following compatibilities which make the “up to
isomorphism” statements as in Theorem [£.3.2] more precise. To formulate this properly, we introduce
some more notation: with 1 we denote the category consisting of only one object with one morphism
(the identity for this object). Given any other category € and an object ¢ € € we have a unique
functor ¢: 1 — € sending the object of 1 to ¢. Finally, we note that there is a unique identification

functor
it1x¢€— ¢ (4.3.15)

Using this notation we can state the following proposition:

Proposition 4.3.6 Let A, 9B, 6, and 9 be unital rings.

i.) There is a natural isomorphism, called the associativity,
aSS0y g : P 0 (R X 1d) — R 0 (id X Ry ) (4.3.16)

between the functors ®g o (R¢ X id) and Q¢ o (id X®g) from the Cartesian product category
Bimod(%,6€) x Bimod(6,%) x Bimod(%, «) to Bimod(%, «) visualized by

Rg © (®<@ X ld)
Bimod(%,6) x Bimod(‘€,% ) x Bimod(%, «) J[assowmga Bimod(%, ).

\—/

R 0 (id X®4)

(4.3.17)
ii.) There is a natural isomorphism, called the left identity,
lefts., : ®g o (Idg x id) — i (4.3.18)
between the functors
i and ®g o (Idy x id): 1 x Bimod(%, o) — Bimod(%A, «), (4.3.19)

visualized by
[
1 X Bimod(%, ) J[Ieft%m Bimod(%, o). (4.3.20)

\—/

®g 0 (Idg % id)
iii.) Analogously, there is a natural isomorphism, called the right identity,
right,, ., : ®, o (id xId,) — i (4.3.21)
between the functors

i and ®4 o (id xldy): Bimod(%B, ) x 1 — Bimod(%, /) (4.3.22)
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visualized by
[
Bimod(%,4) x 1 J[right%d Bimod(%, ). (4.3.23)

\/

®. 0 (id xId,,)

PROOF: The main point of this proof is to re-formulate well-known statements on the tensor product
of bimodules in the language of natural transformations. The first part of the proposition makes the
statement about the associativity up to isomorphism more precise. Applying the functors ®g o(® xid)
and ®¢ o (id X®g4) to objects in Bimod(%, #), i.e. 1-morphisms in Bimod, gives

(®g 0 (®¢ X 1d)) (g Ops N> Ml ) = (0 @6 N) Qo M
and
(®¢ 0 (Id X®4)) (O s Nogr 55 M ) = O @2 (N R A ).
On morphisms S: M — M', T: N — N, and U: 6 — 0’ in Bimod(%B, ), i.e. 2-morphism in
Bimod, we have
(R4 0 (®¢ x 1)) (U, T,S) = (U R4 T) Ry S and (R o (id x®4))(U,T,S) =U Q¢ (T ®4 S).
For the natural transformation assogg, we use the isomorphism determined by
ass0g ¢ (O, N, M): (O R N) @y M2 (20y) @z = 2@ (YR x) €0 ¢ (N @y M). (4.3.24)

It is clear that assogqg. (0, N, M) is a well-defined isomorphism of (%, ¢/ )-bimodules. We have to
show that it is also natural, i.e. compatible with the bimodule morphisms 7', S, and U. A simple
evaluation on elementary tensors yields

(U ®<€ (T ®% S)) e} aSSO@cg%w(@,LN,M) == aSSO@%%w(@/,W,,J%,) ©) ((U ®c@ T) ®gg S),

which shows that assog¢g is natural. For the second part, we have to show that tensoring with
Ids from the left reproduces the module up to a natural isomorphism. Let ,(, € Bimod(%,«)
then ®g o (ldg x id)(1,,M,) = lds ®g 4, M, while i(1,,4,) = ,M . For a bimodule morphism
T: , M, —> ,M! and the unique morphism id; € Morph(1,1) in 1 we have ®4 o (Idg xid)(id;, T') =
idg ®4T and i(id;, T') = T'. For the natural transformation lefty, (5, 4, ) we use the additive extension
of

leftou (5 M) 1dg Rg 5 M, bR — b2 € LM, (4.3.25)

Clearly, leftg, (5,4 ,,) is a bimodule isomorphism with inverse determined by x +— 1g ® x. We have
(lefts (5, ]) 0 (Id@5T)) (b @ x) = leftyy (, M) (bR T(z)) =b-T(x),
while on the other hand
(Toleftyy(4M,) bR x)=T(b-x)=>b-T(x),
since T is a bimodule morphism. This proves
leftoy (5 M.,) o ((®4 o (Idy x id))(id1, T)) = (i(id1, T)) o lefts. (54 ,, ),

which means that left,, is natural. Finally, the third part follows analogously to the second part
where now we use the natural isomorphism

righty, , (5 M) 5 M, Ryldy 22 ®a — x-a €, M, (4.3.26)

with inverse z — . ® 14. O
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Remark 4.3.7 The proposition makes precise in which sense the tensor product is associative and
in which sense the tensoring with the canonical bimodule behaves like a unit element. The main
emphasize lies on the word natural as of course one could e.g. rescale assog gy, (0, N, M) in a way
which depends on the particular choices of @, N, and 4 and thereby spoiling the compatibility with
the morphisms U, T, and S.

In the following we shall drop the subscripts in assog«¢a., lefts,, and right, ,, and write simply
asso, left and right, respectively, whenever the context is clear. The natural isomorphisms satisfy now
the following compatibility condition:

Proposition 4.3.8 In Bimod, the associativity and identity isomorphisms asso, left, and right satisfy
the following coherence conditions:

i.) The associativity coherence for asso: the hexagon diagram

asso (2,0, N)®gpid

(P ®q0) @¢ N) g M (P @9 (0 @4 N)) @q M

P D (0 Q¢ N) @y M) (4:3.27)

P Qg (0 @¢ (N ®g M ))

commutes for all bimodules P, 5,0, o Ny, and 5, M .

ii.) The identity coherence for asso, left, and right: the diagram

asso (N, ldgg )
(N @ Idy) Dy M —— N @5 (Idyy @5y M)

G (4.3.28)
i ‘\6@@0
N Qg M

"
©hy
g
g
%

commutes for all bimodules ., N, and , M, .

PROOF: Behind these diagrams there are rather trivial properties and computations. Let p € 9,
0e€0,necN,and m € A. Then on one hand

((id ®q asso(G, N, A )) o asso(P,0 @ N, M) o (asso(P,0,.N) ®g id)) (((p ® 0) @ n) @ m)

= ((id ®q asso(G,.N, M )) o asso(P,6 @¢ N, M))((p® (0 ® n)) @ m)
= ([d ®g asso(0,.N,.M))(p @ ((0® n) @ m))
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=p® (0® (n®@m)).
On the other hand we have

(asso(2,0, N ®g M) 0 asso(P @4 O, N, M))(((p® o) ® n) @ m)
= asso(#P,0, N Rq M)((p®0)® (n&m))
=p®(0® (n®m)),

which proves (4.3.27)) since every tensor is a sum of such elementary tensors. Analogously, we have
forne N,be B, and m e M

((id @ left (M) o asso(N, B, M) ((n ® b) @ m) = (id @y left(M))(n® (b®@ m)) =n @ (b-m),

and on the other hand
(right(N) ®4 id)((n ® b) ® m) = (n - b) ® m.

Since the tensor product is formed over 9%, the two sides coincide and (4.3.28) follows. O

We take now Bimod as a motivating example for the following definition of a bicategory as intro-
duced by Benabou in [7]:

Definition 4.3.9 (Bicategory) A bicategory B consists of the following data:
i.) A class By, the objects of B.

ii.) For each two objects a,b € By a category B(b,a). The objects B1(b,a) = Obj(B(b,a)) of this
category are called 1-morphisms from a to b. The morphisms T: M — M’ for two 1-morphisms
M, M'" € B1(b,a) are called 2-morphisms from M to M'. The set of these 2-morphisms is
denoted by Bo(M, M').

i11.) For each triple of objects a,b,c € By a functor
®y: B(e,b) x B(b,a) — B(e,a), (4.3.29)

called the composition of 1-morphisms or the tensor product. If the context is clear we simply
write ® instead of ®,.
iv.) For each object a € By a 1-morphism Id, € B1(a,a), called the identity at a.

v.) For each quadruple of objects a,b,c,d € By a natural isomorphism
asS0,cpq @ @y 0 (®, X id) — ®, o (id X®,), (4.3.30)

called the associativity. If the context is clear, we simply write asso instead of assOyepq -

vi.) For each pair of objects a,b € By two natural isomorphisms

left,, : ®, o (Id, x id) — id (4.3.31)
and
right,,: ®, o (id xId,) — id, (4.3.32)

called the left and right identity, respectively. Again, we write left and right if the context is
clear.

These data are required to fulfill the following coherence conditions:
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i.) Associativity coherence: the pentagon diagram

(P,O,N)@ id
(P®,0)®. N) @y M 22 (p g (0 @, N)) @ M

S %
O,%N %@
o %
N *
& 5
(P®,0)®, (N ®, M) P®,(0O®.N)®, M)

P®,(0®,.(N®,M))

(4.3.33)
commutes for all P € B1(e,d), O € Bi(d,c), N € Bi(c,b), and M € B1b,a).
ii.) Identity coherence: the diagram
asso (N, Idy, M)
(N ®, Idy) ®, M N ®, (Id, ®, M)
% £
@s{% . g\ (4.3.34)
6'51'0’ '\6@‘0
N®, M

commutes for all 1-morphisms N € B1(c,b) and M € B1(b,a).

Corollary 4.3.10 The unital rings as objects, the bimodules between them as 1-morphisms and bi-
module morphisms as 2-morphisms yield a bicategory Bimod with respect to the tensor product of
bimodules and the natural isomorphisms asso, left and right.

Remark 4.3.11 The coherence conditions are eventually responsible for the fact that the successive
use of the functor ® and the natural transformations asso, left, and right does not produce new
natural isomorphisms. This is part of the statement that “every diagram in a bicategory commutes”
provided it is build out of the data of the bicategory, see e.g. |83, Sect. 1.5] for a discussion.

Example 4.3.12 (2-Category) A 2-category B consists of the same data - as for a bicat-
egory with the following difference: the associativity isomorphism and the identity isomorphism are
required to be the identity, i.e. one has

@ 0 (®, x id) = ®, o (id x®,) (4.3.35)
as well as

®y 0 (Id, x id) = id = ®, o (id xId, ). (4.3.36)

In this case, the coherence conditions and are automatically fulfilled. For this reason, a
bicategory is also called a weak 2-category, see also [83] for additional information and references.
However, note also that the newer conventions in the literature refer to a 2-category in the above
sense as strict 2-category while a bicategory is now called 2-category without the attribute weak.
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Remark 4.3.13 (Monoidal categories) If a bicategory 2B has only one object %, then one has a
category B = B (x*,*) where one has a functorial tensor product for the objects of 8. This is the
structure usually called a tensor category or monoidal category. If the bicategory is even a 2-category
then the monoidal category is called strict. More details on monoidal categories can be found in
e.g. |73, Chap. XI].

4.3.3 The Bicategories Bimod* and Bimod*"

We are now in the position to formulate the main result of this section: we can construct for the class
of idempotent and non-degenerate *-algebras over C the bicategory of pre-Hilbert bimodules Bimod®™
and the bicategory of inner product bimodules Bimod*, respectively. The class of objects are in both
cases the idempotent and non-degenerate *
1-morphisms to be

-algebras over C. For two such *-algebras we define the

Bimod}(%,d) = {,6, € “Mod (B) | & - od =&} (4.3.37)
and
Bimodi" (B, 9) = {,6,, € *-Repy(B) | & - =&} C Bimod} (B, ), (4.3.38)

respectively. Note that for ,6, € *-Mod (%) we already require the strong non-degeneracy % -6 = &
concerning the algebra 9 but now we also need it with respect to the algebra «.

Recall that according to our convention every bimodule ,& , is also a C-module such that all
structure maps are C-(anti-)multilinear. The 2-morphisms are in both cases the adjointable bimodule
morphisms, i.e. the intertwiners, as already in *-Mod (%) and *-Rep, (%), respectively. For the
composition of 1-morphisms, i.e. the tensor product functor we use the internal tensor product &:
for an idempotent and non-degenerate *-algebra % we set

®g: Bimod*(6€,%) x Bimod*(%,%) — Bimod* (€, ) (4.3.39)

and

®g: Bimod™ (6, %) x Bimod*™ (%, ) — Bimod*" (€, ), (4.3.40)

respectively. Note that the property & - of = & is clearly preserved by the internal tensor product.
Moreover, by Corollary and Corollary the internal tensor product is indeed a functor
as required. For the natural isomorphism asso as required by Definition [£.3.9] we can rely on the
already shown associativity of the internal tensor product according to Proposition [3.1.5] The only
point which remains to be shown is the naturalness of asso. We prove this in a slightly more general
context:

Lemma 4.3.14 Let 4,4’ € *-Mod(2), F,F' € *-Mody(6), and €,& € *-Mod () be given.
Moreover, let U: 9 — 4", T:F — F', and S: & — &' be intertwiners. Then we have

asso(4',F',8) o (UBT)®S) = (U (I'® S)) oasso(4,F,8), (4.3.41)
showing that asso is a natural transformation.
PROOF: Let z €4,y € F, and = € & Then we consider [z ® y] ® 2] € (4 & F) & & and compute

(asso(4’, 7,6 o (URT)® S))([[z® y] @ z]) = asso(4’,F',&") ([U(z) ® T(y)] ® S(z)])
=[U(z)® [T(y) ® S(=)]]
= ((U (T ®S))o asso((g,g,g)) ([[z ®y] ® :L"])

Since such classes of elementary tensors span the whole internal tensor product, the claim follows. [J
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Together with the already shown property that asso(%,%,8) is isometric we obtain a natural
isomorphism consisting of unitary intertwiners. For the identity 1-morphisms we use the canonical
bimodules

Idy = 44, (4.3.42)

equipped with the canonical inner product (a,b), = a*b. Under our assumptions on « we have
A, € *Rep, (o) and o, - = ,d,. Thus o, € Bimodi™ (o, o) as wanted. For the left and
right identity transformations we use the bimodule morphisms arising from

lefty (,8,): Ids ® ,6, 3 [b®a] — b-2€,6E, (4.3.43)
and
right,, ; (,6.,): 46, ®1d, 3 [x®a] = z-a€ 8, (4.3.44)

They turn out to be indeed the required identity isomorphisms. Note that for this to be true for
right we need the additional requirement in the definitions (4.3.37) and (4.3.38): for *-Mod (%) or
*-Rep,; (%) the following lemma would only be true for left but not for right.

Lemma 4.3.15 Let ,6,,,,8/, € Bimod](B,4) and let T: ,6, — ,&, be a 2-morphism. Then
lefty. (,&,): 1ds & 4,8, — 4,6, and right,,(,&,): 4,6, ®Idy, — L&, (4.3.45)
are unitary intertwiners with
Tolefty.(,6,) = lefty. (,6,) 0 ((AQT) and T oright,,(,6,) = right,,,(,8)) o (T ®id). (4.3.46)
PROOF: First we have to show that left: B @ & — & is well-defined. To this end we compute
bz @5 = (2, (b,V), - y), = (@, V) - y), = (b-z,b )5

Since elementary tensors span everything, left is isometric on the level of ®,4. Thus it passes to
an isometric and hence injective map on the quotient % ® &. The surjectivity of left is clear from
& € *-Mod_; (%) since by definition % - & = &. Thus left is bijective and isometric, hence adjointable
and unitary. It follows that left is right ¢f-linear, too, which can also be seen directly. Moreover, left
is clearly left 98-linear showing that left is indeed a unitary intertwiner. For elementary tensors we
obtain

T(left(6)(b® x)) =T(b-z) =b-T(z) = left(6') (b ® T(z)),

which proves (4.3.46) for left. Using & - &/ = &, which is granted by & € Bimod] (%, «4), the case of
right is treated analogously. U

To obtain a bicategory we finally have to show the associativity and identity coherence. This
is easy and can be done exactly the same way as for the bicategory Bimod in Proposition by
considering (equivalence classes of) elementary tensors, see Exercise m Thus we can summarize
the results of our discussion:

Theorem 4.3.16 (The bicategories Bimod* and Bimod™") The inner-product bimodules Bimod*
over idempotent and non-degenerate *-algebras form a bicategory with respect to the internal tensor
product ®, the identity bimodules 1d,;, and asso, left, and right as above. The pre-Hilbert bimodules
Bimod®™ ower idempotent and non-degenerate *-algebras form a sub-bicategory of Bimod*.

The bicategories Bimod* and Bimod®" have an additional structure: for two given 1-morphisms
364,268, € Bimod](%, ) the corresponding 2-morphisms Bimod3(,&/,,,6,,) form a C-module.
This is clear since C-linear combinations of intertwiners are again intertwiners. Moreover, we have
the adjoint 7' — T* of an intertwiner 7' € Bimod;(,&/,,,6,) yielding again an intertwiner T €
Bimod3(, €., ,&/,) in the opposite direction. This *-involution allows to speak of unitary intertwin-
ers, i.e. of 2-isomorphisms which fulfill 7! = T* in addition. We take these features as motivation
to define a *-bicategory over C:
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Definition 4.3.17 (*-Bicategory over C) A bicategory B is called *-bicategory over C if for any
two objects a,b € By and two 1-morphisms M, M’ € B1(b,a) the 2-morphisms Bo(M', M) are a
C-module and if there is a map

* By (M, M) — By (M, M), (4.3.47)

called the *-involution, such that the following properties are fulfilled:
i.) The composition of 2-morphisms is C-bilinear.
i1.) The *-involution * is C-antilinear, involutive, and

(ToS)* =5 0T (4.3.48)

for S € Bo(M', M) and T € Bo(M", M").
iti.) The tensor product @ of 2-morphisms is C-bilinear.

iv.) For S € Bo(N',N) and T € Bo(M', M) with N,N' € B1(c,b) and M, M' € B1(b,a) we have
STy =S"eT". (4.3.49)

v.) The natural isomorphisms asso(O, N, M) as well as left(M) and right(M) are unitary for all
O €%Bi(d,c), N € B1(c,b), and M € B1(b,a), i.e. one has

asso(O, N, M)* = asso(O, N, M)~ ! (4.3.50)
left (M)* = left(M)™* (4.3.51)

and
right (M)* = right(M) L. (4.3.52)

Remark 4.3.18 (*-Bicategory over C) It follows immediately that for a *-bicategory B over C
the 2-endomorphisms 2- End(M) = Bo(M, M) of a 1-morphism M € B4(b,a) are a unital *-algebra
over C with unit element 1 = idy;. Indeed, the composition of 2-endomorphisms is associative and C-
bilinear and id s is the unit element for this composition. The *-involution of 8 gives the *-involution
of the algebra 2- End(M). In particular,

idy, = idy (4.3.53)
follows for any *-bicategory over C and any 1-morphism M.

Analogously to Definition one can also define a *-category over C as a category € such that
for any two objects a,b € Obj(€) the morphisms Morph(b, a) are a C-module and such that there is
a map

*: Morph(b,a) — Morph(a, b) (4.3.54)

with the properties that the composition of morphisms is C-bilinear and * has the properties of a
*-involution, i.e. * is C-antilinear, involutive, and (7 o S)* = S* o T*. For two such *-categories
¢ and © over C one defines a *-functor to be a functor F: € — ® such that for any two objects
a,b € Obj(€) the corresponding map

F: Morph(b,a) — Morph(F(b), F(a)) (4.3.55)

is C-linear and satisfies F(T™*) = F(T)* for all T € Morph(b, a). Finally, for two *-categories € and ©
and two *-functors F, G: € — ® a natural unitary equivalence from F to G is a natural transformation

u: F— G, (4.3.56)
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*

such that for all objects ¢ € € the morphism u(c): F(¢) — G(c) is unitary in the sense of the *-
category ®. Two *-categories € and ® are called unitarily equivalent if there are *-functors F: € — ©
and G: ® — € such that F o G and G o F are naturally unitarily equivalent to the identity functors.
If s,t: F — G are arbitrary natural transformation then we can define new natural transformations

zs+wt: F— G (4.3.57)

for z,w € C and
s:G—F (4.3.58)

by using the C-module structure and the *-involution for the morphism spaces of 2, see also Exer-

cise .47

Example 4.3.19 (*-Categories and *-functors) The category *-mod (%) is a *-category for all
*-algebras o/ and %, where we use the fact that the intertwiners T': ,6, — &/, between *-
representations of %8 on inner-product modules over & form a C-module, see Remark This
additional structure was the ultimate reason for the choice of adjointable intertwiners as morphisms
in the representation theories. Then *-rep (%), *-Mod (%), and *-Rep, (%) are *-subcategories of
*-mod(%). The Rieffel induction functor Rg: *-modg (#) — *-modg (%) for a bimodule ,&, €

*-mod,; (%) and an auxiliary *-algebra 9 is then an example of a *-functor, see also Exercise m

With these notions we can re-interpret the definition of a *-bicategory B as follows: for any two
objects a,b € By the category B(b, a) is a *-category over C, the tensor product ® is a *-functor, and
the natural equivalences asso, left, and right are unitary equivalences.

Theorem 4.3.20 (Bimod* and Bimod®" are *-bicategories) With respect to the usual C-module
structure of intertwiners and the adjoint as *-involution the bicategories Bimod* and Bimod®™ are
*-bicategories over C.

Remark 4.3.21 (Isomorphisms in *-bicategories) Let 8 be a bicategory. Two 1l-morphisms
M, M’ € 9B(b,a) are called equivalent if there is a 2-isomorphism T: M — M’. Two objects
a,b € By are called isomorphic if there are 1-morphisms M € B1(b,a) and M’ € B1(a,b) such that
M ® M’ is equivalent to Id, and M’ ® M is equivalent to Id,. This is the general idea behind the usage
of bicategories. If B is now even a *-bicategory over C, we can refine the notion of equivalence and
isomorphism: Two 1-morphisms M, M’ € B1(b, a) are called unitarily equivalent if there is a unitary
2-isomorphism T: M — M’. This gives also two notions of isomorphism for the objects: We can
either use the bicategory version or we can demand that M ® M’ and M’ @ M, are unitarily equiv-
alent to Id, and Id,, respectively. In general, the second implies the first but not vice versa. In the
following we shall exclusively use the second notion of isomorphism based on unitary equivalence for a
*-bicategory over C. Sometimes we will emphasize this by calling the isomorphic objects *-isomorphic
in this case.

We conclude this section with a general construction which brings us from a bicategory back to
an ordinary category by passing to isomorphism classes of 1-morphisms |7]:

Theorem 4.3.22 (Classifying category) LetB be a bicategory. Then a category B, the classifying
category of B, is obtained as follows:

i.) The objects of B are the objects of B.
ii.) For a,b € Obj(B) one defines the morphisms

Morph(b, a) = {[M] | M € 1-Morph(b,a)}, (4.3.59)

where [M] denotes the equivalence class of M with respect to the 2-morphisms of 8.
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i11.) The composition of morphisms and the identity morphisms are defined by
[N]o[M]=[N® M] and id, = [ld,]. (4.3.60)

PROOF: First we have to show that the composition is well-defined. Since ® is functorial
it follows that for two 2-isomorphisms 7: M — M’ and S: N — N’ also S®@ T: N @ M —
N’ ® M’ is a 2-isomorphism. Thus is well-defined. The associativity of o follows now from
the associativity of ® up to asso. For the same reason, id, is the unit element since Id, is the unit
up to the natural isomorphisms coming from left and right. U

Remark 4.3.23 (Classifying category of a *-bicategory) For a *-bicategory over C we use in-
stead of equivalence classes of 1-morphisms the stronger version of unitary equivalence classes of
I-morphisms according to our convention in Remark [£.3.21] Clearly, an analogous argument shows
that also in this case we obtain a category, the classifying category of a *-bicategory over C.

Example 4.3.24 (Classifying category)

i.) The category Bimod from Definition is by construction the classifying category of the
bicategory Bimod.

i.) Analogously, one obtains the classifying categories Bimod* and Bimod®" for the *-bicategories
Bimod* and Bimod®", respectively. Here the objects are idempotent and non-degenerate *-
algebras over C and the morphisms are the unitary isomorphism classes of inner-product bimod-
ules and pre-Hilbert bimodules, respectively, according to Remark Now Bimod®" is a
sub-category of Bimod™ with the same objects but less morphisms.

4.3.4 Invertible Bimodules in Bimod* and Bimod®""

Having the bicategories Bimod* and Bimod®" we want to understand the notions of isomorphism
arising from them. In particular, we shall derive an analogous statement to Theorem in this
context. Thus, let ,&, € Bimod](%, ) be an invertible bimodule. According to our convention in
Remark 6, 1s invertible if there is a &), € Bimod](«,%) such that there exist bimodule

isomorphisms

O 48 B 58, — 44, =1d, (4.3.61)
V2 58, Bu 485 — 3By = 1, (4.3.62)

which are in addition isometric. This is the notion of unitary equivalence which we agreed to use for
*-bicategories. The following proposition gives a first example of such pairs of bimodules:

Proposition 4.3.25 Let ,6, € Pic*(%B,4) be a *-equivalence bimodule.
i.) The maps
Pean’ B Vo 58, 2T QY = (2,4)) € .4, (4.3.63)

Vean: 56y Ou 48, 22T = L(z,y)° € ,B,, (4.3.64)

are isometric bimodule isomorphisms, even with respect to both inner products on the *-equivalence
bimodules.

ii.) We have ,&, € Bimod](%,4) and ,&, is invertible.
iti.) One has the compatibility
Yean( ®Y) -2 = T Pean(J ® 2). (4.3.65)
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Proor: Clearly, ,&, € Bimod](%,) since & - f = & by definition of a *-equivalence bimodule.
Observe that we have written & instead of ® in (4.3.63)) and (#.3.64) emphasizing that these isomor-
phisms are isometric for both inner products. First it is clear that ¢c.n is well-defined over ®, since
Tby=b -y~ b 5,y = (x,b-y)" for all z,y € & and b € %B. Moreover, ¢ean is isometric
with respect to the right-linear inner products since

(T®y,T® y'if@ =y, (@7, )
8

= (Ys plz,2)" - y),
= (y,x (2 )5,
= (y, z)5, (@, y')%

= ((z,9)5) (=", ),

= (¢can(T @ Y), Pean(T @ ¢/)),

for all z,2’,y,y’ € 8. Similarly, an explicit computation shows that ¢cay is also isometric with respect
to the left-linear inner products. Thus ¢can is well-defined over ®,,, too, where it becomes injective,
since now all inner products are non-degenerate. The surjectivity of ¢can follows at once from the
fullness of (-, - )i. This shows that ¢can is bijective and isometric, hence unitary and adjointable (for
both inner products). Hence we proved the first part since the statement for 1c,, is obtained from
symmetry: we have to exchange the roles of &/ and % as well as ,&, and ,&,. The compatibility
follows from the definition of a *-equivalence bimodule, proving the last part. O

We will now show that these are indeed the only invertible bimodules. To this end we need some
more technical lemmas. The first shows that already under slightly milder assumptions the inner
products turn out to be full:

Lemma 4.3.26 Let ,&, € *-mody(B) and ,&), € *-mody () such that there is a isometric isomor-
phism

O 48 B 56,4 — 454, (4.3.66)
Then (-, )¢

)

1s full.

PROOF: Let a € o be given. Since o is idempotent we find b;, ¢; € of witha =", bfc; =", (b;, ¢i) -
Since ¢ is surjective, we have xj,y;; € ,6, and xj;,y;; € 6, with b = ¢(>_,}; ® x;5) and
ci = 03 1 Yl ® yir). Since ¢ is isometric we compute

a = Zz (b, ci)

= Z”k (p(xi; @ 2i5), d(Yin, @ yir)),
= Z”k (x5 ® 24, Yip ® yik>g®g
= Z”k <96'¢j, <$§ja y§k>g 'yik>i’

which shows that (-, -)® is full. O

A
The proof of the lemma only uses the surjectivity and isometry of ¢. However, since & is assumed
to be non-degenerate throughout this section, the canonical inner products are non-degenerate and
hence an isometric map is necessarily injective.
The next lemma generalizes the result of Lemma to arbitrary inner-product modules:
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Lemma 4.3.27 Let &, be an inner-product right of-module. Then the restriction of (-, ), to the
submodule & - o C & is non-degenerate and the linear extension of

ERA>r®a — z-acé oA (4.3.67)
s an isometric isomorphism of inner-product modules over .

PROOF: First note that & - ¢ C & is a sub-module of & which now satisfies (§ - o) - o = & - A
since ¢ is idempotent. Let ¢ € & - o be such that (¢, x - a)i =0 forall x-a € & 4. Since
0= (¢, x-a)’ = (¢,2)"a and since o is assumed to be non-degenerate it follows that (¢,z)¢ = 0 for
all z € & implying ¢ = 0. Thus the restriction of (-, -), to the sub-module is still non-degenerate.
Now, (4.3.67) is clearly well-defined over ®,, and surjective. Moreover,

(x® a,y @b = (a, (x,9), - b),, = a"(x,y)5b = (2 a,y - b)

shows that (4.3.67)) is isometric. Thus, (4.3.67) is well-defined over ®,, and becomes injective after
passing to the quotient possibly needed for ®,. U

Lemma 4.3.28 Let ,6, € *-mod(%B). Then B -& € *-Mod (%) and the linear extension of
BRrESbRx] = b-xeB-E (4.3.68)
18 a unitary intertwiner.

PrROOF: Here the argumentation is slightly different. First it is clear that 9 - & is a sub-bimodule
which now satisfies % - (B - 6) = % - & since B is idempotent. Moreover, (4.3.68)) is well-defined over
®g and surjective. Next we compute

bRz,c® y>£®g = <x, (b,c)y, - y>i = <x, (b*c) - y>; =({b-xz,c- y>_i,

which means that is isometric. Thus it is also well-defined on the quotient . Since
now the inner product on % &y, & is non-degenerate, it follows that is injective (whether the
inner product on the target side is non-degenerate or not). Thus we have an isometric and bijective
map which implies that the inner product on the target % - & is non-degenerate, too. O

For the invertibility of a 1-morphism in a bicategory one has the following general result. We
formulate this for the case of a *-bicategory, the case of a bicategory can be deduced easily.

Proposition 4.3.29 Let B be a *-bicategory over C.

i.) Let E € B1(b,a) be a 1-morphism from a to b. Then the tensor product with E from the right
defines a *-functor

Sg: B(c,b) — B(c,a) (4.3.69)

for all ¢ where
SEM)=M®,E and Sg(T:M — M) =(T®,idg: M @, E — M'®, E). (4.3.70)

ii.) If E has a right inverse, i.e. a 1-morphism E' € B1(a,b) with a unitary isomorphism ¢: E ®,
E' — Id, then the map

SE: 532(M/7M) — %Q(M/ R, B, M ®, E) (4.3.71)

is injective for all 1-morphisms M, M' € B1(c,b).
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iii.) Let E € B1(b,a) be invertible with inverse E' € B1(a,b) and unitary isomorphisms

¢: B @y, F—1d, and ¢: E®,E — Id,. (4.3.72)
Then for a given ¢ with there exists a unique Y with such that in addition
left(E) o (v ®, idg) = right(E) o (idg ®,¢) o asso(E, E', E), (4.3.73)
i.e. the diagram
asso(E,E',E)

(E®, F)®, E
DY

X
0
&@

E®,(F®,FE)

Id, ®, B E®,Id, (4.3.74)
E

PROOF: First it is clear that M ®, E € B1(c,a) and T ®, idg € Bo(M' ®, E,M ®, E) since ®,
is a functor. By the functoriality of ®, we have SoT — (SoT) ®, idg = (S ®, idg) o (T ®, idg)
since idg oidg = idg. Moreover, idys — idy ®,idg = idyg, E, showing that Sg is a functor indeed.
Finally, the C-bilinearity of ®, shows that T'— T ®,idg is C-linear. Together with T* — T* ®,idg =
(T ®,1idg)* this shows that Sg is a *-functor. For the second part, let E’ be a right inverse to £ with
a unitary isomorphism ¢: E ®, B’ — Id,. Then idy; ®,¢: M ®, (F ®, E') — M ®, Id, is again a
unitary isomorphism by the functoriality of ®,. The computation

right(M) o (idys ®,9) 0 asso o((T ®, idg) ®, idg) o asso ™t o(idas ®,1p) ~* o right(M) !

= right (M) o (idpr @410) o (T @, (idg ®, idg)) o (idar ®,1) " o right (M)~

= right (M) o (idyr @,9) o (T @, idgg,rr) o (idy @y10) " o right(M) ™!

= right(M) o (T ®, (¢ o idpg, s oy~ ")) o right(M) ™!

= right(M) o (T ®, idyg, ) o right(M)~*

=T

commutes.

then shows that T'+— T ®, idg is injective. Here we used the properties of the natural isomorphism
asso and right intensely. For the third part we note that (4.3.73]) implies

Y ®,idp = left(E) ! oright(E) o (idg ®,6) o asso(E, E', F),

and hence ¢ ®, idg is determined uniquely. By the second part, this determines ) uniquely. To show
the existence of 1 satisfying the additional requirement (4.3.73) we assume to have an arbitrary

with (4.3.72). Then define
O = right(E) o (idp ®,¢) o asso(E, E', E) o (¢ ®, idg) ! o left(E) 1,

which is the unitary automorphism ©: E — E obtained from running through the diagram
clockwise. This is possible since all arrows are unitary isomorphisms by assumption. It allows to
define

Y=10(0®,idg): E®, E' — Id,,
which is still a unitary isomorphism by *-functoriality of ®. A similar computation as above then
shows that this new ¢ has the property . O
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110 4. MORITA EQUIVALENCE

Back to bimodules, we can assume for invertible bimodules without restrictions that the additional
property (4.3.73)) is already fulfilled for the isomorphisms ¢ and . More explicitly, (4.3.73) reads for
x,y € ,6, and 2’ € 8],

Plzea) y=z-¢(' ®y), (4.3.75)

which reminds already on the compatibility of the inner products for a *-equivalence bimodule. In
particular, for a *-equivalence bimodule ,&, and 8/ = _&, the canonical isomorphisms as in
Proposition have this property. Note however, that for a given invertible bimodule a priori
there may be non-trivial unitary automorphisms © as in the proof of Proposition [£.3:29] which can
be used to spoil the additional requirement .

Example 4.3.30 We consider a non-compact manifold M and the idempotent and non-degenerate
commutative *-algebra of = 65°(M). Then o, has non-trivial unitary bimodule automorphisms
like e.g. ©: f — uf for some function u € €°°(M) with vz = 1. Thus in this case the compatibility
between the morphisms ¢ and ¢ can actually spoiled by introducing such an automorphisms of 4 ,.

We consider now again the change of the base ring functor from Example|3.1.14] see |29} Lem. 6.4]
and |79, Prop. 4.7] for the C*-algebraic version:

Lemma 4.3.31 Let &, and %, be inner-product modules over B with F,, -B = F,. Moreover, let

26, € *-mod (%) have the additional property that the left 9B -multiplications x +— b - x are elements
of §4(&,) for allb e B. Then

Se(§(F5. 7)) €3 (Fy O 8.y Fop B 56.,). (4.3.76)

PROOF: Since by assumption &, - B = F,,, every operator on §u(%,, ¥, ) is a linear combination of
operators of the form ©,.,, with 3y € %, y € ¥, and b € 9. Thus it suffices to show Sg(0,.,) €
5u(Fyy Pg 8.4, F) B 56.,). For a fixed y €

F B we consider the right ¢/-linear operator t,: & — % ® & defined by ty(xz) = y ® x. This operator
is adjointable since

<y/ ® x’,ty(a:)i@g _ <y/ ® x’,y Q x>i®8 _ <CL", <y/7y>§j’5 _x>i — <<y7y/>§5 ,x/7x>i'

Note that it suffices to consider factorizing tensors ¥’ ® x’ since the right hand side has indeed the
correct 9B-bilinearity properties in ¢’ and 2’ to make this well-defined on the whole tensor product.
Thus the adjoint is ¢5(y' ® 2') = (y,4/),, - /. For z € & and z € F we find

Se(Oy.by) (2 @ 7) = (Oypy(2)) @ x = (- (b{y,2)5)) ® 2 =y @ (b{y, 2);) -z =ty (b ty(2 @ 2)).

Since the left multiplication x — b -z is a finite rank operator by assumption, the claim follows from

the ideal properties (2.1.11)). O

We are now in the position to formulate the following result characterizing the invertible bimodules
completely |29, Thm. 6.1], see also |82,/106] for the particular case of C*-algebras:

Theorem 4.3.32 (Invertible bimodules in Bimod* and Bimod®™) A bimodule ,&, € Bimod;(%, )
(or ,6, € Bimodi™ (%, o), respectively) is invertible in Bimod* (or in Bimod®", respectively) if and
only if there exists a % -valued inner product (-, -)* on ,8,, such that with this inner product ,&,,
becomes a *-equivalence (or strong equivalence, respectively) bimodule. The 9B -valued inner product is
uniquely determined by this requirement.
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4.3. The Bicategory Approach 111

PROOF: That an equivalence bimodule is invertible in the sense of Bimod* or Bimod®"", respectively,
was already shown in Proposition [£.3.25] an inverse bimodule is given by the complex conjugate. Thus
consider an invertible ,&, € Bimod](%,4) with ,&/, € Bimodj(#,%) being an inverse bimodule.
Moreover, let ¢ and v be the isometric isomorphisms as in (4.3.61) and (4.3.62). After choosing ¢ we
can assume that 1) is the unique isomorphism with the additional requirement

Yaeead) y=x ¢ Qy)

according to Proposition We consider now the change of base ring functor Sg applied to
the (C,%)-bimodule %A, € Bimodi"(C,%). Indeed, since all bimodule operations are in addi-
tion C-multilinear, we can view % as such a bimodule. Moreover, the adjointable intertwiners
2- Morph(.%.,, %,,) in the sense of Bimod®" or Bimod* are just all adjointable endomorphisms
B (%, ). By Proposition the functor Sg gives an injective *~homomorphism

Sg: By (B,) — By (%e;s B %894)7

where again B, (B, @y ,6,) = 2-Morph(.B,, Ry 4,6, B, Bu ,8,) in the bicategory sense of
Bimod* or Bimod®", respectively. Viewing &, as (C, «¢)-bimodule we obtain analogously an injective
*~homomorphism

Ser: Bu(8,) — Bu(8, D ,E6L).

Moreover, we consider the unitary isomorphisms left(€): B, @y 4,8, — ,&, and ¢: &, D, &l —
Idg which induce *-isomorphisms for the corresponding *-algebras of adjointable operators on these
modules by conjugation. Composing things, we eventually obtain *-homomorphisms

sg: By (By) 3T — left(8) o (T ®idg) o left (&)L € B, (E,)

as well as
st By (6,)3A = ho(ARidg) o™t € By (B,,).

*

Exchanging the role of ¢ and %, as well as the role of & and & we obtain analogously the *-
homomorphisms

te: By (A,) 5T — left(€") o (T ® ide) o left(6') ™! € By (8,)
as well as
te: By (EL)3B — ¢o(BRidg)od ! e By(d,).

In a first step, we want to show that sg and sg: are inverse to each other (and hence by symmetry
also for tg and tg/).

Thus let T' € B, (%B,) be given. Since & = % - & and since ¥ is surjective, we can write every
element in % as linear combination of elements of the form ¥ (b -z ® 2’). On these elements we
compute

(s 0 56)(T)(¥(b- z @ 2')) =

=T (- 2)® ),

showing (sgr 0 sg)(T') = T. Conversely, let A € B,(&,) be given. Moreover, let © € 2-End(,&,) be
the unitary automorphism as in the proof of Proposition 4.3.29| i.e. O(¢(z @ 2') - y) =z - ¢(2' @ y)
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112 4. MORITA EQUIVALENCE

for all z,y € & and 2/ € 8. We know that we can choose v in such a way that © = id. However, we
shall not make use of this at the moment. Again, we write every element of & as linear combination
of elements of the form ¥ (x ® z’) - y. Using this, we compute

((s5 056)(A)) (Y @ a') - y) = (left(§) o (sg:(A) ® idg) o left(8) ) (Y(x @ 2’) - y)
= (left(& o(( <A®1dg/) oy ™) @idg)) (Y(z @ 2) @ y)
= left( )(w( 7)) ®y)

(
1A( (:U®x) )))
:(@

and thus
(sg osgr)(A) = o-146.

This shows that sg and also sg/ are bijective. Since the inverse is unique we conclude that 97140 = A
for all A € B,(&,). This shows that © is necessarily a central element in all adjointable endomor-
phisms of §,. By Proposition we know that we can achieve © = id, which would simplify the
above computation slightly. In any case, s¢ and sg/ are inverse to each other.

