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ACTIVE FLUX METHODS FOR HYPERBOLIC CONSERVATION
LAWS - FLUX VECTOR SPLITTING AND
BOUND-PRESERVATION: ONE-DIMENSIONAL CASE *

JUNMING DUANT, WASILIJ BARSUKOW?!, AND CHRISTIAN KLINGENBERGT

Abstract. The active flux (AF) method is a compact high-order finite volume method that
evolves cell averages and point values at cell interfaces independently. Within the method of lines
framework, the point value can be updated based on Jacobian splitting (JS), incorporating the up-
wind idea. However, such JS-based AF methods encounter transonic issues for nonlinear problems
due to inaccurate upwind direction estimation. This paper proposes to use flux vector splitting for
the point value update, offering a natural and uniform remedy to the transonic issue. To improve
robustness, this paper also develops bound-preserving (BP) AF methods for one-dimensional hyper-
bolic conservation laws. Two cases are considered: preservation of the maximum principle for the
scalar case, and preservation of positive density and pressure for the compressible Euler equations.
The update of the cell average in high-order AF methods is rewritten as a convex combination of us-
ing the original high-order fluxes and robust low-order (local Lax-Friedrichs or Rusanov) fluxes, and
the desired bounds are enforced by choosing the right amount of low-order fluxes. A similar blending
strategy is used for the point value update. Several challenging benchmark tests are conducted to
verify the accuracy, BP properties, and shock-capturing ability of the methods.

Key words. Hyperbolic conservation laws, finite volume method, active flux, flux vector split-
ting, bound-preserving, convex limiting, scaling limiter
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1. Introduction. This paper is concerned with solving systems of hyperbolic

conservation laws
oU (x,t OF (U
(1.1) (2,) + ) =0, U(x,0)=Uy(z), (x,t)€RxR",
ot ox

where U € R™ is the vector of m conservative variables, F' € R™ is the physical flux,
and Up(x) is assumed to be initial data of bounded variation. In this paper, we would
like to consider two cases. The first is a scalar conservation law (m = 1)
(1.2) % + aJ;(mu) =0, u(z,0)=ug(x).
The second case is that of compressible Euler equations of gas dynamics with U =
(p,pv, E)T and F = (pv, pv* +p, (E+p)v)7, ie,

a P d pv
(1.3) ol L pvi+p | =0, (p,v,p)(x,0) = (po,vo,po)-
E (E+p)v

Here p denotes the density, v the velocity, p the pressure, and E = % pv? + pe the
total energy with e the specific internal energy. The system (1.3) should be closed by
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2 J.M. DUAN, W. BARSUKOW, AND C. KLINGENBERG

an equation of state (EOS). This paper considers the perfect gas EOS, p = (v — 1)pe,
with the adiabatic index v > 1. Note that this paper uses bold symbols to refer to
vectors and matrices, such that they are easier to distinguish from scalars.

The active flux (AF) method is a new finite volume method [13, 12, 14, 34], that
Roe took inspiration by [39]. Apart from cell averages, it incorporates additional de-
grees of freedom as point values located at the cell interfaces, evolved independently
from the cell average. The original AF method gives a global continuous represen-
tation of the numerical solution using a piecewise quadratic reconstruction, leading
naturally to a third-order accurate method with a compact stencil. The introduc-
tion of point values at the cell interfaces avoids the usage of Riemann solvers as in
usual Godunov methods, because the numerical solution is continuous across the cell
interface and the numerical flux for the cell average update is available directly.

The independence of the point value update adds flexibility to the AF methods.
Based on the evolution of the point value, there are generally two kinds of AF methods.
The original one uses exact or approximate evolution operators and Simpson’s rule for
flux quadrature in time, i.e. it does not require time integration methods like Runge-
Kutta methods. Exact evolution operators have been studied for linear equations
in [7, 15, 14, 39]. Approximate evolution operators have been explored for Burgers’
equation [13, 12, 34, 4], the compressible Euler equations in one spatial dimension
[13, 25, 4], and hyperbolic balance laws [6, 5], etc. One of the advantages of the AF
method over standard finite volume methods is its structure-preserving property. For
instance, it preserves the vorticity and stationary states for multi-dimensional acoustic
equations [7], and it is naturally well-balanced for acoustics with gravity [6].

Since it may not be convenient to derive exact or approximate evolution operators
for nonlinear systems, especially in multi-dimensions, another kind of generalized AF
method was presented in [1, 2]. A method of lines was used, where the cell average and
point value updates are written in semi-discrete form and advanced in time with time
integration methods. In the point values update, the Jacobian matrix is split based on
the sign of the eigenvalues (Jacobian splitting (JS)), and upwind-biased stencils are
used to compute the approximation of derivatives. There are some deficiencies of the
JS when used for the AF methods, e.g., the transonic issue [25] for nonlinear problems,
leading to spikes in the cell average. Some remedies are suggested in the literature,
e.g., using discontinuous reconstruction [25] or evaluating the upwind direction using
more information from the neighbors [4].

Solutions to hyperbolic systems (1.1) often stay in an admissible state set G, also
called the invariant domain. For instance, the solutions to initial value problems of
scalar conservation laws (1.2) satisfy a strict maximum principle (MP) [11], i.e.,

(1.4) G={u|mo<u< My}, mo=minug(z), My = maxug(z).

Physically, both the density and pressure in the solutions to the compressible Euler
equations (1.3) should stay positive, i.e.,

(1.5) Q{U(p,pv,E) p>0,p(’yl)(E(p2122>>0}.

Throughout this paper, it is assumed that G is a convex set, which is obvious for the
scalar case (1.4) and can be verified for the Euler equations (1.5), see e.g. [46]. It is de-
sirable to conceive so-called bound-preserving (BP) methods, i.e., those guaranteeing
that the numerical solutions at a later time will stay in G, if the initial numerical solu-
tions belong to G. The BP property of numerical methods is very important for both
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BOUND-PRESERVING ACTIVE FLUX 3

theoretical analysis and numerical stability. Many BP methods have been developed
in the past few decades, e.g., a series of works by Shu and collaborators [45, 26, 43],
a recent general framework on BP methods [42], and the convex limiting approach
[17, 22, 29], which can be traced back to the flux-corrected transport (FCT) schemes
for scalar conservation laws [10, 20, 32, 30]. The previous studies on the AF methods
pay limited attention to high-speed flows, or problems containing strong discontinu-
ities, with some efforts on the limiting for the point value update, see e.g. [4, 8].
However, those limitings are not enough to guarantee the BP property, as shown in
our numerical tests. In a very recent paper, the MOOD [9] based stabilization was
adopted to achieve the BP property [3] in an a posteriori fashion.