In a second step we recall that §y(%,,) = % via the left multiplications. Indeed, this follows from
the fact that ,%,, is a strong equivalence bimodule, see Lemma and Theorem [£.2.1 We want
to determine the image of §s(%,,) under the *-isomorphism sg and similar for §,(&,). To this end
we compute for b € B, z,y,2z € &, and 2’ € &’

(Se'(Opay)) (2 ® 2') = Opyy(2) @ 2
=(b-z-(y,2),;) @
= (- Opy(z) @2
= (b-Se/(Oay)) (2 ® 2'),

yielding Sg/(Op.z,y) = b- Sg/(O4,y). Applying the bimodule morphism ¢ gives
56/ (Obay) = 90 (b-Ser(Ouy)) 0™ = b+ (Y0 Ser(Ory) 09™") =b-56/(Ouy) € Fun(B),

since the left multiplication with b is in §5(%,,) and the finite-rank operators are a *-ideal. Since
finally % - & = & we conclude that the rank one operators ©y.,, span all finite rank operators and
hence

sert Bu(8,) — Fa(By) =B, (%)

In a third step, we want to show that sg/, restricted to §4(&,,), is surjective onto §s (%,,). To this
end we use (%) to turn % into a (Fu(€,), B )-bimodule. By symmetry we see that

te: §u(65) — Fulsd,) = d, ()

which allows to turn & into a (Fz (6., ), «d)-bimodule. Note that these bimodules are even *-repre-
sentations of the finite-rank operators since sg and sg/ are *-homomorphisms. By Lemma [4.3.26| and

Theorem it follows that the bimodules &, as well as ; ., 6, are *-equivalence bimodules

S (8) B
if one uses the canonical inner product ©. .. Thus we know that the complex conjugate bimodule
provides an inverse. In particular, we have

, ,

S (84 )®3%(%) Fop (85) %
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via the isometric isomorphism .., from Proposition [4.3.25] Collecting these results yields the follow-
ing isometric isomorphisms (in the sense of Bimod*)

9}38.«71 = %%% Qe %g.«ﬁ

~ ru = /
= <%85%(8§B) ®3% (&l) S%(8f%)8%) Oz %854

I

—/ ~ ;=
%‘g&%(%) ®S% (%) (3{%(8;}5)8% Qe %894>
& d,, (%)

/ ~

Sep (653) 555 (625) S (8%)

12

P

where we first use left(€), then Proposition [4.3.25) after that the associativity asso(g,,(‘i’ ,6), and
finally the isomorphism ¢ turning « into a (Fs(€7,), 9)-bimodule: indeed, transporting the left

module structure of ta (gé)(‘oﬁ;& D 58, to 9l via ¢ gives precisely the left module structure induced by

te according to (xx). This follows from the explicit definition of tg. Since %g’

bimodule we know that via the left multiplications we have

S (L) 1S -equivalence

~ =/
B = %5%(8@)<gg%(8&3))7 (**)

according the Theorem [4.2.1] Moreover, we know that g;% ) = g;%<8/%) - §2(6,). Furthermore,

since via (xx) the finite-rank operators §s(€7,) act on o, via finite-rank operators, we can apply

Lemma 4.3.31| for g;% () and )&4 .- This gives that the change of base ring functor Sy preserves

Sop (8

the finite-rank operators, i.e.

—=/ —=/ ~
Sy 3&% (&%) (83% (%)) > S (85%@@) ®&% (&%) 5%(%)&%)

On the other hand we know that the tensor product on the right hand side is isometrically isomorphic
to &, according to (x) while the finite-rank operators on the left hand side are *-isomorphic to % via
the left multiplications according to (xx). This yields eventually the chain of isomorphisms

—=/

~ Su U 5 ~
P = 33%(8;}3) (gs%<gg75)) > Su (83%%) ®S%(%;A) 3%(522}3)‘%94) = Fu (&4)

Since the first and the last isomorphisms are implemented by the left multiplications we see that this
chain of isomorphisms ¢s the left multiplication of % on &, since Sy is a bimodule morphism. So
finally we have the desired surjectivity and hence the *-isomorphism

B =F.(8,) (©)

via Sg’.

By Lemma and Theorem[£.2.we know that ; ., &, is a *-equivalence bimodule. So pulling
back the canonical inner product ©. . to % via (®) shows the existence of a compatible %8-valued
inner product making ,&_, a *-equivalence bimodule. This shows the first part of the theorem.

Now assume in addition that ,&, and &/, are equipped with completely positive inner products.
Since inverses in Bimod™ of 1-morphisms are again unique up to isometric isomorphisms we conclude

that -
(8 () = (8o (2 05).

where (-, >§3 is the canonical inner product ©. . under the *-isomorphism (®). But since the inner

product on the left hand side is completely positive, the inner product (-, - >% is completely positive,
too. But then also the %8-valued inner product on ,&, is completely positive, as this notion behaves
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well with respect to complex conjugating the module, see Exercise [2.4.9] This shows that ,& , carries
the structure of a strong equivalence bimodule in this case.

Finally, the uniqueness of the %-valued inner product is easy: this follows directly from Theo-
rem once we know that ,& , is a *-equivalence bimodule. O

Remark 4.3.33 The above technical proof simplifies drastically if one considers unital *-algebras
only. In this case B,(8,) = F4(6,) and hence most of the above proof becomes trivial. Form this
case one also deduces easily the proof of Theorem [£.3.5] see also Exercise [£.4.10]

4.4 Exercises

Exercise 4.4.1 (Full idempotents) Show that a finitely generated projective module 4, over a
unital ring & is full iff the span of elements of the form ¢(x) € o is the whole ring o/, where
¢ € Homy (M, o) is from the dual module and = € /. With other words, fullness is a measure on
how non-trivial the dual module is.

Hint: Show first that for module /(,the elements of the form () constitute a two-sided ideal in &f. If now M, = ed™
with an idempotent e € M, (&) it is easy to see, using Exercise [2.4.15] that 1 belongs to this ideal iff e is full.

Exercise 4.4.2 (Morita’s Theorem) A rather down-to-earth proof of Theorem can be ob-
tained as follows. Let o and % be unital rings and let , ., and .., be bimodules satisfying
with bimodule isomorphisms ¢: , M, @, , M), — , B, and ¢: M), R 4 M, — A,
i.) Show that , M, > — 1®x € B Ry 4, M, and Y @ id: , M, Ry , M), Ry 5, M, — , M, are
(%, A )-bimodule isomorphisms. Give explicit formulas for their inverses.

ii.) Show that for a given choice of ¢ there is a (unique) choice of ¢ such that the diagram

975‘/%&4 Qe m‘/%ela Qg %‘/%m

B Qa oM, M, Ry A (4.4.1)

commutes. In the following we assume to have made such a choice.
iii.) Let y € , M., be fixed. Show that the map z — ¢(y ® z) is right of-linear.

iv.) Show that there is a k € N and y; € , M, and x; € , M, for i = 1,...,k such that 1gp =
> ¥(x; ® y;). Conclude that

xr = Z zi - o(y; @ x) (4.4.2)

holds for all z € , . This gives a dual basis for /(.

v.) Prove that the map M) >y — (x — ¢y ® z)) € Homy (, M, o) is a left f-linear isomor-
phism between ./, and the dual module of /.
Hint: Use the above dual basis to show that this map is surjective. For the injectivity, suppose ¢(y ® z) =0

and hence y ® x = 0 for all z € M, since ¢ is an isomorphism. Exchanging the roles of g ./, and .M, gives
an analogous diagram to (4.4.1). Use this to conclude that y = 0.

vi.) Now let B € Endy(M,) be a right #-linear endomorphism. Show that there exists a unique
be B with B(x) =0b-x.
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Hint: Use the dual basis to write B(z) = >, ;i - ¢(y: ® B(x)). Since = — ¢(y; ® B(x)) is right of-linear there
exists a (unique) z; € 4 My with ¢(y; @ B(z)) = ¢(2; ® x). From this one can deduce the existence of b. For
uniqueness, suppose b-x =0 for all z € g M. Then also >, b z; ® ys = 0. Apply now .

vii.) Show that L, is full.

Hint: Exercise {.4.1]
This clarifies the more complicated direction in Theorem [£.3.5] If one has a finitely generated, pro-
jective and full right @/-module, it is fairly easy to verify that this gives an equivalence bimodule
between @ and Endy (A,) by using a dual basis.

Exercise 4.4.3 (Full projections of €°°(M)) Consider a connected smooth manifold M and a
projection P € M, (6°°(M)). Show that P # 0 iff P is full using the pointwise trace. How does the
situation look like in the non-connected case? Generalize this to continuous functions on a reasonable
topological space.

Exercise 4.4.4 (Complete positivity of ©. .) Let ¢/ be a unital *-algebra and let € , be an inner-
product right #/-module. Suppose that there exist vectors x1,...,xx € 6, with

N

Ly =Y (@r,20),. (4.4.3)

r=1

Show that the canonical §, (& ,)-valued inner product O. . is completely positive.

Exercise 4.4.5 (The bimodule structure of Homy (/#,,, s1,)) Let ¢ be a unital ring and let 4,
be a right «/-module.

i.) Show that the dual module Homy (M, < ,) becomes a (A, Endy(/4,))-bimodule via (4.3.8))

which is always strongly non-degenerate for both module structures.

ii.) Show that the maps (4.3.9) and (4.3.10)) are well-defined bimodule morphisms.

Exercise 4.4.6 (Coherence in Bimod* and Bimod®") Formulate and prove the coherence proper-
ties to show that Bimod* and Bimod®" are bicategories.

Exercise 4.4.7 (Linear combinations of natural transformations) Let ¢ and ® be *-catego-
ries over C with two *-functors F,G: € — ©. Show that for natural transformations s,t: F — G
the linear combination zs+wt with z,w € C as well as the adjoint s* are again natural transformations.

Exercise 4.4.8 (Rieffel induction is a *-functor) Let o and % be *-algebras over C. Verify in
detail that the Rieffel induction Rg: *-modg () — *-modg, (%) for a bimodule ,&, € *-mod (%)
and an auxiliary *-algebra 9 is indeed a *-functor.

Exercise 4.4.9 (Passing to strongly non-degenerate *-representations) Let % be an idem-
potent and non-degenerate *-algebra and let o be an arbitrary *-algebra over C = R(i). Let ,&_, and
28!, € "-mod () and let T: ,&, — ,&, be an intertwiner. Define

NonDeg(,€,,) = B @4 ,&, and NonDeg(T) = idg ®sT. (4.4.4)

Show that this defines a functor NonDeg: *-mod (%) — *-Mod 4 (%). Is this functor an equivalence
of categories?

Exercise 4.4.10 (Invertible bimodules: unital case) Suppose that o and % are unital *-algebras
over C = R(i). Give a more direct proof of Theorem {4.3.32f under this simplifying assumption along
the same lines as for the classical Morita theorem.

Hint: Exercise gives enough inspiration.
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Chapter 5

The Picard Groupoids and Morita
Invariants

We come back to our original goal to compare the representation theories of two given *-algebras o
and 9. Using Rieffel induction with respect to a bimodule & € *-Rep,, (%) we have a functor

Rg: *-Repg (1) — "-Repg, () (5.0.1)

for any auxiliary *-algebra 9, in particular for 9 = C. This gives us a very powerful tool for comparing
the representation theories. We want to understand under which conditions on the bimodule & we
obtain an “inverse” functor to Rg. Of course, we can ask the same question for *-Rep being replaced
by *-Mod or Mod in the purely ring-theoretic situation.

First we recall that for categories the good notion of isomorphism is equivalence: Two categories €
and ® are called equivalent if there exist functors F: € — © and G: ® — € such that GoF: € — €
and Fo G: ® — © are naturally isomorphic to the identity functors ide and idg, respectively. Note
that in general this is a weaker condition than having isomorphisms, i.e. GoF =idg and Fo G = idyp.
The notion of isomorphism in category theory is usually rather pointless and occurs typically only in
rare situations.

Thus we are looking for a functor which is inverse to Rg only up to a natural isomorphism. With
our present machinery on equivalence bimodules it is now fairly easy to see that a strong equivalence
bimodule 6, € Pic*(%, «f) will provide an equivalence of the categories *-Repg, (/) and *-Repg, (%)
via Rg with the “inverse” functor given by the Rieffel induction with the complex conjugate &, .
Similarly, *-equivalence bimodules implement an equivalence between *-Modg () and *-Mod, (%)
while the ring-theoretic equivalence bimodules give an equivalence of Modg (/) and Modg (%). In
this sense, the representation theories become Morita invariants. While this can be done directly
and very explicitly, we postpone the proof and obtain it as a corollary of a much more detailed
construction. This provides additional insights beyond the mere equivalence of the representations.

In order to uncover this additional structure of the representation theories (and many other Morita
invariants), we take a little excursion into the realm of (bi-) groupoids and (bi-) groupoid actions:
the invertible bimodules form a groupoid, the so-called Picard groupoid, for which we have several
flavours as usual. We will investigate this groupoid and the corresponding isotropy groups, the Picard
groups. It will turn out that a Morita invariant is always equipped with a group action of the Picard
group which is also part of the invariant.

5.1 The Picard Bigroupoids

In order to define the Picard (bi-) groupoids we first remind on some basic notions about groupoids
and bigroupoids. Then the Picard bigroupoids will be the bigroupoids of invertible 1-morphisms in
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118 5. THE PICARD GROUPOIDS AND MORITA INVARIANTS

the bicategories Bimod, Bimod*, and Bimod®", respectively.

5.1.1 Groupoids and Bigroupoids
First we recall the definition of a groupoid:

Definition 5.1.1 (Groupoid) A groupoid & is a category where all morphisms are invertible.

To visualize a groupoid, one identifies the objects a € Obj(®) of & with the local unit elements
id, € Morph(a, a) and views the morphisms ¢g: a — b as arrows from a to b. One calls a = source(g)
the source of g while b = target(g) is the target. For every arrow g: a — b there is an inverse arrow
inv(g) = g~': b — a with source(g~!) = target(g) and target(g—!) = source(g). The composition of
arrows g and h is denoted as usual by hog provided we can compose at all, i.e. target(g) = source(h).
Thus a groupoid is determined by the local unit elements &g, the arrows &1 as well as the structure
maps target, source: &1 — G, inv: &; — B, id: &y — &;. Usually, the composable arrows are
denoted by

B9 = {(h,g) € 61 x &, | source(h) = target(g)} C &1 x &, (5.1.1)

such that the composition is a map o: &) — &1. All the structure maps can be combined in one

picture
source

/—\ inv o
@0 id 051 051 6(2) (5'1'2>
\/

target

The following simple example of a groupoid is of fundamental importance:

Proposition 5.1.2 (Isomorphism groupoid) Let € be a category. Then the invertible morphisms
of € constitute a groupoid, the isomorphism groupoid Iso(€) of €.

The proof is trivial and a simple consequence of the axioms of a category, see Exercise [5.4.1

Example 5.1.3 The isomorphism groupoid of the category of *-algebras over C consists of all *-
algebras over C as objects and the *-isomorphisms ®: & — % as morphisms Iso* (%, ) from « to %.
Note that for unital *-algebras a *-isomorphism satisfies necessarily ®(14) = 1. Thus the difference
in the definition of morphisms in *-alg and *-Alg disappears on the level of isomorphisms. This gives
a subgroupoid Iso(*-Alg) C Iso(*-alg). For this special situation we denote the isomorphism groupoid
also simply by Iso*. Analogously, one has the isomorphism groupoid Iso(Ring) of the category Ring
consisting of the ring isomorphisms, simply denoted by Iso if there is no possibility of confusion.

Proposition 5.1.4 Let & be a groupoid.
i.) For every object a € B¢ the set

&(a) ={g: a — a} = Morph(a, a) (5.1.3)

s a group with respect to the unit element id, and the composition o.

ii.) If Morph(b, a) # 0 then &(a) = &(b) and every morphism g: a — b yields a group isomorphism
®(a) > h — ghg '€ &(b). (5.1.4)

iti.) If Morph(b,a) # () then the map
&(a) > g — hg € Morph(b, a) (5.1.5)

is a bijection for every fixed choice of h € Morph(b, a).
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Again, the statements are simple consequences of the definition of a groupoid, see Exercise [5.4.2]
Nevertheless, we listed them here as they will have important applications later on. The group &(a)
is called the isotropy group of a and the class

®-a = {be Obj(&) | Morph(b,a) # 0} (5.1.6)

is called the orbit of a in &. Obviously, we have b € & -qa if and only if @ € &-b which is the case if and
only if there is a morphism between a and b. Along an orbit, all the isotropy groups are isomorphic.
In particular, a groupoid with one object is just a group.

We come now to the more interesting notion of a bigroupoid. As already for a bicategory, we want
to relax the associativity as well as the invertibility of 1-morphisms, described in a controlled way by
2-morphisms. This is accomplished with the following definition:

Definition 5.1.5 (Bigroupoid) A bigroupoid & is a bicategory such that all 1-morphisms are in-
vertible in the sense of a bicategory.

Let us unwind the definition: for every l-morphism FE € &;(b,a) from a to b there is a 1-morphism
E' € &1(a,b) from b to a together with 2-isomorphisms

¢: B @, F —1d, and v¢: E®, E' — Id,, (5.1.7)

where E’ is uniquely determined up to 2-isomorphisms. The 2-isomorphisms ¢ and 1) with are
not unique in general, only there existence is required. In general, there is no unique map to construct
E’ from E, we only require the existence of E’. Note, however, that the definition of a bigroupoid
varies in the literature: sometimes it is required that there is a functor

inv: &(a,b) — &(b,a), (5.1.8)

with the obvious properties such that £’ = inv(E) is an inverse to E. Though we do not require this
from the beginning, in our examples we always have such an inversion functor. Moreover, sometimes
it is also required that the 2-morphisms in a bigroupoid are always isomorphisms. From the point of
view of Morita theory this requirement seems to be unnecessarily strong, hence we do not follow this
convention.

We note the following general result which can be obtained immediately from the definitions:

Proposition 5.1.6 Let B be a bicategory.

i.) The invertible 1-morphisms in B constitute a bigroupoid, called the isomorphism bigroupoid of B,
where as objects one takes the same objects as of B, as 1-morphisms the invertible 1-morphisms
of B, and as 2-morphisms all corresponding 2-morphisms of B.

ii.) The classifying category of a bigroupoid & is a groupoid &, called the classifying groupoid of &.
i1i.) The isomorphism groupoid of the classifying category of B is the classifying groupoid of the

isomorphism bigroupoid of &.

In case of a *-bicategory over C we have of course an analogous construction of a classifying
category: now we base the notion of isomorphic 1-morphisms on the unitary 2-morphisms as before.

5.1.2 The Definition of the Picard Bigroupoids

After this general discussion on (bi-) groupoids we come now to our main example of the Picard (bi-)
groupoids in various flavours. To this end, we start with the following lemma:

Lemma 5.1.7 Let ,6,,,,6!, € Bimod* (B, ) be invertible.
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i.) Every morphism T: ,&, — ,8!, in the sense of Pic*(B,4) is a 2-morphism T: ,&, — 6/,
in the sense of Bimod™.
ii.) An isometric 2-isomorphism T: ,&, — L&/ in the sense of Bimod™ is an isomorphism
T: ,8, — ,6., in the sense of Pic*(B,d).
iii.) Every2-endomorphismT: ,6, — ,& , in the sense of Bimod* is an endomorphismT': ,& , —
56,4 in the sense of Pic*(%B,4).

PROOF: The subtleties of this lemma arise from the fact that in Pic* we have to take care of both
inner products while in Bimod* only one inner product is part of the structure. Then the first part
is clear, as in Pic*(%, ) one requires additionally that 7™ is also the adjoint of T with respect to
the %-valued inner product. For the second part we consider a unitary 7. Then T* = T—! where the
adjoint refers to the ¢f-valued inner products. Now for z,y € § and 2/, v € &' we have

(p,/

Tz) - (Ty,2)" )"
Tz)- (y, T*2") /d,u>

(T, Ty)" - 2 ') = ((
(

8/

T( y,T* /> ) 'U//>&¢

(
(
<m y,T* ! T* ’>
(o
(T

T*Z, T* />
( ), Ty,
:<%(x,y>°-z,u>i,

where we used the left %-linearity of T* = T—! as well as the right «-linearity of T together with
the unitarity of 7" with respect to the of-valued inner products. Since all inner products are non-
degenerate and b — (2/ — b-2') is injective, we conclude that T is also isometric for the %B-valued
inner product. As T is invertible, this means that 7" is also adjointable with respect to the %-valued
inner product and both adjoints coincide since they are simply given by 7!, proving the second part.
For the third part, let T': ,&, — ,&_, be an endomorphism, then we have

B

B0 Ty -z =2 (Ty,2),,
=z (y, T*z)i
= 0,4(T"2)
=T"(Oz,y(2))
= @T*z,y(z)
= (T, y)" - 2,

as T™ is left 98-linear and O, is a left multiplication with some element in %8. Note that the above
computation does not work for a morphism 7': ,& , — ,&/, in general as then O, is not necessarily
given by the left multiplication of an element in %. (]

The consequence of the lemma is now that despite the difficulties for general morphisms, the two
notions of isomorphisms coincide.

Definition 5.1.8 (*-Picard and strong Picard (bi-) groupoids) For a given ordered ring R with
C = R(i) one defines:
i.) The *-Picard groupoid Pic* is the groupoid of invertible morphisms of Bimod*. The isotropy
groups are called the *-Picard groups.

ii.) The *-Picard bigroupoid Pic* is the bigroupoid of *-invertible 1-morphisms of Bimod™.
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str

iti.) The strong Picard groupoid Pic™™ is the groupoid of invertible morphisms in Bimod®™. The

isotropy groups are called the strong Picard groups.

wv.) The strong Picard bigroupoid Pic®™ is the bigroupoid of invertible 1-morphisms in Bimod®™.

Note that the notion of *-Picard groupoids and strong Picard groupoids depends implicitly on the
chosen ring C = R(i) of scalars. As long as we consider this ring to be fixed, we shall not indicate
this dependence in our notation. Nevertheless, when we come to deformation theory in Chapter [7]
we will have to be more careful as then the relation between the Picard groupoids for C and C[A] will
be investigated, see e.g. Section [7.1.1]

Remark 5.1.9 (Picard groupoids)

i.) In Definition we defined the morphisms of Pic*(%, ) (as well as those in Pic™" (%, 4))
to be those bimodule morphisms T': ,6, — ,&’, which are adjointable with respect to both
inner products and for which the two adjoints agree. By Lemma this needs not to be
consistent with the definition of the Picard bigroupoid as above: However, for isomorphisms
and endomorphisms both definitions agree. In particular, the classifying groupoids do not
depend on this subtleties. At the present stage there seems to be no true reason to prefer one
definition over the other, therefore we shall no longer take these subtleties into account and
postpone a final decision.

ii.) The classifying groupoid of Pic* is Pic* and the classifying groupoid of Pic®" is Pic". This
follows immediately from the definition and Proposition [5.1.6] From the same Proposition [5.1.6
it also follows that Pic* and Pic®" are bigroupoids while Pic* and Pic®"" are groupoids by
Proposition [5.1.2

i11.) With Theorem |4.3.32] we obtain the following interpretation of Morita equivalence: two *-
algebras (idempotent and non-degenerate as usual) are strongly Morita equivalent or *-Morita
equivalent, respectively, if and only if they are in the same Pic®"-orbit or Pic*-orbit, respectively.

iv.) From Proposition 4.1.15|it follows that not only the composition ® in Pic* and Pic®™ is functorial
but we also have inversion functors

inv: Pic*(%,4) — Pic*(«,%) (5.1.9)
as well as
inv: Pic®™ (%, ) — Pic™" (A, B), (5.1.10)

explicitly given by complex conjugation of the bimodule as well as the corresponding bimodule
morphisms, see also Exercise[5.4.4] In particular, this proposition could also be used to construct
the Picard bigroupoids directly, without using the ambient bicategories Bimod* and Bimod®",
respectively. Then, however, the bimodules loose their interpretation of being the invertible
ones among general bimodules.

In the ring-theoretic version of Morita theory there is of course also a Picard groupoid Pic as well
as a corresponding Picard bigroupoid Pic:

Definition 5.1.10 (Picard (bi-)groupoid) The bigroupoid of invertible 1-morphisms in Bimod is
called the Picard bigroupoid Pic and the groupoid of invertible morphisms in Bimod is called the Picard
groupoid Pic. The isotropy groups of Pic are called the Picard groups.

Remark 5.1.11 Note that the objects of Pic are rings with unit while the objects of Pic* and Pic®*
are idempotent and non-degenerate *-algebras over C. On one hand this is more particular due to
the *-algebra structure. On the other hand, we do not necessarily require units. Thus a meaningful
comparison between the various Picard groupoids is only possible after restricting to unital *-algebras
over C as objects. When comparing the different Picard groupoids we shall always implicitly assume
that this restriction has been done.
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As a first application of our general considerations on groupoids in Proposition we obtain
another Morita invariant:

Corollary 5.1.12 (Morita invariance of the Picard groups) Let C = R(i).
i.) If 4 and 9B are Morita equivalent unital rings then

Pic(o) = Pic(%). (5.1.11)
ii.) If d and B are *-Morita equivalent idempotent and non-degenerate *-algebras over C then
Pic* () = Pic* (). (5.1.12)

*-algebras over C

iii.) If d and 9B are strongly Morita equivalent idempotent and non-degenerate
then

Pic™" (o) = Pic™™(%). (5.1.13)

In all three cases any equivalence bimodule implements a group isomorphism according to (5.1.4)).

Remark 5.1.13 (Morita theory) The whole Morita theory is now encoded in the corresponding
Picard (bi-) groupoids. The objects encode which type of *-algebras (rings) are under consideration.
The orbits encode which *-algebras are Morita equivalent. Finally, the Picard groups encode how
many “self-equivalences” an object has. Moreover, the Picard groups yield also information in how
many “different” ways two *-algebras can be Morita equivalent, by Proposition , Thus for
Morita theory we obtain the following two basic tasks:

i.) Determine the orbits of the Picard groupoid.
ii.) Determine the Picard groups.
The additional structure of the bigroupoid approach is not necessary to understand the above two

questions. However, we will meet situations where the Picard bigroupoid approach is advantageous
for formulating certain Morita invariants.

5.2 The Structure of the Picard Groupoids

In this section we shall discuss some general properties of the Picard groupoids Pic, Pic*, and Pic®"
and the corresponding Picard groups. The bigroupoid aspects will not be needed here. The statements
on the ring-theoretic version are classical, see e.g. the monograph of Bass [4, Chap. 2, §5|. Nevertheless,
we will recall them together with the *-version and the strong versions which can be found in |29].

5.2.1 The Canonical Groupoid Morphisms between the Picard Groupoids

The main tool in studying the strong and *-Picard groupoids will be to relate them to the underlying
ring-theoretic Picard groupoid: there are canonical groupoid morphisms relating the three Picard
groupoids whose images and kernels will contain the relevant information how the strong and *-
equivalence differs from the purely ring-theoretic Morita equivalence.

First we remind on the definition of a groupoid morphism:

Definition 5.2.1 (Groupoid morphism) A groupoid morphism ®: & — § is a covariant func-
tor.

Indeed, this generalizes the notion of a group morphism in the following sense: If & = G and
£ = H are groupoids with just one object, i.e. their morphism spaces are just groups, then a functor
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®: G — H maps the unique object of G to the unique object of H and is a group morphism on the
level of morphisms of G and H, i.e.

®(gog)=®(g9)o®(¢’) and &(idg) =idy . (5.2.1)
In the general groupoid case we obtain from a groupoid morphism the group morphisms
O: &(a) — H(P(a)) (5.2.2)

for each object a € &. Moreover, ® maps the orbit & - a into (but not necessarily onto) the orbit
- P(a).

Back to the Picard groupoids we have the first example of a groupoid morphism: By forgetting
the complete positivity of the inner products we obtain a groupoid morphism

Pic®™ — Pic*, (5.2.3)

which is the identity on the objects. Moreover, on morphisms it is injective since in Pic®™™ and Pic*
we have the same 2-morphisms and hence the notions of isomorphism between 1-morphisms of Pic®™,
viewed as 1-morphism of Pic* coincides. Clearly, forgetting the complete positivity is compatible
with taking the internal tensor products as in the quotient procedure needed for @ we only have to
take care of the degeneracy space, a notion which does not refer to positivity. Thus ([5.2.3)) is indeed
functorial. As we shall see, the groupoid morphism is not surjective in general.

For unital *-algebras we can forget the inner products completely. Then, for equivalence bimodules
we know from Corollary that we do not need the quotient for the construction of ®. Finally,
isometrically isomorphic equivalence bimodules are in particular isomorphic as bimodules and thus
the isomorphism classes of bimodules in Pic®™ or Pic* are mapped to isomorphism classes in Pic in
a well-defined way. This shows that we obtain groupoid morphisms

Pic* — Pic and Pic* — Pic. (5.2.4)

On objects both are again the identity. However, in general, both of them are neither surjective
nor injective: On a ring-theoretic equivalence bimodule in Pic there might be more than one inner
product up to isometry or even none. This problematic parallels very much the situation in Kg-theory
as indicated in . We summarize the results of this discussion as follows:

Theorem 5.2.2 (Canonical forgetful functors) Over the class of unital *-algebras, we have canon-
1cal forgetful groupoid morphisms such that the diagram

Picstr Pic*

N

Pic

commutes.

str

In the following we shall mainly study the groupoid morphism Pic®" — Pic and discuss its kernel

and image.

Remark 5.2.3 Note that since in general the internal tensor product & requires a non-trivial quotient
procedure, there is no forgetful functor Bimod®®® — Bimod: the tensor products simply do not match.
This is only true for equivalence bimodules. However, forgetting complete positivity is still possible
leading to a functor

Bimod®" — Bimod* . (5.2.6)

From this, we recover the groupoid morphism (5.2.3) by restricting to invertible arrows.
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5.2.2 Isomorphisms and Equivalences

Beside relating the different types of the Picard groupoids we can also relate the notion of Morita
equivalence to the notion of isomorphism: since Bimod generalizes the category Ring by means of
the functor ¢ from Proposition [£.3.3] we can compare the corresponding isomorphism groupoids. For
Ring, the groupoid of isomorphisms is just Iso, consisting of arrows which are the usual unital ring
isomorphisms. Since £ is a functor, it restricts to a functor

¢: Iso — Pic, (5.2.7)

i.e. a groupoid morphism between the isomorphism groupoid of unital rings and the ring-theoretic
Picard groupoid.

For *-algebras we can not expect to have an analog of the functor ¢ from *-alg or *-Alg to Bimod*
or Bimod®™: the reason is that if the *~homomorphism ®: ¢ — % is not invertible, then there is
no hope to construct a reasonable sf-valued inner product on the (%, «f)-bimodule ,%®. Thus we
have to proceed differently when we want to find an analog of in the *-algebra case: we have
to consider *-isomorphisms only.

In Theorem we have constructed a strong equivalence bimodule out of a *-isomorphism
®: of — AB. Indeed, on ,%B we considered the right @f-module structure defined by b -¢ a = b®(a)
together with the canonical %8-valued inner product ,(-, ) as well as the s/-valued inner product

b, b 2T _ d-1(p)* a1 (). Alternatively, one can endow &, with a left 8-module structure via
] o

*

b-ga=3>1b)a. (5.2.8)
Together with the canonical ¢f-valued inner product and the 9%-valued inner product
2a,d')y = ®(a)®(d)* (5.2.9)

the resulting (%, «4)-bimodule 2o , is again a strong equivalence bimodule. This follows analogously
to Theorem Note that for either way, the existence of the inverse of ® is crucial to obtain an
inner-product bimodule.

More generally, for a *-equivalence (6, % )-bimodule., %, we can construct a *-equivalence (6,  )-
bimodule., . as follows. On & we keep the left ‘6-module structure and the ‘6-valued inner product.
Then we set

z-pa=x-Pla) and <:E,y>‘;’;(1> =o' ((z,9)2), (5.2.10)

for x,y € F and a € 4. Analogously, for a *-isomorphism ¥: 98 — %6 and a *-equivalence bimodule
,&., we construct Y& , by keeping the right s/-module structure and the s/-valued inner product and
setting

cgx=V"1c) -z and <€<$,y>\pg =U(,(z,y)°). (5.2.11)
Obviously, this generalizes the construction of ,B% and 2of,. The properties of this construction
are summarized in the following theorem:
Theorem 5.2.4 (The groupoid morphism /) Let & € Iso"(B,4d) and ¥ € Iso*(6,B) and let
56, and., F, be strong equivalence bimodules.
i.) The map ®~': ,BE — P9l is an isometric isomorphism of strong equivalence bimodules.
ii.) We have Y8, F.2 € Pic™™ (6, 4).
iii.) The maps
Ty Dy, BES200 = 20 TP (5.2.12)
and
by Dy ,8,2cRT — cyx=V"1c) ze 8, (5.2.13)

are isometric isomorphisms.

© Stefan Waldmann 2019-01-25 15:18:20 40100 Hash: 13717b6



5.2. The Structure of the Picard Groupoids 125

iv.) The map €(d) = A for objects and
0) = [,BT] € Pic" (B, ) (5.2.14)
for *-isomorphisms ®: o — 9B yields a groupoid morphism
¢: Iso* — Pic™*", (5.2.15)

PROOF: First it is clear that ®~! yields a (%, «/)-bimodule morphism since ®~(b- ') = ®~1(b) -
O 1W)=b-¢ @ 1(t)) and P (V -3 a) = DL (H'®P(a)) = &~ (b)a. Moreover,

(@1 (0), @7 (1)) = o 1By o () = 7 (0°) = (b,1) 2"

shows that ®~! is isometric. Since @' is clearly bijective, we have a bijective isometric bimodule
isomorphism, hence an adjointable and unitary one, with respect to the sf-valued inner products. By
Lemma it follows that ®~! is isometric with respect to the %-valued inner products, too.
Of course, this can also be seen in a more elementary way. This shows the first part. For the second
part, the required properties of the bimodules are easily checked. For the third part, we show that
(5.2.12)) is isometric, since

(z@ b2 @) = (b, (@,2))% )2
=& 1 (b* (z,2)J V)
=& '((z-b,2" - V)))

974)
:<3:-b,:17'-b'>91 .

Now is clearly a bimodule morphism which is surjective by ¥ - % = % and isometric, hence
on the quotient F ®g % it is also injective. Thus is bijective and isometric hence adjointable
with respect to the gf-valued inner product. Thanks to Lemma , or again by an elementary
computation we conclude that is also adjointable with respect to the 6-valued inner product.
The case of is treated the same. For the fourth part, we first observe ¢(idy) = [, 4] and
hence ¢ preserves the units. Moreover,

6o Dy BT ScRbD > () €, 65

is an isometric isomorphism as a simple computation confirms. From this, (¥ o ®) = /(¥) ® £(®)
follows immediately. O

Remark 5.2.5 Analogous statements hold for *-equivalence bimodules and the *-Picard groupoid

Pic* instead. In fact, the corresponding groupoid morphism ¢: Iso® — Pic* is just the composition
of £ as in and the canonical groupoid morphism . Moreover, Theorem has a well-
known ring-theoretic analog: for unital rings instead of *-algebras as well as for Pic instead of Pic®"
or Pic* we obtain that twisting the equivalence bimodule with an automorphism yields a groupoid
morphism

¢: Iso — Pic, (5.2.16)

see e.g. |4, Chap. 2, §5]. In fact, here ¢ is just the restriction of the functor ¢: Ring — Bimod as we
have already mentioned. Moreover, £ is clearly compatible with the inclusion Iso* — Iso.

In general, £ is neither injective nor surjective. The lack of surjectivity is clear since there are
*-algebras which are strongly or *-Morita equivalent without being *-isomorphic, see the example from
Theorem [4.1.12, Thus Pic*(%, ) or Pic*™ (%, «¢) may be non-empty while Iso*(%, «/) is empty. But

© Stefan Waldmann 2019-01-25 15:18:20 40100 Hash: 13717b6



126 5. THE PICARD GROUPOIDS AND MORITA INVARIANTS

even for = o, the strong Picard group Pic*(¢f) may contain elements which are not of the simple
form ¢(®) as we shall see later in examples. Thus the non-surjectivity encodes where strong Morita
equivalence goes beyond the notion of *-isomorphism. For Pic*(«) there is always a trivial reason
as we can replace a completely positive inner product by the corresponding completely negative one
which are certainly not isometric. Thus we expect Pic*(sf) to be “at least” Pic™ (o) x Zo. However,
we will see examples where Pic*(f) is strictly larger than Pic® (o) x Zs, see Remark .
Finally, the same lack of surjectivity is expected in the ring-theoretic situation as well.

The lack of injectivity can be explained as follows: for particular *-isomorphisms ® =# W the bi-
modules , %% and ,% Y are different but may still be isomorphic. To investigate the (non-) injectivity
we first note that for isomorphic rings the question of injectivity of

0: Iso* (%, ) — Pic*™ (B, o) (5.2.17)
is equivalent to the question of injectivity of the group morphism
0: Aut* (o) — Pic™ (o). (5.2.18)

Indeed, this follows immediately from the groupoid structure and is true for every morphism between
groupoids. Replacing Pic®™ by Pic* does not yield anything new here, as (5.2.3) is injective. In
particular, we have the injective group homomorphism

Pic*™ (o) — Pic* (o). (5.2.19)

Restricting to the unital situation and replacing Iso* by Iso and Pic*™ by Pic gives again an expected
non-injectivity for the same reasons.

To actually compute the kernel of ¢ restricted to the isotropy group Aut*(«#) of Iso™ at o, i.e.
the *-automorphism group, we consider unital *-algebras from now on. This will allow to proceed
analogously to the ring-theoretic situation.

Definition 5.2.6 (Inner *-automorphisms) For a unital *-algebra sd over C = R(i) we define the
mner *-automorphisms to be

InnAut*(sd) = {® € Aut* (o) | ®(a) = uav® with some u Tl =ut e o} (5.2.20)

Note that in general this is a proper subgroup of InnAut(s/) N Aut*(«) as we explicitly require that
® is the conjugation with some unitary element u of &f. Clearly, InnAut*(«) is a normal subgroup
of Aut* (), see also Exercise [5.4.5, Thus we can define the group of outer *-automorphisms to be

OutAut™ (o) = Aut™(s/)

in analogy to the group of outer automorphisms OutAut(s«f) = Aut(«/)/InnAut(s4) as usual.
For unital *-algebras we have the following general result, where we only have to take care of the
strong Picard group thanks to the injective inclusion (}5.2.19)).

Theorem 5.2.7 (Strong Picard group) Let o and B be unital *-algebras over C = R(i).
i.) For® € Aut*(%) and 8, € Pic™ (B, ) one has [26,,] = [,,6.,] if and only if ® € TnnAut* ().

ii.) The sequence of group morphisms
1 — InnAut*(s) — Aut*(sf) —— Pic™™ (of) (5.2.22)

18 exact.
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Analogously, in the ring-theoretic framework we have the exact sequence of groups
1 — InnAut(sd) — Aut(sd) —= Pic(«A). (5.2.23)

PROOF: The ring-theoretic version can be found in |4, Chap. 2, §5] and serves as motivation for
the *-algebra framework: assume that U: 28, — ,&_, is an isometric isomorphism. Then we have
U(z-a) =U(x)-a and hence U € Endy(6,,). Since in the unital case

B =Tu(6,) =Endy(€,) =B.(6,)

via the left action according to Proposition there is a unique invertible u € % with U(z) = u-x
and hence U~1(z) = u™! - 2. Since U is also left %-linear we obtain for b € %8

(bu) -z =b-(u-2)=b-Ulx)=Ub-px)=U(@ D) z) = (ud (b)) - z.

As the map b — (x +— b- ) is injective for an equivalence bimodule we conclude bu = u®~1(b) and
thus ®(b) = ubu~!. This shows ® € InnAut(%). Since U is also isometric we have

e

= ®(y(,9)")-

Since (-, -)® is full we conclude that ®(b) = wubu* for all b € %, implying ! = u*. Thus
® € InnAut*(%) as desired. Conversely, let ®(b) = ubu~! with some unitary u € %. Then it is
an easy computation that U(z) = u -z provides the isometric isomorphism U: 6, — & ,. This
shows the first part. For the second part we consider % = o and the two equivalence bimodules ,
and ‘p; 9. The kernel of the group morphism ¢ consist of those ® € Aut*(#) for which these two
bimodules are isometrically isomorphic. By the first part, we get . Note that in the proof the
positivity was never needed. O

u%<x7y>gu* = %(u LU y>8 = %<U(SU), U(y»g = ’}§<$7y>

Remark 5.2.8 (Outer automorphisms and the Picard group) In the particular case of a com-
mutative unital *-algebra (or ring, respectively) ¢ we have InnAut(s#f) = {id} = InnAut*(«). Hence

0: Aut*(d) —s Pic* (o) (5.2.24)

in the *-algebra case as well as
0: Aut(d) — Pic(A) (5.2.25)

in the ring case are injective. Thus the automorphism group becomes a subgroup of the Picard

group. In the general case, one can use (5.2.22) and (5.2.23)), respectively, to embed the outer *-
automorphisms into the strong Picard group and the outer automorphisms into the Picard group,

respectively. Thus we obtain injective group morphisms
¢: OutAut*(od) — Pic™™ (o) and ¢: OutAut(«) — Pic(sA), (5.2.26)

respectively. In both cases, the interesting part of the Picard groups is the “rest”, not reached by the
outer automorphisms.

5.2.3 The Role of the Center

To clarify the structure of the Picard groups further we consider the following construction. Let
%(d)={acd|a,b]=0forallbe«} (5.2.27)

be the center of f. Clearly, % (o) is a *-subalgebra of ¢, see also Exercise
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Proposition 5.2.9 Let o, %, and € be unital *-algebras over C = R(i) and let ,&, and ,%F, be
*-equivalence bimodules.

i.) For every a € %(d) there exists a unique hg(a) € %(%) such that for all x € 4,6,
he(a) -z =x - a. (5.2.28)

ii.) The map hg: %(A) — %(B) is a *-isomorphism.
iii.) We have
h&g = idgf(&d) and hg ] hg = hc}@&o (5.2.29)

iv.) The map hg only depends on the isometric isomorphism class [,6,,] of ,&,,.

PROOF: Let a € % (o) then x — x-a is clearly right «/-linear. By Proposition there is a unique
he(a) € B with (5.2.28) for all z € ,6,. Now let b € B be arbitrary then

(bhg(a)) -z =b-(hg(a) - x) =b-(z-a) = (b-z)-a=hg(a) - (b-z) = (he(a)h) -

for all x € ,&, and a € % (o). This shows that hg(a) is central. For the second part we first observe
that hg: % () — % (%) is clearly linear. For a,a’ € % (o) we have

he(aa') -z =z - (ad’) = (z - a) - a' = hg(a’) - (he(a) - ) = (he(a')hg(a)) - x

for all z € ,8,. Hence hg(aa’) = hg(a’)hg(a) and since % (%) is commutative, hg is an algebra
homomorphism. For z,y € ,6, we find

<h8<a*) ’ x’y>f¢ = <.’L‘ ’ a*,y)i = a<x,y)i = <x7y>ia = <l‘,y ’ a)f« = (a:,hg(a) ’ y)f« = <h53(a)* ) x7y>gsﬂ'

It follows that hg(a*) = he(a)* meaning that he is a *~homomorphism. Before showing that hg is a
*-isomorphism we show the third and fourth part. Clearly, hy = ids (), and for x € § and y € F we
have for all a € % ()

(y©x)-a=y® (hg(a) ) = (y-he(a)) @ x = (hg (he(a))) - (y ® 2).

From this we immediately find (5.2.29). Finally, let ®: ,6, — ,&/, be an isometric isomorphism.
Then for z € & and a € % (o) we have

her(a) - ®(z) = B(z) - a = B(a - a) = B(hg(a) - 2) = he(a) - (),

since @ is a (%, )-bimodule morphism. Thus hg: = hg follows. From this we finally conclude
hg o hg = idy(y) as well as hg o hg = idygg) when applying (5.2.29) for F = €. Thus hg is a
*-isomorphism as claimed in the second part. U

Again, we have an analogous statement for the ring-theoretic situation yielding an isomorphism

he: % (d) — % (B) (5.2.30)

>

for every equivalence bimodule ,& , between unital rings o/ and %8. We also have
hgg = idg;g(gg) and hg o hg = hg®g, (5.2.31)

and hg depends only on the isomorphism class [6] € Pic(%, o) of &, see again |4, Chap. 2, §5] as well
as Exercise 5.4.8] In both situations we have an important corollary stating that Morita theory is
essentially a “noncommutative theory”, see |1] for the *-equivalence version:
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Corollary 5.2.10 Let f and 9B be two commutative unital *-algebras. Then o4 and 9B are *-Morita
equivalent iff they are *-isomorphic in which case they are also strongly Morita equivalent. Analogously,
two commutative unital rings are Morita equivalent iff they are isomorphic.

Proor: This follows from o/ = % (o) and B = % (%) as well as Proposition and Theo-
rem L T.11] g

The above corollary tells us that Morita theory of commutative unital *-algebras is non-interesting
in so far, as we do not get new “isomorphic”’ *-algebras in the enlarged context of Bimod*. Note
however, that a commutative unital *-algebra may well be strongly Morita equivalent to a non-
commutative one: ¢ and M, («) are basic examples. While the orbits of the Picard groupoid Pic*
(as well as the ones of Pic*® and Pic) along commutative unital algebras are the same as the orbits
of Iso* (and Iso, respectively) the isotropy groups may still change: when using Proposition in
this way, commutative *-algebras become interesting again.

To see this, we first consider those *-equivalence or equivalence (4, o )-bimodules ,&,, for which
in addition

a-r=z-a (5.2.32)
for all z € & and a € %(). Such a bimodule is called central or static, following a suggestion
of |32, Remark 3.4].

Definition 5.2.11 (Static Picard group) For a unital ring s one defines the static Picard group
SPic(sd) = {[,6.,] € Pic*(d) | .8, is central}, (5.2.33)
and for a unital *-algebra o4 over C = R(i) one defines the static *-Picard group
SPic* () = {[,6,] € Pic*(d) | ,6,, is central} (5.2.34)
as well as the static strong Picard group
SPic™ (d) = {[,6,] € Pic™ (o) | ,6,, is central}. (5.2.35)

The map [€] — hg from Proposition and from (5.2.30) can now be interpreted as a group
morphism

h: Pic*(d) — Aut*(%(#A)) and h: Pic(d) — Aut(%(A)), (5.2.36)
respectively. With this interpretation, the central self-equivalences give now the following result:

Proposition 5.2.12 Let o be a unital ring or a unital *-algebra over C = R(i), respectively.

i.) The sequences of group morphisms

1 ——— SPic(«) Pic(o) Aut(%(sA)), (5.2.37)
| — SPic*(sd) Pic* (o) —— Aut*(% (), (5.2.38)
and
1 ——— SPic™" (o) Pic*" (o) Aut*(% (o)) (5.2.39)
are exact.
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it.) If in addition o is commutative then the sequences

1 ——— SPic(«) Pic(«) Aut(o) 1, (5.2.40)
\ﬁ/
1 ——— SPic*(A) Pic* (o) Aut™(«) 1, (5.2.41)
~_t ~
and
1 —— SPic™" () Pic™ (o) f Aut*() 1 (5.2.42)
"\5/
are split exact via the group morphism £.
iii.) If oA is commutative then one has
Pic(#) = Aut(«) x SPic(«), (5.2.43)
Pic* () = Aut™ () x SPic* (), (5.2.44)
and
Pic™™ (o) = Aut* (o) x SPic™ (o), (5.2.45)

respectively. In the first case, the left action of Aut(«) on Pic(«d) is given by [6] — [ngrl],
while in the second and third case, the induced product structure on the right hand side is
explicitly given by

(®,[€)) - (¥, [F]) = (cp 0¥, [g & %@”D, (5.2.46)

where ®F 27" is the C-module F equipped with the new (A, A )-bimodule structure
aer=1a) 2z and z-g-1a=2 0 (a) (5.2.47)

and the new 9 -valued inner products
() =0(@u)]) amd @u)®=o(4@07) (5.2.48)

PROOF: The ring-theoretic case is discussed in [4, Chap. 2, §5| and can be reconstructed from the
*-algebra case easily, see Exercise Note that the strong case is completely covered by the *-case.
By the definition of h we have [,8,] € SPic*(#f) if and only if hg = idy(y). Since h is a group
morphism the static Picard group SPic*(«f) is precisely the kernel of h. This proves the exactness of
(5.2.38) and analogously the exactness of (5.2.39). If &/ is commutative and ® € Aut*(¢f) then ((®)
is represented by the bimodule ,%®. For this bimodule we have

hye(a) - x=z-9ga=x-P(a) =P(a) -z,

and hence h({(®)) = ®. Since ¢ is a group morphism as well, the exact sequence (5.2.41)) splits.
The same argument goes through for the strong case . Thus the Picard group Pic*(«) =
Aut* (o) x SPic* (o) is a semi-direct product. Using ¢ as split, the semi-direct product structure is
explicitly given by (®,[8]) - (¥, [F]) = (® o ¥, [6][s4®][F][«¢®]~1). Now by Theorem [5.2.4] we have

6)[ A1) F)[A®]) = |62 4B F & m@‘l} - [fs & @g@*}

with the bimodule structure and inner products as in (5.2.47)) and (5.2.48)). O

In all the three cases, the static Picard group describes the interesting new aspects of Morita
theory compared to automorphisms in the usual sense. We see that even for a commutative unital
*-algebra or ring the structure of the Picard group can be interesting though the question of Morita
equivalences within the commutative framework is not. Thus a major task will be to determine the
static Picard groups.
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5.2.4 The Picard Groups for €>°(M)

As a first class of examples where the static Picard group can be identified, we consider again the
algebra of smooth functions on a manifold M. As usual, there are several variations of this example
for function spaces on various geometric spaces, which we will not discuss. We start with the following
definition, well-known from complex and algebraic geometry:

Definition 5.2.13 (Geometric Picard group) Let M be a manifold. Then the geometric Picard
group Pic(M) of M is the group of isomorphism classes of complex line bundles. The unit element is

the class of the trivial bundle, the multiplication comes from the tensor product and the inverse comes
from the dual bundle.

Remark 5.2.14 (Geometric Picard group) Here isomorphism of line bundles L 2 L' means that
there is a vector bundle isomorphism ®: L — L’ over the identity of M. Then it is well-known that
the tensor product of line bundles is again a line bundle. Moreover, on the level of isomorphism
classes the tensor product is associative, the dual bundle L* is an inverse to L with respect to the
tensor product, and the unit element is represented by the trivial line bundle.

We recall the following fact from differential geometry: every automorphism ® € Aut(6€°°(M))
of the complex-valued functions on M is necessarily of the form

O(f) =¢"f (5.2.49)

with some unique diffeomorphism ¢: M — M. Thus we canonically have
Aut(€>°(M)) = Diffeo(M), (5.2.50)

see e.g. the discussion in [58,/90]. Since every pull-back commutes with complex conjugation, it follows
that
Aut(€°°(M)) = Aut*(€°°(M)). (5.2.51)

Using these facts we can now formulate the following theorem:

Theorem 5.2.15 (Picard group of €°°(M)) Let M be a manifold.
i.) Pic(6°°(M)) = Diffeo(M) x Pic(M).
i.) Pic*™(6>°(M)) = Diffeo(M) x Pic(M).

In both cases the diffeomorphisms act on line bundles via pull-back.

ProoOF: Thanks to Proposition we have to determine SPic(‘6>°(M)) and SPic™ (¢°>°(M)),
respectively, together with the corresponding action of ® = ¢* needed for . Let & be a central
equivalence bimodule. Since 6°°(M) is unital, by Corollary and Theorem the right module
Egoo(ary is a finitely generated and projective module. By the Serre-Swan Theorem one finds
a vector bundle £ — M with 8geo(pyy = I'°(E)goo(ar) as right €°°(M)-modules. Implementing
such an isomorphism of right 6€°°(M )-modules we can assume that & = I'*°(F) as right modules.
From Theorem @l we know that 6°°(M) = Endge(ar)(I°(E)geo(ar)) via the left action. Since
for any vector bundle it is known that Endegeo(ar)(T°°(E)gee(ary) = I'*°(End(E)) with the usual
pointwise action of the endomorphisms, we conclude that necessarily £ = L is a line bundle. Moreover,
since f-s = s- f for a central bimodule, the left action of €°°(M) on I'*°(L) is the pointwise
multiplication. Hence we determined the bimodule structure completely. If in addition & is a strong
equivalence bimodule then the inner product (-, ->(€Oo( M) Is given by a (positive) Hermitian fiber
metric h(-, -) which is even unique up to isometric isomorphisms. Since for every fiber metric we
have h(f - s,s') = h(s,f - '), the fiber metric, the left action, and the complex conjugation are

© Stefan Waldmann 2019-01-25 15:18:20 40100 Hash: 13717b6



132 5. THE PICARD GROUPOIDS AND MORITA INVARIANTS

automatically compatible. Thus the left action gives even a *-isomorphism €°°(M) = I'*°*(End(L))
where the *-involution of I'*°(End(L)) is the one induced by h. From this we conclude that on the
level of isomorphism classes we have injective maps

SPic(€¢°°(M)) — Pic(M) (%)
and
SPicS“(C@OO(M)) — Pic(M). (%)

Now let L — M be a line bundle. To show surjectivity of (%) and (xx), respectively, we have to
show that I'*°(L)¢ee(ps) is @ full module. But this is almost trivial via the Serre-Swan Theorem: we
have I (L)goo(psy = €6°(M)N for some idempotent e = e* € M, (6€°(M)) = €°(M,M,(C)).
This realizes L as a subbundle of the trivial vector bundle M x C¥ with fiber at € M given by
L, =ime(z) C CN. As dim L, = 1 we see tr(e(x)) = 1 for all z € M. This shows tre = 1 € 6> (M)
and hence 1 € €°(M)e6°°(M). By definition, this is the fullness of e which we wanted to show
and thus oo, I'°°(L) o0y, is an equivalence bimodule. Since without restriction we can assume e to
be a projection according to Example and Theorem the sections I'*°(L), equipped
with the canonical inner product inherited from €°°(M)¥, turn out to form a strong equivalence
bimodule. This shows that (%) as well as (xx) are surjective. Finally, the (algebraic) tensor product
gives

T(L) @geo(ary T(L) 2T (L ® L),

again by using the Serre-Swan theorem. From this it immediately follows that (x) as well as (xx) are
group isomorphisms. It remains to identify the action of Diffeo(M) on Pic(M) under the isomorphism
(%) inherited from (5.2.43). Thus let ® = ¢* € Aut(€>°(M)) be given and let L — M be a line
bundle. Then for s,s" € I'°°(L) and f € 6€°°(M) we have

fras=07(f)s=¢:(f)s and s-g-1 f=s7(f) = s¢.(f),

where ¢.(f) = fo¢~! denotes the push-forward of f with ¢. In case of a strong equivalence bimodule
we have for the inner product

(5,58 ary = @ ({88 Dgear) ) = 67 (h(s,5),

where again h denotes the corresponding Hermitian fiber metric. Now consider the pull-back bundle
¢#L — M. Then for s € I°(L)3w ,,, we have

7 (5-0-1 ) = 07 (50.([)) = (¢75)8" ¢ (f) = &7 ()],

and thus

1

67 T(L)Zoo ) — T¥(67 L) (©)

is a morphism of right €°°(M)-modules. Since we consider central bimodules anyway, it is even a
bimodule morphism. Moreover, since ¢ is a diffeomorphism, (®) is an isomorphism. If in addition A
is the Hermitian fiber metric on L then ¢#h defined by

(6" h) (675,07 s") = ¢" (s, 5) = (s, 8V g (ar)
gives a Hermitian fiber metric on ¢# L. These computations show that ¢# is an (isometric) isomor-
phism
BP0 2 e (G )
€0 (M) €0 (M) €0 (M) €O (M)*

Thus the left action of Aut(€°°(M)) on SPic(6°°(M)) used in (5.2.46) translates to the right action
of Diffeo(M) on Pic(M) by pull-backs. O
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Remark 5.2.16 (Static Picard group) Let M be a smooth manifold.

i.) Since SPic(M) = Pic(M) is given by the geometric Picard group of line bundles this motivates
the name “static” in contrast to the “dynamic” diffeomorphisms Diffeo(M). However, also the
term commutative Picard group is common since one finds easily that for central bimodules &,
and &/, and a commutative *-algebra the canonical flip

8,048, 5222 — P xe 8, 0,8, (5.2.52)
yields a bimodule isomorphism. For the inner products we find by a simple computation that

<x R,y y'>i®8 = (2, y')i (x, y)i, (5.2.53)

from which it immediately follows that (5.2.52) is isometric. Thus SPic(«) as well as SPic*(«)
and SPic™ (o) are commutative whenever s is commutative.

ii.) The *-Picard group Pic*(6°°(M)) can also be determined: a bimodule & yields an element in
SPic*(€°°(M)) if & = T'*°(L) as central bimodule and if there is a pseudo Hermitian fiber metric
h for L determining the €°°(M)-valued inner products on I'*°(L). Now, if M is connected then
for a pseudo Hermitian fiber metric h on a line bundle either h or —h is positive. Since the
tensor product of two negative Hermitian fiber metrics is a positive one, we obtain

SPic*(€6°°(M)) =2 SPIc™ (6% (M)) x Zy = Pic(M) x Zs (5.2.54)

for the static *-Picard group. In general, let n be the number of connected components of M.
Then we can choose the signature of the fiber metric on each connected component separately.
Consequently, we have

SPic* (€% (M) = SPIc™™ (6% (M)) x (7)™ = Pic(M) x (7)™, (5.2.55)

In particular, the *-Picard group can be much larger than the naive expectation Pic®™ (6% (M)) x
Zs.

iti.) The geometric Picard group Pic(M) can be described alternatively using the second cohomol-
ogy of M. Without entering the details, we remark that the Chern class ¢; yields a group
isomorphism

c1: Pic(M) — H*(M, 7Z) (5.2.56)

from the geometric Picard group to the second integer Cech cohomology group of M, see e.g.
the discussion in [121, Sect. III.4].

str

5.2.5 Kernel and Image of Pic™ — Pic

To conclude this section we shall use Theorem [4.2.12|to investigate the groupoid morphism Pic®® —
Pic for those unital *-algebras which satisfy the additional properties (K) and (H). We start with
the following observation:

Theorem 5.2.17 (Injectivity of Pic*®® — Pic) Restricted to the class of unital *-algebras with
(K) and (H™), the canonical groupoid morphism Pic*™ — Pic is injective.

PROOF: Let o and % be such *-algebras and let ,& , be a strong equivalence bimodule. Then the
gl-valued inner product (-, ); is already fixed by the module structure & ,, unique up to isometric
isomorphisms. For a choice within this isometric isomorphism class, the %-valued inner product
(s )® is fixed to be ©... by the compatibility of the inner products. This is the content of
Theorem [£.2.12] It follows that the forgetting of the inner products is injective up to isometric

isomorphisms. This shows that Pic*™ (%, ) — Pic(%, o) is injective. O
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Note that this argument simplifies our previous hands-on proof for the computation of the strong
Picard group Pic®™(6>°(M)) in Theorem see Exercise m

The question of surjectivity is more subtle and will depend more strongly on the type of *-algebras
under consideration. A slightly weaker result than surjectivity can be obtained under the following
assumption. We consider a class of unital *-algebras with the following additional property [29, Sect. 7|:

Definition 5.2.18 (Property (x)) A class of unital *-algebra has the property (x) if for any two
*_algebras 4 and % in this class and every projection P = P* = P? € My(«) one has: if B is
isomorphic to PM,, ()P then B is also *-isomorphic to PM,,(#4)P.

Unlike the properties (K) and (H) this property is a feature of a certain class of *-algebras and
not just of a single *-algebra. Nevertheless, for our two standard classes of *-algebras we have the

property (*):

Example 5.2.19 The class of unital C*-algebras fulfills (*). First recall that two C*-algebras are
*-isomorphic if and only if they are isomorphic, see e.g. [103, Thm. 4.1.20]. Since for P = P* =
P? € M, (o) the algebra PM,,(¢4)P endowed with the inherited *-involution is a C*-algebra, the
property (*) follows immediately for the class of unital C*-algebras. However, there is some caution
in due. A C*-algebra ¢ can very well have another *-involution ™ such that (#,*) and (#,%) are
not *-isomorphic. In this case, (¢, ) is no longer a C*-algebra, thus not contradicting the above
statement. A simple geometric example is obtained for the continuous functions 6 ($2?) on $2. Instead
of using the pointwise complex conjugation making 6 ($?) a C*-algebra one can take f*(z) = f(—x)
where x — —x is the antipode map. This shows that one really has to specify the class of algebras
first and then check whether () is satisfied or not.

Example 5.2.20 Another class of examples are the smooth functions €°°(M) on differentiable man-
ifolds equipped with the complex conjugation as *-involution. Note that we have to exclude other *-
involutions by hand, for the same reason as for C*-algebras. Now, if PM,,(6°°(M))P = I'*°(End(F)),
with F' = im P, is isomorphic to €°°(M’) then E is a line bundle and thus PM,,(€°°(M))P = €>°(M)
are even *-isomorphic. Thanks to (5.2.50)), from €>°(M) = 6°°(M’) we conclude that M and M’ are
diffeomorphic and hence 6€°°(M) and €°°(M’) are *-isomorphic, too. Thus (*) is fulfilled.

Another large class will be found when discussing deformation theory in Section ?77.

For the next theorem we recall that the automorphism group Aut(%) acts on Pic(%, ) from
the left, provided Pic(%, ) is non-empty. This follows directly from the existence of the canonical
groupoid morphism £: Iso — Pic according to Remark [5.2.5] Together with the canonical groupoid
morphism Pic®™ — Pic we obtain a map

Pic™" (%, o) — Pic(%B, )/ Aut(B) (5.2.57)

to the space of Aut(% )-orbits in Pic(%8, «). Then we have at least surjectivity on this orbit space |29,
Prop. 7.7]:

Theorem 5.2.21 (Surjectivity of Pic®" — Pic) For unital *-algebras o and % within a class of
*~algebras satisfying (K), (H™), and () the map

Pic™" (%, o) — Pic(B, )/ Aut(B) (5.2.58)

is surjective (if the left hand side is empty, then the right hand side is empty as well). In particular,
the orbits of Pic and Pic®™ coincide implying that 4 and B are strongly Morita equivalent iff they are
Morita equivalent in the ring-theoretic sense.
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PROOF: Assume that we are given an equivalence bimodule , &, € Pic(%, ). Then &, = esd™ with
a full idempotent e = e? € M,,(«) by Theorem and % = eM,, (o )e via the left action on ed™ as
associative algebras. Using (K) and (H), by Theorem we can assume without restriction that
e = P is already a projection. This way we obtain a full and completely positive non-degenerate of-
valued inner product (-, - )i on &, by restricting the canonical inner product of #™ to P«"™. Since as
associative algebras we have 8 = PM,, (4 )P = Endy(6,) = B.(&,) via the left action, the algebra
% acts by adjointable operators on & ,. Thus by

a *-involution is induced on % such that (%," ) is *-isomorphic to PM,,(«)P. With respect to this
*-involution, ,&, is a strong equivalence bimodule. In general, here one reaches a dead end as this
*-involution might be completely different from the original *-involution * of %. However, thanks to
the assumption (*) we know that % is even *-isomorphic to PM,,(« )P and hence to (%, ) since the
later two are *-isomorphic via the left action. Thus let

O: (B,T)— (B,")

be such a *-isomorphism. In particular, ® € Aut(%) is an ordinary automorphism. It follows that
the *-isomorphism form % to B,(€,) = PM,(«)P is given by

b — (z— d1(b) - x).

This way, the twisted bimodule $& , equipped with (-, -)® and the %-valued inner product (-, - )* =
(6. .) becomes a strong equivalence bimodule. Since [?&] = ¢(®)[&] the classes of the bimodules
[6] and [®&] lie in the same Aut(%)-orbit. This finally shows that every Aut(% )-orbit in Pic(%, o)
is reached by Pic®" (%, ) — Pic(%,4). O

Remark 5.2.22 We can also re-interpret the result as follows: for a given unital *-algebra o satis-
fying (K) and (H™) and another unital algebra % being Morita equivalent to @ we find for every
equivalence bimodule ,&, € Pic(%,4) a *-involution * for % such that ,&, with the obvious %-
valued inner product becomes a strong equivalence bimodule.

Remark 5.2.23 (Beer’s theorem) The above theorem gives also a refined version of Beer’s the-
orem: for two unital *-algebras o and % within a class of unital *-algebras satisfying (K), (H™),
and (*) Morita equivalence implies strong Morita equivalence. Beer showed this statement for C*-
algebras [6], for which we can apply Theorem thanks to Example Note, however, that
already for C*-algebras the above theorem gives a more detailed result than just stating that the
orbits of Pic*™" and Pic coincide.

The question about surjectivity of Pic®® — Pic is not yet answered completely by Theorem|5.2.21|
To this end we have to investigate the relation between Aut(%) and Aut*(%) more closely. For
® € Aut(%) one defines the map

OB 3b > B*(b) = B(b*)* € B, (5.2.59)

which gives again an automorphism ®* € Aut(B). It follows that the map ® — ®* is an involutive
group automorphism of Aut(% ) such that ®* = & if and only if ® € Aut* (%), see also Exercise|5.4.10}

Proposition 5.2.24 Let o be a unital *-algebra satisfying (K) and (H™). Moreover, let 9B be
another unital *-algebra Morita equivalent to & via an equivalence bimodule ,&,,. Assume that [,€,]
is in the image of Pic™™ (%, o) — Pic(%B, ). Then the following statements are equivalent:
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i.) The whole Aut(%B)-orbit of [,&,] is in the image.
i.) For all ® € Aut(B) there is an invertible u € B such that ®*®~1 = Ad(u*u).

PROOF: Let ,&,, be in the image then we find on ,&, a full and completely positive «/-valued inner
product (-, -)¢, such that the left %-action gives a *-representation, i.e. (b-x,y), = (z,b* - y)’, for
the given *-involution of %8. From the *-isomorphism % = §(&,,) the B-valued inner product is then
determined to be ©. . as usual. By the properties of &, the inner product (-, )f; is unique up to
isometric isomorphisms. Thus consider first *& , being in the image, too, for some ® € Aut(%). By
assumption there is again an ¢-valued inner product (-, -);g being compatible with the ®-twisted
9B-module structure. Necessarily, the two inner product are isometrically isomorphic as the right
gf-module structure was not changed and we have (K) and (H™) for «/. Thus there is an isometric

isomorphism V € B,,(%6,,§,) with

@yt = (V(2), V(1)) (%)

for all z,y € &. Since necessarily V is right o-linear, there exists a (unique) invertible v € % with
V(z) =v-2. Now on one hand we have for every b € %

&

(z,b-0 y>z8 = (V(@),V(@7'(b) -y)), = (v-z,0- (@7 (b) - y)),, = (2, (007 (1) - y),,,

and on the other hand
(w, b-wif = (b*~¢x,y>;£ = V(@' (b")2), V() = (v (b*)-a,vy) = (@, (27 (b")*v*v)y),

for all z,y € & Thus v*v®~1(b) = ®~1(b*)*v*v follows from the usual non-degeneracy argument.
This shows that ®~! satisfies the condition mentioned in the second statement. Since ® was arbitrary,
the second statement follows in general. Conversely, assume the second statement holds. Then for
® € Aut(%) we choose the appropriate v and define the inner product (-, _>;g by (x). By an
analogous computation one shows that this inner product is then compatible with the ®-twisted left
9B-module structure. O

Remark 5.2.25 Since ® € Aut(%) is a *-automorphism if and only if ®* = ®, the property in
Proposition is always fulfilled for *-automorphisms by u = 1g. Thus the condition is relevant
for those automorphism which are not *-automorphisms: for them the combination ®*®~! has to
be an inner automorphism of a particular form. Whether or not this is the case typically depends
strongly on the example.

Corollary 5.2.26 Let o and % be unital *-algebras within a class of *-algebras satisfying (K), (H™),
and (*).
i.) The map Pic*™ (B, ) — Pic(B, ) is surjective if and only if 9B satisfies the condition
of Proposition [5.2.2])
it.) Within this class of *-algebras the condition of Pmpositz’on s a strong Morita invari-

ant.

PROOF: The first part is clear by Theorem [5.2.21] and Proposition [5.2.24] The second part is clear
as well, as the surjectivity of Pic®* (%, ) — Pic(%, o) is a property of the groupoid orbit through
9B since we have a groupoid morphism. O

We conclude this discussion with an example of a C*-algebra which does not fulfill the condition
of Proposition |5.2.24] see also |29, Sect. 7| for more details.
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Example 5.2.27 Let $) be a Hilbert space with countably infinite Hilbert basis {e, }nen. Let 2 C
B($) be the unital C*-subalgebra consisting of operators of the form cidgy +K with ¢ € C and
K € R($) being compact. Moreover, let A = A* € B($) be determined by Aes, = 2es, and
Aegpn+1 = eapt1. Then ¢ = Ad(A)‘m: A — A is an automorphism with ®* = &' and hence
®*®~! = Ad(A~2). We claim there is no invertible B € 2 with Ad(A~2) = Ad(B*B). Indeed, if
there would be such an operator then A=2B*BC(A™2B*B)~! = C for all C' € 2. This would imply
A72B*B = cidg for some ¢ € C and hence B*B = cA? which is clearly not possible for B € 2 by
the choice of A. Thus for this C*-algebra 2l the property as in Proposition fails.

On the other hand, for a commutative unital *-algebra o it is very easy to decide whether the
condition as in Proposition holds or not: since all automorphisms are outer, this condition
holds iff

Aut*(o) = Aut(«d). (5.2.60)

In particular, 6€°°(M) always fulfills the condition as in Proposition [5.2.24

5.3 Morita Invariants

In the last sections we have already seen several quantities which are preserved under Morita equiv-
alence in its various incarnations. In this section we shall give a more systematic approach to these
Morita invariants and put them into a more unified framework. Then we will also discuss some further,
new invariants for all three flavours of Morita theory. It turns out that Morita equivalent algebras
share a lot of properties.

5.3.1 From Groupoid Actions to Morita Invariants

The notion of “invariant” we are aiming at will rely on actions of a groupoid. We start recalling the
following definition:

Definition 5.3.1 (Groupoid action) Let & be a groupoid and let € be a category. A left action of
& on € (better: on the objects of €) is a covariant functor

: 6 — ¢ (5.3.1)

Analogously, a right action is defined to be a contravariant functor ®: & — €.

Remark 5.3.2 (Groupoid action) Let € be a category.

i.) For a groupoid & with just one object , i.e. for a group, a functor ®: & — € consists
in the choice of an object ®(x) € Obj(€) together with the specification of morphisms ®, €
Morph(®(x), ®(*)) = End(®(x)) such that &, = id and &, 0 &}, = Pgop. Since all g are
invertible, this really gives a group action in the sense that we have a group homomorphism
into the automorphism group of ®(x).

ii.) There are alternative and more sophisticated definitions of groupoid actions which can ultimately
be reduced to the above definition. However, they allow to characterize some more specific
features of the functor in addition, see also Exercise Our choice is in some sense the
most innocent one.

Example 5.3.3 (Isotropy groups) The isotropy groups of a groupoid are in some sense the most
fundamental invariants. For a groupoid & one constructs the following functor

Isotropy: & — Group (5.3.2)
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where lIsotropy(a) = ®(a) and for a morphism ¢g: a — b one considers the group isomorphism
Isotropy(g): ®(a) — &(b) defined by Isotropy(g)h = ghg~'. It is an easy check that this is indeed a
functor. Thus the isotropy groups are invariants of the groupoid, a fact which we have already seen

in Proposition [5.1.4]
The following simple statement shows how we obtain an “invariant” from a groupoid action:

Theorem 5.3.4 (Invariants from groupoid action) Let ®: & — € be a left action of a groupoid
& on a category €.

i.) For every a € & the object ®(a) € Obj(€) becomes a &(a)-space in the sense that
&(a) 39 — ¢, € End(®(a)) (5.3.3)

is a group morphism.
ii.) If a,b € & are in the same orbit then ®(a) and ®(b) are isomorphic.

iii.) Every morphism g: a — b in &y yields an isomorphism ®4: ®(a) — P(b) which intertwines
the &(a)-structure of ®(a) into the &(b)-structure of ®(b).

PROOF: The proof is just a simple reformulation of the statement that @ is a functor and the fact
that every morphism in a groupoid is invertible. O

In this sense, the objects ®(a) are constant along the orbit of a in & and can thus be understood as
an invariant of the groupoid. Note that every invariant carries a canonical structure of a ®(a)-space
which we always consider as being part of the invariant.

Even though the above theorem is an almost trivial statement about functoriality we shall see
important applications and not so trivial examples: the Morita invariants. Here the groupoid in
question is of course the Picard groupoid in one of its various forms. Thus a Morita invariant is,
by definition, a functor ®: Pic — € from the Picard groupoid into some category and similarly for
*-Morita invariants and strong Morita invariants, respectively. Analogously, an invariant of rings is
defined to be a functor ®: Iso — € and a *-invariant of *-algebras is a functor ®: Iso* — €. We
will have to argue that this point of view is not superfluous, but gives nice insights even for the case
of Iso-invariants.

Example 5.3.5 (Picard groups) In view of Example the isotropy groups of Pic, Pic*, and
PicS™ | respectively, i.e. the Picard groups, are the most fundamental Morita invariants.

Thanks to the groupoid morphism ¢ every Morita invariant is also an invariant of unital rings or
*-algebras, respectively.

Proposition 5.3.6 Fvery Morita invariant ®: Pic — € induces an invariant

®ol: Iso —» €, (5.3.4)

where on objects we have (P o £)(d) = ®(A). The same holds for a *-Morita invariant and a strong
Morita invariant.

PROOF: Clearly, as the composition of functors is a functor, this follows immediately from Theo-

rem [5.2.4] [iv.)] and ¢(4) = [, ,,]. O
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5.3.2 The Center

After the Picard groups themselves, the centers are the next simple examples of Morita invariants.
We consider unital *-algebras for simplicity. Then one defines

% Obj(Pic*) 3 9l — (o) € Obj(*Algy), (5.3.5)

where *-Alg.,,, C *-Alg denotes the subcategory of commutative unital *-algebras. For a *-equivalence
bimodule ;& , one sets

% Pic" (B, o) 5 [,6,] — Z([,6.]) = (he: Z(sd) —> %(B)) € Tso" (% (B),%(sd)),  (5.3.6)

where hg is the map from Proposition For the ring-theoretic version from ([5.2.30]) we shall use
the same symbols. One obtains the following result:

Theorem 5.3.7 (Morita invariance of center) The map (5.3.6) is well-defined and yields, to-
gether with (5.3.5)), a *-Morita invariant

% Pic* — *-Algeym. (5.3.7)

The corresponding *-isomorphism invariant % o £ is given on *-isomorphisms by the restriction of the
*-isomorphism to the center, i.e.

(% 0 0)(D) = D ety (5.3.8)

Analogously, one obtains a Morita invariant with values in the commutative unital rings
% : Pic — Ringcom- (5.3.9)

PRrROOF: We have already shown in Proposition that the map he actually depends on
[»6,,] only. Thus the well-definedness follows. Moreover, from Proposition it follows
that % is a functor. It remains to show . Thus let &: f — % be a *-isomorphism. Then
{(®) is represented by the twisted bimodule ,%B%. Now let a € %(of) then for all b € % one has
bpa=>0P(a) =®(a)b = ®(a)-bsince (a) € Z(%). From this it follows that hyqe) = ®. The
ring-theoretic version is shown analogously, see again Exercise [5.4.8 U

Note that the above point of view gives more than just a random isomorphism % (&) = % (%).
Instead we have a very precise way how to pass from one center to the other, compatible with the
action of the isomorphisms of the ambient algebras on each side.

5.3.3 Ko-Theory

As a next example of a Morita invariant we consider the various versions of Kg-theory. The ring-
theoretic result is classical, see e.g. [4,99]. For *-algebras, we restrict to the case of unital *-algebras.
To construct a functor whose values on objects are the Ky-groups we have to consider the finitely
generated and projective modules with strongly non-degenerate inner product. Let (2, (-, )2 ) be
such an inner-product right %8-module. Moreover, let ,& , be a *-equivalence bimodule. Then we
consider the inner-product module 2, @ ,&.,.

Theorem 5.3.8 (Morita invariance of Kg) For unital *-algebras we have:
i.) For @, € Proj*(®) and ,8, € Pic*(#,9) one has P, @u ,6, € Proj*(sd). Moreover, the
equivalence class [P, ®g 4,6.,,] € Proj*(d) depends only on [?,] € Proj*(®) and [,8,] €
Pic* (B, ).
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i1.) The map
Proj*([,6,]): Proj*(B) 3 [2,] — [Py ®s 46,] € Proj* () (5.3.10)

is a morphism of abelian semi-groups.
iii.) One has

Proj*([,%B4]) = idproj @) (5.3.11)
and
Proj*(ng% R %894]) = Proj*([,6.]) o Proj* ([, F,])- (5.3.12)
iv.) The definition of Proj*: Pic® — AbSemiGroup by
Obj(Pic*) > 4 — Proj*(«4) € Obj(AbSemiGroup) (5.3.13)
on objects and
Pic*(#8,4) 3 [,6,] — Proj*([,6,]) € Morph(Proj*(%), Proj*(«)) (5.3.14)

on morphisms yields a right action of Pic* on the category of abelian semi-groups AbSemiGroup.

v.) This right action induces a right action
Kg: Pic® — Ab, (5.3.15)

and hence the K{-theory becomes a *-Morita invariant.

vi.) Analogously, one obtains the right actions

Proj*": Pic®™ — AbSemiGroup (5.3.16)
and
KE™: Pic®™ — Ab (5.3.17)
for the strong Morita equivalence as well as in the ring-theoretic framework
Proj: Pic — AbSemiGroup (5.3.18)
and
Kog: Pic — Ab. (5.3.19)

PrROOF: For the first part we can apply Proposition to show that &, ®4 ,&, has a finite
Hermitian dual basis. Thus %, ®g, ,&, is finitely generated and projective. Moreover, the ¢f-valued
inner product (-, ‘>9§®8 is already strongly non-degenerate implying that 2, ®g ,&, = Py, Dy 4,8,
is an object in Proj*(«). Together with the functoriality of ® the first part follows. The second is
clear as ® is compatible with orthogonal direct sums. The third part is clear as well: on one hand
P, D 5B, = P, for all strongly non-degenerate right %B-modules and %, € Proj*(%) has this

property since with a finite Hermitian dual basis ey, fo € &, we have for all p € &,

poly =3 carlfarp-La)g =3 o ((fasp)gla) =D ea- (fasp)s =

On the other hand we can use the associativity of ® and observe that

(g)%: ®*€<gg%) ®% 264 =Py @)“ﬁ (c@ F ®B %gm) =% ®(€ (<g T é% 9;@&4)‘

Note that the situation is particularly simple as we do not need any quotient procedure for & here
according to Proposition [4.2.7, Now (5.3.11)) and mean that Proj* is a contravariant functor
and thus we have a right action of Pic*. The composition with the covariant Grothendieck functor
AbSemiGroup — Ab yields again a contravariant functor K{. This shows the fourth and fifth part.
The last is shown analogously. O
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5.3.4 The Lattice of Closed Ideals

For the following invariant we can consider idempotent and non-degenerate *-algebras again. As
motivation we recall the following well-known result from C*-algebra theory:

Theorem 5.3.9 (Closed *-ideals) Let A be a C*-algebra and § C o a *-ideal. Then the following
statements are equivalent:

i.) The *-ideal § is closed.
ii.) There is a *-representation (9, m) of « on a Hilbert space ) such that kerm = §.

PRrROOF: For completeness, we give a sketch of the proof: it is well-known that a *-representation

of a C*-algebra on a pre-Hilbert space is continuous and can thus be extended to the Hilbert space
completion by continuity. Note that the kernel will not change under the completion. Then the kernel
is closed. For the reverse, it is also known that o / ¥ is a C*-algebra itself if ¢ is a closed *-ideal.
But every C*-algebra has a faithful *-representation, say 7: &4/} — B(H). fpr: od — ,94/0@ is
the canonical projection, then m = 7 o pr is the desired *-representation of «. O

Moreover, for a unital C*-algebra we can split every *-representation on a Hilbert space into a
strongly non-degenerate one and the null representation on the orthogonal complement. The kernel
of the original *-representation coincides with the strongly non-degenerate part of it. For a non-unital
C*-algebra there is still an orthogonal splitting into the null representation and a *-representation on
a Hilbert space which is strongly non-degenerate up to completion. Again, the kernel of the original
*-representation is determined by the strongly non-degenerate part. This suggest to focus on the
strongly non-degenerate *-representations in general.

In the following we want also *-representations on general inner-product modules over an arbitrary
coefficient *-algebra % and not just 9 = C. As usual we insist on *-algebras being non-degenerate
and idempotent. Then for any *-representation ,#, € *-modg (9) we can pass to a strongly non-
degenerate one by tensoring with the canonical bimodule , 4 ,: by Lemma the resulting bimod-
ule is just the submodule ¢/ - , 7€, C #€, up to the usual isomorphism. Since we are interested in the
kernels of *-representations we want to relate the kernel of the original *-representation to the kernel
of this strongly non-degenerate one. In general, one can not say much, but under mild assumptions
the kernels coincide:

Proposition 5.3.10 Let  and 9 be *-algebras and let (,FC,, ) be a *-representation on an inner-
*

product (d,9)-bimodule and let w(d)H C HC, be the corresponding strongly non-degenerate *-
representation.

i.) If A has local Hermitian units then ker m = ker ﬂ‘ﬂ(&g)%.

ii.) If #€ is a pre-Hilbert bimodule and 9 is admissible, then ker m = kerﬂ‘ﬂ(&g)%.
PROOF: In both cases it is clear that ker m C kerﬂ‘ﬂ(d)%. Thus let a € o satisty w(a) >, w(b;)¢; =0
for all b; € o and ¢; € #€. If we have local Hermitian units, we find an e € &f with ae = a. Thus we
have 0 = 7(a)m(e)¢p = m(a)¢ for all ¢ € # and thus a € ker 7. This shows the first part. For the other

situation, assume that % is admissible and #€ is a pre-Hilbert module over 9. For a € ker7r|7r( a4

we have in particular m(a)m(a*)¢ = 0 for all ¢ € #. Thus 0 = (¢, 7(a)w(a*)p), = (7(a*)p, 7(a*)P),,.
Since (-, -),, is positive definite by assumption, we conclude m(a*)¢ = 0 for all ¢ € #. Since 7 is a

*-representation, this implies a € ker . O

In view of this proposition, the following choice for “closed” ideals seems to be very reasonable.
We state the definition in two flavours: first without positivity requirement and, second, taking into
account the positivity as usual.
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Definition 5.3.11 (%-Closed *-ideals) Let o and 9 be *-algebras over C = R(i).

i.) A *-ideal § C 9 is called D-closed if there is a strongly non-degenerate *-representation , 7, €
*-Modg, () of 4 on an inner-product right 9-module with kernel given by §. The set of these
*-ideals ts denoted by ldealss (o).

ii.) A *-ideal § C o is called strongly D -closed if there is a strongly non-degenerate *-representation
4, € *-Repg () of A on a pre-Hilbert right D-module with kernel given by §. The set of
these *-ideals is denoted by ldealss" ().