This paper presents a new way for the point value update to cure the transonic
issue and develops suitable BP limiting strategies for the AF methods. The main
contributions and findings in this work can be summarized as follows.

i). We propose to employ the flux vector splitting (FVS) methods for the point value
update to cure the transonic issue, since it borrows information from the neighbors
naturally and uniformly. The FVS was originally used to identify the upwind direc-
tions, which is simpler and somewhat more efficient than Godunov-type methods for
solving hyperbolic systems [38]. In our numerical tests, the FVS is also shown to
give better results than the JS, especially the local Lax-Friedrichs (LLF) or Rusanov
FVS, in terms of the CFL number and shock-capturing ability. The FVS can also
cure some defects in two dimensions observed in the JS, which will be shown in our
future companion paper.

ii). We design BP limitings for both the update of the cell average and the point value
by blending the high-order AF methods with the first-order LLF method in a convex
combination. The convex limiting [17, 22, 29] and the scaling limiter [31] are applied
to the cell average and point value updates, respectively. The main idea is to retain as
much as possible of the high-order method while guaranteeing the numerical solutions
to be BP, and the blending coefficients are computed by enforcing the bounds. We
show that using a suitable time step size and BP limitings, the numerical solutions
of the BP AF methods satisfy the MP for scalar conservation laws, and give positive
density and pressure for the compressible Euler equations.

iii). Several challenging test cases such as the LeBlanc and double rarefaction Rie-
mann problems, the Sedov point blast wave, and blast wave interaction problems are
conducted to demonstrate the BP properties and the shock-capturing ability, which
are rare in the literature for the AF methods.

The remainder of this paper is structured as follows. Section 2 introduces the
AF methods based on the JS or FVS for the point value update, and the power
law reconstruction for limiting the derivatives in the point value update. To design
BP methods, Section 3 describes our convex limiting approach for the cell average,
while Section 4 deals with the limiting for the point value. Some numerical tests are
conducted in Section 5 to experimentally demonstrate the accuracy, BP properties,
and shock-capturing ability of the methods. Section 6 concludes the paper with final
remarks and future directions.

2. 1D active flux methods for hyperbolic conservation laws. This section
presents the 1D semi-discrete AF methods for the hyperbolic conservation laws (1.1),
based on the JS [2] or FVS for the point value update. The fully-discrete methods
are obtained using Runge-Kutta methods.

Assume that a 1D computational domain is divided into N cells I; = [xl;% X +%]
with cell centers z; = (x;_1 +a;,1)/2 and cell sizes Ax; = 2, 1 —w;_1,i=1,--- N.
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4 J.M. DUAN, W. BARSUKOW, AND C. KLINGENBERG

The degrees of freedom of the AF methods are the approximations to cell averages
of the conservative variable as well as point values at the cell interfaces, allowing
some freedom in the choice of the point values, e.g. conservative variables, primitive
variables, entropy variables, etc. This paper only considers using the conservative
variables, and the degrees of freedom are denoted by

(2.1) T.(t) = Alxi /1 Ule,t) dz, U,y (t) = Ulegyp.t).

The cell average is updated by integrating (1.1) over I; in the following semi-discrete
finite volume manner

au; 1

2.2 = _

Thus, the accuracy of (2.2) is determined by the approximation accuracy of the point
values. It was so far (e.g. in [2]) considered sufficient to update the point values with
any finite-difference-like formula

UH-%
=-R (Ui+%_ll(t),Ui+1_ll(t), s Uy (1), Ui+%+l2(t)) ;1,1 >0,

dt

(2.3)

with R a consistent approximation of OF/Jz at x; 41,88 long as it gave rise to a
stable method. This paper explores further conditions on R for nonlinear problems.

2.1. Point value update using Jacobian splitting. For smooth solutions,
we have an equivalent formulation in the form

ou ou
+ p—

OF(U)
SIS = .

oUu

(2.4) 0, JU)=

Inspired by the upwind scheme, (2.4) can be discretized by the JS [1, 2] as follows

(2.5) -

= - |7 WD}, ) + T U )D;, W)

where the splitting of the Jacobian matrix J = J+ + J~ is defined as

Jt=RATR™!, J- =RA R,
AT = diag{max(A1,0),...,max(\,,0)},
A~ = diag{min(\;,0),...,min(A\,,,0)},

based on the eigendecomposition 0F /oU = RAR™!, A = diag{\1,...,\;m}, where
A1, , Ap, are the eigenvalues, with the columns of R the corresponding eigenvectors.

To derive the approximation of the derivatives in (2.5), one can first obtain a high-
order reconstruction for U in the upwind cell, and then differentiate the reconstructed
polynomial. As an example, a parabolic reconstruction in cell ¢ is

— z2 x
Upara,1(2) = —3(2U; — Ui—% - Uz+%)A7mZQ + (UH-% - Ui_%)Axi
1, —
(2.6) +Z( Ui-U_1-Uy.)
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BOUND-PRESERVING ACTIVE FLUX 5

satisfying Upara,1(£Az;/2) = Zil, Azl fAzx/iz Upara,1() dz = U;. Then the de-

rivatives are

1 _
(272) D (U) = Upera (Aif2) = 5 (zUZ.,% — 6T, +4Ui+%) ,
) 1
(2.7b) D, (U) = 4 — ( AU,y + 60 —2U,, )

They are third-order accurate. Higher-order extensions can be obtained by higher-
order finite difference formulae using a larger spatial stencil, see [2] for examples.

2.2. Point value update using flux vector splitting. One of the deficiencies
of using the JS is the transonic issue that appears for nonlinear problems, as observed
in [25, 4] and described in more detail next. Consider Example 5.2, where we solve
Burgers’ equation with a square wave as the initial data. Figure 3 shows the cell
averages and point values based on the JS with 200 cells, as well as the reference
solution. The numerical solution based on the JS without limiting gives a spike at
the initial discontinuity z = 0.2, which grows linearly in time. The reason for this
behaviour is the inaccurate estimation of the upwind direction at the cell interface.
In this example, there are two successive point values with different initial data near
the initial discontinuity, denoted by u, 1= 2, u, 1= —1, respectively. At the cell
interface ; 1 or x;, 1, the upwind discretization in (2.7) only uses the data from the
left or rlght leadmg to zero derivatives, thus the point values U1 and w;, 1 stay
unchanged. However, according to the update of the cell average (2 2), u; increases
gradually (which is the observed spike). This deficiency cannot be eliminated by
limitings, as one observes from Figure 3. Some remedies have been proposed, such
as using discontinuous reconstruction [25] and an “entropy fix” that evaluates the
upwind direction not only at the corresponding cell interface but also with values
from its neighbors [4].