Note that the name closed is meant only in analogy to the C*-algebraic case, we do not have any
sort of topology around to justify closedness in a topological sense. Note also that we differ slightly
from the definition in [25] where the assumption about strong non-degeneracy of the *-representation
was not included into the definition. In view of Proposition this will only make a difference for
*-algebras having somewhat pathological features anyway.

Remark 5.3.12 Also in the ring-theoretic situation one can define a %-closed ideal to be the kernel
of a strongly non-degenerate representation of & on a right 9-module. However, at least for the case
where C is a field, any ideal will be %-closed: indeed, let ¥ C o be a two-sided ideal in a unital
algebra @ over C. Then the algebra o« / ¥ is faithfully represented on itself via left multiplications
as we assume that ¢f and hence also o / ¢ are unital. Viewed as a right ¢/-module, the kernel of
this representation is just ¢. Now if 9 is any other coefficient algebra, then on o / ¥ ® 9 we have
a (,9)-bimodule structure and the kernel of the left sf-module structure is still just ¢, unless we
have some torsion effects in the tensor product spoiling this. In particular, if C is a field, then this will
not happen. From this point of view the notion of %-closed ideals will be non-interesting. However,
requiring that on the module one has in addition an algebra-valued inner product gives some new
and non-trivial extra conditions, see also Example [5.3.20]

A first interpretation of the 9-closed *-ideals (in both cases) is obtained by the following proposi-
tion. Note again that the strong non-degeneracy does not provide an extra condition in many cases
as described in Proposition [5.3.10]

Proposition 5.3.13 Let o« and 9 be *-algebras over C and let § C o be a *-ideal.

i.) The quotient *-algebra gﬂ/j has a faithful and strongly non-degenerate *-representation on an
inner product right 9 -module iff § € ldealss, (o).

ii.) The quotient *-algebra &4/} has a faithful and strongly non-degenerate
pre-Hilbert right %-module iff § € Idealsy" ().

*-representation on a

PROOF: This is clear as the kernel of the quotient map «f — o / ¥ is precisely §¢. O

Proposition 5.3.14 Let o be a *-algebra over C. Moreover, let I be an index set, let $, C i be
*-ideals for a € I, and let § =\ cs Ja-

i.) If 9o € ldealss, (A) for all a € I then also § € |dealsg (o).
ii.) If $o € |dealsy" (o) for all o € I then also § € ldealss" (o).

PRrROOF: This is clear as in general
ker (@(%a,ﬂa)> = ﬂ ker(#q, o). O
ael acl

In both cases, the set of @-closed *-ideals ldeals’ (/) or Ideals§ () of o carries a rich structure,
namely it forms a lattice. We recall the definition:
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Definition 5.3.15 (Lattice) A lattice is a set £ endowed with two compositions
AV:iEx L — L (5.3.20)

such that
i.) the compositions N\ and \V are associative and commutative,
ii.) for alla € £ one hasaNa=a=aV a,
iii.) for all a,b € £ one hasaV (a Ab) =a and a A\ (aV b) = a.
A homomorphism ¢: (£,A,V) — (£, N, V') of lattices is a map with ¢(a Ab) = ¢(a) N ¢(b) and
d(a Vv b) = ¢(a) V' ¢(b) for all a,b € £. The category of lattices is denoted by Lattice.

Remark 5.3.16 (Lattices)
i.) Needless to say, lattices indeed form a category with respect to the above notion of homomor-
phisms.
ii.) A first example of a lattice is the power set £ = 2M of a set M. Indeed, for subsets U,V C M

one defines
UNV=UNV and UVV =UUV. (5.3.21)

The verification of the properties of a lattice is trivial in this case. Nevertheless, this will be a
guiding example.

i1i.) For a,b € £ one has
aNb=a iff aVvb=0b. (5.3.22)

In this case we write a < b. It is easy to see that < defines a half-ordering. The lattice is called
to have a mazimal element 1 € £ if for all a € £

a<l. (5.3.23)

If existing, the maximal element is unique. Analogously, one defines a minimal element 0 by
requiring 0 < a for all a € £.

iv.) Conversely, if (£, <) is a set with half-ordering with the additional property that for two elements
a,b € £ there always exists a supremum sup(a,b) and an infimum inf(a,b) then £ becomes a
lattice via

aANb=inf(a,b) and aVb=sup(a,b). (5.3.24)

We shall now prove that the 9-closed *-ideals of ¢ form a lattice for both versions. In order to
define the lattice operations we first introduce a closure operation for both cases. Let .¥ C o be an
arbitrary subset. Then the *-closure (with respect to the coefficient algebra 9) is defined by

grel = N g, (5.3.25)

J€ldeals, (o) with $C ¢

while the strong closure (with respect to the coefficient algebra %) is defined by

gstrel — N g. (5.3.26)

J€ldealsgt™ (o) with $C ¢

By Proposition [5.3.14] both operations yield %-closed *-ideals of the desired type, ie. $* €
Ideals, («4) and 95! € Idealss™ (of ), respectively. Note that, by some mild abuse of notation, we do
not indicate the coefficient algebra in the notation of the closure operations.
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Lemma 5.3.17 For arbitrary subsets .9, § C o we have
i.) .9 C .9,
i.) $ C ¢ implies < C ¢,
iii.) ($Ht =99,
where ° is either *! or Strel,
The proof of these facts is obvious. Nevertheless, these simple properties guarantee that we obtain a
lattice:

Proposition 5.3.18 Let 9 be a *-algebra. Then the D-closed *-ideals |dealss, () of s form a lattice
via
IANI=90F and $VI=(FUI) (5.3.27)

with mazimal element 4 and a minimal element denoted by

o () ={0}'= () g (5.3.28)

J€ldeals, (o)

We have
$<9 ff §CI. (5.3.29)

Analogously, \dealsy"(d) forms a lattice, too, with minimal element $5 o (o) = {0}l

PRrROOF: In fact, the above construction is much more general and relies on the fact that we have
a closure operation ¢ with the properties as described in Lemma Though this is a folklore
construction of a lattice out of a closure operation we outline the proof. First it is clear that A is
associative and commutative. The commutativity of V is clear, too. To show the associativity of V we
choose #, ¥, K € ldeals («4). We have A, $U ¢ C .$UF UK and hence X = H*1 C (FUFUK)*c!
aswellas $V ¢ = (U ) C (FUFUK)* L Thus we have ($V F)VAH C (FUFUK)*L On
the other hand, we have .$, ¢, 4 C (¥ V ¥)V K and hence ($U ¥ UX) C (I V §)V K implying
(FUFUK)C(FV F)V A and hence (F U F)UK)* C (FV ¢)VA. This shows

IV IIVH =(FUFUK)

Analogously one finds ¢ V (§ VA) = (F U ¥ UK)* which shows associativity. The properties
FANF=9NF=Fand §VF=(FUF)= g = ¢ are fulfilled, too. Now ¥ = § U(F N.J)
implies § = §*=(gU(gNI)*=¢Vv(FA.Y9). Finally, we have ¥ N (¥ V.¥) C ¢ and since
¥ V.9 contains ¥ we have § = $N(FUI) C FN(FV.F). From this we see the last requirement for
a lattice. The claim follows at once since A coincides with the set-theoretic N. Finally, {0}
is contained in every *-ideal and hence in every %-closed *-ideal. Thus {0}* is a 9-closed *-ideal,
still contained in every other @-closed *-ideal. This shows that {0}* is the minimal element of the
lattice Idealsg (o). Finally, o is always a 9-closed *-ideal since it is the kernel of the *-representation
on the 0-module. The case of strongly %-closed *-ideals is treated analogously. O

Remark 5.3.19 (Minimal %-closed *-ideal) The minimal %-closed *-ideal §; (o) of a *-algebra
% plays an important role: it encodes whether or not there is a faithful strongly non-degenerate *-
representation of ¢ on a inner-product module #€,. Analogously, the minimal strongly %-closed
*_ideal #5 . () encodes whether we have a faithful and strongly non-degenerate *-representation

min,%
on a pre-Hilbert module over 9. In particular, the sizes of §* (o) as well as #3 , (s4) strongly

min,% min,%
depend on the coefficient *-algebra 9. The scalar case, i.e. 9 = C, was extensively discussed in
Exercise [1.4.15| based on [25]|. In general, we have
min,et () = {0}, (5.3.30)
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since , 9, is always a faithful strongly non-degenerate *-representation on the canonical pre-Hilbert
#f-module. Here one uses that ¢ is non-degenerate and idempotent.

Example 5.3.20 Let of = A®*C" be the Grassmann algebra and 9 = C. If 5€ is a pre-Hilbert space
and m: 9 — B(H) a *-representation then we have for the base vectors e; € C* C A*C™ obviously
efe; = e;e; = 0 and hence (m(e;)p, m(e;)p) = (¢, m(efei)p) = 0. Thus necessarily 7(e;) = 0. But
together with the unit element 1 the e; generate A°C™. It follows that

P AFC” Ckerr. (5.3.31)
k>1

On the other hand, there do exist *-representations of the Grassmann algebra on pre-Hilbert spaces
with 7(1) = id and hence we conclude that

s c(A°C) = D AFC™. (5.3.32)
k>1

In view of ([5.3.30]), this example shows that the minimal strongly %-closed *-ideal can depend very
much on the coefficient *-algebra.

Remark 5.3.21 Since every strongly non-degenerate *-representation on a pre-Hilbert module is in
particular a *-representation on an inner-product module, a strongly %-closed *-ideal is also 9-closed.
This shows that

Idealss)" (/) C ldeals) (). (5.3.33)

However, the inclusion map needs not to be a lattice homomorphism as the closure operation * in

Ideals?, («¢) may yield strictly smaller closures than the strong closure 5" in Idealsi" («¢). Thus we
will not have compatibility with respect to the two different V-products.

The next theorem shows that the whole lattice of (strongly) %-closed *-ideals Idealss (%) and
Ideals%tr(gd ) is in fact a *-Morita (strong Morita) invariant, respectively. In order to prove this we

define for a *-equivalence bimodule , &, the map ®g: 29 — 2% by

Pg(F)={beB | (x,b-y), € ¢ forallz,ycé}. (5.3.34)

str

This map turns out to implement the action of Pic* and Pic®"", respectively, yielding the *-Morita
str

invariance of ldeals;, (#) and the strong Morita invariance of ldealss,"(#), respectively.

Theorem 5.3.22 (Morita invariance of ldeals§") Let. %, and ,&, be strong equivalence bimod-

ules.
i.) If (46, ) € *-repg, (o) then
g (ker ) = ker Rg (#€, ), (5.3.35)

where Rg s the Rieffel induction with ,& .
ii.) The map ®g: Idealsi™ (sf) — ldealss”
Pic™™ (%, o) only.

iii.) For all C-submodules ¥ C d we have

O3 (Pe(F)) = Page(f)- (5.3.36)

() depends on the isometric isomorphism class [6] €

w.) For all § € |deals" () one has
@4(9) = 7. (5.3.37)
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v.) The definition ldeals§™: Pic®™ — Lattice, with Ideals™ (o) as before and

Ideals" ([,,6,,]) = (Pg: Idealsy" (o) — ldealss" (%)) (5.3.38)

str

on morphisms, yields a left action of Pic®™" on Lattice.

vi.) One has $5% . () = {0} if and only if Stlflg(%) = {0}.

min,%
Analogously, using *-equivalence bimodules instead, we obtain a left action

Ideals, : Pic* — Lattice. (5.3.39)

PROOF: Let b € ®g(ker ) then (z,b-y)’ € ker for all 2,y € &. But then we have

0= (0, m((z,0-9)5)0)2 = (ro b (y@ 8))y " = (20 Y, Re(m) D)y © )iy .

It follows that (Rg(m))(b) = 0 and hence b is in the kernel of the Rieffel induced representation.
Conversely, let b € ker Rg(7) then we have for all ¢, € ¥, and z,y € ,&,

0= (¢,m((x,b-9)%)0).

Hence (x,b - y>; € kerm follows. This shows the first part. In particular, we see that ®¢ maps
strongly %-closed *-ideals of o to strongly %-closed *-ideals of 9% since the Rieffel induction with
an equivalence bimodule maps strongly non-degenerate *-representations to strongly non-degenerate
ones. Thus we obtain a map ®g: ldealsy" (o) — IdealsStr(%). Now let T: ,8, — ,8/, be an
isometric isomorphism and let b € ®g(¢). Then for all z',y" € & we have

(a0 y) = (T, T (b))l = (T @) b T (W), € 7,

showing b € ®g/( #). The reverse implication follows by symmetry proving the second part. For the
third part we consider ¢ € € together with z,y € & and ¢,9 € F. Then

(p@wc Wey),” = (2 (b v) v), ()
as usual. If ¢ € ®g5z,(¥) then the left hand side of (x) is in ¥. Thus (¢,c- ), € Pg(F) for all

: B
¢,1. This shows ¢ € Og(Pg(F)). Conversely, if ¢ € Oz (Pg(¥)) then the right hand side of ()
is in #. Since the elementary tensors span ¥ ® & we conclude ¢ € @556(F). This completes the
third part. Now let ¥ = ker7 with a strongly non-degenerate *-representation (#€,7) € *-Repg, (o).
By [i.)| we have ®4(#) = ker Ry (¥, 7). Now ol ®,, #€ is unitarily equivalent to #€ again thanks to
the assumption that € is a strongly non-degenerate *-representation of &, see Lemma This
implies the fourth part. For the fifth part we already know that ldeals$" ([, «,]) = id and

deals$;" ([, F,]) o Idealss"([,,6,,]) = Idealsy" ([, %, @ 4,6.,])-

It remains to show that ®g is indeed a morphism in the category Lattice. To this end, let .9, ¥ €
Idealss" (s4) be given. Then

g (JNI) =0g(JNI) = Pe(f)NPs(I) = Ps(F) N Dg(I)
is obvious. Moreover, it is clear that
Dg(J)UPs(I) = Pg(f UI) C Dg(fVI).
Since Pg( ¥ Vv .9) is already closed we find

De(F)V Be(F) = B (F UF) C D (F V. I).
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Applying &z = <I>g_1 yields

D5 (@s(F UI)T) COp@e(F Vv I) = J VI

Now ¢ and .9 are contained in the left hand side and the left hand side is a strongly %-closed *-ideal.
But ¢ V.4 is the smallest strongly 9-closed *-ideal containing ¢ as well as .9 and hence both sides
actually coincide. Thus we conclude

Dg(Pg(f) V Pe(I) = F VI,

from which the lattice homomorphism property follows at once. This shows the fifth part. Note
that from the fifth part we deduce that the minimal ideal is mapped to the minimal ideal. Hence
the last part sharpens this statement: Assume nsltlflg(gd) = {0}. We choose a faithful strongly non-
degenerate *-representation (#€,7) € *-Repg (). If now b € jnsltlg,@ (B) = Pe(Fih o (4)) then we
have (x,b-y)% € kerm = {0} for all 2,y € ,8,. Since ,&, is a strong equivalence bimodule this
implies b = 0 and thus js‘g;@ (%) = {0}, too. The other implication follows by symmetry. O

m

5.3.5 The Representation Theories

We come now to the last Morita invariant which was essentially the main motivation to develop the
tools of equivalence bimodules after all: the representation theories *-Repg (/). In the usual approach
to (strong) Morita theory one shows that the categories of *-representations or modules, respectively,
are equivalent categories. The equivalence is implemented by the Rieffel induction functors. Instead of
showing this directly, which would be easy with the present tools at hand, we formulate the equivalence
in a slightly more sophisticated version in order to prepare the ground for a Picard groupoid action.
The following theorem is shown analogously to Proposition [3.1.15]

Theorem 5.3.23 (Morita invariance of representation theories) Let o, %, and 6 be *-algebras
and let , %, € *-modgy (€) as well as ,6, € *-mody(B) be inner-product modules. Moreover, let 9
be an auxiliary *-algebra.

i.) The associativity of ® yields a natural unitary isomorphism
asso: Rgge — Ry oRg (5.3.40)

between the Rieffel induction functors Rgze,Rg o Rg: *-modg (o) — *-modg, (6).
ii.) Restricted to *-Modg, (o) the left identity yields a natural unitary isomorphism

left: Ry — id*-Mod@(gﬁ) . (5.3.41)

iii.) If T: ,6,, — 4,8, is an intertwiner then one has a natural transformation

IT: Rg — R/ (5.3.42)
with
It = Ir~, (5.3.43)
defined for ,5€, € *-modg (o) by
Ir(,#6,) =T @idy . (5.3.44)

iv.) For intertwiners T: ,6, — ,&', and T': ,8!, — L& one has
I (,Hy) o I (,75) = Iror(,5s) (5.3.45)
for every 4, € *-modg () as well as

Tiag (4 765) = idgg 5 - (5.3.46)
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v.) For intertwiners T: ,6, — ,8, and S: ,F, — F,, the diagram

asso (#)
Ry a6 (F) (Rg o Rg)()
Py
Xy %,

Rg/@gl(%)

sto (};O

(Rgs o Rgr) ()
commutes for all ,#€, € *-modg (o).
PRrROOF: Let ¥, € *-modg (94) be given and define asso(#) to be the usual isometric isomorphism
asso(#): (FRE)RH — F @ (83 H).

The naturalness of the associativity asso from Lemma in all three arguments implies the
naturalness in the third argument. Note that asso(#€) is unitary for all #€. This shows the first part.
If now , ¥, € *-Mody, (o) is strongly non-degenerate then

left (#6): Ry (,76,) = A & ¥, — 5,

defined by left(#€): a ® ¢ — a - ¢ yields an isometric isomorphism which is natural. The necessary
computations are completely analogous to the one for Lemma Again, left(#€) is unitary for
all #6. That I7(#€) is natural also follows from the functoriality of the ®-tensor product: for an
intertwiner U: ¥, — _#€! we have

I7(,76)) oRg(U) = (T ® idyer) o (idg ®U) = T ® U = (idgr ®U) o (T & idye) = Re/ (U) o Ip(,7E,,).
This shows that I is natural. Clearly, for all #€ we have
Ip(#0)* = (T @ idye)* = T* ® idye = I« (H6).
For the fourth part we take intertwiners 7': ,&, — ,&/, and T": ,&/, — ,&/. Then we have
L/ (H€) o Ip(#€) = (T @ idye) o (T & idye) = (T" 0 T) ® idye = Ipror (¥€),

which shows (5.3.45). The statement (5.3.46) is obvious. Finally, let T': ,&, — ,8/, and S:, %, —
« F, be intertwiners. Then we have for all y € F, 2 € § and ¢ € H

(Is(Re: (#)) o Rg (Ir(#)) o asso(#))((y @ z) @ ¢)
- ((S & ing,(%)) o (idg @IT(%’)))(y ® (z® ¢))
= (8B idryon) ) W ® (T(2) © )
=S5(y) ® (T'(z) @ §).
For the other direction in the diagram we obtain
(as50(7) 0 (I (#)) ) ((y © 2) © 6) = asso () (S(y) & T(x)) ® 6) = S(y) @ (T(x) © 9),

and hence both sides agree. Since it is sufficient to consider elementary tensors also the fifth part is
shown. O
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Corollary 5.3.24 (Morita invariance of representation theories) Let & and % be idempotent
and non-degenerate and let 9 be an arbitrary *-algebra over C.

i.) If A and B are *-Morita equivalent then the Rieffel induction with a *-equivalence bimodule
28, yields a *-equivalence of *-categories

Re: *Mody (s4) — *-Mody (). (5.3.48)

ir.) If A and 9B are strongly Morita equivalent then the Rieffel induction with a strong equivalence
bimodule ,8 , yields a *-equivalence of *-categories

Rg: *-Repy () — *-Repy, (B). (5.3.49)

PROOF: Let ,&, € Pic*(%,«) and let .6, € Pic*(d,%) be its complex conjugate. By Proposi-
tion [4.3.25| the bimodule &, is an inverse to ,& , via the canonical unitary isomorphism

(bcan: mgg} é% %894 — mdm
By Theorem [5.3.23| we obtain the following natural transformations

asso
— 2 Rz oRg

Reze

I¢can

~

Ru — - 1d=-Modg ()

between *-functors on *-Mody, (¢). Since ¢ean is a unitary isomorphism it follows from (5.3.44),
(5.3.43)), and that Iy, is a natural unitary isomorphism. Since asso and left are natural
unitary isomorphisms as well, it follows that Rz o Rg is naturally unitarily isomorphic to the identity
functor on *-Modg, (). Exchanging the role of & and & we see that Rg o Rz is naturally unitarily
isomorphic to the identity on *-Modg, (%8). This shows the first part. The second part follows anal-
ogously since for a strong equivalence bimodule ,&_, also the complex conjugation &, is a strong
equivalence bimodule and all operations from Theorem preserve complete positivity. O

With this corollary we have finally answered the question asked in the introduction of this chap-
ter: the equivalence of representation theories is encoded in Morita equivalence and the functors
implementing the equivalence are the Rieffel induction functors. However, Theorem [5.3.23| gives a
much more precise formulation of this Morita invariant. The Equations and can be
interpreted almost like a left action of the Picard groupoid on the representation theories. However,
in these equations, we do not get equality of the functors but only a natural unitary isomorphism
between them. Thus, if we want to interpret the construction of Theorem [5.3.23| as an action, we
have to enlarge our notion of groupoid actions to an action of the Picard bigroupoids.

To this end, we first introduce the bicategory of all representation theories *-Modg, () and
*-Repg (- ), respectively, where 9 is a fixed *-algebra. In fact, this will even lead to a 2-category
and not just to a bicategory. Moreover, we have even a *-bicategory:

Definition 5.3.25 (The *-bicategories *-Mody and *-Rep,) Let % be a *-algebra over C. Then
we define the *-bicategories *-Modg, and *-@% as follows:

i.) The class of objects of *-Modg, and *—@@, respectively, are the non-degenerate and idempotent
*-algebras over C.
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ii.) For two such *-algebras ol and 9B one defines the class of 1-morphisms 1-Morph(%®B,4) as
the class of *-functors R: *-Modg («) — *-Modg, (%) and R: *-Repg(sd) — *-Repg (%),
respectively. The class of 2-morphisms 2-Morph(R',R) is defined to be the class of natural
transformations n: R — R’. The corresponding categories are denoted by *-Modg, (B, ) and
*-@@ (B, 4).

iti.) The composition of 1-morphisms ® is the usual composition of functors. The identity 1-
morphisms are the *-functors Idy, = id«_mody, (1) and 1dy = ids_Rep, (), Tespectively. The C-
module structure for 2-morphisms is the C-module structure on natural transformations between

*~functors according to (4.3.57) and (4.3.58)).

iv.) The associativity asso, the left identity left, and the right identity right are always the identity
transformations.

Before we actually show that this definition gives indeed a *-bicategory (even a 2-category by
there are some remarks in due: first we note that since the categories *-Modg, (o) as well as *-Repg, (/)
are *-categories over C with respect to the C-module structure of B (7, , 7€) and the operator
adjoint as *-involution, it is meaningful to speak of *-functors. Natural transformation between those
automatically consist of collections of adjointable bimodule morphisms. Even though this may look
unfamiliar for the moment, we shall denote the composition of functors in the context of *-Modg,
and *—@@ by R® S and not as usual by RoS. We shall use this notation to stay conform with the
bicategory formulations.

Theorem 5.3.26 (2-Categories of *-representations) For a *-algebra 9 the definitions of *-Modg,
as well as of *—@@ yield *-bicategories (in fact even 2-categories).

PROOF: This relies on the more general fact that the “category” of all categories with functors as 1-
morphisms and natural equivalences as 2-morphisms is actually a 2-category, see e.g. [85, Sect. I1.5|. In
our situation we can rely on these general results. The only thing to be check is that the composition ®
of *-functors yields again a *-functor and that the natural transformations inherit C-module structures
compatible with the composition. But this is clear from the definitions. O

The key observation in understanding *-Modg and *—Rep@ as Morita invariants is to view them
as bicategories even though they are 2-categories. This allows for more and hence for more interesting
morphisms. In particular, we can look for a functor of bicategories

Pic* — *-Mod,, (5.3.50)

or
Pic®™" — *-Rep, , (5.3.51)

respectively, since Pic* and Pic®*" are only bicategories but not 2-categories. Before doing so we have
to explain the notion of functor between bicategories in some more detail. In fact, the notions are far
from being uniform in the literature requiring that we should be specific here, see e.g. [7,83| for a more
detailed discussion and other options. Instead of presenting the most general form we concentrate
directly on the notion of a left action of a bigroupoid. Moreover, since *-Modg and *—@% are even
*-bicategories, we can require the left action of the Picard bigroupoids to be unitary in a second step.
Putting everything together, the following definition is suitable for us:

Definition 5.3.27 (Left action of a bigroupoid) Let & be a bigroupoid and B a bicategory. A
left action ® of & on B consists of the following data:

i.) A map ®: &y — By.
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i1.) For any two objects a,b € By a functor
Dpy: B1(b,a) — B1(P(b), P(a)). (5.3.52)
ii1.) For every three objects a,b,c € & a natural isomorphism
Peba: Paw) © (Peb X Ppa) — Peq © @ (5.3.53)
iv.) For every object a € &y a 2-isomorphism
©q: dg@y — Paq(ld,). (5.3.54)

These data are required to fulfill the following coherence conditions: For all 1-morphisms g € &1(b,a),
h € &i(c,b), and k € B1(d, c) the diagrams

((I)dc(k) & (I)cb ® (Dba

ase’ogﬁ doé(éé
(I)dc(k) ® ((I)cb(h) ® (I)ba(g)) (I)db k‘ & h ® (I)ba( )
id ®@cpa (h,9) Pdba (k®h,g) (5355)
Pac(k) ® Pealh @ g) Caa((k ® h) ® g)
dCQ('f'é 356005

(I)da k® h®g))

as well as
dg,, (g) ©¢a
DPpa(9) ® lde(y ——— DPpa(9) @ Paa(ld,)
righty,,, ¥baa(g;lda) (5356>
(Dba(g) (right,,) (I)ba(g ® Ida)
and
Pp®ide, (g)
lde@y ® Poalg) Dy (ldy) ® Ppalg)
leftpq bbba(lds,g) (5.3.57)
cbba(g) ®(leftyy) (I)ba(ldb ® g)
commute.

Remark 5.3.28 (Morphisms of bicategories) Our definition of an action is a particular case of a
more general notion of morphisms between bicategories. First, we can use an arbitrary bicategory &
instead of a bigroupoid. Moreover, @, can be relaxed to an arbitrary natural transformation and ¢,
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can be allowed to be an arbitrary 2-morphisms instead of isomorphisms as we did in Definition [5.3.27]
In this case, one ends up with Benabou’s definition of a morphism of bicategories, see |7]. If both @b,
and ¢, are isomorphisms, then Benabou speaks of a homomorphism. We write for a homomorphism
also

D6 — ¢ (5.3.58)

If only the ¢, are isomorphisms then @ is called a unitary morphism, not to be confused with our
notions of unitarity referring to the *-involutions. Finally, if even ¢, = id then one has a strict unitary
morphism which yields a strict homomorphism if in addition also ¢, = id. For us, the notion of a
homomorphism turns out to be the relevant one. The notion of “bifunctor” or “weak 2-functor” is not
used uniformly in the literature. Thus we shall avoid this term.

Definition 5.3.29 (Unitary left action of a bigroupoid) Let & be a bigroupoid and let B be a
*-bicategory. A unitary left action of & on B is a left action such that in addition one has the
following properties:

i.) For every three objects a,b,c € By the natural isomorphism
Pebat Qo) © ((I)cb X (I)ba) — Py 0 @y (5359)

15 unitary.

ii.) For every object a € B the 2-isomorphism
Ya: de@my — Paa(ld,). (5.3.60)
1S unitary.

Analogously to Theorem [5.3.4] we obtain an invariant also from a bigroupoid action in the following
sense:

Proposition 5.3.30 Let &: & — B be a left action of a bigroupoid & on a bicategory B.

i.) If a,b € By are objects in the same orbit then ®(a) and ®(b) are isomorphic objects in the
bicategory sense.

ii.) Every 1-morphism g: a — b in & yields an isomorphism ®pa(g): (a) — D(b).
ii.) The classifying groupoid & of & acts from the left on the classifying category B via the classifying
action ® which is defined by the functor ®: & — B explicitly given by

®(a) = &(a) and P([g]) = [Pra(9)]- (5.3.61)

PRrROOF: For g: a — b also ®(g) is invertible up to a 2-morphism. Indeed, if h: b — a is a
1-morphism and
¢p:h®g—Id, and Y:g®h—Id,

are the corresponding 2-isomorphisms, then for ®(g) and ®(h) we find that

h)

1
o(g) @ o(h) " o(g 2 n) 24 a(1d,) £ 1da)

is a 2-isomorphism in B since all involved arrows are 2-isomorphisms. Analogously, we find the
2-isomorphism

(pgl o ®(¢p) o p(h,g): ®(h) ® (g) — ldsw.

Thus ®(g) is indeed invertible and ®(a) and ®(b) turn out to be isomorphic objects in the bicategory
sense. This shows the first and second part. Note that we need that the ¢, are all invertible: a
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morphism of bicategories would not be sufficient for this statement. For the third part, we have
already seen in Proposition and Theorem [4.3.22] that & is a groupoid and B is a category,
respectively. We have to show that ®([g]) is well-defined. Thus let ¢: ¢ — ¢’ be a 2-isomorphism.
Then by the functoriality of ® also ®(¢): ®(g9) — ®(¢’) is a 2-isomorphism. It follows that is
well-defined. Let now g: a — b and h: b — ¢ be given. Then ®(h) ® ®(g) is (naturally) isomorphic
to ®(h ® g) via pepe. Similarly, ®(ld,) is (naturally) isomorphic to ldg(,), hence

[@(h)] o [®(g)] = [®(h) @ d(g)] = ®([g ® h]) = ®([g] © [h)),
and [®(Id,)] = [lds(,] follows. This shows that is indeed functorial. O

After this general preparation we can now formulate the Morita invariants *-Modg and *-Repy,
from Corollary in the framework of a bicategory action:

Theorem 5.3.31 (Picard bigroupoid action on representation theory) The Rieffel induction
yields a unitary left action ® of Pic* on *-Mod,, and of Pic™" on *-@@, respectively. More precisely,
b is obtained as follows:

*

i.) For the objects in Pic* or Pic™™, i.e. idempotent and non-degenerate *-algebras o, one sets

D(A)=d.
i.) For a 1-morphism ,8,, in Pic* (%, ) or in Pic™ (%, ), respectively, one sets

®(,8,) = Rg: *-Modq () — *-Modq, (st (5.3.62)

or
®(,6,) =Rg: *-Repg (o) — *-Repg (B ), (5.3.63)
respectively.

iii.) For a 2-morphism T: ,6, — ,&!, one uses the natural transformation
(I)(T) =Ir: Rg — Rg/ (5.3.64)

according to (5.3.42)).
w.) For o, B, and 6 as well as for ,&, in Pic*(B,d) or in Pic®™(%B,d), respectively, and ., F,,
in Pic* (€, %) or in Pic™ (6€,PB), respectively, one sets

wepy(F,6) = asso ! Rg ® Re — R?@g (5.3.65)
according to (5.3.40)).
v.) Finally, one uses
Qu = left™": id« pody () — Ru (5.3.66)

with left as in (5.3.41)).

PROOF: First of all, it is clear from Theorem [5.3.23|that ®: Pic*(%, %) — *-Modg, (%, ¢) is indeed
functorial: for T': ,6, — ,6/, and T': ,8!, — , & the corresponding I is on one hand a natural
transformation between Rg and Rg/ and thus a morphism in *-Modg (%, ). On the other hand we
have Irior = I o IT as well as ;g = idg,. Thus of Definition is fulfilled. Moreover, for
unitary 1" we have I Ve I = Ipe = I7. showing that the natural transformation is unitary in
this case. By Theorem the associativity asso and hence also its inverse asso~! is a natural
unitary isomorphism, thus a unitary isomorphism in *-Modg (€, %) as wanted. It remains to show
that this unitary isomorphism is also natural in & and &% . Thus let 2-morphisms 7': ,&, — 8/, and
Sty Fy — ¢ Fy be given. Then we have (® o (P x @))(F,86) = Ry @ Rg as well as (Po®)(F,8) =

© Stefan Waldmann 2019-01-25 15:18:20 40100 Hash: 13717b6



154 5. THE PICARD GROUPOIDS AND MORITA INVARIANTS

Rz 5 Where we write again ® for the composition of functors in *-Modg, as this is the tensor product
of this bicategory. Moreover, we have (® o (® x ®))(S,T) = Is ® Ir: Rg ® Re — Rg/ ® Rgs with
the tensor product of natural transformations Ig ® I7. Evaluating this on a given ¥, we get

(Is @ I7)(,#,) = Is(Rer (4, 75)) o Ry (I (,#5))

for every , 7, € *-Modg, (). Finally, we have (®o®)(S,T) = I¢57: Rgze — Rgizg- Now putting
things together we see that the naturalness of Yoy (F,8) = assogs, (F,&) means that we have to
show

ass0igy, (F',6") o (Is ® Ir) = Iy 5 0 assogy ,(F,6).

But this is just the statement that the diagram (5.3.47)) commutes. Thus gy is natural as wanted,
showing that of Definition is satisfied. Since we already know that left and thus also
left~! are natural unitary isomorphisms, we conclude that ¢y = left™! is a unitary 2-isomorphism in
*-Modg, as needed. It remains to show the coherence conditions between these data. To this end we
first note that the associativity in *-Modg, holds strictly. Thus the hexagon in degenerates to
a pentagon. To prove its commutativity we first write all involved natural transformations explicitly
for some ,#€, € *-Modg, (). We have

(idry ®pegmu (T, 6))(H) = idr__, () © Ry (pema (T, 6)())
= Ry (asso 1(F, 8, #))
= idy ® asso (¥, &, #C),

and g (4, F @ 8)(H) = asso (4, F @ &,5€). Thus we get

(peren (4, F ®8) o (idr, @pemu(F,8))) ()
=asso (4, F ®8,7) o (idy ® asso_l(g,&%)). (%)

On the other hand, we get first
(pgren (9, F) @ idr, ) (H) = (pgren (4, F))(Re(#)) = asso™ ' (4,F,6 & K),
and second (pgrpe (4 ® F,8))(H) = asso™ (G @ F, 8, ) as well as
(Pegros (a550(4, F ,8)))(HC) = Lsso(,5 ,6)(H€) = ass0(¥4,F ,8) @ idye .
Collecting this yields the result

((Dgrsa(asso (4, F,6)))(H)) o ((W/%d((g ,8))(H6)) o ((¢6re (4, F)
= (as50(4,F,6) @ idy.) o (asso (4 @ F,8,€)) o (asso (4, F,&

X ldRp ) ( ))

8 ). (s5)
The fact that (x) and (+*) coincide is just the associativity coherence of asso as in Proposition [£.3.8]
. Indeed, for the associativity coherence it was never important to use the fact #€-% = #€, thus the
equality of (*) and (xx) holds also without this feature of #€. Next we consider the diagram (/5.3.56]).
We have

Do (6) @ ldos) = Re @ Idyy = Rg 0 ide_modg, (1) = Re,
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since the identity functor is a strict unit element in the 2-category *-Modg. Hence the diagram
(5.3.56]) degenerates to a triangle. We consider ,#€, € *-Modg, (/) and compute

(idr, ©pyg ) (#) = id(® (1)) © Re (i (H6)) = Re(left ™! (#0)) = idg & left ™" (),

where left ™1 (#€): #0 — o & H€ is the inverse to the unitary isomorphism left(#€): o ® # —s HC.
Moreover, we have @qgg (8, 1d,) (7€) = asso™ (&, o4, 7€) and (®(right(&)))(H€) = right(8) ®idye where
right(6): & ® o — & is the canonical isomorphism. Combining these things we get

(®(right(€))(H)) o (papstsa (8, 4)(HE)) o ((ida(s) @pu) ()
= (right(8) ® idy) o asso (&, o, #) o (idg & left ! (#€))

= ldg(g{%,

according to the identity coherence for the three bimodules &, ¢/, and € as in Proposition .
Again, for the identity coherence the strong non-degeneracy #€ -9 = ¥ was not needed. Finally, we
have

D1eft(8)) (HE) = Lgt(e () = lef(E) @ iy
with the canonical unitary isomorphism left(&): % ® & — &. Moreover, we have g4 (B, &) (H€) =

asso (%, 8, #0) and
(p2 @ idRr, ) (H) = vz (Re(H)) = left (& @ HC).

With this, we consider the remaining diagram ([5.3.57) which also degenerates to a triangle. We have

(®(left(€))(H)) 0 (e (B, 8)(H€)) o (2 @ idr, ) ()
= (left(8) & idye) o (asso™ H(B, &, #6)) o left (& @ #€)

as a simple computation shows. In fact, since we have a bicategory, the last step also follows from
the “all diagrams commute” theorem for bicategories, as we only have morphisms being data of the
bicategory itself. Thus the last coherence diagram is shown and we indeed have a unitary action of
the *-Picard bigroupoid. Note that the strong version follows analogously. ([

Remark 5.3.32 Using this theorem we obtain Corollary immediately from our general consid-
erations on bigroupoid actions in Proposition [5.3.30} Thus the above theorem can be viewed as the
deeper reason for the equivalence of the representation theories for Morita equivalent *-algebras in
both flavours. As usual for our point of view, we have the equivalence not just “by accident” but com-
ing with a more systematic structure yielding in particular a systematic way to actually implement
the natural isomorphisms between the Rieffel induction functors.

5.4 Exercises
Exercise 5.4.1 (Isomorphisms yield a groupoid) Prove Proposition

Exercise 5.4.2 (Isotropy groups of a groupoid) Prove Proposition

Exercise 5.4.3 (Groupoid morphisms) Let & and §) be two groupoids. A groupoid morphism
d: & — §H is a covariant functor.

i.) Show that groupoids with groupoid morphisms form a category Groupoid.

ii.) Show that a groupoid morphism ® induces group morphisms ®: &(a) — H(P(a)) between the
isotropy groups for all objects a of &.
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iti.) Show that the kernels as well as the images of the induced group morphisms ®: &(a) —
$H(P(a)) are isomorphic along the orbit of a.

iv.) Let a and b be objects of & with Morph(b,a) # 0. Show that for g,h € Morph(b,a) with
®(g) = ®(h) there exists a unique element u € ker &, C &(a) such that h = gow. In this sense,
the kernels of the group morphisms ®: &(a) — $H(P(a)) encode the (non-) injectivity of the
groupoid morphism ®: & — §) completely, even though there is no naive groupoid definition
of a kernel directly.

Exercise 5.4.4 (Inversion functors in Pic* and Pic®") Consider the complex conjugation of bi-

modules in the bigroupoids Pic* and Pic®™ as inversion.

i.) Show that for two idempotent and non-degenerate *-algebras &f and % the inversion gives
functors

inv: Pic*(%,4d) — Pic*(«,%) (5.4.1)
as well as
inv: Pic®™ (%, ) — Pic™ (A, B), (5.4.2)

provided there are equivalence bimodules between o and 9% at all.

i.) Consider now the inversion of a tensor product., %, ®46., and compare it to the tensor product of
the inversions 6, and ,% ,: here one has a unitary isomorphism. Show that this isomorphism
is natural.

iti.) Show that the inversion of the identity bimodule , ¢, is unitarily isomorphic to ,<, with a
natural isomorphism, too.

iv.) Investigate the relations between the above natural isomorphisms and formulate corresponding
coherence properties.

Exercise 5.4.5 (Inner automorphisms) Let & be a unital ring.
i.) Check directly that the inner automorphisms InnAut(sf) form a normal subgroup of all auto-
morphisms Aut(«).

ii.) Denote by Gl(¢) the invertible elements in & and show that they form a group under multipli-
cation. Define
Ad: GL(#d) > g — Ady € InnAut(«A) (5.4.3)
by Ady(a) = gag~" for all a € ¢f. Show that this defines a group homomorphism.
i11.) Determine the kernel of Ad.

Assume now in addition that ¢/ is a unital *-algebra. Proceed analogously for InnAut*(s#f) instead
of InnAut(#f) and the group of unitary elements U(sf) of o/ instead of the invertible ones.

Exercise 5.4.6 (The center acts on equivalence bimodules) Let & and % be idempotent and
non-degenerate *-algebras over C = R(i) and let ,&_, be a *-equivalence bimodule.

i.) Show that the center % («) is a *-subalgebra of @/, containing 1 whenever ¢ is unital.

it.) Show that the endomorphisms End(,&,,) of ,&, in the sense of the category Pic*(%, ) form
a unital *-algebra.

iti.) Let a € %(«) be a central element of &f. Show that the right multiplication with a is an
endomorphism of ,& ,. Show that this gives a *~homomorphism

% (sd) — End(,8,,), (5.4.4)

such that the image is in the center of End(,6,,).
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Exercise 5.4.7 (The strong Picard group of M, (C)) Assume that R is a real closed field (with
its canonical ordering) such that C = R(i) is an algebraically closed field.

i.) Discuss whether C satisfies (K) and (H).
i.) Compute the strong Picard groups Pic®™(C) and Pic®™(M,,(C)) for all n € N.