In this paper, we propose to use the FVS for the point value update, which
borrows the information from the neighbors naturally, still based on the continuous
reconstruction, and can eliminate the generation of the spike effectively, as shown in
Figure 4. The FVS for the point value update reads

Wiy [5+F+(U) + ﬁ_F‘(U)}

(2.8) —

)

i1
i+5

where the flux F is split into the positive and negative parts F = FT + F~ satisfying

OF* oOF~
. =0, - ) S0,
2s) V(250 A(GU) :

ie., all the eigenvalues of 2F U and 2F %o are non-negative and non-positive, respec-
tively. Different FVS can be adopted as long as they satisfy the constraint (2.9),
to be discussed later. Finite difference formulae to approximate the flux derivatives
are obtained similarly to the computation of the derivatives in the JS. A parabolic
reconstruction of the flux can be obtained based on the three flux values as follows

2

_2F+F+ )A 2+(Fi+%_F1 *

)Ax, + B

Frara2(z) = 2(F;

i—

m\»—A

1
2
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6 J.M. DUAN, W. BARSUKOW, AND C. KLINGENBERG

satisfying Fpara,2(£Az;/2) = Fii%, Fura2(0) = F;, with Fii% = F(Uii%), and the
cell-centered point value F; = F(U;) is obtained by evaluating the reconstruction
of U, i.e. according to Simpson’s rule U; = (-=U,_1 + 6U,; — Uiy 1)/4. Then the
derivatives are

~ 1
(2100)  (DUFY) |, = Faraa(Bai/2) = 5 By — 4B 43,y ).
~_ 1

These finite differences are third-order accurate. While the reconstructions of both U
and F' are parabolic, the coefficients in the formula (2.10) differ from (2.7) because
(2.10) uses the cell-centered value rather than the cell average. Our numerical tests in
Section 5 show that the AF methods based on the FVS generally give better results
than the JS.

2.2.1. Local Lax-Friedrichs flux vector splitting. The first FVS we consider
is the LLF FVS, defined as
1

F* = S(F(U) £ aU),

where the choice of a should fulfill (2.9) across the spatial stencil. In our implemen-
tation, it is determined by

1 1 3
(211) oy :mazx{\)\g(Urﬂ}, re {iQ,i,i+2,i+1,u+ 2}, L=1,---,m.

One can also choose a to be the maximal absolute value of the eigenvalues in the whole
domain, corresponding to the (global) LF splitting. Note, however, that a larger «
generally leads to a smaller time step size and more dissipation.

2.2.2. Upwind flux vector splitting. One can also split the Jacobian matrix
based on each characteristic field,

(2.12) F* = %(F(U) +|J|U), |J|=R(AT-A" )R

For linear systems, one has F' = JU, so (2.12) reduces to the JS. To be specific,
1
F* = S EINU = RA*R'U = J*U,

with J* a constant matrix so that D*F£(U) = J*D*U, which is the same as
JED*U if D* and D™ are derived from the same reconstructed polynomial. In
other words, the AF methods using this FVS enjoy the same properties as the original
JS-based AF methods for linear systems.

Such an FVS is also known as the Steger-Warming (SW) FVS [36] for the Euler
equations (1.3), since the “homogeneity property” holds [38], i.e., F' = JU. One can
write down the SW FVS explicitly

o

Y

F— % (aFv + a(\f — )\3i)) :
£ (30%0? + a5 - AF) + 2508 + D))

where A\ = v, My =v+a, \3 =v—a, a* :2(7—1))\1i+/\§t—|—/\§t, and a = \/p/p
is the sound speed.
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BOUND-PRESERVING ACTIVE FLUX 7

2.2.3. Van Leer-Héinel flux vector splitting for the Euler equations.
Another popular FVS for the Euler equations was proposed by Van Leer [40], and
improved by [23]. The flux can be split based on the Mach number M = v/a as

paM +1pa(M £1)?
F= pa®(M? + ) =F"+F, F*=|tlpa(M=£1)%0+p*|,
paM(EM? + 1p) +ipa(M £1)’H

with the enthalpy H = (E + p)/p, and the pressure splitting p* = (1 +yM)p. This
FVS gives a quadratic differentiable splitting with respect to the Mach number.

2.3. 1D power law reconstruction for point value update. When the
numerical solutions contain discontinuities, the computation of the derivatives (2.7)
or (2.10) based on the parabolic reconstructions may cause oscillations. Thus, it is
reasonable to seek finite difference approximations based on differentiating a modified
reconstruction with improved monotonicity properties. This section only considers
the scalar case and can be extended to systems of equations in a component-wise
fashion.

The power law reconstruction proposed in [4] can be used to replace the original
parabolic reconstruction to achieve monotonicity on some occasions. It is shown in
Theorem 5 in [4] that the extremum is not avoidable in the cell [; = [z;_1, @, 1]
for continuous reconstructions if the cell average lies outside the range of the point
values (t; — w;_1)(u; 1 — ;) < 0. The parabola is monotone, and thus no action
is required when (2u;_1 +u;1)/3 <u; < (u;_1 + 2EL,L-+%)/3 or (2u;_1 +u;1)/3>
Uit1/2 — Uj
Ui — Ui—1/2
that the parabola is monotone when 1/2 < r < 2. In both these cases, the parabolic
reconstruction is used, and the derivatives are obtained by (2.7) or (2.10). Otherwise,
the following power law reconstruction is used.

;> (u,_ 1+ 2u, )/3. Upon defining r = , one can equivalently express

PROPOSITION 2.1 (Barsukow [4]). The power law reconstruction

Upa1,1(T) = u;_

N
M
|

x—x; 1\ .
+(ui+1ui_1)< An +2> , if r>2

(2.13) 1 o2 \VT
upw172(a:):ui+%—(ui+;—ui_%) <— ‘Z) , i 0<r<1/2

is monotone and satisfies

Upad 1 (T3 1) = Ui 1, Upun i (T 1) = Uiy 1, Aixl /L‘ Upwn,i(x) do =1, 1 =1,2.

A comparison between the parabolic reconstruction (2.6) and power law recon-
struction (2.13) is given in Figure 1 with point values fixed as —1 and 1 at the inter-
faces, and different cell averages {—1.1,—-0.8,—1/3,0.1,1/3,0.8,1.1}. One can observe
monotone profiles for the power law reconstruction when the cell average lies between
the two point values. Based on (2.13), the derivatives can be computed directly

= if 2
A,Ti +2 ’ Lr=2

Uy 1 —U;_ 1] 1 o 1/r—1
u;w1,2<$):l+27'12; (—m xl) , if 0<r<1/2.

r—1
Uyl _UF%T <xzz 1
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8 J.M. DUAN, W. BARSUKOW, AND C. KLINGENBERG

Fig. 1: The parabolic (2.6) and power law reconstruction (2.13) obtained with different
cell averages {—1.1,—-0.8,—1/3, 0.1, 1/3, 0.8, 1.1}, and fixed point values as —1 and
1 at the left and right interfaces.

At the left interface, the derivative is

u;)wl,l(x:;%) =0, if r>2
(2.14) Uipr — U1

U;Wl’z(xj_%):#;, if O<’I"<1/2,
and at the right interface, the derivative is

U,y L — U, _ 1
’ — _ Tits i—3 .

o) N e

u;wl,?(x; %):07 if 0<T<1/2.

To avoid computational issues, when r ¢ [1/50,50], the parabolic reconstruction is
adopted directly.

For the FVS, as the cell average of the flux can be obtained through Simpson’s
rule, f; = (f;% +4fi+fi+%)/6, the flux derivatives can be computed by (2.14)-(2.15).

Remark 2.2. In [2], it is mentioned that if the signs of the derivatives of the
parabolic reconstruction and the first-order reconstruction are the same, then the
parabolic reconstruction is adopted. This strategy is not employed in this paper as
the numerical results may be worse.

2.4. Time discretization. The fully-discrete scheme is obtained by using the
SSP-RK3 method [16]

U*=U"+At"L(U"),

(2.16) U —ZU +Z(U + At L(U )),
1 2
vt = Ly 2 AL ).

where L is the right-hand side of the semi-discrete schemes (2.2) or (2.3). The time
step size is determined by the usual CFL condition

C’CFL

(2.17) At = o .
rr%’%x{)\g(Ui)/Axi}
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3. Convex limiting for the cell average. Although the power law recon-
struction [4] has been shown to effectively reduce spurious oscillations, the numerical
solutions may still violate certain bounds, e.g., the appearance of negative density or
pressure, leading to unphysical solutions or even causing the simulations to blow up.
Since the degrees of freedom in the AF methods include both cell averages and point
values, it is necessary to design suitable BP limitings for both of them to achieve the
BP property. The limiting for the cell average has not been addressed much in the
literature, except for a very recent work [3].

DEFINITION 3.1. An AF method is called bound-preserving (BP) if starting from
cell averages and point values in the admissible state set G, the cell averages and point
values remain in G at the next time step.

This section presents a convex limiting approach to achieve the BP property of
the cell average update. The basic idea of the convex limiting approaches [17, 22, 29|
is to enforce the preservation of local and global bounds by constraining individual
numerical fluxes. The BP or invariant domain-preserving (IDP) properties of flux-
limited approximations are shown using representations in terms of intermediate states
that stay in convex admissible state sets [17, 21]. The low-order scheme is chosen as
the first-order LLF scheme

L 1 -—n —n O‘i—}-% ==n =N
Fiii=3 (F(Ui)+F(Ui+1)> - (Ui+1 —U')7

where o, 1 is an upper bound for the maximum wave speed of the Riemann problem
with the initial data U;, U;11, whose estimation for scalar conservation laws and the
Euler equations can be found in [19] and [18], respectively. Note that here a; 1 is
not the same as the one in the LLF FVS (2.11). Following [19], the first-order LLF
scheme can be rewritten as

—L —_—n ~ ~
(3.1) U; = {1 — M (%'7% +0‘i+§)} U; +ﬂi0‘i7%Ui7% +/~Liai+%Ui+%’

with the intermediate states defined as

o) ﬁr% = % (ﬁ?fl +ﬁ:l> + 3 j_é [F(ﬁ:’fl) — F(ﬁ?)] ’
. fjﬁ-% = % (U? Jrﬁ?-u) + 2% [F(U?) _ F(UZL-H)} .

ai+§

Remark 3.2. As o, 1 is chosen to be larger than the leftmost and rightmost wave
speed, the intermediate state defined in (3.2) is indeed an average of the exact Riemann
solution [19], thus it belongs to G. For systems, it is also the intermediate state of the
HLL solver [24]. Moreover, the intermediate state (3.2) preserves all convex invariants
(e.g., density and pressure positivity, and minimum entropy principle for the Euler
equations) of initial value problems for hyperbolic systems [19].

LEMMA 3.3 (Guermond and Popov [19]). If the time step size At™ satisfies

A.’Ei

(3.3) N
Q1o

then (3.1) is a convex combination, and the first-order LLF scheme (3.1) is BP.
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10 J.M. DUAN, W. BARSUKOW, AND C. KLINGENBERG

The proof relies on the fact that the intermediate state (3.2) stays in the admissible
state set G and the convexity of G. R R R R

Upon defining the anti-diffusive flux AFjy 1 = Fi}‘i% - FiLi% with FZHi% =
FU,, %), a forward-Euler step applied to the semi-discrete high-order scheme for
the cell average (2.2) can be written as

H >N = = FFn = = = =
i =U; —Mi(ﬂi% - Fiﬁ_%) =U; —Mi(ﬂllr% —F,-L_%) _Mi(AFi-s—% _AFi—%)

(3.4)
=: [1 — (aF% —l—a”%)} U, +Mi04¢7%U;{,% +M%+%Uf+%a

_ _ AF,_ _ _ AF, .
U;I_l = Ui—l + ; U;{-i-l = Ui_,'_l — 2 .
2 2 Q1 2 2 aH%

=3

Nl

With the low-order scheme (3.1) and high-order scheme (3.4) having the same
form one can now define the limited scheme for the cell average as

F7Lim T rrlim+ rrlim,—
(3.5) U, = {1 — i (ai_% +Ozi+%>} U, +u¢ai_%Ui7% +uiai+%Ui+% ,
with the limited intermediate states
AFLin 0. LAF._.
~Li i 1— 5 i 1— 5 1— 5
T A S AL S L
2 ;1 2 Q1
2 2
7iLim =
ov - — AFH—% — U HH-%AFH-%
iy U - 5=l - :

where the coefficients 6.1 € [0,1].

PROPOSITION 3.4. If the cell average at the last time step ﬁ? and the limited
intermediate states U;i"iF belong to the admissible state set G, then the limited
2
average update (3.5) is BP, i.e., U, € G, under the CFL condition (3.3). If the
SSP-RK3 (2.16) is used for the time integration, the high-order scheme is also BP.