Hint: What are the finitely generated projective modules over C? Use Exercise [2.4.21| and Exercise [2.4.22)

iti.) Show that all *-automorphisms of M,,(C) are inner.

Exercise 5.4.8 (Ring-theoretic Picard group and the center) Formulate and prove the ring-
theoretic versions of Proposition [5.2.9] Proposition [5.2.12 and Theorem [5.3.7]

Exercise 5.4.9 (The strong Picard group of 6€°°(M)) Use Theorem|5.2.17|and Corollary [5.2.26
to simplify the computation of the strong Picard group of €°°(M) as in Theorem |[5.2.15

Exercise 5.4.10 (The involution of Aut(s#/)) Let « be a *-algebra over C = R(i). Consider the
map *: Aut(«f) — Aut(#) as in (5.2.59).

i.) Show that * is an involutive automorphism of the group Aut(«).
ii.) Let ® € Aut(«). Show that ®* = ® iff & € Aut™ (o).
iii.) Let g € Gl(sf) be a invertible element in ¢/ and compute (Ady)*.

iv.) Show that * induces a well-defined involutive group automorphism of OutAut(#).

Exercise 5.4.11 (Geometric groupoid action) Let & be a (small) groupoid and M a set. An
alternative way to define a groupoid action of & on M is as follows: one has two maps, the anchor

0: M — &g (5.4.5)

and the multiplication map
>: & xg, M — M (5.4.6)

written as (g,p) — ¢g>p. Here xg, denotes the usual fiber product
&1 xg, M = {(g,p) | source(g) = o(p)} € &1 x M (5.4.7)

with respect to the source map and the anchor. Then these two maps constitute a geometric groupoid
action if o(g > p) = target(g) and id,>p = p for o(p) = a as well as

h>(g>p) = (hg) > p, (5.4.8)
whenever the compositions are defined. Show that this can be interpreted as a groupoid action
®: & — Set in the sense of Definition [5.3.1]

Hint: Define ®(a) = 0~ "(a) € M and let ®(g): ®(a) —> ®(b) be the obvious map where g: a — b is an arrow in &.

The advantage of the definition of a geometric groupoid action compared to Definition is that
one can encode useful information in the two maps ¢ and > which are hard to encode in the functor
® directly. As example one can consider instead of a bare set a topological space or a manifold M
and require continuity or smoothness properties of ¢ and .

Exercise 5.4.12 (Lattices) We collect some basic properties of lattices in this exercise:

i.) Let £ be a lattice and let a,b € £. Show that a A b = b holds iff @ V b = b holds. Prove that
a < bif a Ab="0 defines a partial ordering on £.

ii.) Show that for a lattice £ the partial ordering < has for all a,b € £ an infimum and a supremum
given by ([5.3.24]).

iti.) Show that in a lattice £ a maximal (minimal) element is necessarily unique, if it exists at all.
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iv.) Now suppose that (£, <) is a partially ordered set such that for any two elements one has an
infimum and a supremum. Show that in this case (5.3.24]) defines the structure of a lattice.

Exercise 5.4.13 (The closed *-ideals of 6°°(M)) Consider the *-algebra 6°°(M) for a smooth
manifold M. Show that the scalar closed *-ideals of 6°°(M) are precisely the vanishing ideals

Ja={fe6>(M)]|f|,=0} (5.4.9)

of closed subsets A C M.

Hint: Use the characterization of positive functionals of 6°°(M) from Exercise as well as Exercise [1.4.15] see
also 25| Sect. 6].

Exercise 5.4.14 (The minimal ideal: general case) This exercise is a continuation of the inves-
tigations of the minimal ideal started in Exercise[1.4.15] Let 9f be an idempotent and non-degenerate
*-algebra over C and let 9 be an admissible coefficient *-algebra.

i.) Show that dividing by the minimal strongly %-closed *-ideal o ~~ o / g5 ngl@ o) is functorial.
ii.) Prove that the minimal strongly 9-closed *-ideal of the quotient o / str (o) is trivial.

min,%

ii.) Show that the representation theories of @ and o / Iffl;@ (#) on pre-Hilbert right %-modules
are equivalent categories.

i.) Show that the *-algebras of and of / §3%  (91) are strongly Morita equivalent iff #3t ; (s) =
{0}.

Exercise 5.4.15 (Representation theory of A(C")) Consider the Grassmann algebra of = A(C").
i.) Show that the scalar *-representation theories *-Rep of C and & on pre-Hilbert spaces are
equivalent by explicitly constructing functors which establish the equivalence.
ii.) Show that the Grassmann algebra is not strongly Morita equivalent to C.

Hint: Here one can argue in many ways. Try to use one of the Morita invariants or argue with Exercise [f.4.14]

Exercise 5.4.16 (Unitary intertwiner for Rieffel induction) Let «, %, and 9 be *-algebras
over C = R(i). Let ,#€, € *-Modg (/) be a strongly non-degenerate *-representation of & with the
coefficient *-algebra %. Moreover, let ,& , be a *-equivalence bimodule. Theorem provides now
a natural and unitary intertwiner from (Rg o Rg)(,#€,) to ,#,. Find an explicit formula for this
intertwiner in terms of the algebra-valued inner products on ,&, and &, and verify the claimed
properties according to Theorem [5.3.31] explicitly.
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Chapter 6

Deformations of Algebras, States, and
Modules

After developing the representation theory of *-algebras in detail, we shall now use the general results
to investigate *-algebras which are obtained as deformations of other *-algebras. First we remind
that for an ordered ring R also the formal power series R[A] are ordered in a natural way. Thus we
do not leave the general framework of *-algebras over ordered rings if we study formal deformations.
In fact, this was one of the main motivations to study general ordered rings instead of just the real
numbers R. This way, one is able to gain new examples with entirely new features by deformation.
Including such *-algebras into the discussion will also help to understand *-algebras over C from a
slightly different angle, broadening the point of view considerably.

The main theme of this and the following chapter is that existence and classification theorems in
deformation theory are usually very hard and difficult. However, the inverse process, i.e. taking a
classical limit, can be defined and constructed in a rather simple way. In this chapter we will therefore
discuss the classical limit of various mathematical structures: algebras, states, and modules. For all
of them we obtain classical limit constructions in a rather straightforward way, posing the typically
much more subtle question of quantization as the way to go the other direction.

6.1 Deformations of *-Algebras

In this introductory section we provide the necessary background in deformation theory of associative
algebras and *-algebras. This will not be a comprehensive discussion, more detailed expositions can
be found e.g. in the textbooks [47,[116] as well as in the seminal papers of Gerstenhaber [52-56] who
coined the basic notions of deformation theory of associative algebras. The field itself is by now vast
and fast developing. We will indicate more recent literature when needed.

The basic idea of formal deformation theory is that we have an algebraic structure like e.g. an
algebra multiplication o which we would like to understand and study. One (traditional) approach
is to relate ug to other structures of the same type by trying to find a classification of these structures
and determine the isomorphism class of g within this classification scheme. While in simple situations
this might succeed, in more realistic scenarios of interest, a full classification might be out of reach.
Now what is still possible is to investigate which structures p of the same sort are still close to the
given structure pg: one wants to understand the classification only of the nearby structures. This
suggest that one has a notion of nearby in order to make sense out of such ideas on a mathematically
sound basis. As soon as one has algebraic structures combined with analytic features this can be
done in various ways. However, Gerstenhaber’s original idea is to consider a formal neighbourhood of
the structure pg thereby avoiding the usage of any a priori topological concepts. One thus considers
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160 6. DEFORMATIONS OF ALGEBRAS, STATES, AND MODULES

structures p of the form
= pio + A1+ Mg+ - (6.1.1)

as a formal power series expansion called formal deformations of . Here we have to assume that the
structures we are investigating can be placed inside some linear space. It then turns out that studying
whether p is equivalent to the original structure g tells much about pg. If there are non-equivalent
such deformations one wants to understand how many equivalence classes are possible.

Ultimately, there are many occasions where the algebraic structures allow for some more serious
analytic context. Hence a study of the convergence of the above formal series is a primary goal after
the algebraic questions have been settled. This will of course be of yet another level of complication:
we will not touch these questions related to convergence here any more.

While the above interpretation of deformations and rigidity is perfectly adequate within math-
ematics there are applications far beyond. Soon after Gerstenhaber’s general theory of deforming
associative algebras it became clear that the transition from classical physics to quantum physics can
be viewed as a deformation process with the formal parameter A\ playing the role of Planck’s constant
h. This is the basis for the seminal work of Bayen et al. [5] establishing the notion of star products and
deformation quantization, see also e.g. [44160,109] for recent reviews as well as the textbooks [47,/116|
for more details. We will occasionally come back to this main class of examples and gain motivation
from this point of view.

6.1.1 The Ring of Formal Power Series as new Scalars

We have already met the ring of formal power series R[A] with coefficients in a given ring R in
Section [I.1.1} Here we will recall some of its basic properties we need in the sequel.

Thus let R be an associative and commutative ring and consider a module V' over it. Then the
formal power series V[A] with coefficients in V' become a module over R[A] by the usual multiplication
of formal series, i.e. by the Cauchy product formula

[ee] o0 [e.e] T
a-v= (Z )\Tar> (Z )\Tvr) = Z AT Z Qg * Vp_g (6.1.2)
r=0 r=0 r=0 s=0

for a € R[A] and v € V[A]. Note that the ring inclusion R C R[] yields the canonical R-module
structure of V[A].

Next, suppose that V and W are both modules over R and ¢,: V' — W are R-linear maps for
r € Ng. Then we obtain an R[A]-linear map

¢ = i N VIA] — W[N] (6.1.3)

r=0

by setting
o(v) = (Z X‘¢r> (Z ms> =D N> u(vrs) (6.1.4)
r=0 s=0 r=0 s=0

for v € V[A]. We leave it as a little exercise to verify that this is indeed R[A]-linear. In particular,
we can extend a given R-linear map ¢: V' — W by this to an R[A]-linear map ¢: V[A] — W[A].
In the following we will always assume such an extension without indicating this in our notation.
A similar construction can be done with multilinear maps. It is now a simple verification that the
composition of such extensions ¢ and ¢ = Y2 A", : W[A] — U[A] yields analogous formulas to
the Cauchy product .

As a first observation we note that between such modules all R[A]-linear maps are of the form
6.1.3):
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Proposition 6.1.1 Let Vi,...,V,, and W be R-modules. Then for an R[\]-multilinear map
O Vi[A] % - x Vu[A] — WA (6.1.5)

there exists unique R-multilinear maps ¢.: Vi x -+ x V, — W such that
[ee)
=) No,. (6.1.6)
r=0

Here we use the canonical extension of the ¢, to R[A]-multilinear maps as above. The proof is
discussed in Exercise [6.4.1]

Of course, there are other modules over R[A] which are not of the form V[A] with an R-module
V', see Exercise for a more intrinsic characterization. Nevertheless, most of the time we will
be interested in such more particular modules. Here we have a canonical projection onto the zeroth
order

: VAl 20 =) Xv. = v€eV, (6.1.7)
r=0

which we will call the classical limit map. Conversely, we can consider V as a subset of V[A] by
including it in order zero. Note that this will only be an R-submodule but not an R[A]-submodule.
For an element v = Y72 - A"v, € V[A] we define its order by

o(v) = min{k | v # 0} (6.1.8)
with the convention 0(0) = co. Then the A-adic valuation is defined by
o(v) = 27°W) (6.1.9)

with the convention 27°° = 0 for the zero element 0 € V[A]. Using this valuation we can define the
A-adic metric by
d(v,w) = p(v — w) = 27°0~) (6.1.10)

for v,w € V[A]. This turns out to be a metric with the following nice properties:

Proposition 6.1.2 Let V, W, Vi,...,V, be modules over R.
i.) The order satisfies

o(v) =o(—v), o(v) =00 iffv=0, and o(v+w) > min(o(v),o(w)) (6.1.11)
for all v,w € VA].
ii.) The A-adic metric is an ultrametric, i.e. a metric satisfying the strong triangle inequality
d(v,w) < max(d(v,u), d(u,w)) (6.1.12)

for all v,w,u € V[A].

ii.) With respect to the A-adic metric, V[A] is a complete metric space and the polynomials V[A] C
V[A] are dense. In fact, we have the convergence

N 00
i Z AT, = z:; A", (6.1.13)

for all v € V[A]. The induced topology on V' C V[A] is discrete.
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iv.) The ring R[A] is a topological ring and the module structure of V[A] is continuous. More
precisely, one has
o(av) > o(a) + o(v) and ¢(av) < p(a)p(v) (6.1.14)
for all elements a € R[A] and v € V[A].
v.) All R[A]-multilinear maps

O: VI[A] x -+ x V[A] — WA] (6.1.15)
are continuous with respect to the A-adic metric topologies.

We refer to Exercise for more details on the rather straightforward proof.

6.1.2 Basic Definitions and Examples

We are now able to make the heuristic considerations in the introduction of this section more precise.
One defines a formal associative deformation of an associative algebra as follows [53|:

Definition 6.1.3 (Associative formal deformation) Let o be an associative algebra over a ring
R with multiplication po: A Xl — . Then an associative formal deformation of A is an associative
R[A]-bilinear multiplication p for A[A] such that

cl(p) = po- (6.1.16)

Let us unwind this definition. By Proposition we know that any R[A]-bilinear map 1 o [A] x
A[A] — A[\] is actually of the form

n=3 Np, (6.1.17)
r=0

with some uniquely determined R-bilinear maps u,: o x ¢f — «. Then the requirement
simply means that the zeroth order of p is the original, given multiplication of ¢/, thereby justifying our
sloppy notation. The associativity is a quadratic condition on p meaning p(a, u(b,c)) = p(u(a,b),c)
for all a,b,c € A[A]. Inserting (6.1.17) we can evaluate this order by order and obtain the equivalent
conditions

Z ts(pr—s(a,b),c) = Z fs(a, pr—s(b, ), (6.1.18)
s=0 s=0

which have to hold for all » € Ny and a, b, c € ¢. If these equations only hold for » = 0,...,n then u
is called an associative deformation up to order n. Note that it is sufficient to check this for elements
a,b,c € i C A\ without higher orders of \.

We will typically denote the new multiplication by a product symbol x and thus write

axb=p(a,b) =ab+ Y N p(a,b), (6.1.19)

r=1

where we simply write ab = po(a,b) for the original multiplication of «. If ¢ is unital with unit
element 1 we typically require that the same element 1 € ¢/[A] serves as unit for x as well. This
means that

Ixa=a=ax1 (6.1.20)

for all a € 4[A] or, equivalently, p,(1, -) =0 = p,(-,1) for all r > 1.
There is of course always one particular deformation, namely the trivial deformation where we
simply have 1 = po extended R[A]-linearly to #[\].
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Suppose that x is a formal associative deformation. Consider then a formal power series T =
id+>"72, X'T;. of linear maps T, € Endgr(#) viewed as R[A]-linear endomorphism of ¢/[A]. Then
the definition

axb=T(T"a)*T71(b)) (6.1.21)

yields a new associative product " for ¢/[A]. Note that in general a formal series is invertible iff the
zeroth order is invertible. Thus in our case, 77! is well-defined. We call x and «' equivalent if there
exists such a T'. Clearly, one obtains an equivalence relation. The set of equivalence classes is then
the space of formal deformations of of:

Definition 6.1.4 (Equiv(*,+") and Def(«)) Let A be an associative algebra over R.

i.) An equivalence transformation T from an associative deformation x to another associative de-
formation ¥ is an algebra isomorphism starting with id in the zeroth order. In the unital case
we additionally require T1 = 1.

ii.) The set of all equivalence transformations from x to x' is denoted by
Equiv(x',%) = {T € Tso (A [A], %), (4 [A], +)) ‘ ol(T) = id}. (6.1.22)

iii.) Two associative deformations x and ' of & are called equivalent if there exists an equivalence
transformation from x to .

iv.) The set of equivalence classes [x] of associative deformations, denoted by
Def () = {[%] ‘ * is an associative deformation of 4 }, (6.1.23)

is called the deformation theory of A.

Remark 6.1.5 One way to interpret these definitions is that Equiv becomes a sub-groupoid of the
isomorphism groupoid Iso and Def encodes the orbits of this smaller groupoid.

As usual for groupoids, it is of great importance to understand the self-equivalences Equiv(x) =
Equiv(x, %), i.e. those automorphisms of a deformation x which are in addition equivalence transfor-
mations. Here the following proposition gives a quite satisfying answer in the case where Q C R. For
us this will always be a reasonable assumption.

Proposition 6.1.6 Let o be an associative algebra over a ring R 2O @Q and let x be a formal associative
deformation of dd. Let T =id+Y o2 A"T, be a formal series of R-linear endomorphisms of .

i.) There is a unique logarithm

D= i)\’”DT: AN — [N (6.1.24)
r=0

of T, i.e. T =exp(AD).

it.) The map T is an automorphism of * iff D is a derivation of *.

ProoF: We follow |27, Lem. 5]. The first part is clear since we can define D uniquely by the Taylor
series of the logarithm

AD = log(T) = log (id + i )\’"T,.> - i HS)H (i )J"T,,) ,
r=1 r=1

s=1
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which is a well-defined formal power series. In fact, it is easy to see that it converges in the A-adic
topology. Note that it is important to have {3 C R and Ty = id. We denote the possible failure of D
being a derivation by

E(a,b) = D(a*b) — D(a)*b—ax D(b),
where a,b € [A]. By induction we find constants c,s; € Q such that
Dhast) =3 (}) @D+ S D (B(D* (@), D).
), )

/=0 r,s,t=0

The precise combinatorics is not relevant for the following. We can now compute the possible failure
of T being an automorphism and get

o0 )\k
T(axb) =) —!Dk(a*b)

k=0
X \k k k o \k k-1

- Z = Z <€> D¥(a) » D**(b) + Z = Crrst D" (E(D*(a), DY(b)))
k=0 = ¢=0 k=0 7s,t=0

o) Lk k-1
= T(@)* () + 357 S et (B(D(a), D'(8)

Hence T is an automorphism iff the second contribution vanishes. Now the second term will not
contribute to order zero and the first order in \ is just E(a,b). Hence T is an automorphism iff

oo )\k k—1
E(a,b) ==Y 75 crrst D" (E(D*(a), D' (0))). (%)

We can now solve this equation by recursion: more precisely, we know that F is an R[A]-bilinear map
and hence

E € Homppy (o0 [\], 4 [\]; s4[\]) = Homg (st 4 s0)[A],

where we have used the identification from Proposition Now the space on the right hand side is
a complete metric space for the A-adic metric. Moreover, E can be seen as a solution of a fixed point
equation F = ¢(E) with a map ¢ determined by the right hand side of . Since the right hand
side of starts with at least one more power of A, the map ¢ is easily seen to be contracting for
the A-adic metric: by Banach’s fixed point theorem we have a unique fixed point, which is of course
E = 0 since ¢ is linear, see also Exercise [6.4.5] Hence T is an automorphism iff £ = 0 iff D is a
derivation. O

Remark 6.1.7 This proposition makes sense out of the heuristic argument that the exponential of a
derivation is an automorphism: in general we can not exponentiate maps easily. This requires always
an analytic argument. However, in the present case, the A-adic topology can take care of that in a
rather trivial way.

In many cases the original algebra ¢ is not only associative but also commutative. Of particular
interest are then the non-commutative deformations x, but also commutative deformations are con-
sidered where p,(a,b) = p,(b,a) holds. The antisymmetric part of the first order of a deformation of
a commutative algebra is necessarily a Poisson bracket:
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Proposition 6.1.8 Let (A, o) be an associative and commutative algebra over R. Suppose that
=02 ANy is an associative deformation of po. Then

{a,b} = p1(a,b) — p1(b,a) (6.1.25)

defines a Poisson bracket for o.

PRrROOF: The antisymmetry and R-bilinearity is clear. For the Leibniz rule one considers the Leibniz

rule for the x-commutator [a,b x c|, = [a,b], x ¢ + b * [a, |4 in lowest non-trivial order. The Jacobi
identity then follows from the Jacobi identity of the x-commutator by considering the second order
of [a, [b, cli]« = [[a, b]«, ]« + [b, [a, c]«]. Note that it is crucial that pg is commutative. O

Remark 6.1.9 (Quantization) This observation leads immediately to the question, whether or not
a given Poisson bracket { -, - } on a commutative algebra ¢« actually occurs as the anti-symmetric part
of the first order of an associative deformation of . In general, this is a highly non-trivial question,
depending on the details of the situation. Remarkably, for the algebra €°°(M) of smooth functions
on a smooth manifold M, Kontsevich was able to answer the question in the positive: every Poisson
bracket can be quantized into an associative product x, see |77]. This is the basic task in deformation
quantization. Before Kontsevich’s ground-breaking results the existence and classfication of star
products for more particular Poisson manifolds, most notably symplectic manifolds, where found, see
e.g. [431149150,94|, and classified, see [8,9,/42,|61}/91}/119].

Remark 6.1.10 In case of a commutative algebra & it is easy to see that equivalent deformations
lead to the same Poisson bracket, see Exercise In this case, we denote the equivalence classes
of deformations x of & for a fixed Poisson structure {-, -} by

Def(s4,{-, -}) = {[*] | * induces the Poisson bracket {-, - }}. (6.1.26)

Note however, that the first order part of an equivalent deformation ' can very well differ from the
original deformation %: the equivalence transformation may change the symmetric part.

Remark 6.1.11 There is of course no need to stop with associative algebras: one can equally well
speak about formal deformations of other types of algebras like e.g. Lie algebras. Then the cor-
responding condition would be an order-by-order evaluation of the Jacobi identity instead of the
associativity . But we also can deform e.g. Poisson brackets on an associative commutative
algebra as Poisson brackets.

We conclude this section with one typical and yet extremely important example of an associative
deformation. The construction has been used in the literature in many contexts at many places. The
first appearance is due to Gerstenhaber |55, Thm. 8|, see also Exercise for some slight variations
on this theme:

Proposition 6.1.12 Let (A, ug) be an associative algebra over R where we assume @ C R. Let

Dy,....,Dy, E1, ..., E, be pairwise commuting derivations of . Then
n
axb=poe(a®d) with P=)» D,®E, (6.1.27)
k=1

defines an associative deformation x of po where a,b € d[A].
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PROOF: For convenience we sketch the proof. We identify the bilinear maps with linear ones on the
corresponding tensor products. Consider then the auxiliary maps

Py=P®id, P3=)» D,®id®E, and P3=id®P,
k=1

viewed as endomorphisms of & ® o ® «f. Since the maps D and Ej are assumed to be derivations
of pg we get the Leibniz rules

Po (id®pug) = (id®ug) o (Pi2+ P13) and Po(uy®id) = (uo ® id) o (P13 + Pa3).

Moreover, since all the derivations commute pairwise, the three maps Pjs, P13, and Pz mutually
commute, too. These two facts allow to compute

and analogously for (a x b) x ¢. Since pg is associative, the claim follows. U

6.1.3 Hochschild Cohomology I

Following Gerstenhaber [52-56] we outline now briefly how the deformation problem of an associative
algebra can be formulated using the Hochschild cohomology of the algebra. The following results will
essentially not be needed and are thus only included for completeness. We will thus be rather brief and
omit many of the details and proofs. More complete discussions can be found e.g. in the textbooks [47]
or [116, Sect. 6.2]. The role of Hochschild cohomology beyond deformation theory is also discussed
in e.g. the monographs [84], |59, Sect. 8.4], |36, Chap. IX], [118, Chap. 9], or [66, Sect. 6.11].

First we recall the definition of the Hochschild complex of o:

Definition 6.1.13 (Hochschild complex I) Let o be an associative algebra over R.
i.) The Hochschild complex HC®*(d, o) of A is

HC"(s4,91) = Homg (¢4, ... ;) (6.1.28)
N——

n times

with n-linear maps from n copies of 9 with values in o again. Forn = 0 we set HC* (oA, 4) = A.
i.) The Hochschild differential §: HC®(od, ) — HC* T (o, o) is defined by

(6p)(aty ..., ak+1)

k
=ai1¢(az,...,ak11) + Z(—l)rqﬁ(al, Qs apr1) (D) (g, ag)agy s
r=1
(6.1.29)
where ay, ... a1 € A and ¢ € HCH (oA, o).
i11.) The Hochschild cohomology of & is defined by
0 ker (6

HH® (sf, o) = @D HH* (o4, o) with HH"(sd,sd) = Clic o) (6.1.30)

k—1 :

P O(HC" (A, d))

Of course, we first have to show that 2 = 0 in order to have a well-defined cohomology theory.

We postpone this for a moment and investigate the lowest Hochschild cohomologies directly. For
a € HC(od, ) = 91 we have

(0a)(b) = ba — ab = — ad(a)b (6.1.31)
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for b € 4. Hence da = 0 iff a is central. Since there are no d-exact terms in this degree we obtain
HH (4, 4) = %(sA). (6.1.32)
For k =1 we have
(6D)(a,b) = aD(b) — D(ab) + D(a)b (6.1.33)
for D € HCY(o, ) = Endr(#4) and a,b € of. Thus we have 6D = 0 iff D is a derivation. With
(6.1.31]) it follows that the first Hochschild cohomology is given by the quotient

HH' (o4, 4) = m = OutDer(), (6.1.34)

i.e. the outer derivations of o.

Instead of directly proving that ¢ is indeed a differential, i.e. 2 = 0, we follow Gerstenhaber [52]
and introduce some more structure on the Hochschild complex. The key observation is now that we
have a super Lie algebra structure on HC®(«, of) if we shift the degree by one:

Definition 6.1.14 (Gerstenhaber bracket) Let o be a module over a ring R. Moreover, let ¢ €
HCH (ot od) and o € HCL (oA, ).
i.) One defines the degree of ¢ to be deg(¢) = k.

ii.) Let i = 0,...,k. Then the insertion of 1 into ¢ after the i-th position is the map ¢ o; ) €
HCH (o 1) defined by

(¢ 04 w)(alv cee ,ak-‘rf-‘rl) = QZ)(CLl, ceey A, ¢(ai+1a ey ai+€+1)a Ait 425+« ak‘-i—@—l—l)a (6135)

where a1, ...,a51041 € A.
ii.) The Gerstenhaber product ¢ o € HC* (o o) of ¢ and v is defined by

deg(¢) A
¢ o w — Z (_1)zdeg(¢)¢ 04 17[} (6.1.36)

=0
wv.) The Gerstenhaber bracket [¢, 1] € HCF+1 (o, o) of ¢ and 1 is defined by
6, 4] = porp — (—1)deal@desWly 5 ¢, (6.1.37)

It is clear that the Gerstenhaber product and the Gerstenhaber bracket are graded with respect
to the shifted degree deg but not with respect to the original grading of HC®*(#/, «) by the number
of arguments. It turns out that the Gerstenhaber bracket is a graded Lie bracket even though the
Gerstenhaber product is not associative:

Proposition 6.1.15 Let o be a module over R.

i.) The Gerstenhaber product is not associative but satisfies the identity

(pod)ox—do(Yox)=(-1)*W N ((gox)or) —go(xor)) (6.1.38)

for homogeneous elements ¢, 1, x € HC®* (A, o).

ii.) The Gerstenhaber bracket is a graded Lie bracket with respect to deg, i.e. we have graded
antisymmetry and the graded Jacobi identity

[, [, = ([0 9], + (1)@ By, [, x]] (6.1.39)
for homogeneous elements ¢,1, x € HC®* (A, o).
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PROOF: We omit the proof which can be found at many places in the literature. The original and
quite direct approach of Gerstenhaber can be found in [52] see also [116] Sect. 6.2] and Exercise [6.4.9]
Now one has more elaborate techniques to minimize the actual computations needed to show the
identity , see e.g. the operadic approaches in [84]. O

The relevance of the Gerstenhaber bracket comes now from the observation that a bilinear map
p: A x d — o, which we view as element in HC?(sf, ) of degree deg(u) = 1, is an associative
multiplication iff g o p = 0. Indeed, an explicit evaluation of (6.1.36]) shows that

1

(o p)(a,b.e) =Y (=1)'(po; p)(a,b,e) = ulu(a,b),c) — ula, u(b,)) (6.1.40)
i=0

for a,b,c € 4. If we assume % € R then this is equivalent to the condition

(i, 1] =0, (6.1.41)

since deg(p) = 1 and thus the graded commutator becomes [p, pu] = pop+ popu=2uo p.
Now suppose that & is not just an R-module but even an associative algebra with multiplication
. Then the Hochschild differential 0 can be written as follows:

Lemma 6.1.16 Let A be an associative algebra over R.
i.) One has
8¢ = (—=1)5 1, 6] = —[, 1] (6.1.42)

for all p € HC®* (oA, o).
ii.) One has 6% = 0.

PROOF: The first statement is just a direct evaluation. Then the second is clear from the graded
Jacobi identity and [u, u] = 0. O

Remark 6.1.17 This gives a more conceptual proof of §2 = 0. We have chosen the traditional
definition for §. From the point of view of Lemmal6.1.16]it would perhaps be more natural to define §
as [, -] causing some additional signs in . Of course, the cohomologies will not change at all.
Moreover, the Hochschild differential satisfies now a Leibniz rule with respect to the Gerstenhaber
bracket since it is even an inner derivation. Hence the bracket is well-defined also in the Hochschild
cohomology HH® (¢, &f) which therefore becomes a graded Lie algebra as well.

We will now use the Hochschild cohomology to describe obstructions for associative deformations
of a given product pg on &. For simplicity we assume % € R from now on. Then the fundamental
idea is the following: if jg is associative and p1, ua, ... € HC?(sf, o) are given then

= pio + Mg + Mg + - € HC? (o, 1) [N] (6.1.43)

is a formal associative deformation iff [, ] = 0. Expanding this in powers of A we get the associativity
conditions

k k—1 k—1
0= Z[umuk#] = [po, ] + > [try pi—r] + [, o] = =201 + Z[ur, [k —r] (6.1.44)
r=0 r=1 r=1

in each order £ > 1. Note that for pu;, u; € HC?(s4,94) the Gerstenhaber bracket is symmetric
iy g] = (15 pal-
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Heading for a recursive construction this means that for already found p1,..., ux_1 we want to
find py such that
k—1

1
6:uk = 5 Z[:U’ra Mk—r]' (6'1'45)

r=1

The obvious necessary condition to find a solution of this equation is that the right hand side is
d-closed. This is always the case since for any p, whether associative or not, we have [y, [, pu]] =0
by the graded Jacobi identity. Now if ;1 was associative up to order A¥~1 then the lowest non-trivial
term in this cubic equation is

k -1

0= lno, [ttrs s—r]) = [0, [0, 1al] + Yo, [t pe—r]] + [0, (11, po]]- (6.1.46)
r=0 1

N

%
I

Since [k, po] = [po, pr] and [uo, [1o, -]] = 0 by the associativity of py we end up with the middle
part being zero. But this is precisely

k—1
5Z[Nr7ﬂk—r] =0. (6.1.47)

r=1
Hence the necessary condition for (6.1.45)) is fulfilled and we are left with a cohomological problem:

Proposition 6.1.18 Let &f be an associative algebra over R with product puy. Moreover, assume that
p D = g+ Ay A+ -+ Ny with o, ey € HC? (oA, o) is an associative deformation of
o up to order k — 1 where k € N.

i.) The error term for associativity in order k is d-closed, i.e.

k—1
52[1“’7"7“k77‘] =0. (6'1'48)

r=1

ii.) There exists a py, € HC?(d, ) such that p*) = k=1 4 NF e ds associative up to order k iff
the error term is exact, i.e.
k—1

1
Opg = 5 Z[:ura Mk—r]~ (6'1'49)

r=1

Thus the obstruction for associative deformations of pg is controlled by the third Hochschild cohomol-
ogy HH3 (d,4). Now in typical examples the Hochschild cohomology is known to be nontrivial: thus
we do have to expect obstructions. From this point of view the above analysis is rather disappointing
since it only tells us that there might be problems in continuing a deformation up to the next order.
The recursive approach will of course not say anything about absolute obstructions since it might or
might not happen that the error term is exact.

In a second step we want to show how the question of equivalence of formal deformations can
be formulated as a cohomological problem. To this end, suppose that u = pg + Auy + -+ and
= po + Afip + - -+ are two associative deformations of the same classical limit pg. If ¢ and f are
equivalent up to order £ — 1 then there is an equivalence transformation 7" = id + AT} + - - - such that
the new multiplication y/(a,b) = T~ 'u(Ta, Tb) coincides with ji up to order & — 1 and is equivalent,
by construction, to u up to all orders. Thus we can assume that [i is already of this form: we have
e = py forall m =1,...,k— 1. Then the question is whether one can find an equivalence T" between
p and fi up to one order higher. The natural Ansatz would be to consider a T = id +\*T}, + - - -
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to accomplish this. We have T~ = id —=A¥T}, + --- by the usual geometric series. Evaluating the
equivalence condition in k-th order gives

/lk(a, b) = —Tk(,uo(a, b)) + Mk(a, b) + Mo(Tka, b) + Mo(a, ka) (6.1.50)
for a,b € 9. Again, we can rephrase this as
0Ty, = i, — k- (6.1.51)

With a similar argument as above one shows that the difference jiy — 1y is necessarily closed whenever
w and fi are both associative deformations which coincide up to order k£ — 1. Hence we again have a
cohomological problem:

Proposition 6.1.19 Let u and i be associative deformations of an associative algebra o over R
which coincide up to order k — 1.

i.) The difference fix, — py, is 6-closed.

ii.) There exists an equivalence transformation between p and i up to order k of the form T =
id +A\FTy, + - -« iff the Hochschild cohomology class of fix, — pi is trivial.

Thus the second Hochschild cohomology HH?(sf, ) is the source of obstructions to equivalence of
deformations. However, the above proposition will not directly give a classification of inequivalent
deformations as there might be other equivalence transformations T' up to order k£ which are not of
the specified form: lower order terms can very well contribute to establish an equivalence which can
not be achieved by transformations of the form T' = id +A\*T}, + ---. However, for the start point
k = 1 the above Proposition gives a complete classification of the possible inequivalent infinitesimal
deformations: they are parameterized by the second Hochschild cohomology.

Again, in most relevant examples the second Hochschild cohomology is nontrivial and hence there
is the chance to get some non-equivalent deformations. Note that if HH?(of, of) = {0} is trivial then
any two deformations would be equivalent and thus equivalent to the undeformed multiplication puyg.
Such an algebra would be absolutely rigid.

6.1.4 Hermitian Deformations

In a next step we specialize deformation theory to *-algebras. Thus let R be an ordered ring with
C = R(i) as usual. Then the first important observation is that R[A] is still ordered, see Example[I.1.3]
Thus we stay within the correct framework of algebras over ordered rings when we pass to formal
deformations. Of course we have canonically (R[A])(i) = C[A].

Now if & is a *-algebra over R then we can deform two algebraic structures, the multiplication
and the *-involution. If we denote the *-involution by Iy: sf — o then a deformation of Iy would
be a C[A]-antilinear map

o0
I:IO+/\II+...:Z)\T’IT (6.1.52)
r=0

with corresponding antilinear maps I,: ¢/ — /. This leads to the following definition [24]:

Definition 6.1.20 (Hermitian deformation) Let (A, po, Io) be a *-algebra over C = R(i) with an
ordered ring R.
i.) A *-algebra deformation (A[N], u, I) of (A, po, Io) is a *-algebra over C[A] such that cl(u) = po
and cl(I) = Iy.
ii.) A Hermitian deformation of 4 is a *-algebra deformation where in addition I = Iy, i.e. the
*~involution stays undeformed.
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Note that a minor adaption of Proposition shows that C[AJ-antilinear maps I: A [\] — A[A]
are necessarily of the form with C-antilinear maps I,.. Thus we can always speak of the zeroth
order of I.

If the reference to * is clear from the context, we abbreviate the deformed *-algebra also by

A = (A[N],%). (6.1.53)
Moreover, by some slight abuse of language we will speak of x as the Hermitian deformation of .

Remark 6.1.21 Another way to phrase the definition is to say that the classical limit map
cl: (A[A], p, I) — (A, po, Io) (6.1.54)

is a *-homomorphism of *-algebras along the ring morphism cl: C[A\] — C: the *-homomorphism
property of cl means

cl(za + wb) = zpag + woby = cl(z)cl(a) + cl(w)cl(b) (6.1.55)

cl(u(a, b)) = po(ao, bo) = cl(u)(cl(a), cl(b)) (6.1.56)
cl(I(a)) = Ip(agp) = cl(I)(cl(a)) (6.1.57)

for all a,b € o[A] and z,w € C[A\]. We will make constantly use of these facts without further
mentioning. In particular, the classical limit of Hermitian, normal, unitary, or isometric elements,
respectively, are again Hermitian, normal, unitary, or isometric, respectively. Also the classical limit
of projections are projections again.

Remark 6.1.22 Hermitian deformations are sometimes also called symmetric deformations in the
context of star products [5]. There relevance comes e.g. from quantization theory: here we want to
keep the fact that certain elements (the Hermitian ones) of an observable algebra are observables in
the physical sense: both in the classical, i.e. undeformed case, and in the quantum, i.e. deformed case.
In such approaches to quantization one of the main advantages is that we have the same underlying
space, namely &/ [A], for the observable algebra: thus we can directly and trivially identify the physical
meaning of elements in 9/[A] by their classical interpretation. It is only the product which changes
when passing from classical to quantum. Of course, such an interpretation is only possible for a
Hermitian deformation, a *-algebra deformation would not be sufficient.

Remark 6.1.23 (Hochschild cohomology of *-algebras) It is fairly straightforward to extend
the *-involution of @ to the Hochschild complex of &f. This way, one can extend the previous
cohomological discussion of the deformation problem also to Hermitian deformations, see e.g. [24]
and Exercise [6.4.13] However, we shall not take this point of view here.

In the following we will mainly be interested in Hermitian deformations. This allows to write
again a — a* for the involution and abandon the more clumsy notation Iy. Since from the definition
of C[A] it is clear that

A=A (6.1.58)

an associative deformation p is Hermitian iff
pr(a, b)* = pr (b, a™) (6.1.59)

holds for all a,b € o and r € N.
The following technical lemma shows that not only the classical limit of certain types of elements is
preserved, but we can go the other direction and deform squares and unitaries |23, Lem. 2.1, Cor. 2.2|:
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Lemma 6.1.24 Let x be a Hermitian deformation of a *-algebra o over C = R(i) and assume % € R.
i.) Let by € o be invertible and let a = Y .2 N'a, = a* € A[\] with ag = biby be given. Then
there exist elements by, ba, ... € A such that

a="b"xb, (6.1.60)

where b= A\"b,.
ii.) Let ug € o be unitary. Then there exists a unitary u € o with cl(u) = ug.

PROOF: We construct b recursively. Suppose that bg,...,b_1 € ¢ are found in such a way that
b1 = by + -+« + A 1p,_; satisfies a — (b(k_l))* * =1 = Nke, 4+ ... Since a = a* is Hermitian
also ¢ = ¢}, is Hermitian. We want to find b such that the corresponding b)) = p(E=1) 4 \kp, has a
square (b(k))* * b%) which coincides with a up to one order higher, i.e. up to order A¥*1. Collecting
the terms in order A* gives the necessary and sufficient condition br.bo + byby, = ci. This equation can
now be solved by b, = %(Ckba 1)*. Induction gives then the first part. The second is clear as we can
apply the first part to 1 = uguo. O

Note, however, that in general neither b nor u are uniquely determined: if v = Y 02 A0, is
unitary with respect to * then v * b also solves a = (v*b)* % (vxb). In particular, there will be many
unitary elements v starting with vg = 1. This also gives a large freedom in the second case, see also
Exercise [6.4.14]

Having Hermitian deformations x and " of @ we can refine our notion of equivalence to *-
equivalence: two Hermitian deformations * and ' are called *-equivalent if there is an equivalence
transformation 7' = id+ >_,2; A"T;. with such that in addition

T(a*) = T(a)* (6.1.61)

holds for all a € [A]. Equivalently, this means T}.(a*) = T,(a)* for all a € ¢ and r € N. The set of
all *-equivalence transformations is then denoted by Equiv*(¥/,*). Again, we obtain an equivalence
relation. The corresponding set of equivalence classes

Def*(sd) = {[4] ‘ * is a Hermitian deformation of o } (6.1.62)

is called the Hermitian deformation theory of the *-algebra gf. Forgetting about the *-involution we
get a well-defined map
Def* () — Def(A) (6.1.63)

for every *-algebra. Among Hermitian deformations the orbits of the two groupoids Equiv and Equiv*
coincide |27, Cor. 4]:

Proposition 6.1.25 Let o be a *-algebra over C = R(i) with Q@ C R. Then two Hermitian defor-
mations x and ' of A are equivalent iff they are *-equivalent. Hence the map (6.1.63) becomes an
wnclusion

Def*(o) C Def(«). (6.1.64)

PROOF: Every *-equivalence is an equivalence. Thus let S be an equivalence from % to +', i.e. S(axb) =
S(a)+'S(b). Define at = S~1(S(a)*) which yields a *-involution for x which coincides with the original
*.involution in zeroth order. Thus there is a C[A]-linear map T = id +\T} + --- with af = T'(a*).
Since both * and T are anti-automorphisms, 7 is an automorphism of x. Hence Proposition
shows that 7''/2 can be defined and is still an automorphism of . By a straightforward computation
one verifies that ST"/2 is the *-equivalence from  to + we are looking for. U
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6.1. Deformations of *-Algebras 173

For C*-algebras one has a canonical decomposition of an automorphism into a *-automorphism
and an exponential of an anti-Hermitian derivation. This kind of polar decomposition uses very much
the strong analytic structure of C*-algebras, see e.g. |[103, Thm. 4.1.19] or [93, Thm. 7.1]. Moreover,
in the commutative case every automorphism is a *-automorphism directly: there are no derivations
of the algebra of continuous functions on a compact Hausdorff space. This feature is shared by other
classes of *-algebras like e.g. the smooth functions on a manifold, see again . Surprisingly,
this feature is again rigid under Hermitian deformation in the following sense |29, Prop. 8.8|:

Proposition 6.1.26 Let o be a *-algebra over C = R(i) with Q C R such that every automorphism
of A is a *-automorphism. Let x be a Hermitian deformation of «f. Then every automorphism
® € Aut(A) has a unique factorization

d=c"Pow (6.1.65)

with D € *-Der(o) and ¥ € Aut*(o).