—=Lim

Proof. Under the constraint (3.3), the limited cell average update ﬁ?im is a convex

combination of U, and Uj‘imfF
2

the SSP-RK3 is a convex combination of forward-Euler stages, the high-order scheme

equipped with the SSP-RK3 is also BP according to the convexity. 0

, thus it belongs to G due to the convexity of G. Because

Remark 3.5. The scheme (3.5) is conservative as it amounts to using the nu-

merical flux F1L+% + 0, 1 AF 1 = 0i+%FiH+% + (1= 0;1)F;

1, which is a convex
i+3

combination of the high-order and low-order fluxes.

Remark 3.6. Tt should be noted that the time step size (3.3) is determined based
on the solutions at t"™. If the constraint is not satisfied at the later stage of the
SSP-RK3, the BP property may not be achieved because (3.5) is no longer a convex
combination. In our implementation, we start from the usual CFL condition (2.17).
Then, if the high-order AF states need BP limitings and (3.2) is not BP or (3.3) is not
satisfied, the numerical solutions are set back to the last time step, and we rerun with
a halved time step size until (3.2) is BP and the constraint (3.3) is satisfied. This is
also a typical implementation to save computational costs in other BP methods.

This manuscript is for review purposes only.
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The remaining task is to determine the coefficients at each interface 6,1 such
that Ule T € G and stay as close as possible to the high-order states Ut i.e., the

goal is to ﬁnd the largest 6.1 € [0,1] such that UL:Lm Feg.

itl’

3.1. Application to scalar conservation laws. This section is devoted to
applying the convex limiting approach to scalar conservation laws (1.2), such that the
numerical solutions satisfy the global or local MP. For the global MP, the blending
coefficient 91+1 € [0, 1] should be chosen such that my < @ NLim’ < My, with mg, My

defined in (1.4), which gives

mp) «
min ¢ 1,

Gyl (~1+17 z+1(M07’ai+l) . 7
Shay 0 ahg o ALy >0

itd
L 1 1 ~1, 1—Mo) N
2 9 2 R } 9 1f Afz+% < 0

To avoid a small denominator, the limited anti-diffusive flux can be obtained directly,

A flin _ min{Af- 1 O‘i-i—%(ai-i-% —mo), ai-{-%(MO_aH-%)}a if AfH-% 20,
s max{Af+ s ya(mo =t 1), oy a (G fMo)}, otherwise.

On the other hand, one can also enforce the local MP umm < T < uex

’LJr% z
L . .
u;ﬁ_”ll < ulim;r < ui¥, which helps to suppress spurious oscillations and improve

shock—capturlng ability. The corresponding limited anti-diffusive flux is

A fLin min{Af¢+17 Qg l 1 (@ Uit L —un), ai+%(uﬁa1x *ﬂi+l)}a if Afu-% >0,

i+ ~ max :
2 max{Af 1, i+%(ui+1—ui+%), i1 (U1 — g )}, otherwise.
The choice of the local bounds can be based on the intermediate states
u;‘ain:min{ﬂ?, U1, U ¢+%}, ugﬂaX:max{ﬂ” U;_1, ai#},
Finally, the numerical flux is

fLim fLim

(3.6) il = f+1 +Al+%.

3.2. Application to the compressible Euler equations. This section aims

at enforcing the strict positivity of density and pressure, i.e., p > ¢, p > ¢, with € a
small positive number close to zero, chosen as 1073 in our numerical tests.

3.2.1. Positivity of density. The first step is to impose the density positivity
UL_im £P 5 ¢, where U** denotes the density component of U*. The corresponding
2
density component of the limited anti-diffusive flux is

. rro _ . -p
AFL“‘*”’: mln{AF+1, Qg1 (UH%N 5)}, 1fAFZ.+%20,
max {AFH;’ Qg1 (5 - Uf+l>} , otherwise.

2 2

L1m N ﬁ,L,p
= 1
+3

Then the density component of the limited numerical flux is F

AFLm’*’p with the other components remaining the same as F
2
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3.2.2. Positivity of pressure. The second step is to enforce pressure positivity

p(ﬁ?im’i) > ¢, where p(U*) denotes the pressure recovered from U*, with

2+%
ALim,
Frlimt _ 17 Oy ALY AL AL
im, 2 im,x 1m* ~L
Ul =Upy & ——2 AR =F - F
2 O[i_,'_% 2 2

Such constraints lead to two inequalities

Ai 1 Bl
(3.7) +29,2li Tig <0,
a2 i+3 j it 3
it3 it

with the coefficients

AFLH;’*”W N Aﬁ}ixrll,*,pAﬁ‘I“ixli,*,E’
it3 1+35 i+3

_ le,*,p p ALimx, E ~Lim,*, pv 7oV H~Lim,x,p
Biiy = vy (AFSYPUE, + UL AR - AFSSTUL, — cAFY™ )
~ 2 ~
4 E pv P
Cipy =02, <U1+2Ul+2 = (UH%) —EUH_%).
Following [29], the inequalities (3.7) hold under the linear sufficient condition
maX{O, Aer%} + |Bz+% I < Ci+%7

if making use of 9?+; <0;y1, 0;11 €[0,1]. Thus the coefficient can be chosen as
2

f.,1 = min ].7 Ci+% 5
i+3 maX{O,AH_%} + IBi+%|
and the final limited numerical flux is

~Lim _ ~L aLim,
(3.8) Fi+§_Fi+%+9 1AFH_1 .

4. Scaling limiter for point value. To achieve the BP property, it is also nec-
essary to introduce BP limiting for the point value. As one will see in the numerical
tests in Section 5, using power law reconstruction or BP limiting for cell average,
individually or in combination, cannot guarantee the bounds. As there is no conser-
vation requirement on the point value update, a simple scaling limiter [31] is directly
performed on the high-order point values rather than on the flux for the cell average.

A first-order LLF scheme for the point value update can be

2At™

_ n _ n n L n
(1) Ul =0, - o (U, Ul - FHUL L ULY))

with the numerical flux

1
2
o = max{)\(Ui'i%), A(Uﬁ%)}

v )

FrUp ULy = 5 (FO )+ g ) - 5 (o, -ory).

Such an LLF scheme can be interpreted as a scheme on a staggered mesh if the point
value is viewed as the cell average on the staggered mesh. Based on the proof in [33],
it is straightforward to obtain the following Lemma.
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LEMMA 4.1. The LLF scheme for the point value (4.1) is BP under the CFL
condition
(4.2) A ¢ BT T AT
40[i

The limited state is obtained by blending the high-order AF scheme (2.3) with
the forward Euler scheme and the LLF scheme (4.1) as Uj}% = (92+1UJr +(1-
2

9i+%)U+1, such that UL”‘} €g.
Remark 4.2. In the FVS for the point value update, the cell-centered value Uj;

is used. It is possible that U; ¢ G, then it is set as U; in such cases, which is a
reasonable second-order approximation.