PROOF: We know that & = &5+ AP+ -+ from Proposition [6.1.1} Since ® is an automorphism of x,
the zeroth order @ is invertible and an automorphism of the undeformed product, i.e. &g € Aut(«).
Hence we can write ® = T o ®y with T starting with id in zeroth order. Define now a ¥ b =
Po(Py " (a) * ;' (b)) which gives again a Hermitian deformation since ®g is even a *-automorphism
of the undeformed product by assumption. It follows that T' is an equivalence from x to . By
Propositionwe find even a *-equivalence T from +’ to . Thus ¥ = &,0T is a *-automorphism
of «. Hence we can factorize the automorphism @ into ¥") and some automorphism starting with the
identity. By Proposition this composition has a logarithm and hence we find a derivation D of x
with ® = 2P o ¥(1) . The derivation D) can be decomposed into *-derivations D) = Dgl) —i—iDél).
By the Baker-Campbell-Hausdorff formula we find a derivation D) with AW e)‘Dél) = oD@
in such a way that the imaginary part of D® is of one order higher than the one in Dél). By

. . . . . (k) .. . .
induction, we can split off successively *-automorphisms e*’2 " such that their infinite product gives

the factorization (6.1.65)). (]

The basic example of a deformation by commuting derivations can also be turned into a Hermitian
deformation by specifying the derivations as follows:

Example 6.1.27 Let & be a *-algebra over C = R(i) where we assume @ C R. Moreover, let

Dy, ..., D, be pairwise commuting Hermitian derivations. Then the associative deformation
axb=pgoeM (a®b), (6.1.66)
where
n
Pr=> "D, ® D, (6.1.67)
r,s=1

with coefficients 7™ € C is a Hermitian deformation if the matrix = € M,,(C) is an anti-Hermitian
matrix. This is clear since we have

(ro(*®@")(Pr(a®@b)) = > 75(Dd)* @ (Dya)* = [ Y 7Dy ® D, | (0" @ a*) = Ppr-(a* @ b*)
r,s=1 r,s=1

with the canonical flip 7(a®b) = b® a as usual. Together with the sign from the complex conjugation
of 1 in the exponent, the claim follows at once. This way, we get a large class of Hermitian deformations,
most notably examples from deformation quantization.
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174 6. DEFORMATIONS OF ALGEBRAS, STATES, AND MODULES

Example 6.1.28 A slight variation of the previous example is obtained as follows. Suppose that

Dy, ..., D, are pairwise commuting derivations such that also D, commutes with D} for all r,s =
1,...,n. Then the deformation
n
axb=pgoe®(a@b) with P, = Z 9D, ® D} (6.1.68)
r,s=1

is a Hermitian deformation whenever the matrix g € M,,(C) is Hermitian. Again, the proof relies on
the observation that

To(*®*)oPy=PproTo(*®"). (6.1.69)

One can alternatively show that this deformation is of the form (6.1.66) by decomposing D, =

Dﬁl) + iD£2) into real and imaginary parts which are then Hermitian derivations.

We conclude this section with the observation that Hermitian deformations behave well with
respect to the property (K):

Proposition 6.1.29 (Rigidity of (K)) Let &4 be a *-algebra over C = R(i) which satisfies property
(K). Then any Hermitian deformation x of o still satisfies (K).

PrOOF: This is obvious since first M, (s )[A\] = M, («4[A]) and hence * yields a Hermitian deforma-
tion of M, () as well. The invertibility of 1 + A* x A for A € M,,() is then decided in zeroth order
where we can use (K) for the undeformed algebra. O

6.1.5 Deformation of Projections

Let x be an associative deformation of an associative algebra «f. We know that an idempotent element
e € A[A] with respect to * has a classical limit ey = cl(e) which is idempotent for the undeformed
product, see also Remark The following proposition shows that we can also deform classically
idempotent elements into idempotents, see [51, Eq. (6.1.4)] as well as |46,57,100], and determine the
image of the projections [23]:

Proposition 6.1.30 Let x be an associative deformation of an associative algebra &4 over a ring R.

i.) Let n,m € N and suppose e € M, (d) and f € My, () are idempotent with cl(e) = ey and
cl(f) = fo. Then the map

I: Myxm(d)[A] 2 A — ex(eoAfo) * f € Mysm(A)[A] (6.1.70)
is of the form
I=) NI, (6.1.71)
r=0

with C-linear maps I : My xm () — Myxm () such that Iy is the projection In(A) = egAfp.

ii.) The map I restricts to a C[A]-linear isomorphism
I: (eoMyxm (4) fo)[N] — e * Mpxm () * f. (6.1.72)

of C[A]-modules.

iit.) The map I induces a formal associative deformation of the subalgebra egM,, (A )eg of My ().

© Stefan Waldmann 2019-01-25 15:18:20 40100 Hash: 13717b6



6.1. Deformations of *-Algebras 175

w.) If eg € o is idempotent then there exist e1,ez,... € o such that e = Y 2 N'e, € A[N] is
idempotent with respect to x. If o is unital and Q C R the element

1 1 1
e=-+ <eo — > * (6.1.73)
2 2 /14 4(ep *eo — eo)

satisfies cl(e) = ey and e xe = e.

v.) If in addition R is an ordered ring, 4 is a *-algebra over C = R(i), and % is a Hermitian
deformation, the deformation (6.1.73)) of a projection ey = €2 = €}, gives a projection in . For
a projection P = P* = Px P € My (o) the subalgebra P x M, () *x P is a *-subalgebra and
induces a Hermitian deformation of PoM,,(d)Py.

PRrROOF: Since I is R[A]-linear, it is a formal series of R-linear maps. The classical limit of I is now
given by cl(I(Ap)) = cl(ex (eoAofo) * fo) = cl(e)(eoAofo)cl(f) = e2 Ao fE = eo Ao fo since eg and fy are
idempotent. This shows the first part. For the second part we note that I restricted to egM;,xm () fo
is injective already in zeroth order since I is the identity on this submodule. But then the R[A]-linear
extension is still injective. Thus let B € e x My (o) * f be given. Then e x B x f = B implies
eoBofo = By. Hence By € egMyxm(94) fo and thus I(By) — B € e % My, xm (o) % f vanishes in zeroth
order. Repeating this inductively gives the surjectivity of I. The third part is then a consequence
since for an idempotent e € M,, (o) the subset e x M,,(#f) * e is always a subalgebra. Thus we can
pull-back the product by I to (egMy()ep)[A]. Since I is the identity on this subspace in zeroth
order, we get a deformation of the original product of egM, (o )eg. For the fourth part let €3 = eg be
given. Following [100] we assume that we have e, ...,ex € M, (o) such that k) = eg + -+ Mgy
satisfies e®) x e(®¥) = (k) 4 Netlp 1 + ---. Clearly, for k = 0 this is trivially fulfilled. Since e(k)
commutes with e®) x e¢®) — e(*) with respect to x, we conclude that eg commutes with by with
respect to the original product. Hence setting

ek+1 = —€obpt1 — bryi1eo + bry

yields the desired correction term such that e*+1) = e(®) 4 \Ft+le, | is an idempotent up to terms of
order \*¥2. By induction we find an idempotent e with respect to = deforming eg. This recursion sim-
plifies in the case @ C R since then the formal Taylor series of the x-square root is well-defined. With
e according to , the verification exe = e is then a simple computation, see also Exercise .
In case of a *-algebra and ej = eg we also get e* = e as one can see directly from the formula. Note
that the recursive construction will also yield a projection directly. Then the last statement is clear.[]

The importance of the explicit formula can hardly be overestimated. We see e.g. that the original
idempotent ey and the x-idempotent e will x-commute

exey=egxe, (6.1.74)

since e is approximated in the A-adic topology by polynomials in eg. We will come back to the
deformation of idempotents when we study Kp-theory.
For later use we formulate the following special case of the above construction:

Corollary 6.1.31 Let x be an associative deformation of an associative algebra o4 over R. Suppose
e € M, (o) is an idempotent with cl(e) = eyg. Then

I: A" [N 2z — ex(egx) € A" [\] (6.1.75)
1s of the form
I=> XTI, (6.1.76)
r=0
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176 6. DEFORMATIONS OF ALGEBRAS, STATES, AND MODULES

with R-linear maps I,: A™ — A™ such that Iy is the projection Io(A) = egA. In particular, the
restriction

I eged™[A] — e* d™[A] (6.1.77)

s an isomorphism.

6.2 Deformation of States

After deforming the *-algebra structure we are now interested in deformations of positive functionals
and of states. In general, this might not be possible. However, we will find many classes of examples
of Hermitian deformations which behave well also with respect to aspects of positivity, among which
we find all Hermitian star products from deformation quantization. For such algebras we are able
to study the behaviour of the important property (H), which turns out to be rigid. As a first
application we will relate the GNS representations of deformed positive functionals to the original
GNS representation.

6.2.1 Completely Positive Deformations

In general, Hermitian deformations already capture most of the interesting structure of the deforma-
tion theory of *-algebras. However, the aspect of positivity is not yet fully implemented. We first
note that the classical limit of a positive functional is again positive:

Proposition 6.2.1 Let x be a Hermitian deformation of a *-algebra A over C = R(i). Ifw: o —
C[A] is positive with respect to x, i.e. if w(a* *xa) > 0 for all a € oA, then wy = cl(w) is positive for
the undeformed algebra.

PROOF: We know w = Y72 Nw, with C-linear functionals w,: @ — C. If we write * = po + A1 +
- and consider a € ¢ then

w(a* *a) = wo(a*a) + Mwo(p1(a*, a)) + wi(a*a)) + - -
Hence w(a* x a) > 0 implies wo(a*a) > 0 by the very definition of the ring ordering of R[A]. O

The difficulty with the above observation is that the converse is not necessarily true: if wp(a*a) =0
then the question of positivity wo(a**a) is decided in the first order r where wo(p,(a*, a)) is non-zero.
For this combination one typically can not say much. In fact, it may fail to be positive. This becomes
most visible in the following example from deformation quantization [18, Sect. 2|:

Example 6.2.2 (Weyl product and positivity) Consider the *-algebra 6°°(IR?) of smooth func-
tions on R? with canonical coordinates (g, p). We deform this by the Weyl product

frweig=pooe2(f®g) with p=9g9 8®aaq.

5 © 5 " 3 (6.2.1)

Clearly, this is a Hermitian deformation as it is a particular case of Example [6.1.27] Now, classically,
the é-functional 6: ‘6°°(R?) > f — f(0) € C is positive since

8(ff) = £(0)£(0) > 0. (6.2.2)

Remarkably, this will fail for xw.,. Taking e.g. the Hamiltonian H = %(p2 + ¢?) of the harmonic

oscillator one has H = H and )

S(H yeys H) = _AZ <0. (6.2.3)

Since this is strictly negative, J is not a positive functional for *y.,; anymore.
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6.2. Deformation of States 177

Thus we can not expect that positive functionals of the undeformed *-algebra stay positive for a
Hermitian deformation. However, in the situation of Proposition [6.2.1] we considered positive linear
functionals w of the deformed algebra which might not just consist of a classical contribution wg alone:
the higher orders wy,ws,... can take care of the possible failure of wy being positive directly. This
motivates now the following definitions [24}30]:

*

Definition 6.2.3 (Completely positive deformation) Let o be a
let x be a Hermitian deformation of o .

-algebra over C = R(i) and

i.) The deformation % is called positive if for every positive linear functional wy: 9 — C one finds
higher orders wi,wa, ... such that

w=Y Nuwp:sdd — C[)] (6.2.4)
r=0

is positive with respect to x.

ii.) The deformation * is completely positive, if the induced deformations * for M, (4) are positive
for all n € N.

iii.) The deformation * is called strongly positive if every classically positive linear functional wy of
A is positive with respect to *.

The above example shows that the Weyl product is not a strongly positive deformation. To decide
whether the Weyl product is actually a positive deformation is a much more subtle task: we have
to find correction terms wi,ws, ... for a given classically positive wgy. Since we are dealing now with
1nequalities there seems to be no powerful cohomological description of the problem as for the equalities
needed for associativity etc. We come back to the question of the existence of such deformations in

Section [6.2.3]

Remark 6.2.4 (Every classical state is a classical limit) One way to phrase this in the context
of deformation quantization is that one wants every classical state to appear as the classical limit of
a (possibly highly non-unique) quantum state. From a physical point of view this is of course highly
desirable as anything else would contradict the idea that quantum theory is the more fundamental
one: if there are classical states not accessible by quantum physics then the classical theory can hardly
be called a limiting theory of the quantum theory. Thus we anticipate already here that reasonable
deformations of *-algebras should be positive.

Remark 6.2.5 (Non-uniqueness of deformations) If we can deform a positive functional wy
then the possible deformations will typically not be unique: given w with cl(w) = wp and any other
positive functional p: o — C[A] the convex combination w + Ap is still positive and has the same
classical limit. If wy was a state, wy(1) = 1, then we can normalize w + Ay again to become a state as
well since w(1) 4+ Au(1) starts with 1 in zeroth order. Hence this number in C[A] is invertible again.
Due to this effect it seems hopeless to classify deformations of wy without further restrictions.

Remark 6.2.6 If ¢ has sufficiently many positive linear functionals then every positive deformation
* of o yields a *-algebra & which still has sufficiently many positive linear functionals. In particular,
the nice consequences from e.g. Corollary or Proposition 2.1.18 apply to any such deformation.

Remark 6.2.7 (*-Equivalence of positive deformations) Let x and ' be *-equivalent Hermi-
tian deformations of a *-algebra o« over C = R(i) via a *-equivalence transformation S = id +AS1+---.
Then * is (completely) positive iff ’ is (completely) positive. Indeed, given a positive linear functional
w=wy+ Awy + -+ of (A[A],*) we obtain a positive linear functional

W =woS=wy+ AwpoSy+wy)+-- (6.2.5)
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178 6. DEFORMATIONS OF ALGEBRAS, STATES, AND MODULES

with respect to * which has the same classical limit wy. This way we find a deformation of wy
with respect to *' if we have one with respect to . Since S is invertible, the situation is obviously
symmetric and works for matrices M,, (/) as well. Hence we can consider the *-equivalence classes of
completely positive deformations

Def™" (o) = {[x] € Def*(«) | * is completely positive} C Def*(s) (6.2.6)

of the *-algebra . Note, however, that the notion of strongly positive deformation is typically not
invariant under *-equivalences. This is e.g. the case in deformation quantization where the Weyl
star product is not strongly positive but positive according to Theorem [6.2.19 while a different star
product, the Wick star product, will turn out to be strongly positive.

In a next step we provide some first little tools: it will be sufficient to check the positivity of w
on elements ag € ¢ without higher orders in A, see |15, Lem. A.5].

Proposition 6.2.8 Let x be a Hermitian deformation of a *-algebra <1 over C = R(i). Then a
C[A]-linear functional w: A[A] — C[\] is positive with respect to x iff

w(ag*ag) >0 (6.2.7)

for all ag € A.

PROOF: One direction is obvious. Thus suppose w(ag * ag) > 0 for all ag € o. We prove a weaker
version of the Cauchy-Schwarz inequality now only valid for elements in & instead of all elements of
A[A]. For z,w € C the assumption (6.2.7) implies

0 < w((zap + wb)* * (zag + wby)) = Zzw(ag * ag) + Zww(agy * bo) + zWw(by * ag) + wWww(bg * bo)

for all ag, by € 9 as an inequality in R[A]. By specifying the values of z and w in C in a clever way
we conclude as in the proof of the Cauchy-Schwarz inequality in Lemma [I.1.7] that

w(ag * bo)w(ay * by) < w(ag* ag)w(by*bg) and  w(ag* by) = w(bf * ap) (%)

for all ag,byp € « as an inequality in R[A]. Now we apply this to ap and a; which yields with
a = w(al*ag), B = wlaf*ay), and v = w(a} x ay) the inequality B8 < oy in R[A]. But with this
inequality one has

w((ap + za1)* * (ag + za1)) = a+ Bz + Bz + 722 > 0

for all z € C[A] and not only for z € C. In particular, for z = A\ we obtain the positivity
w((ap + Aa1)* * (ag + Aay)) > 0.

Thus we have extended the original positivity property (6.2.7)) to the case where we have also a first
order in A. Repeating this argument inductively, we get the positivity

() ()=

for all N € N. Now we use that any C[AJ-linear functional is continuous with respect to the A-adic
topology according to Proposition and the fact that the A-adic topology is compatible
with the ordering in the sense that the subset of non-negative elements in R[A] is closed. Then the

convergence from Proposition [6.1.25 finally shows w(a*xa) > 0 for all a = >~°2  N'a, € A[A].O
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One of the important consequences of a (completely) positive deformation is that the classical
limits of positive algebra elements are positive. Without control over the quantum states this would
not be possible [29, Lemma 8.1|:

Proposition 6.2.9 Let x be a positive deformation of a *-algebra #f over C = R(i). If a € o is
positive with respect to x then cl(a) = ag € A is positive with respect to the undeformed product.

PROOF: Let a € o be positive. This means that w(a) > 0 for all positive C[A]-linear functionals
w: g — C[A]. Since for a given classically positive C-linear functional wp: 4 — C we find a
deformation w into a positive functional with respect to %, we have w(a) > 0 for this w and thus

0 < cl(w(a)) = wolao)
is still positive in C. This shows ag € o ™. O

Remark 6.2.10 If we would know that every positive element a € ™ is actually algebraically
positive, i.e. a = > | B;bf  b; for some b; € o and 0 < fB; € R[A], then the classical limit of a is
again algebraically positive since

n

ag = cl(a) = > cl(B;)cl(b;)*cl(b;) € A (6.2.8)

=1

Thus the above criteria becomes interesting for the case where we have a strict inclusion of algebraically
positive elements inside the positive elements, a situation which we know to be relevant in many
examples, see e.g. Exercise|1.4.18]

Remark 6.2.11 One can also consider the converse problem: given a positive element ag € <,
can one find higher orders aj,as,... € o such that a = Y2 A"a, is positive with respect to the
deformed product? Even for a positive deformation this is not completely obvious: there could be a
positive functional wy of & allowing for a positive deformation w = wy + Awy + - - - of & with respect
to x such that wg(ap) = 0 but w(ap) < 0 by contributions in higher orders. Thus a deformation might
be necessary and it is not clear how one can show existence in general.

We conclude this section now with the following first non-trivial observation concerning com-
pletely positive deformations: the important property (H) is preserved under completely positive
deformations |29, Prop. 8.2|:

Proposition 6.2.12 (Rigidity of (H)) Let x be a completely positive deformation of a unital *-
algebra o over C = R(i) with & € R. If o satisfies (H) or (H™) then o = (sA[\],*) also satisfies
(H) or (H™), respective.

PRrROOF: We consider the property (H) first. Thus let H = H + --- € M, (#)" be an invertible
positive element and let P, € M, () be projections forming an orthogonal partition of unity with
H x P, = P, x H. Taking classical limits, we see that the elements P, = cl(P,) are projections
again, forming an orthogonal partition of unity for the undeformed algebra. Moreover, [H, P,| = 0
holds. Since we assume that x is a completely positive deformation, H € M, () is positive by
Proposition [6.2.9] Since H is invertible, the zeroth order is invertible for the undeformed product,
too. Thus we find a unitary U € M, () with H = U*U and [U, P,] = 0 for all a by property (H)
for the undeformed algebra o applied to H and the P,. Now we consider P,M,, ()P, as unital
*_algebra with unit P, as we did before in Proposition , Then U, = P,UP, € P,M,(A)P,
is an invertible element in this *-algebra for all o with inverse U L= p,U'P,, since

P.UPPU'P, =P, UU'P, =P,
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according to [U, P,] = 0. Moreover, for the a-th component H, = P,HP, of H we get
H,=PFP,HP,=P,UP,P,UP, =U}U,. (%)

Clearly, this H, is the classical limit of Py x H * P,. Now by Proposition [6.1.30] [v. ]} the *-algebra
P, xM,(d)* P, induces a Hermitian deformation %, for P,M,,(#)P,. From and Lemma
[i.)] transferred back from (PyMy () Py)[A], *a) to the *-subalgebra Pq x My, (o) * P, of M, (¢f), we
see that we find an invertible U, € P, x M, () x P,, with

P, xHxP,=P,xU,xPyxP,xU,* P,. (%)

Then we can consider the block-diagonal U = ) U, which clearly x-commutes with each P, as
these projection form a partition of unity. Putting this together with shows H = U* x U as
wanted. The case (H™) is a particular case with the partition of unity given by a single projection
P together with the complementary projection 1 — P. O

As we have seen in the discussion of the groupoid morphism Pic*® — Pic the property (H)
(essentially (H™) was sufficient) provides the additional information which simplifies the situation
drastically. With the above rigidity result and the corresponding statement from Proposition
for the property (K), we can transfer all these results on Morita theory to completely positive defor-
mations. A first application is the following corollary to Theorem

Corollary 6.2.13 For the class of completely positive deformations of unital *-algebras satisfying
(K) and (H™), the groupoid morphism Pic*®™ — Pic is injective.

Of course, it remains to find interesting examples of completely positive deformations first.

6.2.2 GNS Representations of Deformed *-Algebras

Before we investigate the general representation theory of deformed *-algebras we consider a particular
case here: the GNS representations arising from positive functionals. Thus we consider a *-algebra
9 over C = R(i) together with a Hermitian deformation & = (A [A],*). It might be advantageous
to consider even a (completely) positive deformation in order to have many positive functionals. But
for the following it is sufficient to assume the existence of one positive functional w = wg + Aw; + - - -
of o with classical limit cl(w) = wy which is then a positive functional of .

To relate the GNS representations of w and wg we first need to relate the GNS pre-Hilbert spaces.
Here the situation is less clear as for the deformed algebras: it might happen that the pre-Hilbert space
H,, is not of the form H[A] for some C-module H. Thus a naive classical limit map by projecting
onto the order-zero part is not available. The next try would be to consider the quotient H = JH / AH
as classical limit with the quotient map as classical limit map. Again, there is one problem, namely
that there is no a priori inner product on this quotient.

This motivates to consider a slightly more general quotient procedure as classical limit in this
case [26, Lem. 8.2 and Lem. 8.3|:

Proposition 6.2.14 Let C = R(i) with R an ordered ring.
i.) Let 3 be a pre-Hilbert space over C[A]. Then

o = {6 € H | cl(($,0)) =0} = {¢ € H | ({4, 9)) = 0 for all P € H} (6.2.9)

is a C[A]-submodule of I with
AH C Fun (6.2.10)
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ii.) The quotient cl(IH) = i}C/f}CNuH becomes a pre-Hilbert space over C wvia the inner product

<Cl(¢)7d(¢)>d(g{) = Cl(<¢71/1>:}c), (6.2.11)

where cl(¢),cl(yp) € cl(H) denote the equivalence classes of ¢, € IH.
iii.) For pre-Hilbert spaces Hy1 and Hso over C[A] and for A € B(H;1,Hsz) one has

A((FC)nun) € (F2)nuns (6.2.12)

and cl(A): cl(Hy) 3 cl(@) — cl(Ap) € cl(Hz) is a well-defined adjointable operator.

iv.) The classical limit map

cl: %(%1,9‘(2) SA — Cl(A) c %(Cl(j{l),Cl(j‘CQ)) (6.2.13)
satisfies
cl(zA +wA’) = cl(2)cl(A) + cl(w)cl(A"), (6.2.14)
cl(BA) = cl(B)cl(A), (6.2.15)
and
cl(A*) =cl(A)* (6.2.16)

for all A, A" € B(H;,H2) and B € B(Hz, Hs) as well as z,w € C[A].

PROOF: This is an elementary verification: first we show that the two sets in (6.2.9) coincide. The
inclusion C is clear, thus let ¢ € I satisfy cl({(¢,¢)) = 0. In general, we know (¢,1)(¢p,v) <
(¢, ®)(1p,1) by the Cauchy-Schwarz inequality for 3. Since the ring morphism cl: R[]A] — R is
compatible with the ordering we conclude

cl({@, ¥))cl({¢, ) < cl({¢, #))cl((, ¥)),

from which the remaining inclusion O follows at once. But then it is clear that Hy,, is a C[\]-
submodule containing AJ. Thus the quotient cl(H) is a C[A]-module with the property that zcl(¢) =
0 whenever cl(z) = 0. Hence essentially only the scalars in C act non-trivially. The definition of the
inner product is then easily verified to yield a positive definite C-valued inner product on
cl(H) since we divided by the degeneracy space automatically. Next, suppose A € B (H;,Hy) and
¢ € (H1)xan- Then for 1) € Hy we have

cl((Ag, ¥)gq,) = cl((d, A"¢)ge,) =0

by the characterization of (Hj)yxw according to (6.2.9). Thus A¢p € (Hsy)ya follows. Hence the
operator A is well-defined on the quotients. The last part can then be verified on representatives
where it is obvious. O

Corollary 6.2.15 Let R be an ordered ring and C = R(i). Then the classical limit yields a functor
cl: PreHilbert(C[A]) — PreHilbert(C) (6.2.17)
from the category of pre-Hilbert spaces over C[A] to the category of pre-Hilbert spaces over C.

Example 6.2.16 Let H be a pre-Hilbert space over C. Then on H = H[A] we extend the inner
product of H is the usual A-bilinear way. In this case we have

g'cNun == )\g{, (6218)
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and the classical limit reproduces H. Moreover, it is easy to see that
B(H[N]) = B(H)[A], (6.2.19)

so that the classical limit map cl for adjointable operators also becomes just the projection onto the
zeroth order. However, we can also rescale the inner product on 3 by A. Then A(-, -) would still be
a positive definite inner product on H, but now we have Hy,, = H. Thus the classical limit is trivial
in this case. This shows that the classical limit procedure is more subtle than just “setting A = 0.

After this preparation we can now consider the classical limit of a GNS representation: thus let
o = (A[A],*) be a Hermitian deformation of &f with a positive linear functional w: sf — C[)].
Then we have the classical limit wy = cl(w): «§ — C which is again positive. In general, the relation
between the two Gel’'fand ideals ¢, C o and ¥, C ¢ can be quite complicated. In particular, there
is typically no isomorphism between §, and %,,[A]. However, the relation between the GNS pre-
Hilbert spaces and, building on that, the relation between the GNS representations is very simple [113]
Thm. 1]:

Proposition 6.2.17 Let o = (A[\],*) be a Hermitian deformation of a *-algebra o over C = R(i).
Let w: o — C[A] be a positive linear functional with classical limit cl(w) = wo. Then the classical
limit of the GNS representation w, of d is canonically unitarily equivalent to the GNS representation
of the classical limit wy by the unitary intertwiner

U: Cl(j‘fw) > Cl(wa) — wcl(a) € Heups (6.2.20)

where a € A[A].

PROOF: Let 9 € (Hy)nan which means 0 = cl((¢q, 14)) = cl(w(a* x a)) = wo(ajao). Hence we have
Yo € (Hy)wan iff cl(a) = ap € $.,. This shows that U, defined as above, is well-defined as we divide
by f.,, on the right hand side to get H,,,. Moreover, U is isometric and hence injective since

<UC1(¢G)? UC](%»WO - wO(wcl(a)a ¢Cl(b)) = WO(ast) - Cl(w(a* * b)) = Cl(Wm ¢b>w)'

Finally, U is clearly surjective. The intertwiner property follows from

UCI(WW)(GO)Cl(d}b) = UCl(Trw(aO)wb) = UC1(¢ao*b) = wcl(ao*b) = 1/1a0b0 = Two (QO)wbo = Two (QO)UCI(Q;Z)b)a

where ag € o and b € A[\]. O

6.2.3 The Case of Star Products

Up to now we have not yet many examples of completely positive deformations. The fundamental
observation is that Gerstenhaber’s construction with commuting derivations can lead to completely
positive deformations. We consider again the situation from Example see also |48, Thm. 6.7]
for a yet slightly more general situation:

Proposition 6.2.18 Let o be a *-algebra over C = R(i) with Q C R. Let Dy,...,Dn be pairwise
commuting derivations such that D} commutes with D; for all i,j = 1,...,N. Let g € My(C) be
a positive matriz. Then the deformation x from Ezample s completely positive and strongly
positive.
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PRrROOF: Since the deformation of M, (¢ ) works with the same formula and since the derivations are
extended to matrices in the canonical way, we only have to take care of the case n = 1. Thus let
w: 99 —> C be a positive linear functional of the undeformed algebra and a € of. Then

00 N
* _ (2/\)m k101 kmme D * D* D*
w(a* *a) =w - ghh. g by Dy,a*Dj, - Dj a
m=0 kL, km =1
00 N
(2A)™
:Z W Z gl (Dj, -+ Dy, a)*Dj, -+ Dj a
m=0 ) k1,01, km =1
>0,

since each term in the series is a positive algebra element of the undeformed algebra by Proposi-
tion [[.1.17] and since w is positive. By Proposition [6.2.8]it suffices to check the positivity for elements
a€d. O

Based on this construction we can now find a large class of completely positive deformations: the
star products from deformation quantization. Here we have the following result |24} 30]:

Theorem 6.2.19 (Star products are completely positive) Let M be a smooth manifold. Then
every Hermitian star product x is a completely positive deformation. Hence

Def>'" (6% (M)) = Def* (6> (M)). (6.2.21)

Proor: We will only sketch the proof as it would need to much preparation to get the full details.
First, we cover M by charts {(Uq, Za)}tacs with U being diffeomorphic to an open ball. We choose
a quadratic partition of unity {xa}aer subordinate to this atlas. Now let wy: €*°(M) — C be a
positive linear functional. Then wq is the integration with respect to a compactly supported Borel

measure by Exercise [1.4.17} For all f € 6€°°(M) we then have

wo(f) = wo(XafXa);

acl

where in the summation only those finitely many « contribute where the support of wg meets the
supports of the functions y,. Each of the functionals wqs(f) = wo(X,fXa) has now compact support
inside the corresponding U,. Hence they extend to (still positive) linear functionals wy: €°°(Uy) —
C. Thus we only have to show that each w, can be deformed into a positive linear functional for
€>°(U,)[A\] with respect to the restricted star product x, = oo (Ua) N Note that we can restrict
star products to open subsets as they consist of bidifferential operators.

From here we distinguish two cases: if the star product deforms a symplectic Poisson structure
then it is known that any two (Hermitian) star products on an open subset with vanishing second
de Rham cohomology are equivalent (and hence *-equivalent by Proposition . Now on such an
open subset we have the Wick star product which is precisely of the form as in Proposition [6.2.18|and
hence strongly positive, see also Exercise . If S =id+) 2, \"S, is a *-equivalence between
the local Wick star product and the restriction x, then wq o S, is positive for x,. Summing up all
these locally finitely many functionals yields the deformation of wy we are looking for, see [24].

The other case is when x deforms an arbitrary Poisson structure. Here one shows that locally
one can embed the deformed algebra as a *-subalgebra of a Wick star product algebra in twice the
dimension. The construction of this embedding is non-trivial, see [30], but given that, we can use the
positivity of the Wick star product to obtain the deformation of wy.

In both cases the complete positivity gives no additional difficulty as all arguments still hold for
matrix-valued functions. O
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Remark 6.2.20 There are several other classes of examples of completely positive deformations. In
particular, in [48] it was shown that certain Drinfel’d twists give rise to universal deformation formulas
similar to the one in Proposition [6.2.18 which turn out to be completely positive.

Since Hermitian star products are completely positive deformations, we have many features guar-
anteed by the general theory. In particular, Hermitian star products satisfy the properties (K) and
(H) since the classical counterparts 6°°(M) have these features according Example and
Example While these properties are already sufficient to guarantee a reasonably well-
behaved Morita theory, star products have even stronger properties like e.g. the following;:

Proposition 6.2.21 Let x be a Hermitian star product on a manifold M. Moreover, let H €
M, (€ (M)[A]) be invertible and positive with respect to *.

i.) The zeroth order Hy = cl(H) is an invertible positive matriz-valued function on M.
ii.) There exists a unique Hermitian logarithm Log(H) = log(Hp) + -+ € M (6> (M)[\]) of H
with respect to *, i.e. we have
Exp(Log(H)) = H, (6.2.22)

where Exp is the x-exponential as in Exercise|0.4.15. For another function A € M, (€°°(M)[A])
we have [H, A], = 0 iff [Log(H), A], = 0.
iii.) There exists a unique positive invertible square root v/H € M, (6% (M)[N])*" with respect to x,
explicitly given by
VH = Exp(} Log(H)). (6.2.23)

For A € M, (6> (M)[A]) one has [H, Al, = 0 iff [VH, A], = 0.

PROOF: Since « is a completely positive deformation we know that Hy = cl(H) is an invertible and
positive matrix-valued function on M by Proposition Thus at every point p € M the matrix
Hy(p) is positive definite. From the spectral calculus we know that there exists a global unique
Hermitian logarithm log(Hp) of Hy which is still smooth since Hy is invertible. From here we can use
the well-known features of the x-exponential from Exercise see also e.g. [116, Thm. 6.3.4 and
Lem. 6.3.5]. (]

This is of course a much stronger statement than the previous property (H) which would follow
from the general rigidity arguments from Proposition[6.2.12] The existence of the x-logarithm and the
square root /- with respect to x will provide additional options for star products which are typically
not available in general. Note however, that the assumption Hy > 0 is crucial in order to guarantee
smoothness of the logarithm and the square root.

6.3 Deformations of Modules

After algebras and their states we now deform modules over algebras. In this section we stick to the
ring-theoretic situation where the algebra will not carry any additional structure. Thus we consider
an associative algebra g over a ring R of scalars for which we assume to have a formal associative
deformation .

6.3.1 Deformation and classical limit of modules

Suppose that A, is a right ¢f-module with module multiplication (x,a) — x - a. In general, this will
no longer be a module structure for a deformation x of &f. To cure this, we need to add higher orders.
This motivates the following definition:
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Definition 6.3.1 (Module deformation) Let o = (A[\],*) be a formal associative deformation
of an associative algebra A over a ring R. Moreover, let M, be a right A -module.

i.) A right module deformation e of M, with respect to x consists of an R[A]-bilinear right module
structure o: M, [\] x A[N] —> M, [N\] such that

xoa::c‘a—FZ)\rQr(x,a) (6.3.1)

r=1

for all x € M,[N] and a € A[N] where
or: My x A — M, (6.3.2)

are R-bilinear maps extended to M [N] x A[N\] as usual. If A is unital and also M, is unital,
then we require in addition
rel=uz (6.3.3)

for all x € M,[N].

ii.) Two right module deformations e and e are called equivalent if there exists a formal series
T =id+> 2, N'T, of R-linear maps T,.: M, — M, such that

T(xea)=T(z)ea (6.3.4)
for all x € M,[N] and a € A[N]. In this case T is called an equivalence transformation.

Recall that the R[A]-bilinearity of e implies the existence of the R-bilinear maps o,: M, x A4 — M,
with .

In a completely analogous fashion one defines deformations and equivalences of left @/-modules.
As usual, it suffices to check the above conditions on elements of (, and ¢/ only. It is clear that for a
fixed deformation x of the underlying algebra the equivalence of module deformations is an equivalence
relation. Conversely, given a module deformation e and an arbitrary series T' = id+ > -2 | A"} we
get by again a module deformation e which is then equivalent to e.

If we have a fixed module deformation e we also write M, = (M ,[\], ) for the resulting right
sd-module.

In general, the deformed algebra &f can have modules which are not of the form ((,[\],e). The
following example is rather trivial but of some importance:

Example 6.3.2 Let /4, be a right o¢/-module and let x be an associative deformation of ¢. Then
A, becomes a right ef-module by
xoa=ux-clla) (6.3.5)

for all x € M, and a € o. Indeed, this follows directly from cl(a * b) = cl(a)cl(b) and the module
property of the original module multiplication. Note that this is not a module deformation in the
sense of Definition since the underlying space /, is equipped with the R[AJ-module structure
where Az = 0 for all x € #,. Thus we have an enormous amount of torsion. Now if in addition e is
a module deformation for /#(, then we can consider the classical limit map

cl: My = M, N >z — cl(z) =x0 € M, (6.3.6)

as usual. It then turns out that this is a module morphism of right &f-modules if we equip 4, with
the right sf-module structure (6.3.5)). Indeed, this is clear since

cl(zea)=cl(z) cl(a) =cl(z)oa (6.3.7)
for all x € M, and a € oA.
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As we discussed implicitly already in Section we can always define a classical limit of a right
#d-module by dividing by the multiples of A: if we have no other structure to take care of, this is the
ring-theoretic construction of the classical limit:

Proposition 6.3.3 (Ring-theoretic classical limit of modules) Let o = (A[A],*) be an asso-
ctative deformation of an algebra s over a ring of scalars R.

i.) If My is a right d-module then cl(My,) = My /\M, becomes a right sd-module by
cl(My) x o > (cl(x),a) — cl(x) -a=cl(zea)ecl(M,), (6.3.8)

where o denotes the module multiplication of My .
i.) If T: My — M, is a module morphism of right e -modules then cl(T'): cl(My) — cl(M,y)
defined by
c(T)cl(x) = cl(T'(x)) (6.3.9)

is @ module morphism of right o -modules.

ii1.) The classical limit of right modules and their morphisms yields a functor
cl: mody — mod,,. (6.3.10)

PROOF: A simple verification shows that the map is well-defined, R-bilinear, and yields a
right ¢/-module structure. For the second part we note that cl(T') is again well-defined since T is
R[A]-linear. Then it is easy to see that cl(T") is right ¢f-linear indeed. The functoriality is a
straightforward computation. U

This version of the classical limit is functorial but not very suited to modules carrying additional
structures like inner products. While in the present ring-theoretic situation this definition of cl is
completely appropriate, we shall need a more sophisticated one later. For the case of a module
deformation M, = (M ,[N\],e) this version of the classical limit reproduces the original module /4,
up to a natural isomorphism.

On the other hand, it may also happen that the classical limit erases quite a bit of information
about the module: if the multiplication by A is invertible in the module then the classical limit is
trivial. Here a typical examples can be obtained as follows:

Example 6.3.4 (Classical limit of formal Laurent series) We consider the ring R as algebra
over itself and take the trivial deformation R[A]. Moreover, we consider the formal Laurent series
R((A)) with coefficients in R. Recall that they consist of formal series where now a finite number of
negative powers of X is allowed. The multiplication is still given by the Cauchy product formula. Then
every element in R((\)) is a multiple of \ since we have A™! € R((\)). Viewing R(()\)) as a R[A]-module
we therefore find AR((A)) = R((A\)) and hence

cA(R(N)) = {0} (6.3.11)

6.3.2 Hochschild Cohomology II

As for algebras, also module deformations allow for a formulation of obstructions by means of
Hochschild cohomological techniques. In this section we briefly outline to generalization needed
to incorporate modules. The module condition for a deformation e explicitly means that

(rea)eb==xe(axb) (6.3.12)
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holds for all z € M [\] and a,b € A[A]. It is sufficient to consider x and a,b without powers of A.
Then we can evaluate this condition order by order to obtain the infinite system of equations

k k
> orlor—r(z,0),0) =D or(x, pr—r(a, b)) (6.3.13)
r=0 r=0
for x € M, and a,b € . Here p, is the given r-th order term of the deformation x as in and
to(a,b) = ab as well as gg(z,a) = z - a. Then is understood as a recursive conditions for the
maps op: M, x 4 — M, for all > 1 which encode the module deformation e as in .

As in the case of an associative deformation of & we can interpret this system of conditions
using an appropriate Hochschild differential. To find the corresponding complex, we first note that
the endomorphisms Endg(,) are an (&, o )-bimodule in the following canonical way. For A €
Endgr(/,) and a € o we define a- A and A - a on elements x € M, by

(a-A)(z) =A(x-a) and (A-a)(z)=(A(x))-a. (6.3.14)

This determines new endomorphisms a - A, A - a € Endr(/,) and it is easily shown that we obtain
a bimodule structure as claimed, see also Exercise [6.4.17, Note that we consider only R-linear endo-
morphisms but not necessarily «-linear ones: the R-submodule Endy () C Endgr(A4,) is typically
not a sub-bimodule for this (#, & )-bimodule structure.