4.1. Application to scalar conservation laws. This section enforces the
global MP mg < uL”“ < My by choosing the coefficient as

L
ut . —mg
] if uf , <m
uk W ) i_;'_% 0
1 !
6., .= 'tz s
it+3 MO_UH_L .
5 .
W, if Ui+% > MO.
i+3 i+3

The final limited state is
(4.3) Ilj_mlz l+1u+1—|—<1—0i+%>u]i‘+%.

2. Application to the compressible Euler equations. The limiting con-

sists of two steps. First, the high-order state U;[+l is modified as ULmi *, such that its
2
? > g. Solving this inequality gives the coefficient

density component satisfies Ule *
2

UZ.Lf L —¢
e )i 1fU+1<s,
ity Ui+% o Ui+%
1, otherwise.
Then the density component of the limited state is UL:Lm P = HH_lUH’_l + (1 -
2
9* )U il with the other components remaining the same as U
2
Then the limited state Ule’* is modified as Uli“i, such that it gives positive
Lim Lim sk le * sk L
pressure, i.e., p (Ui+%) > . Let Ui+ =0 11 z+1 +(1 —9i+%)Ui+%. Note that the

pressure is a concave function (see e.g. [4o]) of the conservative variables, such that

p(Us) 20,0 (U) + (1- 02y ) (U2

based on Jensen’s inequality and Ule’*’p > 0, UJrl >0, 077, € [0,1]. Thus a
2
sufficient condition is

p(Uhy) - <
iy = (ony) o) )

1 otherwise.

)
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The final limited state is

(1.4 =0 Uy + (100 Uy

Let us summarize the main results of the BP AF methods in this paper.

THEOREM 4.3. If the initial numerical solution ﬁ?, U&l € @G for all 7, and the
2

time step size satisfies (3.3) and (4.2), then the AF methods (2.2)-(2.3) equipped with
the SSP-RK3 (2.16) and the BP limitings

e (3.6) and (4.3) preserve the maximum principle for scalar case;

e (3.8) and (4.4) preserve the density and pressure positivity for the Euler equations.

5. Numerical results. This section conducts some numerical tests to verify
the accuracy of using the FVS for point value updates, the BP property, and the
shock-capturing ability of our AF methods.

5.1. Scalar conservation laws. This section shows the results for the linear
advection equation and the Burgers’ equation, which demonstrate that the proposed
limiting can preserve the MP and suppress oscillations well.

Ezample 5.1 (Advection equation). Consider the 1D advection equation us+u, =
0, on the periodic domain [—1,1] with the initial data [27]

% (Gi(z,B,2 = 6) + G1(x, 8,2+ 0) + 4G4 (=, 8,2)), if —0.8 <z < —0.6,
1, if —04<a<—02
1 - [10(z — 0.1)], if 0<z<02,

% (Ga(z,,a — 8) + Ga(z, a4+ 0) + 4Go(x, o, a)), if 0.4 < 2 < 0.6,

0 otherwise,

where G1(z, 3, 2) = exp(—B(z—2)?), G2(z, a,a) = /max(1 — a®(z — a)?,0), and the
constants are a = —0.5, 2 = —0.7,6 = 0.005,« = 10, 3 = In2/(3652). The problem is
solved for one period, i.e., until 7' = 2.

For the advection equation, the JS and LLF FVS are equivalent. The maximal
CFL number leading to a stable simulation is 0.41 without any limiting, and it reduces
to 0.13 when only the power law reconstruction is activated, and it increases a little
bit to 0.42 when only the BP limitings are used. When the power law reconstruction
and the BP limitings are employed together, the maximal CFL number can be 0.4.
The reduction of the CFL number with the power law reconstruction for semi-discrete
AF has, in fact, not been noticed previously. Thus, in the following simulations we
try not to use the power law reconstruction unless otherwise stated.

The results obtained with different limitings are shown in Figure 2, which are
computed with 400 cells and the CFL number is 0.1. The ranges of the numerical
solutions are listed in Table 1, considering both the cell averages and point values.
One can observe that there are some oscillations near the discontinuities without
any limiting, and that the power law reconstruction can eliminate the oscillations
effectively but is still not BP. The activation of either the BP limiting for the cell
average alone or the BP limiting for the point value alone also fails to preserve the
bounds [0, 1], as one can see from Table 1, as is the case when using both the BP
limiting for the cell average and the power law reconstruction in the point value
update. Only when a BP limiting is performed on both the cell average and the
point value, the BP property is achieved, showing that using the two BP limitings
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simultaneously is necessary for the preservation of the MP. Figure 2 also shows the
results obtained by imposing the global or local MP for the cell average, and global
MP for the point value (without power law reconstruction), indicating that the use of
local MP tends to dissipate the numerical solutions near the discontinuities and clip
maxima more than the global MP.

exact

e,

—— exact

—e- average —e- average

point 0.8 point

1.00 0.75 0.50 0.25 0.00 0.25 0.50 0.75 1.00 1.00 0.75 0.50 0.25 0.00 0.25 0.50 0.75 1.00
g T
exact Lo i %
—e- average

point 0.8

exact
—e- average
point

0.6

0.0

—1.00 —0.75 —0.50 —0.25 0.00 0.25 0.50 0.75 1.00 —1.00 =0.75 —0.50 —0.25 0.00 0.25 0.50 0.75 1.00
E T

Fig. 2: Example 5.1, advection. The results are obtained without any limiting (upper
left), with power law reconstruction (upper right), with BP limitings imposing global
MP for the cell average and point value (lower left), with BP limitings imposing local
and global MP for the cell average and point value (lower right).

none —5.9x10"%,14+5.9x10%] X

PLR —2.7x1073,14+26x1073] X

global MP for average [-1.7x1073,14+1.7x 1073 X

local MP for average [-1.3x1073,1+1.3x1073] X

global MP for point [-3.0x 1074, 14+2.6x 1074 X

PLR + global MP for average [-9.8x1076,14+2.7x107%] x

PLR + local MP for average [-1.4x107%,1+1.9x 107°%] X

global MP for average + global MP for point [0.0,1.0] v
local MP for average + global MP for point [0.0,1 —9.4x 10713] v
PLR + global MP for average + global MP for point [0.0,1 —1.1 x 10716] v«
PLR + local MP for average + global MP for point [0.0,1 —7.3x 1071] v

Table 1: Example 5.1, advection. The ranges of the numerical solutions (including
both the cell averages and the point values) obtained with different limitings after one
period. “PLR” denotes the power law reconstruction.