We re-interpret the maps g, now as R-linear maps

or: 4 — Endgr(AM,), (6.3.15)

using the same symbol. This motivates to consider the space of all multilinear maps from copies of
the algebra into the bimodule of endomorphisms of . More generally, for an (¢, ¢ )-bimodule &,
one defines the Hochschild complex with values in &, as follows:

Definition 6.3.5 (Hochschild complex II) Let o be an associative algebra over a ring R and let
48 be an (A, 9)-bimodule.
i.) The Hochschild complex HC®*(d, ,6 ) of d with coefficients in ,6, is

HC* (o, ,6,) = EPHC (4, ,8,) with HC(d,,8,) =Homg (d,...,;,8,), (6.3.16)

n=0 n times

equipped with the Hochschild differential §: HC®(d, ,8,,) — HC** (A, ,E,,) defined by

(09)(a1,...,any1) = a1 - (¢(az, ..., ar41))

k
+ 3 (1 (ar, @i, agsn) + (D (G(ar, . an)) - agr.
i=1
(6.3.17)
ii.) The Hochschild cohomology of o with values in the bimodule ,& , is defined by
0 ker ((S| k ¢ )
HH*(o, ,6,) = D HH (o4, ,6,) with HHF(sd,,8,) = B aba)” —(6.3.18)

=0 SHCH (e, 46.,))
It is clear from the definition that we recover our previous definition of the Hochschild complex for
the algebra if we take as bimodule , ¢ ,: this explains the notation in (6.1.28)).

Of course, we have to check that ¢ is indeed a differential. We collect this and a few other
immediate properties of the Hochschild complex in the following proposition:
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Proposition 6.3.6 Let o be an associative algebra over a ring R and let ,& , be an (A, )-bimodule.

i.) The Hochschild differential satisfies
5% =0. (6.3.19)

ii.) For n =0 we have

HH(s4, ,8,) = ker( ={ze 8,|a-z=x-aforalacd}. (6.3.20)

5‘Hco(g¢,m€m))

it1.) For n =1 we have

ker( )) = {D € Homg(d, ,6,,) | D(ab) = a- D(b) + D(a) - b for all a,b € o }.

(6.3.21)

5‘HCI(Q¢,£&£QQ

while (dz)(a) =a- -z —x-a forallx € ,6, and a € A.

PROOF: The first part is an immediate verification, see Exercise[6.4.10l In degree n = 0 there are not
yet exact terms and thus (6.3.20) follows at once. In degree n = 1 the condition D = 0 immediately
gives the Leibniz rule D(ab) = a- D(b) + D(a) - b. O

Thus the zeroth Hochschild cohomology of a bimodule &, is given by the central elements of
the bimodule, generalizing the center of the algebra in the case ,&, = 9, from (6.1.32). Hence the
zeroth Hochschild cohomology is a measure for the difference of the left and right module structures
on ,&,. In the particular case of the (¢, o/ )-bimodule Endg (/) with some right «/-module ., this
gives

HH®(of, Endg(M,,)) = Endy (A,,), (6.3.22)

see also Exercise [6.4.17] The first Hochschild cohomology HH!(#, ,€,) can be interpreted as
the & -valued derivations modulo the inner derivations: we get the outer derivations with values in

46,4, see also (6.1.34)).
For the deformation problem (6.3.13)) we have now the following result:

Proposition 6.3.7 (Existence of right module deformations) Let o = (A[\],x) be an asso-
ciative deformation of an associative algebra ¢4 over a ring R.  Moreover, let M, be a right -
module and denote the right module structure by x - a = go(a)x. Finally, suppose that og,...,0r: €
HC! (o, Endr(AM,,)) are given such that o) = oo+ No1 + -+ Ao, is a right module deformation up
to order r for some r € Ny.

i.) The map R, € HC?(,Endr(/M,)) defined by

s T

Ri(a,b) =) 0s(prr1-5(a,b)) = Y 0(b) © 041-5(a) (6.3.23)
5=0 s=1

for a,b e o is a §-cocycle, i.e. SR, = 0.

i1.) There exists a 0,41 € HCl(sﬁ, 48.) such that ot = o) 4 N tlo. 1 is a right module defor-
mation up to order r + 1 iff
S0r41 = Ry, (6.3.24)

iff the cohomology class [R,] € HH?(, Endr(M,,)) is trivial.
PROOF: The proof is essentially a direct computation and can be done in Exercise [6.4.18] O

Corollary 6.3.8 If HH?(o,Endg(M,,)) = {0} then there exists a deformation e of M, as a right
module for every associative deformation x of «.
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For the equivalence of two module deformations e and e we get also a cohomological description:

Proposition 6.3.9 Let o = (A [A],*) be an associative deformation of an associative algebra A over
a ring R. Moreover, let M, be a right 94 -module and denote the right module structure by z-a = go(a)z.
Suppose that @ = pg + Y 21 N0, and @ = oo + Y 2 N9, are two module deformations of M, with
respect to x. Furthermore, suppose that T") = id +A'Ty + - - -4+ XN'T;. with T, € HC (o, Endg(M,,)) =
Endg(M,) constitutes an equivalence from o to & up to order r, i.e. TU)(x @ a) = T")(z) & a holds
up to order n for alla € o and x € M.

i.) The map E, € HC' (s, Endr(M,,)), defined by

T

ET(a) = Z(@r+l—s oTs—Tso Qr—i—l—s(a)) (6325)
s=0

for a € o, satisfies O, = 0.

ii.) There exists a Tr41 € HCO(&%, Endgr(A4,)) such that T+ = 70) L X HIT L is an equivalence
up to order r + 1 iff
§T,41 = E, (6.3.26)

iff the class [E,] € HH' (o, Endr(AM,,)) is trivial.
PROOF: Again, this is a direct computation discussed in Exercise [6.4.18] O

Corollary 6.3.10 If HH'(A, Endgr(/,)) = {0} then any two deformations e and & of M., as a right
module for an associative deformation x of  are equivalent.

Note, however, that the proposition gives only an absolute obstruction in first order as in higher
orders we could in principle still allow for equivalence transformations T' of more general type. It only
gives an obstruction to continue a given equivalence transformation to the next order: there might
be equivalence transformations after changing also the lower order terms.

In many situations the Hochschild cohomologies HH (o, Endg(.#,,)) are nontrivial. In this situ-
ation, the above cohomological analysis of the deformation problem will not help much: there is the
possibility for obstructions but whether one actually can avoid them or not is not answered by the two
propositions. If, however, the cohomologies are trivial then we get an easy existence and uniqueness
of module deformations.

Note also that a similar analysis can be done for left modules instead of right modules: the
formulas for the error terms change slightly but the cohomological obstructions are again in the first
and second Hochschild cohomology of the bimodule of the endomorphisms of the left module, see also
Exercise [6.4.18

Finally, we note that in many cases one wants the components g, of the module structure to be
more specific maps than just arbitrary elements in HC! (s, Endgr(/,)). E.g. in differential geometric
contexts one is interested in differential operators etc. In these cases it is often useful to pass to
certain sub-complexes which take into account the desired properties, see Exercise for a refined
version of the above two propositions.

6.3.3 Deformation of Bimodules

Since ultimately we are interested in Morita theory we need to investigate the deformation theory of
bimodules. The strategy will be to consider a bimodule ,,& , first as a right «/-module and investigate
its deformations as a right &f-module: this will hopefully allow to determine the module endomor-
phisms into which we need to map the deformed algebra 9% in a second step. Alternatively, one can
try to deform the bimodule structure directly, see Exercise [6.4.20] However, it turns out that this is
typically much more complicated in actual examples.
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Let of = (A[A],*) be a given associative deformation of «/. We start with the following simple
observation that module endomorphisms of deformed modules have classical limits:

Lemma 6.3.11 Let M, be a right 4-module with a given module deformation My = (M, [N],e) as
a right o -module.

i.) The module endomorphisms Endg(My) form a unital R[A]-subalgebra of Endg (A, )[A].

it.) The classical limit map induces a unital algebra homomorphism
cl: Endg(M,) > A — cl(A) = Ag € Endy (A,). (6.3.27)

Proor: First we note that by our conventions any module endomorphism is linear over the un-
derlying scalars. Hence for A € Endy (M) we have A € Endgpy(/M,[A]) = Endr(/,,)[\] using
Proposition Now clearly, the module endomorphisms form a unital algebra over R[A], com-
pleting the proof of the first part. This allows to consider the classical limit of A since by the
first part A = > 2 A"A, with A, € Endg(/,). Hence cl(A) = A gives the map needed for
(6.3.27). Being a subalgebra of Endg(,)[A], the classical limit preserves the algebraic structures
as usual. Finally, Ag = cl(A) is right /-linear since for a € o/ and A € Endgpy)(AM,) we have for
all 2 = Y 2 AN, € My, = M,[N] the relation A(z e a) = A(x) @ a. Taking classical limits gives
cl(A(z ®a)) = Ap(zp - a) and cl(A(z) e a) = Ayp(xo) - a. O

As usual, the classical limit map
cl: Endy(M,) — Endy(A,) (6.3.28)

is not injective since we loose the higher order terms of the endomorphisms of the deformed module:
it is only injective for the zeroth order. Moreover, in general it is also not surjective: surjectivity
would mean that we can quantize every classical endomorphism Ag into a quantum endomorphism
A = Ap + MA; + .-+ by finding appropriate higher order terms Ap,... € Endg(/,) to achieve
A € Endy(M,). Note that in general we can not expect that Ay € Endy (M) is already of-linear
without such corrections:

Example 6.3.12 We consider a unital algebra & as a right ¢f-module. In this case we know that
Endy () is isomorphic to & acting via left-multiplications. Given a deformation x of & then the
undeformed left multiplications on «/[A] will not be right &f-linear in general. Instead, we have to
pass to the left multiplications with respect to x: in the map . — axxz = a-x+--- we typically have
higher orders needed to turn this into a right &f-linear map.

Without the classical limit being surjective, not much can be said. But even then, yet another
difficulty is the following: when working with rings instead of fields for the scalars then a surjective
map might or might not split in an R-linear way. To avoid the resulting subtleties we will even assume
to have such a splitting which in the case of a field R is automatic:

Proposition 6.3.13 Let M, be a right «d-module with a given deformation My = (M, [N],®) as a
right o -module. Suppose that in addition there exists a R-linear map

q: Endy(M,) — Endyg(M,) (6.3.29)

with cl o q= ldEndm(/%m)

i.) The R[A]-linear extension of q yields an isomorphism
q: Endy (M,)[\] — Endg (M) (6.3.30)

of R[A]-modules.
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ii.) There exists an associative unital deformation ' of Endy (M) together with a left module
structure o' on My such that My becomes a (Endy (A, )[N], '), )-bimodule with respect to o
and e.

iii.) If % and & are other such deformations of Endy (/M) and the left module structure then ¥ and
*'are equivalent via some uniquely determined equivalence transformation S such that

Adz=8(A)e x (6.3.31)
for all A € Endy (M,)[N\] and x € M.

PRrROOF: First we note that the existence of ¢ implies that cl is surjective and in the case where R is a
field the converse would be true as well: surjectivity of cl implies the existence of q. Since clo q = id
we see that the R[A]-linear extension q as in is injective in zeroth order and hence injective.
We have to show that is surjective. Thus let A € Endgy (M, ) be given with Ay = cl(A). Then
q(Ao) € Endg (M) and cl(q(Ag) — A) = 0 shows that there is a Ay = cl(}(A—q(Ap))) € Endy (AL,).
We continue with q(Ap + AA;1) € Endg (M) and a simple induction completes the proof that we can
construct Aj, Ag, ... such that A = q(Ap + A\A; + ANAg+ - ). This gives the first part. Then the
second part is easy since for A, B € Endy (#,,)[\] we can set

Adz=q(A)z and A« B=q '(q(A)q(B)),

which are now easily verified to do the job. Note that e’ and + are indeed deformations, i.e. reproduce
the classical left module structure and the classical algebra multiplication in zeroth order of A. Suppose
now that ¥ and @ are other such deformations. Then z — A’z is right &-linear by assumption. By
the first and second part there exists a unique S(A) € Endy (,,)[\] with Ae’z = S(A)e'x for all x €
M. From the uniqueness one concludes immediately that the resulting map S: Endgy (A,)[\] —
Endy (A,)[A] is R[A]-linear. Moreover, since both e’ and ¢’ deform the usual action of endomorphism,
taking the classical limit of A ¢’z = S(A) o' x gives cl(A)cl(z) = cl(S)(cl(A))cl(z) and hence S =
id+ 372, A"S, follows. Finally, we have

S(A¥ B)o z=(A¥ B)# 2 =A% (B& z)=S(A) e (S(B) o z) = (S(A) S(B)) ¢z

for all z € M, showing S(A* B) = S(A) ¥ S(B) since the map A — (z +— A ¢’ z) is injective. This
shows that S is an equivalence between ' and %' O

Remark 6.3.14 (Deformation of module endomorphisms) In many interesting situations the
surjectivity of cl and (up to technical questions) hence the existence of a quantization map q is
actually fulfilled. In this situation, we call the deformation " of Endy () the induced deformation
of the endomorphism. This is unique up to equivalence and depends on the deformation x of & and
on the right module deformation e. Note that if we pass to an equivalent deformation * with an
equivalent module deformation @ then we also get equivalent induced deformations for Endg (/)
and the corresponding left module structure. Moreover, in many cases we will encounter, the right
module , can be deformed only in a unique way up to equivalence: in this case, the deformation
*" and o’ are already fixed up to equivalence by * and the classical right module J,. A large class
of such examples arising from principal bundles in differential geometry can be found in |16, see
also [64].

The problem of finding deformations of bimodules can now be rephrased in the following way:

Corollary 6.3.15 Let , M, be a (B, d)-bimodule and let B = (B[N\],*) and A = (A[\],*) be
associative deformations such that there exists a right module deformation e of J, together with a
quantization map q as (6.3.29). Then there exists a left B-module structure o' on My turning it into
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a (B, d)-bimodule via o and e iff the algebra homomorphism B > b+ (x — b-x) € Endy (M) can
be deformed into an algebra homomorphism

(B, +) — (Endy (AM,)[A],+), (6.3.32)
where on the right hand side we use the induced deformation %' of the endomorphisms.

Note that thanks to the uniqueness it will not be important which of the equivalent deformations x” for
the endomorphisms we actually use: either we can find the deformation of the algebra homomorphism
for all or for none.

Remark 6.3.16 (Obstructions to bimodule deformations) In general, we will encounter o0b-
structions for bimodule deformations: suppose we are in the situation of Corollary with the
additional assumption that %8 = Endg () simply coincides with the classical endomorphisms. This
will be the case of e.g. Morita equivalence bimodules. Then a given deformation " of % will allow
for a bimodule deformation iff #” is in the equivalence class of the induced deformation «’. If % has
non-equivalent deformations we obtain hard obstructions, see again [164|64].

6.3.4 Deformation of Projective Modules

In view of Morita theory it is clear that projective modules will play a particular role also with respect
to deformations. We investigate the deformation theory of this class of modules in some detail. As
before we consider an associative deformation & = («[A],*) of an associative algebra & over a ring
of scalars R. For simplicity we assume that & is unital and the deformation respects the unit. The
following fundamental result clarifies the deformations of projective right @f-modules completely:

Theorem 6.3.17 (Deformation of projective modules) Let &, be a finitely generated projective
right module over .

i.) There exists a deformation e of &, into a right o -module (6,[\],e).
ii.) Any two deformations of &, are equivalent.

iii.) The deformed module (8,[\],®) is again finitely generated and projective, now over o, with the
same number of generators.

iv.) If 8!, is another finitely generated projective right module over o then the classical limit map
cl: Homy(8,,8,) — Homy(&,,8.,) (6.3.33)
is split surjective and induces an R[A]-linear isomorphism
Homg (8,,,8.,) = Homy(&,,,8!)[\]. (6.3.34)

v.) The deformation e induces a deformation ¥ with a corresponding deformed left-module structure
o' for the endomorphisms Endy (8,). The equivalence class of the deformation %' depends only
on the equivalence class of x and the isomorphism class of & .

vi.) Every dual basis {6?,6i}i€[ of &, can be deformed into a dual basis {e;,e'}ics for 8,, i.e. we
have e; € 8, and e' € Homgy (8,,9) with

cl(e;) =e; and cl(e') = ¢ (6.3.35)

as well as

r=) ejee(n) (6.3.36)

icl
forallx € 8.
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PROOF: We mainly follow the arguments from [23|. For the first part we know that up to isomor-
phism we can write &, as ege™ with some idempotent ey = €3 € M, («) and some n € N. From
Proposition we know that we can deform eq into an idempotent e = eg + - - - € M, ()[A]
with respect to %, i.e. we have e x e = e. Thus we obtain a finitely generated projective module
ex 9™ Now again Proposition , shows that the classical limit map cl: e x 4" — egd™ is
split surjective via the map I. It induces an R[A]-linear isomorphism ex ™ = (eqd™)[\]: indeed, by
choosing fy in Proposition to be a projection onto a single column this follows directly.
Transferring the right &f-module structure of e x ™ back to (egd™)[\] and thus to &,[A] yields a
right ¢f-module structure e which is the deformation of &, we are looking for. By construction, the
deformation is a finitely generated projective module over & with the number n of generators being
the same as classically. To prove the uniqueness assume that e is another deformation of &, as a
right sd-module, not necessarily projective. Then we have the diagram

(8,071, 9)

o cl

-

(6,171, 9)

cl B 0
with the classical limit maps cl for both deformations. According to Example we can view the
classical limit maps as morphisms of &f-modules if we equip the classical right #/-module &, with the
trivial -module structure . Since the classical limit is obviously surjective, we get a morphism
T of d-modules such that the diagram commutes by the very properties of a projective module from
Proposition Thus we have cl o T' = cl which simply means that T = idgm 4+ ... starts with
the identity in zeroth order. But then T is invertible and e and e turn out to be equivalent via T'. For
the next part we can assume that the two projective modules are given as & , = egd™ and &/, = fod™
with idempotents eg € M,, () and fy € M,, () for some n,m € N. From Exercise we know
that the module morphisms from &, to &/, are then given by the matrices foM,,xn (4 )eg acting on
eosd™ by matrix multiplication as usual. Correspondingly, the &f-linear maps from e x 4™ to f x 4™
are given by f * My,xn () x e. Then Proposition shows that the classical limit map is
split surjective and induces an isomorphism also in this case. This shows the fourth part. Using this,
the fifth then follows from Proposition at once. For the last part, we first note that we can
apply the fourth part to &, and &/, = o to get the corresponding statement for the dual module
Homy (8, ). This means that we have for ¢! € Homy (8, 9) an element e’ € Homgy(8,,, ) with
cl(e’) = e’. Choosing such quantizations we consider the map
A: 8,352 — A(x) = Zie] e; o el(x).

By construction, A is right &f-linear and hence A € Endg(8,). Since we started with a dual basis we
have cl(A) = idg . This means that A is invertible by the usual geometric series. Setting e; = A7Y(ey)
will then give the desired elements in 8, with cl(e;) = e; and (6.3.36)). O

This theorem has several important corollaries. As a first application we note that the classical
limit functor on projective modules is essentially surjective and full. Note that it is not faithful as
we typically have e.g. many nontrivial endomorphisms of the deformed projective modules which are
the identity in zeroth order.

Corollary 6.3.18 Let o = (A[A\],*) be a unital associative deformation of a unital associative
algebra A over R. Then the classical limit functor of modules restricts to a functor

cl: Proj(#d) — Proj(sd), (6.3.37)
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which is essentially surjective, injective on objects up to isomorphism, and full.

PROOF: Indeed, the classical limit of a finitely generated projective module over & is again finitely
generated and projective over &f. The functoriality is clear already in the larger context of Propo-
sition . Since we can deform every projective module over ¢ in a unique way up to
isomorphism, the essential surjectivity and injectivity statement follows. Finally, the fullness follows
from the fourth part of the theorem. O

As an immediate consequence, we see that the Kg-theory of a deformed algebra is isomorphic to
the one of the undeformed algebra:

Corollary 6.3.19 (Rosenberg [100]) Let o = (A[\],*) be a unital associative deformation of a
unital associative algebra s over R. Then the classical limit induces an isomorphism of semigroups

cl,: Proj(sd) —» Proj(«t) (6.3.38)

and an isomorphism of groups
cli: Ko(od) — Ko(A). (6.3.39)

We can give also a different interpretation of the rigidity of projective modules. The fact that
they always can be deformed in a unique way up to equivalence also follows from the computation of
their Hochschild cohomology:

Proposition 6.3.20 Let &, be a finitely generated projective module over a unital associative algebra
o over R. Then one has

Endy(6,) fork=0

) ok 20 (6.3.40)

HH" (o1, Endg(&,)) = {

Proor: For k = 0 we always have that the zeroth Hochschild cohomology coincides with the right

o-linear endomorphisms, see Proposition and in particular (6.3.22)). To show that the
higher Hochschild cohomologies are trivial, we follow [120, Prop. 2.7.1] and consider a dual basis

{ei,e'}icr for &, see Proposition For a Hochschild cochain ¢ € HCF(9f, Endr(8,)) we
can then define

(hg)(ar, ... ap—1))x =D (e (x),a1,. .., an_1)e;,
iel
where ay,...,ax_1 € 9 and = € &,. This defines an element h¢ € HC* (s, Endg(€,)) and hence

a map

h: HC*(o,Endg(8,,)) — HC* (x4, Endgr(&,,)),

if we set h to be zero on HC?(«,Endgr(6,)). We claim that h is a homotopy of the Hochschild
differential, i.e. for £ > 1 we have

(hd +0h) HC* (o4, Endr(8,,)) - idHC"'(wvl*lndR(ggﬁ)) ‘ (*)

Indeed, this is just a computation. We have for ¢ € HC¥ (o, Endgr(&,,))

((0ho)(ax, ..., ar))(x)

= ((ho)(az,...,ar))(z - a1)
k-1
+) (=) ((hg)(ar, - .., arari1, ar)) (@) + (—D)F((he)(ar, . .., ax—1))(x)) - ax
r=0
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=26 (- ar).az,. .. ax)) )

i€l
+ZZ a17 . 7a7"a7"+17ak))(6i)+(_1)k2((¢<6i($)7a17--'aakfl))<6i>) A,
i€l r=0 el
where ay,...,a; and x € & ,. For the other contribution we get

ZEI
_Z (a1,...,a )(ei-ei(x)) —Z(¢(€i(w)alaa27""ak))(ei)
i€l =
+ZZ 7"+1 ),al,...,aTaTH,..-,ak))(@i)
el r=1
1)kt Z ),a1,- - ag—1))(€;)) - ak.
el

Now the property
— Lol
T = E s €€ (z)

of a dual basis together with the right «/-linearity e’(z - a) = €’(x)a of the maps e! € Homy(&,,, )
shows that holds, i.e. the identity is homotopic to zero. With this homotopy equation we get
(6.3.40) for £ > 1 at once. O

With this result we can now apply our considerations from Section and conclude that defor-
mations of projective modules always exist and are unique up to equivalence: Proposition [6.3.7 and
Proposition [6.3.9| can be applied to this case.

6.4 Exercises

Exercise 6.4.1 (Proof of Proposition [6.1.1) Prove Proposition
Hint: Let ® be given and define ¢y to be the map

Po(V1,y ... 0n) = cl(P(v1,...,00))

for v1 € Vi,...,v, € V,. Show that this is an R-multilinear map. Extend this map now to formal power series and
consider ® — ¢g. Why is this the starting point for an induction?

Exercise 6.4.2 (Classical limit of insertions) Let V and W be modules over R. Moreover, let
Vi,...,Vy and Wy,...,W,,, as well as U be modules over R and consider the formal power series
V[A] etc. as modules over R[A] as usual.
i.) Let ®: Vi[A] x -+ x V,[A] — Wit1[A] be an R[A]-multilinear map with ¢ = 0,...,m — 1.
Moreover, let also W: Wi[A] x -+ x W,[A] — U[A] be R[A]J-multilinear. Show that for the
insertion after the i-th position we have

cl(Wo; @) = cl(¥) o; cl(P). (6.4.1)

1.) Let @: V[A] — W[A] and ¥: W[A] — UJ[A] be R[A]-linear maps. Show that for their
) [ [ [ [l [ p
composition one has

cl(To®)=cl(¥)ocl(P). (6.4.2)
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iti.) Show that the classical limit gives a monoid morphism
cl: Endgpy(V[A]) — Endr(V), (6.4.3)
which restricts to a group morphism
cl: GI(V[A]) — GL(V). (6.4.4)
Determine the kernel and the image of this group morphism explicitly.

Exercise 6.4.3 (The A-adic topology) Give a proof of the statements in Proposition

Hint: All statements except the completeness are rather straightforward. For the completeness rewrite the condition
of being a Cauchy sequence using the order. The main step consists now in showing that for the Cauchy sequence and
for every k € Ng the k-th order of the members of the sequence becomes constant after finitely many terms.

Exercise 6.4.4 (Topologically free modules)

Exercise 6.4.5 (Banach’s fixed point theorem) Let V' be a module over a ring R and consider
V[A] as R[A]-module as usual.

i.) Recall Banach’s fixed point theorem for contracting maps on complete metric spaces.

ii.) Let T: V[A\] — V[A] be a (not necessarily linear) map. Show that 7' is contracting with
respect to the A-adic metric iff there is a k € N with

o(T(x) = T(y)) > ofw — y) + k (6.4.5)

for all z,y € V[A]. In this case ¢ = 27% is a Lipschitz constant for 7.
This gives a very simple criterion for contracting maps as one only has to count orders in A correctly.

Exercise 6.4.6 (The induced Poisson bracket) Let (4, 119) be an associative commutative alge-
bra with two formal associative deformations p = pug + A1 + -+ and i = pg + Aji; + - - - . Show that
the induced Poisson brackets according to Proposition coincide if the deformations p and i are
equivalent.

Hint: Compute explicitly how the first order term of the deformation changes if one passes from p to an equivalent
deformation by means of an equivalence transformation S =id +AS1 +---.

Exercise 6.4.7 (Gerstenhaber deformation) Let ¢ be an associative algebra over R where @ C
R.
i.) Consider the formal power series 9 [A] equipped with the undeformed product inherited from
9. Show that in this case any derivation D of «/[A] is a formal power series of derivations of
9 and conclude

Der(4[A]) = Der(«4)[A]. (6.4.6)

ii.) Consider 2n pairwise commuting derivations Dy, ..., Dy, E1,..., E, € Der(#[\]). Show that

Gerstenhaber’s construction as in Proposition [6.1.12] still yields an associative deformation * of
oA.

iti.) Assume that o is in addition commutative. Compute for this deformation * the induced Poisson
bracket according to Proposition [6.1.8|

Exercise 6.4.8 (Deformation by commuting derivations) Inspired by Gerstenhaber’s construc-
tion from Proposition one can consider the following slight but very useful generalization.
Suppose one has an associative algebra ¢ and a linear map

PrdA®d — o @ d (6.4.7)
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with the following properties: First, P is a biderivation in the sense that

Plab®c)=Pla®c)(b® 1)+ (a® 1)P(b® c) (6.4.8)
and
Pla®bc)=Pa®b)(1®c)+ (1®b)P(a® c) (6.4.9)

for all a,b,c € 9. Second, the three maps
Py=P®id, P3= (id ®T) oPjgo (id ®7’), and Py3 =id®P (6.4.10)

pairwise commute, where 7: ¢ @ 9 — o ® o is the canonical flip map sending a ® b to b ® a.

i.) Rewrite the biderivation properties of P without using elements but just the undeformed mul-
tiplication pg. This will lead to the maps Pia, P13, and Pss.

ii.) Follow now the proof of Proposition [6.1.12[to conclude that
axb=pgoe(a®b) (6.4.11)

provides an associative deformation.

This is a generalization to situations where one wants to have more than finitely many commuting
derivations in the exponent: it is then sometimes not possible to write the map P as a sum (or series)
of tensor products of commuting derivations but it may still be possible to directly prove the two
above properties, see e.g. [117, Sect. 6] for several applications in quantum field theory.

Exercise 6.4.9 (Gerstenhaber bracket) Show that the identity (6.1.38) implies the graded Jacobi
identity of the Gerstenhaber bracket (6.1.39)).

Exercise 6.4.10 (The Hochschild differential) Let ,6, be an (¢, «)-bimodule. Prove that the
Hochschild differential § as in (6.3.17) satisfies 62 = 0.

Hint: Start with small n and an explicit computation. Then for arbitrary n the pattern of how the terms cancel
becomes clear. This will also give an independent and more direct proof of §2 = 0 in the case of the algebra itself, see
Remark

Exercise 6.4.11 (Multiderivations) Let ¢/ be a commutative associative algebra over a ring of
scalars R containing @Q). Denote by

Alt: HCF (ot , o) — HCF (oA, o) (6.4.12)

the usual antisymmetrization operator, i.e.
1 .
Alt(¢)(aq,. .., a;) = o g sign(a)P(ag(1)s - - - » Ao (i) (6.4.13)

for ay,...,ar € 9. For k =0 we set Alt = id.
i.) Show Alto Alt = Alt.
ii.) Show Alto 6 = 0.
Hint: This is a lengthy but elementary computation.

iii.) Let ¢ € HCF(o, o) be an antisymmetric cocycle. Show that ¢ is exact iff ¢ = 0.

iv.) Let X € HCF (A, 9) be a multiderivation, i.e. an antisymmetric map satisfying the Leibniz rule
in each argument. Show that §X = 0.

v.) Conclude that the multiderivations always contribute to the Hochschild cohomology, i.e. the
map X — [X] is injective for multiderivations.
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vi.) Extend the discussion to cochains with values in a bimodule ,6_,. Which properties on ,&_, will
be useful to assume?

In many situations one can actually show more: the Hochschild cohomology is given by the multi-
derivations. This is the statement of the Hochschild-Kostant-Rosenberg theorem in its various forms
for many interesting algebras, see e.g. |34,|112] for the case of smooth functions on a manifold as well
as [63] for the original setting.

Exercise 6.4.12 (Gerstenhaber product in low degrees) Let ¢/ be a module over a commuta-
tive ring R of scalars. Let a,b € HC(«, ), A, B € HC' (o, 9) and pu,v € HC?(A, o). Determine
all the Gerstenhaber products aob, ao A, ao u, etc. explicitly by evaluating them on elements of o .
Which known operations show up?

Exercise 6.4.13 (Hochschild cohomology of a *-algebra) Let ¢/ be a module over C = R(i)
and let *: o/ — o be a C-antilinear involution. The following results are based on [24].

i.) Let ¢ € HCF(o, o). Show that ¢* defined by

(¢*)(a1,...,ax) = Play,...,a])" (6.4.14)

yields a C-multilinear map ¢* € HCF(o, ) such that the map ¢ — ¢* is C-antilinear and
involutive.

ii.) Show that for ¢ € HCF(sf, o) and ¢ € HC'(s4, 4) one has

(o) = (1) DEDgr o g, (6.4.15)

and compute also [¢, ]*.
i4i.) Show that an associative product u € HC?(o, o) on o yields a *-algebra structure with respect
to * iff u* = p.
iv.) Suppose now that ¢ is indeed a *-algebra. Compute (d¢)* and conclude that the involution
passes to the Hochschild cohomology HH® (o, ).
v.) Define a Hochschild cochain ¢ to be Hermitian if ¢* = ¢. Show that this allows to define a
Hermitian Hochschild cohomology of .

vi.) Show that a formal deformation p = po + Aug + - -+ is Hermitian iff its cochains u* = p, are
Hermitian for all » € IN.

vii.) Repeat the discussion of Proposition [6.1.18 and Proposition [6.1.19|to conclude that in the case
of Hermitian deformations the obstructions for existence and equivalence are located in the
third and second Hermitian Hochschild cohomology, respectively.

vigi.) Show that the Hochschild cohomology HH® (A, o) decomposes canonically into two copies of
the Hermitian Hochschild cohomology, provided that % € R, by decomposing a class into its
real and imaginary part.

Exercise 6.4.14 (Unitary deformations of 1) Let &/ be a unital *-algebra over C = R(i) with
Q C R with a Hermitian deformation .

i.) Let a € 4[A\] be Hermitian. Show that the x-exponential series
(in"

r!

Exp(ia) = i a’ (6.4.16)

r=0

is unitary.
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ii.) Conversely, let u € ¢/[A] be unitary with cl(u) = 1. Prove that there is a unique a € o [\] with
u = Exp(ila). Show that necessarily a = a* is Hermitian.

Hint: Discuss why the Taylor expansion of log(1 + x) around z = 0 will give the existence of a solution for a.
Why is it unique?

iti.) Let up € o be unitary with respect to the undeformed algebra structure. Let u,v € #[A] be
two deformations of ug into unitary elements with respect to x. Show that there exists a unique
Hermitian a € ¢ [A] with u = v x Exp(i)a).

Exercise 6.4.15 (The x-exponential) While the series of the exponential map as in allows
to exponentiate algebra elements with respect to a deformed product * as soon as they come with (at
least) one power of A, this is no longer that easy if this assumption is not satisfied. Here we extend
the definition of the exponential for the case of a star product x on a manifold M. We base our
discussion on |17.[18], see also [116| Sect. 6.3.1].
i.) Let H = Ho+ AH; + --- € 6°°(M)[A\] be given. Show that there exists a unique solution
R >t f(t) € €°°(M)[A] of the differential equation

d
SO = Hx f(1) (6.4.17)

with initial condition f(0) = 1.

Hint: Factorize f(t) = e *70g(t) and obtain a differential equation for g which can be rewritten as an integral
equation. This you can solve by means of the Banach fixed point theorem based on a simple counting argument
as in Exercise [6.4.9]

We denote the above solution by Exp(tH) = f(t) and call this the x-ezponential function with respect
to H.

i1.) Show that one has Exp(tH) « H = H » Exp(tH) for all t € R.

i11.) Show that ¢ — Exp(tH) is a one-parameter group, i.e. Exp(0) = 1 and Exp(tH) » Exp(sH) =

Exp((t+ s)H).

iv.) Show that for a Hermitian star product one has Exp(tH) = Exp(tH).

v.) Show that for Hy = 0 the exponential Exp(¢H) reduces to the series

vi.) Show that for all f € 6€°°(M)[\] one has Exp(tH) x f x Exp(—tH) = tad( )(f)

vii.) Let f,g € 6€°°(M)[A]. Show that [f, gl. = 0 iff [Exp(f), 9]« = 0 iff [Exp(f), Exp(g)]+ = 0.

Hint: This is not completely trivial as it would be to conclude [f, g]« = 0 from [Exp(tf), Ex (sg)]* =0 for all
t,s € R where one simply can differentiate. Instead, one has to rewrite [Exp(f), Exp(g)]« = 0 as a fixed point
equation for ad(g)(Exp(f)) of a linear contracting operator to conclude that ad(g)(Exp(f)) =

viii.) Suppose f, g € 6€°°(M)[\] commute with respect to x. Show that in this case EXp(f)*EXp(g) =

Exp(f +g).
iz.) Let M be connected. Show that Exp(H) =1 iff H = 2xik for some k € Z.

Exercise 6.4.16 (The Wick star product) Consider again the *-algebra of = C[z,z] with its
*-subalgebra C[z,z] from Exercise [1.4.19] Define the Wick star product

0

@ *ic b = 1o exp (2Aa8 82:)( ® b), (6.4.18)

where a,b € d[A].
i.) Show that 6|z, z][A\] is a *-subalgebra with respect to *y;q. Moreover, show that €[z, z|[A] is
a *-subalgebra with respect to *wia, too, when viewed as algebra over C[\].

ii.) Show that *y;q 18 a completely positive and in fact strongly positive deformation of «. Show
that this is also true for the subalgebra C|z,z].

Hint: The first statement is pretty trivial according to Exercise [[.4.19} For the second, use Proposition [6.2.18]
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iti.) Compute the Gel'fand ideal of the positive d-functional §: o [A\] — C[A] with respect to *iq.
explicitly. Conclude that the GNS pre-Hilbert space can be identified with H = (C[z])[\] and
find the explicit formula for the inner product.

Hint: This is the analog of the Bargmann-Fock space from complex function theory.

iv.) Show that the deformed algebra (4 [\], xwia) has a faithful *-representation and hence suffi-
ciently many positive linear functionals, quite contrary to its classical limit &f.

v.) Compute explicitly the classical limit of the GNS representation of § according to the general
construction from Proposition [6.2.17| and determine the the corresponding Null space (6.2.9)).

Thus deforming a *-algebra can sometimes have the effect that we end up with better properties for
the deformed algebra than for the classical one. In the above example all the additional positive
functionals have a trivial classical limit except for § itself. More on this fundamental example can be
found in [18, Sect. 6] and [113, Sect. 5| as well as in [116], Sect. 7.2].

Exercise 6.4.17 (Bimodule structure of Homg(,,, //)) As a slight variation of Exercise [4.4.]
we consider an algebra ¢ over a ring R. Moreover, let (, and .} be right ¢f-modules.

i.) Show that Homg(M,,, #/) becomes a (4, )-bimodule by defining a - A and A - a by
(a-A)(z)=A(x-a) and (A-a)(z)=(A(x))- a (6.4.19)

for a € A, A € Homg(M,, M}), and x € M.

ii.) Show that for this bimodule structure one obtains
HH (4, Homg (M, M) = Homy (M, , A,). (6.4.20)

iii.) Now consider the algebras Endy () and Endy (/). Show that Homg(A,,, M) becomes a
(Endy (AM}), Endy (AM,))-bimodule in a natural way. Is Homgy (AM,,, A) a sub-bimodule?

Exercise 6.4.18 (Cohomological approach to deformation of modules) Provide the missing
proofs for Proposition [6.3.7] and Proposition [6.3.9] Formulate and prove the analogous results for left
modules instead of right modules.

Exercise 6.4.19 (Deformations of a particular type) Let ¢/ be an algebra over a ring R of
scalars. We consider a subset of the Hochschild complex which we denote by HC;ype(,sﬁ,sﬂ ) where
the word “type” should characterize the allows elements compared to general elements of HC® (A, o).
We require that pg € Hnype(sﬁ, o), that Hngpe(&i, o) = o, and that HC{, (4, o) is closed under
the insertion operations o; for all i.
i.) Show that under these assumptions HC, (o, /) becomes a subcomplex of the usual Hochschild
complex HC® (¢, «4) which is also closed under the Gerstenhaber product and the Gerstenhaber
bracket.

ii.) Conclude that the cohomology HHS, (¢, o) of the subcomplex HC

type d, ) becomes a graded
Lie algebra itself.

type(

iti.) Consider now a formal deformation p = pg + Mg + -+ of o where all terms are required to
satisfy p, € HC%ype(,szi , ). Formulate and prove the analogous statements to Proposition|6.1.18

and Proposition [6.1.19] for such more specified deformations of a given type.

In a next step we consider a right ¢f-module ,. Now suppose that we are interested in a subal-
gebra 9 C Endg(A,) of the endomorphisms of J,. Moreover, we specify also a type of cochains

HCpe (9, 9) with values in 9 subject to the conditions that Hngpe(,sﬂ,@) = 9, and the module
multiplication pg of M, is an element of Hcgype(&ﬁ, P). In addition, we want ¢o;1) € Hny;ifl(.%,@)
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whenever ¢ € HCE _(4,9) and ¢ € HC!, (4, 91) as well as ¢ o € HCEFE (of,9) for all ¢ € ¢ €

type type type
Hnype(&ﬂ,@) and 9 € Hnype(.sﬂ,@) where we define
(¢ e} 1/))(0,1, e ,ak+g) = ¢(a1, e ak.) e} Qp(ak+1, e ,akJrg) (6421)
for ay,...,ap4p € A.

iv.) Show that HCY ,.(#,9) is a subcomplex of HC®*(o,9) giving a cohomology HHE (51, 9D).

v.) Formulate and prove that also for the module deformations of the specified type we have the
analogs of Proposition and Proposition now based on the cohomology HHPy (4, %).

In many situations a more specified type of the cochains in a deformation problem is helpful or even
required by other needs. Thus the more restricted Hochschild cohomologies respecting the type will
control such deformation problems, see also |16].

Exercise 6.4.20 (Cohomological approach to bimodule deformations) Let o and % be uni-
tal algebras over a ring R of scalars and let ,6_, be a (%, «)-bimodule.

i.) Consider the opposite algebra /°PP and the tensor product #°PP ®., %. Show that ,&, is a
AOPP ®,. 9B-left module in a natural way. Conversely, show that any 9°PP ®,, %-left module
can be viewed as a (%, o )-bimodule.

it.) Show that the above correspondence of bimodules and left modules is compatible with the usual
(bi-)module morphisms and establish an equivalence of categories this way.

Consider now formal deformations o = (A [\], *y) and B = (B[A], *s ).

iti.) Show that the deformations x, and xg induce a formal deformation of @°PP ®,,, %, denoted by
* in the following.

iv.) Show that a bimodule deformation of ,& , into a (%8, & )-bimodule corresponds to a left module
deformation with respect to ((#4°PP ® %B)[A],*). Show that this correspondence is compatible
with equivalence of (bi-) module deformations.

v.) Use this result to formulate a cohomological approach to bimodule deformations based on the
Hochschild cohomology of 9°PP ®.,. %B.