Ezample 5.2 (Self-steepening shock). Consider the 1D Burgers’ equation u; +

(%ug)m = 0 on the domain [—1, 1] with periodic boundary conditions. This test is

solved until 7' = 0.5 with the initial condition as a square wave

2, if |z] <0.2,

up(x) =
() —1, otherwise.
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Figures 3 and 4 plot the cell averages and point values based on different point
value updates with 200 cells, as well as the reference solution. The spike generation
has been observed in [25], and the reason is also discussed in Subsection 2.2. Such
spike generation cannot be eliminated by using the power law reconstruction, nor do
both BP limitings help to eliminate artefacts, as can be seen from Figure 3. The
numerical solutions based on the LLF or SW FVS are shown in Figure 4, in which no
spike appears. There are some oscillations near the discontinuity without limitings,
and the numerical solutions agree well with the reference solution when the limitings
are activated.

reference —— reference
— reference

o~ average

x point

|

—o— average —e~ average | L0
301 % point 301 = point |
]
i

L2 L2 !

10 10 [

-1.0 0.5 0.0 0.5 L -10 —0.5 0.0 0.5 10 -10 —05 00 05 1.0
T w r

Fig. 3: Example 5.2, self-steepening shock for the Burgers’ equation. The numerical
solutions are based on the JS. From left to right: without limiting, with the power
law reconstruction, with the BP limitings imposing local and global MP for the cell
average and point value update, respectively.

Fig. 4: Example 5.2, self-steepening shock for the Burgers’ equation. From left to
right: the LLF FVS without limiting, the LLF FVS with limitings, the SW FVS
without limiting, the SW FVS with limitings. The limitings consider the local and
global MP for the cell average and point value updates, respectively.

5.2. The compressible Euler equations. This section shows some challeng-
ing tests, which require the BP property of the numerical methods in order to prevent
simulations from crashing at some time. The adiabatic index is v = 1.4 unless other-
wise stated. Note that the BP limiting naturally reduces some oscillations.

Ezample 5.3 (1D accuracy test for the Euler equations). This test is used to
examine the accuracy of using different point value updates. The domain is [0, 1] with
periodic boundary conditions. Two manufactured solutions are constructed by adding
additional source terms S to the Euler equations,

(5.1) p=4+0.1s1, v1 =s1, p= (60024 398cy + 30551 + 5s3)/1000,
S = (71'(3901 + 82)/5, — 71'(90561 + 15¢c3 — 77682)/125,
7¢1(20421 + 1179¢, + 21605, + 20s3)/500),
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and

(52) p=4+0.1s1, v1 =2+ 0.551, p= (12328 + 472¢; — 545551 + 5s3) /4000,
S = (w(42¢1 + $2)/10, 7w(4855¢1 — 15¢3 + 91455) /500,
e (14991 + 369¢, — 298351 + 5s3)/1000),

with s = sin (2kw(z —t)), ¢, = cos (2km(x — 1)), k = 1,2,3. The source terms are
discretized by using Simpson’s rule for the cell average update. The problem is solved
until 7' = 0.4.

In this test, the maximal CFL number is around 0.18 for the VH FVS, while
around 0.43 for the JS, LLF, and SW FVS, thus we run the test with the same CFL
number as 0.18. Figure 5 shows the following errors and corresponding convergence
rates for the conservative variables in the £* norm. It is seen that for the first exact
solution (5.1), the JS and all the FVS except for the SW FVS achieve the designed
third-order accuracy, while the SW FVS only gives second-order accuracy. Figure 6
plots the density and velocity profiles obtained by the SW FVS with 80 cells. One
can observe some defects in the density when the velocity is zero, similar to the “sonic
point glitch” in the literature [37]. For the second exact solution (5.2), the velocity
stays away from zero and no such issue appears. One possible reason is that the SW
FVS is based on the absolute value of the eigenvalues, which is not smooth when the
velocity is zero. Such an issue remains to be further explored in the future.

Fig. 5: Example 5.3, the accuracy tests for the 1D Euler equations based on the
manufactured solutions (5.1) and (5.2) for the left and right plots, respectively.

—e= p average —e= ¥ average

p point v point

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
T x

Fig. 6: Example 5.3, the density (left) and velocity (right) are obtained with the SW
FVS and 80 cells for the 1D Euler equations based on the initial data (5.1).
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18 J.M. DUAN, W. BARSUKOW, AND C. KLINGENBERG

Ezample 5.4 (Double rarefaction problem). The exact solution to this problem
contains a vacuum, so that it is often used to verify the BP property of numerical
methods. The test is solved on a domain [0,1] until 7" = 0.3 with the initial data

(p,v,p) = (7,-1,0.2), if z<0.5,
pop= (7,1,0.2), otherwise.

In this test, the AF method based on any kind of point value update mentioned
in this paper gives negative density or pressure without the BP limitings. Figure 7
shows the density computed with 400 cells and the BP limitings for the cell average
and point value updates. The power law reconstruction is not used in this test, and
the CFL number is 0.4 for all kinds of point value updates, except for 0.1 for the VH
FVS. One observes that the BP AF method gets good performance for this example.

0
XU 02 04 06 08 Lo

00 02 [N 06 08 0 00

Fig. 7: Example 5.4, double rarefaction Riemann problem. The numerical solutions
are computed with BP limitings for the cell average and point value updates on a
uniform mesh of 400 cells. The power law reconstruction is not used. From left to
right: JS, LLF, SW, and VH FVS.

Ezample 5.5 (LeBlanc shock tube). This is a Riemann problem with an extremely
large initial pressure ratio. This test is solved until T =5 x 10~% on a domain [0, 1]
with the initial data

( v )7 (2707 109)7 if < 0.5,
per (1073,0,1), otherwise.

Without the BP limitings, the simulation will stop due to negative density or
pressure. Figure 8 shows the density computed on a uniform mesh of 400 and 6000 cells
with the BP limitings for the cell average and point value updates. The CFL number
is 0.4 for the LLF and SW FVS, and 0.15 for the JS and VH FVS for stability when
the power law reconstruction is not used. It is seen that the numerical solutions on the
coarse mesh deviate from the exact solutions, which has also been observed in other
high-order BP methods, e.g., [44]. As the number of the mesh cells increases from 400
to 6000, one can observe from Figure 8 that the numerical solutions converge to the
exact solutions with only a few overshoots/undershoots at the contact discontinuity.
The LLF and SW FVS give better results.