While this approach is perhaps conceptually more clear than the one taken in Section [6.3.3]it typically

suffers from the fact that the relevant Hochschild cohomology for the algebra 9f°PP ®,,, 98 is, in many
cases of interest, hard to compute.

Exercise 6.4.21 (Deformation of projections) Consider again an idempotent ey € o and a for-
mal deformation % for .

i.) Show that the formal Taylor expansion needed in (6.1.73) converges in the A-adic topology.

ii.) Verify by an explicit computation that (6.1.73) defines an idempotent.

i11.) Show by an explicit computation of the Taylor expansion that one only has integer coefficients
needed in (6.1.73]). Hence the assumptions of 3 C R are in fact superfluous.

Hint: One needs some properties of the binomial coefficients here, see also the discussion in |40, Theorem 1.54].

Exercise 6.4.22 (Classical limit of a projective module) Let of = (A [A],*) be an associative
deformation of a unital algebra ¢ over R. Moreover, let &, be a finitely generated projective module
over o.
i.) Show that the classical limit module cl(8,) is a finitely generated projective module over o
with the same number of generators.

Hint: Choose an idempotent e € M, (#)[A\] = M, (&) with a module isomorphism ¥: §, — e x4". Show
that this induces an isomorphism ¥: &, — eod™ for eg = cl(e) such that ¥ ocl =clo .
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it.) Show that there is an R[A]-linear isomorphism ¢: €,[A] — &, with clo ¢ =idg .

Hint: Let U and ¢ be as before. Use then the canonical isomorphism I: eqd"[A\] — e * A" [A] to define
¢ = U™ oI 04 where we extended 1 to an isomorphism ¢: &,[\] — eod"[A] as usual and where T is the

isomorphism from Corollary
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Chapter 7

Morita Theory of Deformed *-Algebras

7.1 The Ring-Theoretic Classical Limit Homomorphism

In this section we start with the ring-theoretic situation and discuss the classical limit of bimodules.
Ultimately, this will be formulated as a homomorphism of bicategories. This point of view will yield
many consequences in a clear and simple way as homomorphisms of bicategories lead to various
functors between derived concepts. In particular, we will obtain a classical limit as a groupoid
morphism on the level of the Picard groupoids. This includes a classical limit group morphism
between the corresponding Picard groups. The classical limit morphism completely encodes the
question which deformations of algebras are Morita equivalent. We restrict ourselves to the unital
case throughout this section for simplicity.

7.1.1 The Classical Limit for Bimod

Recall that the bicategory Bimod had unital rings as objects, bimodules as 1-morphisms between
them and bimodule morphisms as 2-morphisms. When working with algebras over a specified ring R
of scalars we indicate this by writing Bimodg for the corresponding bicategory. With this notation,
the previous bicategory is simply given by

Bimod = Bimod, . (7.1.1)

We will fix now a ring of scalars R and consider Bimodgr. Then we can also consider the deformed
algebras as algebras over R[A]. However, in general, there are more algebras over R[A] than just those
which are formal unital associative deformations of algebras over R. Hence we restrict ourselves to
the following sub-bicategory:

Definition 7.1.1 (The bicategory Bimodg(y)) The sub-bicategory of Bimodgyyy consisting of for-
mal unital associative deformations of algebras over R as objects, all strongly non-degenerate bimodules
between them as 1-morphisms, and all bimodule morphisms as 2-morphisms is denoted by Bimodgpy;.
The classifying category of Bimodg(y is denoted by Bimodgpy).

Recall that by our usual convention we consider all structure maps of algebras and bimodules to
be (multi-) linear for scalars. Since we only consider unital algebras this is automatic since we can
consider every scalar o € R as element al € ¢ and analogously for the deformed case. In particular,
the formal parameter A becomes an algebra element this way.

For the deformed algebras we immediately have a definition of the classical limit. For of =
(A[A],*) we set cl(of) = o and get a unital algebra morphism

cl:d —cl(d) =4do (7.1.2)

203
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as usual. We want to extend this map on objects now to 1-morphisms and 2-morphisms.

Thus let o and % be two such deformations and let 4z, be a (9B, 9 )-bimodule. We do not
assume that g, is of the form . [\] with some (%, «)-bimodule ,# . Nevertheless, we can
define a classical limit by the quotient

CligMy) = g My [ rg M, (7.1.3)

which on one hand is a R-module. On the other hand, it becomes a (%, ¢/ )-bimodule for the classical
limits by setting
b-cl(x) =cllbex) and cl(x) -a=cl(xea) (7.1.4)

foraed,be %, and x € gM,. Here we denote the two module structures on g M, with respect to
the deformed algebras by e. From Proposition we know that we obtain a left 8-module structure
on , M, as well as a right @/-module structure. Since on g4, we have a bimodule structure for the
deformed algebras, it easily follows that actually gives a (%, )-bimodule. Note that it is
crucial that elements a € & can be viewed as elements of the deformed algebra & in a canonical way.

Finally, assume that T': g, — M} is a (%B,9)-bimodule morphism. Then we can again use
Proposition [6.3.3] to construct a morphism

c(T): cl(gMy) — cl(gM,) (7.1.5)
between the classical limits by setting
c(T)(cl(x)) = cl(T(x)) (7.1.6)

for x € gM,. We know already that cl(T') is a morphism of each of the module structures. Hence
we indeed obtain a bimodule morphism this way.

Lemma 7.1.2 Let o and B be formal unital associative deformations of the algebras 4 and 9B over
R. Then the classical limit yields a functor

cl: Bimodgyyj(®B,9) — Bimodg (%, o). (7.1.7)

PROOF: The only thing left to show is that cl preserves the identity bimodule morphisms and the com-
position. But both claims are a simple computation analogous to the one needed for Proposition [6.3.3]

1. )| O

The idea is now to combine all these individual classical limit functors into a big homomorphism
of bicategories. To this end we need to check the compatibility of cl with tensor products of bimodules.

Lemma 7.1.3 Let 6, B, and A be formal unital associative deformations of algebras €, B, and A
over R. Moreover, let 4 Ny € Bimodg,)(€,%B) and 5 M, € Bimodgy (B, ) be bimodules. Then the

R-linear map determined by
I: clgNg) Qg cllgMy) 2 cl(y) Rg cl(x) — clly Ra x) € cllgNg Qa g M) (7.1.8)

fory € g Ng and x € g M, yields a well-defined R-linear (€, A )-bimodule isomorphism with inverse
determined by

Il Ny Rg glhy) S clly g x) — cl(y) @g cl() € cligNg) D cl(gMhy,). (7.1.9)
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PRrROOF: We first show that the map (cl(y), cl(x)) — cl(y®q x) is well-defined and R-bilinear. Indeed,
let ¥y’ and &’ be other representatives then y —y’ = A\y” and & — &’ = Az’ for some y” € 4 N and
x” € gM,, respectively. Since the tensor product over % is in particular also R[A]-bilinear we find

d(y @ 2') =cl((y — Ay") @ (z — \z"))
= Cl(y r—-N" @+ Ny @z — Iy a:’)
=cl(y ® x).

This shows that the above map is well-defined. The R-bilinearity is clear and hence the map I is well-
defined over the R-tensor product. Next we show that [ is also well-defined over the tensor product
over . Here we use that cl(y) -b = cl(y e b) as well as b - cl(x) = cl(be x) for all b € % and for
Y €N and x € 5M . This shows that (cl(y)-b,cl(x)) is mapped to cl((yeb) Rg x) = cl(y Qg bex)
which is the image of (cl(y),b - cl(x)). Hence I is well-defined on the tensor product over 8. In a
second step we consider the map

«Ng QagMy >YRax — cl(y) Ry cl(x) € cllgNg) Ra cl(gMy).

This is a well-defined R-linear map, now on the tensor product over 8. Moreover, since the tensor
product 9 is also R[A]-bilinear we see that multiples of A are mapped to zero under this map: both
classical limit maps cl on the right hand side have the multiples of A in their kernel. Hence this map
passes to the quotient and yields a well-defined map . It is now clear that I is the inverse of
this map and hence both are R-linear isomorphisms. Finally, it is easy to see that both maps
I and I~! are left ‘6-linear and right &f-linear since we can check this on factorizing tensors. Hence
we have (6, ¢ )-bimodule isomorphisms as claimed. O

In this sense, the tensor product commutes with the classical limit. Of course, there is an iso-
morphism necessary to make this statement correct. In accordance with our bicategory creed it will
require particular attention to keep track of all the necessary identifications and their naturalness.
Hence we also denote the above isomorphism by I(N,#) instead of just I in order to stress the
dependence on the bimodules N and #. Then we can formulate the fact that I is natural as follows:

Lemma 7.1.4 The isomorphisms I are natural. More precisely, for two given bimodule morphisms
S:gMy, — gM) and T: g Ny —> Ny we have
(T ®S)oI(N,M)=IT(N Mo (c(T)® cl(S)). (7.1.10)

PROOF: It is sufficient to verify (7.1.10) on elementary tensors. Let x € M and y € N be given.
Then

Note that we have used the same ®-symbol for various tensor products in the above computation.[]

Thus cl is compatible with tensor products in a natural way. Moreover, the classical limit is also
compatible with the unit elements of the tensor product:
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Lemma 7.1.5 The map
Ig: 4,5 a — clla) € cl(dy) (7.1.11)

is an (o, 9 )-bimodule isomorphism.

PROOF: Note that cl(,94,) = , 9, /N9, is not equal to ,4,, but only isomorphic via Iy. Then
the statement is clear. g

Collecting all the above isomorphisms shows that the classical limit can be viewed as a homomor-
phism of bicategories: it only remains to be checked that cl satisfies the coherence conditions of a
homomorphism:

Theorem 7.1.6 (Classical limit for BimodRm) Let R be a unital commutative ring. Then the
classical limit functors cl from (7.1.7)) together with the natural isomorphisms I from (7.1.8|) and the
1somorphisms Iy from (7.1.11) constitute a homomorphism of bicategories

cl: Bimodg,) — Bimodg . (7.1.12)

PROOF: It remains to check the coherence conditions (5.3.55)), (5.3.56)), and from Defini-
tion are fulfilled, see also Remark for an explanation of the various possibilities of
morphisms between bicategories. Indeed, the classical limit of the underlying algebras provides the
map between the objects of the bicategories, the classical limit functor cl is the functor needed in
(5.3.52). The natural isomorphism I from Lemma is the natural isomorphism required in (|5.3.59))
and, finally, the map from Lemma is the 2-morphism as requested in . Note that we
indeed have isomorphisms everywhere and thus will end up with a homomorphism of bicategories. We
check the coherence . Let 9,6, B, and o, be deformations of 9, 6, B, and «, respectively.
Moreover, let 40, € Bimodgy)(D,€), ¢ Ng € Bimodg,)(€,8), and 5M, € Bimodg,(B,4) be
corresponding bimodules. Finally, let z € 6, y € N, and x € M, respectively. For the left path of
maps in applied to (cl(z) ® cl(y)) ® cl(x) we get

(I(6,N @ M)o (idRI(N @ M)) o asso(cl(6),cl(N),cl(M)))((cl(z) @ cl(y)) ® cl(z))
=106,NM)(cl(z)® (I(N,M)(l(y) ® cl(x))))
=I10,NRM)(cl(z) ®clly ® x))
=c(z® (y @ ).

For the right path in the diagram (5.3.55) we have to evaluate the classical limit of the associativity
asso (6, N, M) explicitly. Here we have

(cl(asso(6, N, M)))(cl((z® y) @ x)) =cl(asso (6, N, M)(z2y) @ x)) =cl(z® (y @ x))
as expected. Using this we get for the right path of

(cl(asso(6, N, M)) o I(6 @ N, M)o (I(6,N)®id))((cl(z) ® cl(y)) @ cl(x))
= cl(asso (6, N, M))(I(6 @ N, M)(cl(z® y) @ cl(x)))
= cl(asso (G, N, M))(cl((z ® y) ® x))
— d(z @ (y© ),
which proves that commutes. Next we consider the diagram ([5.3.56)). Here we compute for

acA
cl(right(M))(cl(x ® a)) = cl(right(M )(x ® a)) = cl(x e a) = cl(x) - cl(a).
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For a € A we therefore have

(cl(right(M)) o I (M, 4o4,) o (Id®1gy))(cl(z) ® a) =

which coincides with right(cl(#))(cl(z) ® a) = cl(x) - a. This shows that (5.3.56) commutes, too.
The remaining diagram (5.3.57)) commutes by an analogous computation. Thus cl is indeed a homo-
morphism of bicategories. O

Before we can discuss the consequences of this theorem we need to extend the results of Proposi-
tion [5.3.30]| slightly. The following result on homomorphisms of bicategories holds in general and was
already used for bigroupoids:

Proposition 7.1.7 Let ®: B8 — &€ be a homomorphism of bicategories. If E € B1(b,a) is an
invertible 1-morphism with inverse E' € B1(a,b) and isomorphisms

¢: B'®, E —1d, (7.1.13)
and
v: E®, B —Id,, (7.1.14)

then ®(E) € €1 (®(b), P(a)) is invertible as well with inverse ®(E’) and isomorphisms

010 ®(¢) 0 Yupa(E', E): ®(E') Qapy @(E) — Ida(a) (7.1.15)
and
@, 1 0 (1) 0 Ypap(B, E'): B(E) @aay P(E') — Ida)- (7.1.16)

PRrROOF: We extend the argument from Proposition [5.3.30 , to homomorphisms between general
bicategories and not just between bigroupoids. Since ®: B(b,a) — E€(P(b), P(a)) is a functor for all
a,b we conclude that

®(¢): B(E' ®, E) — ®(Id,) and ®(1): ®(E @, E') — ®(Id,)

are isomorphism as well. By the very definition of a homomorphism of bicategories we have (even
natural) isomorphisms

cpaba(E’, E): <I>(E’) Qap P(E) — CID(E’ ®, F)
and
gobab(E,E’): D(F) @a(a <I>(E’) — O(EF ®, E')

as well as
0 ldpy — ®(Id,) and  ¢p: lder) — (Id,).

Thus also the compositions (7.1.15) and (7.1.16) are isomorphisms. This shows that ®(FE) is a

invertible 1-morphisms. O

Note that here we indeed need the notion of a homomorphism of bicategories as we need that
all four morphisms ¢upa(E', E), wpapr(E, E'), @4, and ¢, are invertible. The weaker versions from
Remark [5.3.28 will not be sufficient for Proposition [7.1.7} A first application of the above proposition
is the following corollary:
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Corollary 7.1.8 If : B — &€ is a homomorphism of bicategories then ® restricts to a homomor-
phism of the corresponding bigroupoids on invertible 1-morphisms.

Using this, we can now consider the situation of Theorem and conclude that the classical limit
restricts to the Picard bigroupoids. We denote the bigroupoid of invertible 1-morphisms in BimodR[[ Al
by Picgpy): this bigroupoid has the same objects, i.e. the deformed algebras and the 1-morphisms are
now the Morita bimodules between the deformed algebras. We indicate the underlying ring R[A] of
scalars as before. The purely ring-theoretic version is then obtained by setting R = Z as usual. If the
reference to the underlying ring of scalars is clear we just omit the explicit mentioning in our notation.
The classifying groupoid Pic consists then of isomorphism classes of Morita equivalence bimodules
as usual. We emphasize once more that Pic has all equivalence bimodules between two deformed
algebras as 1-morphisms. Compared to Pic we only have restricted the objects: we are interested in
deformed algebras. With these notations we get the following result:

Corollary 7.1.9 Let R be a unital commutative ring. Then the classical limit cl: Bimodgpyy —
Bimodg restricts to a homomorphism of the Picard bigroupoids

Passing to the classifying groupoids this induces a groupoid morphism
cly: PiCR[[/\]] — Picgr. (7.1.18)

PROOF: By definition, the Picard bigroupoid is precisely the bigroupoid of invertible 1-morphisms
of Bimod, see Definition [5.1.8] Analogously, the sub-bigroupoid Pic of Morita equivalence bimodules
over deformed algebras is the bigroupoid of invertible 1-morphisms of Bimod. Then the first part is
clear by Corollary [7.1.8 and Theorem [7.1.6] The second part holds in general: homomorphisms of
bicategories, in our case , become functors of the classifying categories, in our case ,
see also |7, p. 56]. O

Corollary 7.1.10 Let o = (A[A],*) be an associative deformation of a unital algebra o over R.
Then the classical limit yields a group morphism

cli: Pic(ed) — Pic(A). (7.1.19)
PROOF: This is clear as a groupoid morphism induces group morphisms for the isotropy groups. [J

Remark 7.1.11 The results in Corollary and Corollary [7.1.10] can also be shown directly, with-
out using the bigroupoid morphism cl, see [28, Prop. 3.7 and Lem. 3.8|. However, the above approach
seems to be more conceptual.

7.1.2 The Action of Pic on Def

In a next step we want to understand which deformations of Morita equivalent algebras stay Morita
equivalent. This will ultimately result in a groupoid action of the Picard groupoid Pic on the defor-
mation theories Def(-) of unital algebras over R. We follow closely [22,28] in this section.

To this end, we consider a deformation o = (4 [A], *) of a unital algebra ¢/ over a R and another
unital algebra % over R which is Morita equivalent to ¢/ by means of an equivalence bimodule ,& ;.
For the ring-theoretic Morita theory we know that &€, is finitely generated and projective with a full
projection representing it and % = Endy(6,) via the left action of % on &, see Theorem [4.3.5
Thus we can assume without restriction that we already implemented the module as €, = egd™ for
some full idempotent ey € M,, (). Moreover, we can assume that B = egM,, (o )eg acting on egsd”
by matrix multiplication as usual. We start with the following simple observation:
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Lemma 7.1.12 Let e € M, («)[\] be an idempotent deforming cl(e) = eg. Then e is full iff eg is
full,

PROOF: Suppose e is full. Then 1 = > ai Gai* €5 % Do for some aq;, bai € A[A]. Taking the classical
limit gives 1 =}, ; cl(aai)(€0)ijcl(bas), showing that 1 is contained in the two-sided ideal generated
by the components of ey. Hence cl(e) = eg is full. Conversely, suppose eg is full. Hence we find
Qois bai € 9 with 1 = Za,i aai(€0)ijba,j. Then c = Za,i Qqi * €5 * bo j = 1 4 - -+ coincides with 1 in
zeroth order. Thus c¢ is invertible and contained in the ideal & [A] x e x «[A] which therefore is o [\].
Thus e is full, too. O

Corollary 7.1.13 Let ey € M, () be a full projection. For any deformation * of A the algebras o
and e x M, () * e are Morita equivalent via the equivalence bimodule e x ™.

The next observation is now that there are, up to isomorphisms, no other possibilities to get
Morita equivalence bimodules for a deformation & of «f. This is in fact a consequence of our much
more general consideration on the classical limit of bimodules:

Corollary 7.1.14 Let o and B be deformations of 4 and 9B with a Morita equivalence bimodule
384 Then cl(g8,) is a Morita equivalence bimodule for B and .

PROOF: Indeed, this is clear form Corollary O

Since we can deform idempotents ey € M, (/) into idempotents e = eg+- - - € My, («)[A] = M,,(A)
preserving fullness, we can also construct a Morita equivalent algebra 8B to & out of a classically full

idempotent ey based on our considerations in Proposition [6.1.30

Proposition 7.1.15 Let o = (A[A],*) be an associative deformation of a unital algebra A over R.
Moreover, let ,&,, be a Morita equivalence (%8, )-bimodule for another unital algebra .

i.) There exists an associative deformation x' of B and a deformed bimodule structure o' and e of
6., turning 584 = (,6,[\],#',®) into a (B, od)-bimodule.
ii.) The deformations ', o', and e are uniquely determined up to equivalence by the equivalence

class [x] € Def(dA) of * and the isomorphism class [,6,,] € Pic(%B,4).

iti.) The deformed bimodule 348, is a Morita equivalence bimodule.

PROOF: We know that we can deform the right «f-module &, into a right sf-module & ,[\], ®) accord-
ing to Theorem , unique up to equivalence by Moreover, in this case the endomorphisms
End, (8,) inherit a deformation ¥ with a corresponding left module deformation ¢’ according to
of the same theorem, being again unique up to equivalence. Now finally, % is isomorphic to Endy (&)
by the classical Theorem of Morita via the left action: here we have no choice in implement-
ing 8 = Endy(&,) such that the left actions match. Hence we can pull-back to deformation of
Endy(&,) to % and get the first part. The uniqueness statements from Theorem given then
the second part. The last part is clear since the deformation of a full projective module is again full
by Lemma [l

This proposition allows now to define a map

O: Pic(B,d) x Def(d) 3 ([,6,],[+]) — D g 1([*]) = [] € Def (%) (7.1.20)

B A

where + is the deformation of % induced by the equivalence bimodule .6, according to Proposi-
tion The second statement of the proposition then ensures that this is indeed well-defined.

The last part of the proposition then shows that the obtained deformation of 98 is Morita equivalent
to the deformation of «f. However, taking classical limits shows immediately that the converse is true
as well, leading to the following statement:
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Proposition 7.1.16 Let o = (A[A],*) and B = (B[], *') be two associative deformations of unital
algebras o and 9B over R. Then o and B are Morita equivalent iff there exists a ,6, € Pic(%B, )
with
n_
K] =2 ([x]) (7.1.21)

PROOF: Given the classical equivalence bimodule ,& , and a deformation * we know from Proposi-
tion [7.1.15] that the deformation 8B = (B[\],*) of % is Morita equivalent to sf. Conversely,
suppose g8, is an equivalence bimodule between 9B and &f. Then ,&, = cl(58,) is an equivalence
bimodule between % and ¢ by the general result from Corollary [7.1.9] Moreover, the right ¢f-module
structure on 48, is finitely generated and projective. Thus &, becomes R[A]-linearly isomorphic to
cl(&,)[A\] via some choice of an isomorphism ¢: & ,[A] — 8. Moreover, we can adjust ¢ in such a
way that clo ¢ = idgw by Exercise Then the right ¢/-module structure < on &, induces a
deformation e of &, such that

¢(zea) = o(x) <a

for all x € 6 ,[\] and a € o, i.e. ¢ becomes an isomorphism of right &f-modules. A different choice
of such a ¢ would lead now to a different ® which is nevertheless equivalent to e by the uniqueness
statement from Theorem The left 9-module structure on 48, induces an isomorphism
B =~ Endyg(&,) and hence ¢ yields an isomorphism

O:B>b — O(b) € Endy(6,[\],e)

given by ®(b)zd~1(b> ¢(x)) with the left B-module structure > of 48,. Defining b o' x = ®(b)x
this yields a bimodule deformation of ,&,, which in turn induces a deformation of % according to
Proposition But since o' is the module structure we already had, this induced deformation of
9B coincides with «. O

In a last step we want to show that the map ® from ([7.1.21) is actually a groupoid action of the
Picard groupoid Pic of the undeformed algebras on their deformation theories, extending the action
of the isomorphism groupoid.

Lemma 7.1.17 Let V: o — % be a unital isomorphism of unital algebras over R. Then for the
bimodule ,BY one gets

O gu([+]) = [Y()] (7.1.22)
where ' = W(x) is defined by b+ b = U(U=tbx U=LH) for b,b' € B[N].

PROOF: The definition of W(*) yields a deformation of %8 which gives an isomorphic algebra structure
%', Therefore we have a deformation e of the classical right ¢f/-module %Y given by zea = ¥(¥U~!(z)*
a) = z-ga+---. This gives a bimodule deformation with respect to the deformation " of & directly.l]

Corollary 7.1.18 Let od = (A[\],*) be an associative deformation of a unital algebra o over a ring
R. Then one has
B g =id. (7.1.23)

Lemma 7.1.19 Let., %, and ,6, be Morita equivalence bimodules for unital algebras A, %, and €
over R. Then

@Lg g:(}}] o @[%gw] = (I)Lg 9:%®%%gw]. (7.1.24)

PROOF: Let x be an associative deformation of & and denote by *' the induced deformation of %
coming from a corresponding bimodule deformation 48, = (,6,[\],®’,®). Similarly, we have an
induced deformation " of
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algebraC from x' via a bimodule deformation ¢ F; = (, F,[A], ", ') of , F,. From Theorem
we then know that canonically

clle Fap Pa a84) = clle Fa) @u cl(a8y) = Fy Da 5,6,

By the analogous argument as in the proof of Proposition|7.1.16{ we see that F5 Ra 58, is a bimodule

deformation of , %, ®g ,&,. But this particular deformation yields " = (P, 7,10 P,6,)(x) on the
level of representatives. Hence <I>L€ Ty 5 5,8,] yields the same class [¥”], proving the claim. O

The statements can now be combined into one theorem clarifying the role of the map ® completely,
see [22] as well as |28, Thm. 3.13|:

Theorem 7.1.20 (Morita equivalence of deformations) The map ® yields a groupoid action of
the Picard groupoid Pic on the deformation theories Def(-)

®: Pic x Def —» Def (7.1.25)

extending the canonical action of Iso. Two deformations yield Morita equivalent algebras iff they are
in the same orbit of this action.

In the spirit of Section [5.3] we have now found another Morita invariant, the deformation theories:

Corollary 7.1.21 Morita equivalent algebras have isomorphic deformation theories. In fact, every
(B, A )-equivalence bimodule ,& , yields a bijection

®; 4 1 Def(sl) — Def(%). (7.1.26)

Corollary 7.1.22 The Picard group Pic() of an associative unital algebra o acts on its deformation
theory Def(d) via ®. Two deformations x and ¥ of o are Morita equivalent iff there is a self-
equivalence &, € Pic(d) with @ g 1([]) = [¥].

7.1.3 Kernel and Image of cl in the Ring-Theoretic Case

In a last step we investigate now the image and the kernel of the (bi-) groupoid morphism cl: Picgpy; —
Picg more closely. As before, we fix a ring of scalars R and consider unital algebras over R and their
formal associative deformations as algebra over R[A].

As warming-up we investigate the situation of algebra morphisms first to establish an analog of
Theorem for the categories of unital algebras directly. If & and 9% are deformations of unital
algebras o and %, respectively, and if ®: of — 9B is a morphism we have

=) N, (7.1.27)
r=0

with unique linear maps ®,.: f — 8.

Lemma 7.1.23 If & =Y X' ®,: o — B is an morphism then
cl(®) =09 A — B (7.1.28)
s a morphism of the undeformed algebras.

PRrooF: This is a trivial verification. O
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This defines a map cl: Hom(ef,9%8) — Hom(s{,%). It turns out that this combines into a functor
on the level of Ring: we specify the categories in question now a bit more precisely and denote by Ringg
the category of unital algebras over the ring R with usual R-linear algebra morphisms and analogously
we have Ringgpy]- Analogously to Deﬁnition we have the full sub-category Ringgpy of deformed
algebras inside the category Ringgpyp: the objects are now required to be associative deformations of
algebras over R while the morphisms are still all R[A]-linear algebra morphisms. Then we have the
classical limit functor:

Proposition 7.1.24 (Classical limit for Ringgpy;) The classical limit cl of deformations of unital
algebras yields a functor
cl: RingR[[)\]] — RingR. (7129)

PROOF: We have to check the functoriality as we already know that the classical limit of a morphism
is a morphism as wanted. But this is trivial as the classical limit of the identity map is the identity
map and since the classical limit of a composition is the composition of the classical limits in general,
see also Exercise [6.4.2] O

It follows that the functor cl restricts to a groupoid morphism between the isomorphism groupoids
of the deformed algebras and their classical limits, i.e. we have

cl: ISOR[[A}] — IsoR, (7.1.30)

where Isogpy) © Ringgpy) and Isor C Ringg are the isomorphism groupoids, respectively. As usual,
the (non-) injectivity of a groupoid morphism is entirely encoded in the kernels of the corresponding
group morphisms between the isotropy groups, see also Exercise [5.4.3] Thus we have to determine
the kernel of the group morphisms cl between the automorphism groups:

Proposition 7.1.25 Let d = (A[\],x) be a formal associative deformation of a unital algebra
over R. Then the kernel of the classical limit

cl: Aut(sf) — Aut(«) (7.1.31)

s given by the self-equivalences
ker(cl) = Equiv(*). (7.1.32)

ProOF: This is obvious since for ® = > > A\"®, € Aut() we have cl(®) = ®y. Thus ® € ker(cl)
is equivalent to say that ®y = idy which is precisely the definition of a self-equivalence according to
Definition 0

Remark 7.1.26 Of course, the image of cl is much more complicated to describe as it encodes a
deformation problem: which classical automorphism ®, € Aut(#) allows for a deformation as an
algebra homomorphism? Note that it will necessarily be an automorphism of & since as usual the
invertibility is decided in zeroth order. In general, one can not say much and the answers will strongly
depend on the algebra ¢ and the deformation *, see also Exercise and Exercise for some
further considerations.

Since we can take classical limits of algebra morphisms as well as of bimodules, we can now relate
the functors ¢ from Proposition for the deformed and undeformed situation. We first note that
the image of £ always is in the sub-category Bimodgy when starting in Ringgy:

Lemma 7.1.27 The functor £ from Proposition [f.3.3 restricts to a functor

0 Rinng — BimOdR[[)\]] . (7133)
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PROOF: Since the restriction to the sub-categories in both cases is just on the objects and since it
is in both cases the same sub-class of objects, the deformations of algebras over R, the statement is
clear. O

It turns out that the functors £ and the classical limit functors are compatible in the following sense:

Proposition 7.1.28 The functor £ commutes with the classical limit, i.e.

Bimodg(y| L Bimodgr

g‘ ‘g (7.1.34)

Ringgpy) —— Ringg

commutes.

PROOF: Let ®: of — 9B be a morphism between two deformed algebras f and 9. Then ((P)
is represented by the (%, )-bimodule ;B according to the definition of ¢ in (£.3.2). As a R[A]-
module, this is just B = B [A] and thus its classical limit is R-linearly isomorphic to %. The induced
(%, A )-bimodule structure on this classical limit is then the usual left 8-module structure as we did
not twist this on the deformed side. For the right ¢f-module structure cl(-¢) we obtain for z € % and
acd

zcl(e)a=clz-¢a)=cl(z®(a)) = cl(z)cl(P(a)) = 2Py(a) = x -3, a,

where ® = Z?io A'®,. with R-linear maps ®,: of — 9B as usual. This shows that the induced right
#d-module structure is precisely the one from %QBE’O with the algebra morphism ®y = cl(®): o — %.
Since in the definition of morphisms of Bimodr and Bimodg[,j we work with isomorphism classes of
bimodules, this is all we need to show. O

7.2 Classical Limit of *-Representations

After the ring-theoretic situation we want to incorporate now the inner products as well. Thus we
consider inner products on (bi-)modules over deformed algebras and construct their classical limits
in a similar fashion as for the underlying module structures. However, if we want to guarantee a non-
degenerate inner product also in the classical limit, we need to modify the naive quotient procedure
as we did this already for *-representations on pre-Hilbert spaces. Once this is accomplished, the
next difficulty is to guarantee the complete positivity of the classical limit once we started with a
completely positive inner product. Here we need to focus on completely positive deformations of
*-algebras instead of general Hermitian deformations. In the end, we will find a classical limit as a
homomorphism of bicategories also for the bicategories Bimod* and Bimod®*".

7.2.1 Classical Limit of Inner Products and *-Representations

Let o be a *-algebra over C = R(i) with a Hermitian deformation * into a *-algebra & = (A [\], x).

Moreover, let 8, be a right gf-module. If we have an &-valued inner product (-, - )% on &, then we

can define its classical limit as in the scalar case in Proposition [6.2.14] see also |26} Sect. 9|. To this
end we consider the following subset

&y ={rec8,|d((y,x)) =0foralycé,} (7.2.1)

of the module &,. Then we obtain the following result:
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Proposition 7.2.1 Let o be a Hermitian deformation of a *-algebra o over C = R(i). Let &, be a
right d-module with o -valued inner product (-, -)%.

i.) The subset 8™ C &, is a right o -submodule containing A8, C &5"".
ii.) The quotient c1(8,) = 8, /85" becomes a right ol -module by

c(z)-a=cl(z-a), (7.2.2)

where cl: 8, — 8, /8™ denotes the quotient map and where a € i C o and x € 8.

iti.) On the quotient right d-module c1(8,) = 8, /83" one has an ¢l -valued non-degenerate inner
product defined by

<c1(:1:),cl(y)>;l<8) = cl((z,y)%), (7.2.3)

where T,y € 8.

iv.) Let 8!, be another right e -module with inner product and let T: &, — &, be an adjointable
map. Then T(85"") C g;Nuu and

c(T): cl(8,) > cl(¢) — cl(T¢) € cl(8L,) (7.2.4)

is a well-defined adjointable map again.

v.) The classical limit map on adjointable maps is C-linear and satisfies

(T = cl(T™), (7.2.5)
cl(idg, ) = idays,,),
and

cl(S o T) = cl(S) o cl(T). (7.2.7)

PRrROOF: The strategy is very much analogous to the one in Proposition which can be also
seen as a special case. First, let x € 5™ and y € &, be given. Then for a € o we have cl({a,x -
a)s) = cd((y,z) xa) = cl((y,z)%)cl(a) = 0. From this the first part follows at once. The the
second part is clear as we take the quotient by a &f-submodule resulting in a right ¢f-module. Since
Acl(z) = cl(Az) = 0 we obtain an induced @/-module by (7.2.2)). Next, we note that the classical limit
gives indeed a well-defined inner product with values in the undeformed algebra ¢f since for
r € 83" and y € 8, arbitrary we have (y,z)% = 0 by the very definition of 3", The properties

oA
of an inner product can then be checked easily on representatives and follows directly from those of
(-, )%, As with this definition 85" is precisely the degeneracy space of cl({-, -)), it follows that
(7.2.3)) is non-degenerate. Now let &/, be another inner-product right f-module and let T': 8, — 8/,

be adjointable. Then for x € 5™ and y € 8., we have

c((y, T()y) = A((T*(y),2)§) =0,

implying T(&X™) C &,™". But then cl(T) is well-defined on the classical limits and yields an
adjointable map between them. The last statement can then be checked on representatives where it
is a trivial consequence from properties of adjointable maps. O

Note that a possible degenerate inner product on &, becomes automatically non-degenerate in the
classical limit: this is a nice side-effect of the quotient procedure above. As a first application we can
take now classical limits of *-representations of a *-algebra % on an inner-product right ¢f-module.
This gives the following classical limit functor:

Corollary 7.2.2 Let o and B be Hermitian deformations of *-algebras A and 9B over C = R(i).
Moreover, let 38, be a *-representation of B on an inner-product right ¢ -module.
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i.) The classical limit cl(58,4) = cl(8,) becomes a *-representation of B on the inner-product right
o -module cl(8,) via
b-cl(x) =cl(b-x) (7.2.8)
forbe®B and x € &,.
ii.) If T: 38,4 — 28/ is an adjointable intertwiner then cl(T): cl(g8,) — cl(g48L) is an ad-
jointable intertwiner, too.

it1.) Taking the classical limit gives a functor
cl: *-mod4(®B) — "-mod 4 (%), (7.2.9)
which restricts to a functor
cl: *-Mod (%) — *-Mod,(%). (7.2.10)

PROOF: Since for a *-representation the action of b € 9 on 48, is by adjointable maps with respect to
the inner product of &, the first part follows from Proposition . An adjointable intertwiner
T is in particular adjointable with respect to the ¢f-valued inner product of &,. Thus it induces
an adjointable right ¢f-linear map in the classical limit by Proposition . Since T'(b - x) =
b-T(x) for all b € B and x € 58, we also get b - cl(T)(cl(x)) = cl(T)(b- cl(x)) for all b € %,
i.e. cl(7T) is an intertwiner again. The functoriality of the classical limit is a consequence of
and . Finally, if the *-representation was strongly non-degenerate then the classical limit is
again strongly non-degenerate since for x = >, b; - y; € 58, with b; € B and y; € 48, we get

cl(z) = >, cl(b;) - cl(yi)- O

While the classical limit of *-representation on inner-product modules enjoys good functorial
properties, the case of pre-Hilbert modules is slightly more complicated. The difficulty is that the
classical limit of a completely positive inner product has no reason to be completely positive in general.
However, if the deformation & is completely positive, then the classical limit of positive matrices with
values in M, (o) is again positive: this gives directly the following result:

Proposition 7.2.3 Let d be a completely positive deformation of a *-algebra 4 over C = R(i). For
a right o -module 8, with completely positive inner product the classical limit cl(&,) is a pre-Hilbert
right o -module.

PrOOF: We know already that the classical limit is an inner-product right f-module by Proposi-
tion For z1,...,z, € 8, we know ((z;,7;)%) € M,(«f)*. Since the deformation is
completely positive,

((el(@a), el(@;))5®) = (cl((wi, 25)g)) € Mu(t)™

follows from the very definition of completely positive deformations. Hence cl(&,) is a pre-Hilbert
module as claimed. O

Corollary 7.2.4 Let o be a completely positive deformation of a *-algebra o over C = R(i). Then
for a Hermitian deformations B of a *-algebra 9B over C the classical limit restricts functors

cl: *-repy (B) — "-repy(B), (7.2.11)

and
cl: *-Repy (B) — *-Rep (). (7.2.12)

Remarkably, only the deformation &f has to be completely positive in order to guarantee the above
compatibility of the classical limit with positivity. However, this will change when we move to the
bicategory picture.
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7.2.2 The Classical Limit for Bimod* and Bimod**"

7.3 Classical Limit and Strong Morita Equivalence

7.4 Exercises

Exercise 7.4.1 (The category Bimodgyyj) Show that the classifying category Bimodgpy) of the
bicategory Bimodg(yj can be identified with a full sub-category of Bimodgpyy, i.e. the full sub-category
of Bimod consisting of unital algebras over R[A].

Exercise 7.4.2 (Deformation of automorphisms) Let @ be a unital associative algebra over R
with a formal associative deformation & = («[A], x) such that the center of of is trivial.

i.) Suppose that Dy € InnDer(s) is an inner derivation of the undeformed algebra. Show that
there exists a D € InnDer(#f) with cl(D) = Dy. Show that one can arrange the choice of D in
such a way that this induces a R[AJ-linear isomorphism

Der(s4)[\] — Der(sd). (7.4.1)

ii.) Let T' € Equiv(*). Show that T'= 1+ AT} +--- with a derivation 7} of the undeformed algebra
A.

iti.) Suppose that InnDer(#f) = Der(#), i.e. every derivation of the undeformed algebra ¢ is inner.
Show that in this case
ker(cl) = Der(«)[A] (7.4.2)

as sets. The group structure induced on the right hand side might be very much non-abelian.

Hint: First use and then Proposition m
iv.) Use the Baker-Campbell-Hausdorff series to describe the induced group law on the right hand

side of (7.4.2)).

Exercise 7.4.3 (Deforming automorphisms of Poisson algebras) Let ¢ be a unital associa-
tive commutative algebra over R with a formal associative deformation o = (4 [\], x), not necessarily
commutative. Let {-, - } denote the induced Poisson structure on ¢ according to Proposition

i.) Let T'= 1+ AT, +--- € Equiv(*) be a self-equivalence of x. Show that T} is a Poisson derivation,
i.e. a derivation T} € Der(«) with

Ty({a,b}) = {T1(a), b} +{a. Ty (b)} (7.4.3)

for all a,b € .
We denote the set of Poisson derivations of & by

PDer(s4,{-, -}) = {D € Der(s) | D is a Poisson derivation }. (7.4.4)

A Poisson derivation D is called inner Poisson derivation if there exists a a € 4 with D = {a, - }.
Moreover, a Poisson derivation is called integral Poisson derivation if there exists an invertible u € o
with D = u=Hu, -}, see [28, Def. 4.9]. The sets of inner Poisson derivations and integral Poisson
derivations are denoted by InnPDer(#, { -, - }) and IntPDer(, { -, - }).

i.) Show that inner Poisson derivations are indeed Poisson derivations. In fact, show that
InnPDer(«4,{-, -}) C PDer(#4,{-, -}) (7.4.5)

is a Lie ideal in the Lie algebra of all Poisson derivations.
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ii.) Show that also integral Poisson derivations are Poisson derivations. Show that the integral
Poisson derivations form an abelian group under addition. Morally, u~!{u, -} is the inner
Poisson derivation with the (hypothetical) logarithm log(u).

i1i.) Consider the map

s: Equiv(x) — PDer(#A,{-, - }) (7.4.6)

sending T' to T7. Show that s is a group morphisms (with the additive group structure from +
on the right hand side).

iv.) Show that the image of the inner self-equivalences InnEquiv(x) = Equiv(*) N InnAut(¢f) under
s is given by IntPDer(s,{-, - }).

Hint: Use that an invertible ug € o is also invertible with respect to *.

Exercise 7.4.4 (Algebras with exponential map) Let & be a unital algebra over R. We call a
map exp: % () — % () an exponential map if

exp(a + b) = exp(a)exp(b) and exp(0) =1, (7.4.7)
as well as
D(exp(a)) = exp(a)D(a) (7.4.8)

for all a,b € % () and D € Der(o), see [115, Def. 5.3|. In case of a *-algebra one requires in addition
exp(a*) = exp(a)* for all a € % (o).
i.) Show that D € Der(#) restricts to a derivation of % (o).

ii.) Suppose now that (¢f,{-,-}) is a (commutative) Poisson algebra. Show that if &/ has an
exponential map then

InnPDer(«4,{-, -}) C IntPDer(#,{-, - }). (7.4.9)

i11.) Show that €°°(M) for a smooth manifold M has an exponential map.
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