To verify whether the power law reconstruction can suppress spurious oscillations
and overshoots/undershoots, we rerun the test with the CFL number 0.1, and the
density profiles are shown in Figure 9. It is obvious that only reducing the CFL
number does not change the numerical solutions much except that the oscillations
near the contact discontinuity based on the VH FVS are damped. When the power
law reconstruction is activated, the overshoots/undershoots are reduced for the JS,
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LLF, and SW FVS, while the VH FVS gives worse results even with a smaller CFL
number (e.g. 0.02, not shown here), which needs further investigation.

Fig. 8: Example 5.5, LeBlanc Riemann problem. The numerical solutions are com-
puted with the BP limitings for the cell average and point value updates on a uniform
mesh of 400 cells (top) and 6000 cells (bottom). The CFL number is 0.4 and the
power law reconstruction is not used. From left to right: JS, LLF, SW, and VH FVS.

0.0 02 [} 06 0 Lo 00 02 o 06 s 10 o 02 01 06 ) 0 00 02 01 06 s 0

Fig. 9: Example 5.5, LeBlanc Riemann problem. The numerical solutions are com-
puted with the BP limitings for the cell average and point value updates on a uniform
mesh of 6000 cells. From left to right: JS, LLF, SW, and VH FVS. The CFL number
is 0.1 and the power law reconstruction is not activated (top) and activated (bottom).

Ezample 5.6 (Sedov problem). In this problem, a volume of uniform density and
temperature is initialized, and a large quantity of thermal energy is injected at the
center, developing into a blast wave that evolves in time in a self-similar fashion [35].
An exact analytical solution based on self-similarity arguments is available [28], which
contains very low density with strong shocks. The initial density is one, velocity is
zero, and total energy is 10712 everywhere except that in the center cell, the total
energy of the cell average and point values at two cell interfaces are 3.2 x 105/Ax
with Az = 4/N with N the number of cells, which is used to emulate a J-function at
the center. The test is solved until T'= 5 x 1076,

This test is run with N = 801 cells, and the density plots in the right half domain
are shown in Figure 10. The BP limitings are adopted for the cell average and point
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value updates, while the power law reconstruction is not used. The maximal CFL
numbers for different point value updates to be stable are also listed in the caption,
i.e., 0.1 for the JS, 0.4, 0.3, and 0.25 for the LLF, SW, and VH FVS, respectively.
The numerical solutions obtained by the three FVS are nearly the same, while there
are some defects in the solution based on the JS. Thus the LLF FVS is superior to
others regarding the time step size and the shock-capturing ability.

00 05 10 15 20 00 05 10 15 20 00 [ 10 15 20 00 05 10 15 20

Fig. 10: Example 5.6, Sedov problem. The numerical solutions are computed with the
BP limitings for the cell average and point value updates on a uniform mesh of 801
cells, without the power law reconstruction. The CFL number is (from left to right):
0.1 for the JS, 0.4 for the LLF FVS, 0.3 for the SW FVS, 0.25 for the VH FVS.

Ezample 5.7 (Blast wave interaction [41]). This test describes the interaction of
two strong shocks in the domain [0, 1] with reflective boundary conditions. The test
is solved until 7' = 0.038.

Due to the low-pressure region, the schemes blow up without the BP limit-
ings. Figure 11 shows the density profiles and corresponding enlarged views in
x € [0.62,0.82] obtained by using the BP limitings on a uniform mesh of 800 cells,
in which the power law reconstruction is not activated. It is seen that the numerical
solutions are close to the reference solution, although there are some oscillations in
the enlarged views. Then the power law reconstruction is additionally adopted to
see if it can suppress the oscillations. The results with the CFL number 0.1 and a
refined mesh of 1600 cells are shown in Figure 12, from which one can observe that
the oscillations reduce, and the LLF FVS gives the best result.

Remark 5.8. In the numerical tests, the maximal CFL numbers for stability are
obtained by experiments. Note that the constraints (3.3) and (4.2) are used to guar-
antee the BP property, while the reduction of the CFL numbers is due to the stability
issue for different FVS and power law reconstruction.

6. Conclusion. In the active flux (AF) methods, the way how point values at
cell interfaces are updated is essential to achieve stability and high-order accuracy.
The point value update based on Jacobian splitting (JS) may lead to the so-called
transonic issue for nonlinear problems due to inaccurate estimation of the upwind di-
rection. This paper proposed to use the flux vector splitting (FVS) for the point value
update instead of the JS, which keeps the continuous reconstruction as the original AF
methods, and offers a natural and uniform remedy to the transonic issue. To further
improve the robustness of the AF methods, this paper developed bound-preserving
(BP) AF methods for general one-dimensional hyperbolic conservation laws, achieved
by blending the high-order AF methods with the first-order local Lax-Friedrichs (LLF)
or Rusanov methods for both the cell average and point value updates, where the con-
vex limiting and scaling limiter were employed, respectively. For scalar conservation
laws, the blending coefficient was determined based on the global or local maximum
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Fig. 11: Example 5.7, blast wave interaction. The numerical solutions are computed
with the BP limitings for the cell average and point value updates on a uniform mesh
of 800 cells. The power law reconstruction is not used, and from left to right: the
CFL number is 0.4, 0.4, 0.4, 0.35 for the JS, LLF, SW, and VH FVS, respectively.
The corresponding enlarged views in [0.62,0.82] are shown in the bottom row.

>
0.65 070 0.75 030 065 070 0.75 030 0.5 0.70 0.75 030 0.5 0.70 075 030

Fig. 12: Example 5.7, blast wave interaction. The numerical solutions are computed
with the power law reconstruction and the BP limitings for the cell average and point
values update on a uniform mesh of 1600 cells. The CFL number is 0.1 for all the
point value updates, and the corresponding enlarged views in [0.62,0.82] are shown
in the bottom row. From left to right: JS, LLF, SW, and VH FVS.

principle, while for the compressible Euler equations, it was obtained by enforcing
the positivity of density and pressure. Some challenging benchmark tests were con-
ducted based on different choices of the point value update, including the JS, LLF,
Steger-Warming, and Van Leer-Hénel FVS. The numerical results confirmed the ac-
curacy, BP property, and shock-capturing ability of our methods, and also showed
that the LLF FVS is generally superior to others in terms of the CFL number and
shock-capturing ability. Our future work will include, among others, extending the
current BP limitings to two-dimensional cases. We may also explore other ways to
further suppress oscillations for the Euler equations.
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